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ON THE CONSTRUCTION OF CY e, — WEH i l. 
p GIVEN EXPO N 


. at 
z ii 7” 7 as Mye * SS CBRAS 


1. Introduction. The most important linear associative denies a l 
| present are the. cyclic (Dickson) algebras. These algebras are normal simple 
algebras of order n? (degree n) over d non-modular field F. They are defined 
by a cyclic field Z of order n over F and a scalar y in F. The exponent of 
an algebra A is the least integer p for which the direct power A? is a total - 
matric algebra, and it is desirable to know the conditions on y that A have ` 

jany given exponent. For algebras over an algebraic field Q H. Hasse * has 

lahown that the least integer o for which y% is the norm of a quantity of Z 
is the exponent of.the cyclic algebra ‘A. This result was also used. to show 
that A is a division algebra if and only if i 


n-i 


panis DES 


are all not the norms of any quantities of Z, a rather complicated set of con; 
itions. For n= 4 the author recently simplified these conditions.+ 
The author has reduced essentially all problems on cyclic algebras to 
‘ithe case where n == pt, p a prime.[ He shows here that the exponent of @ 
\eyclic algebra A of degree pt is an integer r= p° such that y” is the norm 
f a quantity of Z while if m == p° then y” is not the norm of any quantity 
\pf Z. This reduces the number of powers to be considered from n— 1 to 
o. But a far greater simplification is obtained. 
A cyclic.field Z of order p* over F contains a sequence of cyclic sub-fields 


Zi =Z, Zea, ++, Zy Zo=F 












here Z, has order p* over F. For each' Z, we may evidently define a norm 
ymbol Ni( ). The author has now been able to secure the remarkable 


j y =N (f), f in Z, 
itself has the property 
p a= Nt-e(ft-e), fe in Ste 


and only if*y 


* In his “Theory ‘of Cyclic ‘Algebras ‘over an Algebraic Field,” witch „will be 
blished shortly in the Transactions of the American Mathematical Sooiety. . 

t Bulletin of the Amerioan Mathematical Society, Vol. 37 (1931), pP- 301- 312. 
‘t Ses- Tugores 5. E 
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This implies that a oyelic. algebra A of degree pt has exponent p°- (the only. 
a type of value as is known)’ if and only if 


y= o Ny 8 o (fit-0); Y 56 Nits1-6 Giai 


.In particular a construction ‘of all cyclic normal. division T -over an i 

_ algebraic field- Q ig furnished * when.it is shown that algebra ‘A of degree p“ os 
over © is a division algebra if and only if y is not the norm Ni (f) of any. 
quantity in the cyclic field Z, of order p over Q. 


2. Elementary theorems. We shall consider e RE over any non- `. 
- modular field F. Let M be the algebra of all n-rowed square matrices with 
elements in F. If I is the n-rowed identity matrix and z is any a : 
of M the equation 
| AI — z| =0 


is the characteristic equation ¢(A) =0 of z. Suppose that the equation 
(A) = 0 has no multiple roots. Then the invariant factors of x. are 
Inz=(A), 1, ° +, 1 since each invariant factor I; of s is divisible by Ija - 
and (à) is a product of the Jj. Hence every matrix y with the same ` 
° characteristic equation as z has the same invariant factors as 2 and, as is 
well known,} is a transform zzz% of æ by a non-singular matrix z of M. 
`- Let y in M be commutative with z in M. If the characteristic equation 
of z has no multiple roots then y is a a polynomial t in z with coefficients in F. 
For if : 


AA) EE E E 


i à 3 i i 
is the characteristic equation of z then z is similar in F to 


10 * * = Q yyy 
O Lom Ota, 
? . . 00°: (OL "H 


and, without loss of generality, may be taken to have this form.’ Let 
é, © +, n be the scalar roots of (A) == 0, all distinct by hypothesis. The ` 
Vandermondé matrix 


* This result. was proved by the author for p=t=2 (Bulletin of the American 
Afathematical Society, locectt.). 
' + Of. L. E. Dickson’s Modern Algebraio Theories, p. 104. 
tA well known result in matrix theory. The author gives the proof here for its 
_ novelty and because it shows the actual form of the polynomial. E 
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Vw [Ed |, fH 
is then non-singular. By an elementary computation 
ee bs 
© Vem eV, fe 
En 
The matrix | 
ties WV =i EE | (4,4 =I, - 


is non-singular and ian Ciena in F. Let y= VyV. Then 


y = Vy V = VytV’ =| RE &) | j=: 
where if Ea . 
yt = | Buls (i,j—1,- 
then p 
Bh, $) = 2 EiT Baki | (i j=l, 
Py as ; 


But ye = avy if and only if fy =f so that 


T&R 6) — Re) PO T (fe 
Since peat ply when i == j we have R(éi, é;) = 0 (ij) and 


Pé) 
E P= 4 | 
P (én) 
where P(é) has coefficients in F. But then y = P(e). 


sn) 


n) 


Cah) 


—= P(é) 


Let A be a normal simple algebra of order n? (degree n) over F. 


Algebra M is a special case of A. As is well known A =H X D where H is . 


a total matric algebra and D is a-normal division algebra whose degree m is 


called the index of A. If é is any scalar root of the minimum equation of 


any quantity of grade m in D then, as was first proved by Wedderburn,* | 


A’ =m AX P(E) =M X F(E) 


ohare M isa total matric algebra. Algebra A can then be iste of as an 


*See the author’s “On Direct Products,” ET of the American Mathe- 
matical Society, Vol. 33 (1931), pp. 880-711, for reference and opnsequences of Wedder- 


burn’s result., 
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algebra over F whose quanta are n-rowed square matrices with elements 
in F(é). 
The characteristic equation of the general matrix of A is the so-called 
. Tank equation of A. If v in A has ¢(A) =Q of degree n as its minimum 
equation with respect to F then obviously ¢(A) == 0 is the rank’ equation of A 
for z and is the characteristic equation of z. If moreover ¢(A) == 0 has no 
multiple roots then, as we have shown, the only matrices of A’ commutative 
with z are polynomials in z with coefficients in F (€). But then the only 
 quantities-of 4 commutative with z are polynomials in x with coefficients 
in F. Let next y in A have the same minimum equation as s. Then 
Y == Zotz; where Z is in A’, as we have seen. We may write 


Zo = Z, A Zo F i e H mng 


where the z; are in A. Since Zo®— yz» is zero and z and y-are in the 
algebra A we have 
2 (aya — 924) E41 me 0 


whence 2:2 = yz; It follows that 
| (2 arti) e — y (2 2i€:) 


for any scalars é. The matrix 2 zı; is non-singular for the values é == 1, 
Ê, = É, ° ° e, Ém =F and ore the determinant of È zi; is not identically 
í i 


zero. It follows that there exist rational numbers m * °°, 9m for which 


Z == Z1 + Zanz T i = ZmNm, 
a quantity of A, is non-singular. Evidently y—zrz", and we have proved 


THEOREM 1. Let A be a normal simple algebra of order nè (degree n) | 
over F and let (A) == 0 of degree n be the minimum equation of x in A. 
Suppose that (à) ==0 has no multiple roots. Then the only quantities 
of A commutative with x are polynomials in x with coefficients in F. Every 
quantity y in A with the same minimum equation as z is a transform 


y == ggz 
of x by a non-singular quantity z of A. 


Suppose that M is a total matric algebra of degree n over F. Algebra M 
has an ordinary matric basis. 


(644) (j=l, "0, n), 
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with a multiplication table 

: 645° Ofe mm Bik, £45 ° Gte = 0 (Jt; i j, t, k= 1, Nn). 
` Let y be in M and have o l 

| (A) =A" — 1 = 0 

us its minimum equation for F. The scalar roots of w(rX) =O are the | 

ordinary n-th roots of unity and are all distinct. Consider also the a 


Yo == 612 + 2g + ` -Fón 


a matrix which is actually the so-called rational apical form of y, and 
hence, by Theorem 1, similar to y. There thus exists a non-singular quantity 
z in M such that yo = zyz". Let 


Ej = 204324, 
so that the TOF: form a new ordinary matric basis of M. Then 


\ Gaa zoz = €12 + ezg H’ e e ten. 


THEOREM 2. Let y be a quantity of a total matric algebra M of degree.n ` 
over F, and let 
wr) =)" — 1] = 0 


be the minimum equation of y with- respect to F. Then M hag an v ordinary 
matric basis i 
(oy) | i = 1, T Ta n) , 
such that l 
Y m 612 Ta 623 + -H ni 


8. Oyclic algebras. Tet Z= F(t) be a cyclic field of order n over F 
and let 6(+) in Z be a root of the minimum equation (A) —0 of i for F 
such that the n distinct roots of (A) =0 in Z are @ (i) = 0” (i) == i, 9(t), 
F(t), > +, 6**(4). We.may also represent, the generator of the cyclic galois 
group of (+). by 6. We define an algebra A with the basis 


(1) ity? | (a, 8 =0, L e, n— 1), 
and the multiplication table given by = : 
(2) Pm RCH, yey (80, T+) 


where y is in F. Algebra A has been shown to be a normal simple algebra 
of degree.n over F and is called a cyclic algebra.* We designate A by ` 


*In the section on cyclic algebras of my paper “On. Direct Products,” Ibid. 
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(8), : A =m Fy, Z, 9). 

Conversely every normal simple algebra A of degree n over F which contains 

a cyclic subfield Z of order n over F is a cyclic algebra, an immediate con- _ 

sequence of Theorem 1 for y = 0(1), z =t. .The author has proved * 
THEOREM 3. The direct product - 

(4) P (ys 2,0) X F (ya 2,0) =M X P (yiya Z, 9), 

where M is a total matric algebra. | 


Of particular importance in the theory of En E is ate structure | 
of a cyclic algebra of degree pt, p a prime, where the eee is 


A= F(5, Z, 6). 
The cyclic field Z = Z: contains a cyclic sub-field Zs = F(u) of order 


q==p*", the field of all quantities of Z symmetric in 6%(t)'and its p—1 . 
iteratives. In fact Z is a cyclic field of order p over Zt- Also 


(5) yuyt = u [8(i)] = Palu), you = nyt, 
Let o a l 
(6) l a hi 

- go that 
Algebra A. contains a cyclic bdie B of order p° over F(u) with the basis 
(8) igh (a, B m0,4,¢°+,p—1) | 
and a e table given by the minimum bneHon of + with sap f 
to F(u) and 
(9) i= OT(4)z, #2 =]. 


But B is a normal simple algebra of prime degree p- over F(u) and is not 
a division algebra since 2°» 1 is impossible in a.division algebra with a 
basis (8). Hence B is a total matric algebra. Moreover (A) ==A"— 1 is” 
evidently the minimum equation of z with respect to F(u) so that B has an ~ 
ordinary matrix basis | 


(10) - -  (e4y) - = (ijjeete--, n) , 
for B such that, by Theorem 2, ! 
(11) ; Z = lig ++ beg 1° E E Onis " ~ 


But'then we may write l 
B = Mp X F(u) 


. - x e i . 
* In the section on cyclic algebras of my paper “On Direct Products,” Ibid. 


A hog 
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whore M, is a total matric algebra with-a basis (10) over F and contains 
the quantity z of (11). . 
By the well known Wedderburn theorem 


(12) A= —= My, X D 


where D is a normal simple algebra of degree q = p** over F. Algebra D 
is the algebra of all quantities of A commutative with all the quantities of Mp 
and contains the cyclic field frai It follows that D is a cyclic algebra and 


has a basis 

(13) uaz? = f (4,8 = 0, peos q— 1), 
where | 2 3 | 
(14) ju == Pia (u),  j1=8 in F (8 =0, 1, +0). 


But yu = fia (u)y so that yj is commutative with u. 
The algebra of all quantities of A commutative with F(u) is evidently 

B- from the multiplication table (2) of A (with y of course replaced by y?). 

Hence 4-1 is in B. But since j is in D and z is in My the quantity 7 is com- 


_ mutative with z Also y is commutative with z = ytyt. Hence yj in B is 


commutative with z. The only quantities of B commutative with z are poly- 

nomials in z with coefficients in F'(u) by (8) and (9). Hence y>] = g(u,z), | 

j = yg = g8: (u), z]y = f(u, 2)y, where f(u,z) is a polynomial in z with: , 

coefficients in F. We record this result in the form of a lemma. 
Lemma. The quantity j of D has the form 


(15) : | juf(uyzy 


where f(u, 2) ts a polynomial in z with coefficients in F(u). 


We now compute 


(16). 8 == j= Nia [f (u, 2) Jy = Ja flöt), z] 


> Fha (u), z]yt.. 
But y% = yz so that (16) becomes. 


(17) 3 -o ôy% m Nia [F (u), z]e. 
Let y be an indeterminate and let - 
(18). © gC) = Nia [Flu 2) Jh, 


"a polynomial in y with coefficients in F and finite degree.’ We can evidently ` 


write 


(19) a(n) =È g(a 
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where the gi(a) are polynomials i iny of degree at most p — 1 with coefficients . 
in F. Also we write 


p-1 : 
(20) ga) =È mar p“ (gu in F). 
Since 2? = 1y we have 
(21) y= 9(2) = > gi(z) = 7 Š gis) 2. 
But 1;%,° "", a are linearly independent with respect to F so that 
(22) E oe Jig = By", >, gy = 0 . (j=1,'-++:,p—1). 
i=0 0 ` . 
We now consider the polynomial _. 
(23) | fw) = f(u, 1). 
We have proved. that 
(24) 90) = Nea fF(u I] = aC) 
pi r ' r i 
—= > D (945) == De Jio = ôy”. 
| 4=0 4=0 $=0 
_ The quantity . ; 
(25) | 3 fom f(u)” 


- differs from j by a polynomial in u with coefficients in F as a left factor and 
we may replace À in the basis of D by fo But 


. (26) o jot = Ni Lf (u) Pj = ys =y. 


We have now given a short proof of the fundamental RS of the paper. 
The further important theorems on cyclic algebras will be easily derivable 
from this proved result. 


THEOREM 4. Let A =F(y, 2,6) be a cycle dies of degree p* over 
F, p a prime, so that.Z contains a cycle sub- -field Zs: of order p** over F 
_ toith 6 as generator of tts cyclic galois group. Then 


(27) hem My X Fy, Zis 64-1) 

where M, is a total matric algebra of degree p over F. E 
4, | The norm condition. The author has ‘proved 

-Taror 5. Let = . 

| (28) a n == pipe Baal ° 


where the p; are distinct primes. Every cyclic field Z of order n over F and. 
wiih 0 as a generator of tts galois group is a direct product 
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QQ) Z= ZX Za X 1X Zm 


of cycle elds Z of orders pat Bee and with 64 respectively as lal 
tors, and conversely. Every cyclic algebra 


(30) | A =u F(y, Z, 6) 
of degree n over F is a direct product. l 
(31) A m F (y1 Za, 6:) xX F (Ys Ze, 02) oe x F (ym, Lm; Om)» 


of cyclic algebras of degrees pi* respectwely and with the same yı == y as A. 
Conversely every direct product (31) i8 a cyclic algebra F(y, 2,9) whose y 
may be taken to be the y of all the F(yi,Z1,9;:). ‘Algebra A is a division 
agera tf and only if all the F (yi, Zi, 04) are division algebras. 


The soe theorem * reduces essentially all problems on evens algebras 
to the case where n is a power of a prime p. 

We shall now give a short proof of the theorem that A F(1,Z,6) is 
always a total matric algebra. By our proof of Theorem 4 this is certainly 
true when n.is a prime p. Let the theorem be true for algebras of degree 
r < t. ~ If n is not a power of a prime then Theorem 5 implies that A is a 
direct product of total matric algebras and hence is a total matric algebra. . 
Let then n== pt, p a prime. By Theorem 4 with y==1 we have A= 
Mp X F(1, Zit- 6-1) is a direct product of total matric algebras and is a 
total matric algebra. The induction is complete and we have 


THEOREM 6. All eae algebras 
(32) | -  F(1,Z, ay 
are total matric algebras. 

We next give a short discussion of a necessary and sufficient condition 
that a general cyclic algebra be a total matric algebra. -If y is the norm 
N(f) of a quantity f in Z then by replacing y ini the basis (1) of A by fy 
we replace y by (fty)"—=N(f*)y—=1, so that A= F(1,Z,6) is a total 


matric algebra. Conversely let A = F(y,Z,6) be a total matric algebra so . 
that A is equivalent to F(1,4,6). Then A has a basis 


(33) Ta Toyo l (a, B = 0, a ` ',n— 1), 


:-* For the results of this theorem see the authors “On Direct, Products, Cyclic 
Division Algebras, and Pure Riemann Matrices,” Transactions of the American Mathe- 
matical Bootety, Vol. 33 (1931), pp. 219-234. 
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such that - eae ; 
(34) . Yolo = (io) Yo, Yo? = I. 


But i has the same minimum equation as 4, a cyclic irreducible equation. 
By Theorem 1 t) = 22" where z is in A. But then if 


(35) pmo tyor 
_ we have 3 
(36) | jel, jt = O(4)9. 


Since yi == 6(+)y the quantity 7*y is commutative with + and is a solicited 
in ¢ with coefficients in F.. But then y= fj and y*== N (f) =y vith 
fin Z. 


“Tusorea. Y. A cyclic algebra F(y,Z,6) is a total manea af 
| and only if y ts the norm N(f) of a quantity f of Z. J 


The exponent p of a normal simple algebra A over / is defined to be 
the least integer for which A? is.a.total matric algebra. Let ‘A be a cyclic. 
algebra of. degree n. As the author has shown 


(7) AP = MP X PCy, Z, 8), 


where M is a total matric algebra of degree m (On direct products, loc. cit.). 
But then F(y°, Z, 6) is a total matric algebra so that, by Theorem 7, 


where f is in Z. Let o be the least integer such that y” is the norm of 4 


quantity of Z. Then obviously e S p. But At = Me iis 6) ig a’ 
total matric algebra so that po. Hence op. 


THEOREM 8. The exponent p of a cyclic algebra ts the least O 
for which y% is the norm of a quantity of Z. | 


We now let er a pa prime. It is kiowa that in this case p is a power 
. of p (On direct products, loc. ctt.), in fact a divisor of pf. We thus have- 


| THEOREM 9. Let Z be a cyclic field of order p* over F, p a prime, and 
let y bein F. Then the least integer o for which y? is the norm of a anny 
of Z is a divisor of p’. 


Let + = p*, r= p** and suppose that y7 is the norm of a quantity of Z 
. While y” is not such a norm. Then r&v, the least integer for which y is | 
a- norm. But if o= p° then es, If s==e+h, h>O then (y°)?" 
= y" == yT is a norm, a contradiction. Hence = 0 so that r= o. ` 
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THEOREM 10. Jf in Theorem 9 t==p°, r= ptt such that y7 ts the 
norm of a quantity of Z while y" is not such a norm-then o == r. 
We shall now prove | 


THRoREM 11. Let Z-=2Z; be a cyclic field of wae pt over F, p a prime, 
so that we can define a sequence of cyclic fields 


(39) ; Lt, Ltt, ae “iy a AS ae Li Lo F 


where Z: is a cyclic field of order p* over F with 6; as a generator of tts cyclic 
group. We may then also define a sequence of relative norm symbols Ni(fi) . 
where fi ts in Zi and 


(40) O Mf) = filu). fi [86 (u): Ji [6"2(us)], 
is in F. A quantity y of F has the property that 
(41) O PSN) = Nf) fem find 

tf and only if the quantity y self has the property 
(42) "i F = N t-e (ft-o) : 


for some fie tn Zt-«. 


We consider a cyclic algebra A= F(y,Z,0). Then if y =N(f) the ° 
algebra A?’ is a total matric algebra. But, by Theorem 4, 


(43) AP = Hy X Ry, Zi- 61-1); 
where H, is a total matric algebra. ` Similarly 
(44) : AP =e x [F (y, TE 6a) Po H, x F(y, Žr- -23 Bea); 


-and in general T 
(45) . oo AP == H, X F(Y, Zt ay 


_ where He is also a total matric algebra. But A?" is a total matric algebra `. 
so that F (y, Zi- Oto) is a total. matric algebra. By Theorem 7 equation . 
(42) is satisfied. 

Conversely let (42) be satisfied. - Then gbrad om the definition of 
the field Zi. and similarly of the Z; 


"== [Nie (Face) P" = Hilfe), 


so that our theorem is proved. 
We shall now apply Theorems 9 and 10 to prove 


eros 12. Let y be the norm of a quantity in Zie and not the 
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norm of a quantity of Zits-e. Then the exponent of A== F (y, Z,0) of 


degree p* over F is p°. 


- For if y is the norm of fi. in t-e then, as we have seen y” = N; (fire): 
But also y°** is not the norm of a quantity of Z since otherwise Theorem 11 
would imply that y == Nts1-6(fts1-e), a contradiction of our hypothesis. Hence, 
if we put r= p°, == p*? in Theorem 11, we obtain p = c == r as desired. 

-= The consideration of y itself instead of a power of y is truly a remarkable 
simplification as working even with the case p == t = 2? has shown the author. 
An immediate corollary of Theorem 12 and the fact that y is in Zo = F 

and hence the norm No(f.) of a quantity fo=y of F, is 


THEOREM 18. A cyclic algebra 'A = F(y,Z, 9). of degree p* over F, 
pa prime, has exponent equal to its degree tf and only if y is not the norm 
of any quantity i the cyche field Zı of order p over-F, a subfield of Z, 
that is 

YN (f) - h in, vA 


Theorem 12 gave as simple a construction as is possible of algebras of 
degree p* and exponent p°, an intermediate power of p, while Theorem 13 
‘gives a construction for the exponent pt, the other end value being given by 
Theorem %. In Theorem 7 the algebras were total matric algebras while in 
Theorem 13 they are actually division algebras. For Wedderburn showed * 
that A of degree n is a division algebra if y* is the least power of y which 


is the norm N (f) of a quantity f in Z, and hence, by Theorem 9, if n is the 
exponent of A. A simpler proof is perhaps the following. -If A is a cyclic ` 


algebra A = F'(y,Z, 0) of degree and exponent n so that A == H X D where 
H is a total matric algebra of degree s and D is a normal division algebra 


of degree ¢ then st==n. But At == H* X Dt is a total matric algebra since’ 


H is a total matric algebra while, as is known (On direct products, loc. cit.) 


. 80 also is D*. Hence the exponent of A is-at most t. But tie ae of A 


is n so that. t= n and A is a division algebra. 


The above furnishes an essentially different proof of the Wedderburn 


norm condition. We have also proved. . 


T'HROREM 14. The algebras of Theorem 13 are cyclic normal division . 


algebras over F. 


H. Hasse has considered cyclic sean over algebraic number fields. 


proof. 


*Ci. L. E. Dieksog’s ee und thre Sohionihedtrid; p. 70, for eddorburas B- 


4) 
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His algebraic theorems are evidently valid” for any field Q RE) where £ is 
any quantity satisfying an equation with rational coefficients and irreducible 
- in R, the field of all rational numbers. Hasse has proved that the exponent ` 
. of any cyclic division algebra over a field Q is equal tó its degree. But now 
Theorems 13 and 14 give | 


Tratin 15. ‘A cyclic igébes A = (y,Z,9) of order p” eee pt) 
over Q, pa prime, is a dwiston algebra tf and only if 


YÆ N (fi) ; 
for any fı in the cyclic sub-field Z, of order p over Q, Z, contained in Z. 


We have thus reduced the conditions. for the construction of any cyclic 
‘normal division algebra over the most important type of algebra, to the 
condition that a single quantity y be not a norm of any quantity in a cyclic 
field of prime order over Q. Thus the general problem is of no more difficulty 
than the case where n is a prime after the author’s reduction has been made. 
This indeed furnishes a construction of all cyclic ne division algebras 

_ over a field R(€). 
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ON SELLING’S METHOD OF REDUCTION FOR POSITIVE 
TERNARY QUADRATIC FORMS. 


By Burton W. JONES. 


1. Introduction. Two quadratic forms are said to. be equwalent when l 


one may be transformed into the other by a linear transformation with in- 
tegral coefficients and of determinant unity. A reduced form is a form 
representing a class of equivalent forms. It is defined by means of in- 
equalities on the coefficients so that every form is equivalent to a reduced 
form and no two reduced forms are equivalent to each other. 


One set of inequalities first found by Seeber and simplified by Eisenstein 


: define what we shall in this paper refer to as an Hisenstein-reduced form. 
The proof that a form so defined has the. properties mentioned above is geo- 
metric and, though simplified enormously and put on a firm foundation by 
L. E. Dickson * is still somewhat complex. However, the resulting reduced 
form.is a very desirable one in that the leading coefficient a of the form 
is the least integer not zero represented by it and the second coefficient b is 
the least integer not az? represented by the form, where s is an EEE 
Selling ¢ considers the form: 


f — az? +- by? ge + 29yz + hez + 2khay 
and. defines four new constants by the equations: 


oe ee ee ee a eo ee =, g 
c+g+thtn=—0 d+ mpn) 


and calls f reduced if g, h, k, L m, n are all =0. Charve f establishes this . _ 


definition by ptoving that these conditions define an f uniquely except for 
permutations of g, h, k, l, m, n. Though Selling’s proof followed geometric 
lines, Charve’s is algebraic and this paper is based on the latter’s work. 

- In view of the fact that permutations of g,h,k,l,m,n alter materially 
the form f, it is necessary to add further inequalities if one is to select 


*L. E. Dickson, Studies in the Theory of Numbers, pp. 155-180. See this also 
for references on the Eisenstein inequalities which are given in paragraph 3 of this 
paper. 

+ E. Selling, “Des formes quadratiques binaires et ternaires,” Journal de Mathé- 
matiques (3), Vol. 3 (1877). 


tL. -Charve, “ Réduction des formes quadratiques ‘dennis positives,” Annales” 


Scientifiques de L’foole Normale Supérieure (2), Vol. 8 (1880). 
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‘one form f from all those obtained: by -permutatioris of g, h, k, 1, m,n., Then 
we will have a truly unique form; Borissow in his dissertation * “considered 
this problem and constructed a table of-reduced forms, according to Selling’s 
definition, of determinant from 1 to 200.. . Though | his supplementary in- 
equalities were undoubtedly selected with a view. to ease of computation, the 
resulting forms do not seem to be the best which can be obtained from Selling’s 
inequalities. In view of the manifest advantages of the Hisenstein-reduced 
form it seems to the author highly desirable that the Selling reduced form 
should be made to correspond as closely with the Eisenstein reduced form 
as is consistent with Selling’s original inequalities. That this is here accom- 
plished is apparent from the discusion below. . 

The first part of this paper is devoted.to the establishment, by algebraic 
methods based on those of Charve, of inequalities defining a unique reduced 
form and given in terms of the coefficients of f in paragraph 3 of this paper. 

It should clearly be noted that, while Selling’s and Charve’s discussion 
yields a form ł ¢ (see paragraph 2) unique except for permutations of the 
coefficients, the form f.is not unique. For. instance, the forms 2? + y* + 2° 
and z? + y’ -+- 324 — Qos — yz.. are both reduced under Selling’s definition 
though they are equivalent. However, only the first of these forms satisfies 
inequalities (1),-(2) and (3) of this paper. No two forms whose coefficients 
satisfy inequalities (1), (2) and (3) are. equivalent unless they are identical, 
that is, unless corresponding coefficients are actually equal. 

The third paragraph is devoted to a comparison of the above set and 
‘Hisenstein’s set of defining inequalities. It is proved that every Eisenstein- 
reduced form for which g, h and k-are not greater than zero is a Selling 
reduced form satisfying inequalities (1), (2) and (3) of paragraph 3—the 
closest . correspondence possible; if Selling’s original inequalities are to’ be 
retained. For the cases in. which the forms do not coincide, a definite one- 
.co-one correspondence is established between Hisenstein-reduced and Selling- 
reduced forms. This results in a stronger establishment .of both theories, 
for the proof nore contained may ee thus considered as a ae of the Eisen- 


“EK. Boriasow, “ Reduction of Positive ‘Ternary Quadratic Forms by Selling’s 
Method, with a table of reduced forme for’ all determinants. from .1 to 200,” St.. Peters- 
` burg 1890, 1-108 (Russian). The-anthor here wishes to acknowledge his indebtedness 
to Professor J. V. Uspensky of- Stanford University for the most generous loan of 
this book from his private library. "SE 
, t Mordell, in Proceedings’ of the Royal Sootety (A), No. A 816, Vol 131, p. 100, 
remarks that Selling found,forms “leading to a unique reduced form.” This is true. 
only in the. sense ‘of the definition by Selling of a limited class of niutually equivalent 
forms any one of which may be considered to be as eu om l 
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stein reduction inequalities or the proof of the Bisenstein reduction in- — 

equalities as a proof of the inequalities here. : 
In paragraph 4 the ‘automorphs. are listed. 


2. Supplementary inequalities. We have associated with fa form 
p = az? + by? + ce? + dl? + 2gya + Rhee +- kay + let + myi -+ 2nat 
= g (y)? — hea) *— k(a—y)"™— at) — mt) — (at) 
As Charve points out, @ represents the same integers as f. . 
_ Selling calls f reduced when g, h, k,l, m,n are all =0. Charve estab- 
lishes ‘this by first proving that a necessary and sufficient condition that none. 
of g,h,k,1,m,n are positive is that i 
(a-+b-+e-+d) /2 = —(g+h-Hk+l+m-+n)—= MT 
be a minimum under all equivalent transformations on f. Then, in order 
to show that ¢ is ‘unique ‘except for permutations of g, h, k, l, m, n he 
defines two associated transformations - 
. a a a” . Sy Ge By Q4 
P jes r d Gu f b Bo Ba Bo 
i (; B, e” ) g (: Y2 Ys. Ye 
2 ôr êz 8s by 
where g” = — a — a — g”, a” =—p— f= p”, y” ae mae '—y', 
a == Q1 — ĝi g’ == Qg — de, g” == Ag — Og, of” == Qa — Ôg, Ties E ete. 


The application of S to $ is equivalent to the application of s to f and sub- 

tracting a number from all the elements of a column of 9 leaves s ‘unaltered. 

We call S of “ determinant 1” when s is of determinant 1. l 
For purposes of reference we state the following, which Charve proves,” 

` as a lemma and reproduce a portion of his proof. 


Lemma. Any transformation S, increases half the sum of the first four 
coefficients of ẹ by — g (e — 1) where 


m (8: — 7)? - (Ba — a)? Ez (Bs — ya)? + (Ba ye)? 
and situ for h, k, l, m, and n. 


If one denotes the coefficients of ®, the transformed ¢, by the corre- 
sponding capital letters we see A = — g(Bi—y1) *— h (ya) 2__ hk (ap)? 
— l(a, — 81)? — m (Bı — 81)? — n(yi— 81)? and similarly for B, C and D.. 
si cea a aaa a , 


* L. Charve, loo. oit., p. 15. e 
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CoRoLLARY.* If gm0 the only- transformations leaving (A+ B 
+0 + D)/2 unaltered in value, i.e. leaving the form reduced by Selling’s 
definition, are those in which o = 1 :above, i.e. those for which two of 
Bi); (B2— y2), (Bs — Ys), (Ba— yi) are zero and the other two 4- 1 
and — 1 vespectwely; similarly for the other coefficients. 
The proof is given in Charve’s paper. 
We find it convenient to define coefficients as; as follows 
i = Q, og = b, Asp C, Qas "= Q; i 
b -+H 2g + C= Aas = hy, = a + A d, 
a -H 2k + b = dis = da c+ nt d,. 
a -+ 2h + e= ayy = Qa =b + 2M + d, 
2g = bas, 2h == bis, 2k = bia, l= bi n- bga, IM =— bza 
Note a4; = Gj; — ax; and bis — bu, Where 4, j, k, l is a permutation of 
I, Ry 3, 4, Note also that Gis F Gaa -F Gss F 4a = Qia F Gas F is. 
Our first condition’ on a reduced form then is Selling’s 


(1) , bu & 0, l.e. Gi + aj = Gj . (1, gum, 25 3, 4). 
To select a unique form out of each set of 24 forme found’ by permuting 
Z,¥;%,t we note that such ‘a permutation merely permutes the subscripts 
of the a’s (and 6’s) and the form is made unique by the following inequalities 
(2. 1) ; : Gi Say if i<j, l 
(2.2) if au = ay; with i < j then ae = aw ie | bn |Z- bz | 
where & is the lesser of 1, 2, 3, 4 not i nor j. = . : 
-This is easily seen if-we note that the interchange of ¢ and j in am > aiw 
reverses the inequality and if. ay, == Qix, i.e. Qi: = ajn such an interchange 
leaves the form unaltered, i. e. corresponds to an automorph. 
Consider the transformation S, which ig a particular form of 8 


; ; Ay — 8; Ge, — 8 ay — 8, a, —& 
g Bı — 8, Bı— fz ° Bs — 8s oe) 
j mer A ° 
* a 


Note that no three-rowed determinant taken from the first three rows 
of S, is zero if s is non-singular for, from the definition of the @’s, ete., 
a” —=1(a, a’), B” =I, B), Y” =1(y, 7’) -(where T denotes a linear func- 
tion) implies &” == ¥ (a, g), B” =I'(B, B), y’ =F (y, y). Thus it follows 
that no column of S; is a linear combination of two others if s is non-singular. 


* L. Charve, loo. cit., p. 15. 
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Note also that S has the same effect on f and ¢ as the transformation 8’ 
obtained from S by multiplying each element of the matrix by — 1. Thus 
if we are concerned merely with the resulting form we may use 8 or S at 
` pleasure, it being understood that if an explicit transformation.s on f is ` 
desired we take that of S or 8’ for which s is of determinant 1. Hereafter 
we thus call § and S the “ same ”. transformation. 


Turons 1. If ghklmn =Æ 0 the inequalities (1) and (2) define a unique 
form and the only automorphs are permutations of x, y, 2 and t, 


From the hypothesis and the corollary of the lemma it follows that 
every element of S, is 0, 1 or — 1 and that every row as well as each set . 
‘of differences between corresponding elements of two rows is 1, — 1, 0, 0 in 
some order. We thus have two possible types of S1. | 

First, if three columns have three zeros and one column has one zero we 
see that each pair of columns having three zeros must have the element 
different from zero occurring in different rows. Consider two rows of the 
type | i | 

e 0 0 —e 
0 « 0 —«EG . - 


the differences between corresponding elements being e —e, 0, —e+a 
showing «, =. and thus, after permutation of columns we have 


€e 0 0 —e ) ` f 
0 .e 0 — : 

Ss, = 0 0 : =. where e == ] or — 1. 
000 0 : 


Second, if two columns have two zeros and two have three, we note that 
two non-zero elements occurring in the same column are equal as above and 
thus, after permuting columns and multiplying: each element by —1 if 
necessary we have as the three rows 1,— 1,0,0; 0,— 1,0,1; 0,0, = 
and the differences. between the elements between the first aa third are 
1,1,-——1,—1 which is not allowable. j 

Thus the only transformations permissible here are those obtained by: 
permuting columns of 8, displayed above, i.e. 


e 0 0 0 

0 « 0 0 
8 = 0 0 e :) 

0 0 0 


which is the identity transformation on ¢ or that obtained by multiplying 
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each element by —1. Thus the only permissible transformations merely 
permute x, y, z and ¢ (or change the signs of all simultaneously). Such an 
interchange is barred by inequalities (2) unless it ig an automorph and thus 
f is unique. We denote such a transformation by I. 


THEOREM 2a. I f 2h = bis == 0 and gklmn > 0 the only transformations . 
leaving (a+b-+e¢-+d)/2 unaltered are transformations I and those ob- 
tained by permuting the columns of ` . 


i —1 0 0% 
a 2A Oost Mi 
Tum (o oOo —1 17° 
o 0 0 07. 


The beginning sentence of the proof of theorem 1 holds here except that 
the difference between corresponding elements of the first and third rows 
need not be 0, 0, 1, —1 in some order. In fact, we will get new trans- 
formations only when it is not. However the sum of the differences must be 
zero. Under this hypothesis if we consider the last column to be that con- 
taining only one zero, ae — 3, = Ba — a = ya — a in the first division of 
-the proof of theorem 1 and we see that we have no new transformation. The. 
type excluded in the second division is precisely the type of 71s if we note 
that interchanging the first and third rows of Tı, merely permutes the columns 
of Tis and multiplies each element by — 1. 


. Turonem 2. If bij = 0 for only one pair of values 4, 7, the only trans- 
formations leaving (a 4-b + c+ d)/2 unaltered are transformations I and 
those obtained by permuting the columns of Tiz, where Ti; is obtained from 
Tis by the following permutation of rows and columns . 

1 > 3 -4 
t j r) 
where k < l and i, 4, k, lare 1, 2, 3, 4 in some order. - 

This follows immediately from the above if we note that permuting the 
rows of any transformation 8 permutes the variables in the original form 
and the permutation of the columns of S permutes the variables in the re- 
sulting form. 

Consider the following conditions on a form. setae conditions (1) 
and (2) 

(3) if biz == 0 then | ba | Sau and | bjx | = jjs 
: that is, if Gi + yy == Wj, then lik, Gik = = Ox 


where & is the lesser of ‘1, 2, 3; 4 not t nor j and / is the* greater. 
We prove 
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oi 3. When only. one of g, h, a l, m, n 48 zero, nia (1), 
(2) and (8) determine a unigue form to which every Selling reduced form 
is equivalent and Tı; (defined above) is am- automorph if and only sf one 
of the three equivalent equalities: Qis == Gr, dis == — Dex, Gii —-—~ by kold. 
Transformations I and Ti; are the only automorphs escept possibly for 
certain permutations of the columns of Tij. 


Under the transformation Tss we have the following cobreapondends 


f Qua das Qasas Qas Qag = lra Gag =™ Ou - Gna = as 
f’ Ci Wy Oy O: 38 Won = Uia Ois = Ong Wa Oa 


and thus under Ti; we have 
f. Git Qw yy Gu ay = Oat Aye Ai af 
F dn Came yy Wa =a Vim n Ukk 


We consider f to satisfy conditions (1) and (2) and thus have &' = Wj» 

If aa < ain we have a's < a’ which, with d'n == @’@ + a'k — a'i m- 
plies a'n > Wry = Wi > O'ra which shows (3) is satisfied by f’, for variables 
corresponding to k and J are in their proper order. 

If ajy < a, wo have U'n < 4's SS a’ which, as above, E Oye < A'th 
and thus f with 7 and & pans satisfies (3), for du = ayn and ajk = M1. 
- Tf dis = ax then Gu == ay, = dix, f satisfies (3) and Ti; is an sec oe 
` Note: also that a4; = — bu = — Dax. 

If ajk == Qr then G1; — Giz = dex, f Batisfies (3) and Ty; is an automorph. 

If, finally, Ajk, Qik > Up, We see Sea Cin Oy, > U= ky and thus ie 
does not satisfy (3). 

Thus, either f or f but not both satisfies (1), (2) and (3) unless they - 
are ‘identical under a transformation Tais. This completes the proof of 
theorem 3. : 


TREOREM 4a. If ker (i.e. big = bi: = 0) and gimm s0 con- 


ditions (1) , (2), (8) define a unique form f and the only new automorphs 
are Kas and possibly certain permutations of tts columns where 


1 0 0 —1 

0—1 0 1 
Em—=—o 0 —1 Ima 
0.0 0 0 l 


l We first justify the notation if we note that.permuting the second and 
third rows and the second and third columns of the transformation leaves it 
unaltered. 


ca 
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Now consider transformations S, where 1, — 1, 0, 0 are, in some order, 
` the elements of each of the rows and the set of differences between corre- 
sponding elements of the second and: third rows. These conditions must not - 
hold for the differences between the first and second or first and third rows 
if we are to have a transformation not already- considered. . 
First, if three columns have three zeros-and one has one żero permute 
columns if necessary to have only. one zero in the last column. Note that 
+1, +1, +1 are the first. three elements of the last column and we have 
Kei, above or the transformation obtained by multiplying each element by 
— 1 or by permuting columns. Trial shows that Kas is an automorph. ~ 
Second, if two columns have two zeros and two have three, permute 
columns if necessary to make the first row 1, 0; 0, —1. Since bzs 540 and 
no column has three elements different from 0, two non-zero elements in the 
third or second column of the second two rows must be identical.. Permute 
columns if necessary to put them in the third column and have 


1.00 — 1 
€ 


€ 


Then either the first or last columns but not both have three ZeTOS. 
Permute the first and fourth columns and multiply by — 1 if necessary.to * 
make the first column contain three zeros. Permute the second and third - 
rows if necessary to get E | 

¢ 1: .00 —1~- 
0 —e e 0 
0: Mo -e ae 


Sinca the difference between the first and third rows is not 1, =p 0, 0 in 
some order we see «==-—1 and wo have that all such transformations are 
obtained by permuting the columns of the following two transformations 


| io O oy s 10 0 —i 
0 i —1 0 0 ~~ 
Dyzs = -0 0 ee A :) and Dag: = 0 : B ;) * 
l 00 0 oF 3 00 0 9 


_Now, except for permutations of columns, Dios = Kans’ Tis and Dis“ 
== Kis Tis and, by the proof connected with conditions (3), Dizs and Disa 
take f, satisfying (3), into a form which does not satisfy (3) unless Tis or Tas 
and therefore Diss or Diaz ‘are automorphs. This latter cannot happen because 
Tia, for example, is an_automorph if and only if — @y == bis = 0 which is 


not true. a 
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THEOREM 4. If bi; = bi = 0 and none of the other b’s are 0, conditions 
(1), (2), (3) define a unique form f and the only new automorphe are certain 
. permutations of the columns of Kym where Ky is. obtained from Kas of 
theorem 4a by permuting the rows and columns according to the plan 


& 2 3-4 
| i j k l 
and Kj = Kru. 
In the first place Kj = Kei; since the permutation 
1 2 8 4 ; 138 2 4 
(; k j 1 i kj t) and Kon == Kas 


Examiniog the changes made in any pas f by Kei2 and noting the 
effect of the above permutation of 1, 2, 3, 4 we see that Kyi has the following - 
` effect on the coefficients of any form f: leaves bjx unaltered, changes the sign 
of bix and bij, replaces bir by Rowe + 204; +- bit, byt by bay + byt, bki by 
2bix + bx: and increases the sum (a + b + c -+4)/2 by —(bi; + ba). ne 
. ig thus an automorph when bi; == bix = 0. 

Now the only transformations coming under_the heading of this theorem 
are those obtained from Kı, Dies and Diss by the permutations indicated. 
Since Ti; increases the sum (a+ b A c+ d)/2 by —6i;/2 for any form, 
_it will increase the sum (a + b + c -+ d)/2 for the form resulting from the 
application of Kj by by;/220. Thus the total effect of Kwi’ Ts; on 
the sum (a-b + c-+d)/2 of a form is to increase it by — biz — bij/2. 
Since Krij’ Taz leaves (@-+b-+c-+d)/2 unaltered when and only when 
biz = bi; = 0 it must be Kyi, Diz or Day (except perhaps for permutation . 
of columns) and since of these three only Dis, increases (a -+ b + c+ d)/2 
by — bix —b1;/2 (see the corollary to the lemma), we have the result that 
Kij’ Ti; must be obtained by a permutation of columns from Di. Now, 
since Kris is an automorph of f if bi; == 0 = by, the effect of Diy, on such 
a form is the same as that of Ti; But, from the proof of theorem 2, Ta 
applied to f satisfying (1), (2) and (3) yields a form not satisfying (3), 
Ti; not being an automorph since 64,0544. Further, no permutation _ 
of variables in the resulting form can make it satisfy (1), (2) and (3). Thus 


Dim and, similarly, Diz; can yield no new forms satisfying ( 1), @) ‘and (3); 
neither are they P 


THEOREM Ša. If g==l=0 (i.e. bas =— bi = 0) and hemn 0, con- 
dittons (1), (2) and (3) define a untque form f and there are no new 
automorphs. : 
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Here in 8, the second and. third rows and the differences between 
the corresponding elements of the first and second. rows and of the first and 
third are 1, —1, 0, 0 in some order but this is not true of the first row or 
of the differences between corresponding elements of the second and third 
rows. The sum of the elements in any row is zero. 

First, no element in the first row is + 2. For, if it were, the elements 
in the same column of the rows below it would be + 1 which’ implies that 
not more than one element of the first row is :+ 2. Jf there were such a 
‘single element we could multiply every element of Sı by — 1 if necessary’ 
to make 2 an element of the first row. Note that the other elements in the 
first row would then be — 1, —1.and 0 and permute columns if necessary 

to have 
| o od, oO 


‘At least one of the elements in the last column is =< 0 and therefore is — 1. 
~ Tf — 1 is the element in the last column of the second row the differences 
between corresponding elements of the first and second rows would be 
1, — 1, — 1, 1 which cannot be. The argument is the same for the third row. 
Thus in the first row must occur two 1’s and two — 1s. Then, since 
bis 4 0 two of the elements in the second row must be directly below identical 
elements in the first. This holds for the third row also. Thus, after per- 
mutations of columns we > have 
— 1 
Era 
= 
0 


Gi 21. 
I at 
0 0 
| 0° 0 
which is singular. Thus results 

THEOREM 5. If biz == bri = 0 but none of the other b’s are zero, COn- 
ditions (1), (2) and (3) define a unique form f and there are no new auto- 
morphs. (t, j, k, lis a permutation of 1, 2, 3, 4). 


OHOF . 


Note that bij == bis = bj — 0 implies no other 'b’s are zero for b = bak 
== () implies diy = — Dir E 0, etc. i " 


Touonem 6a: If g= k = k = 0, conditions (1), (2) and (8) uniquely. 
determine f and there are no new automorphs. 


Any of the first three rows of 8, Pas 1, —1, 0, 0 in some order, ag its 
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elements but this is not true of the sets of differences between correspond- 
ing elements of any pair of rows from the’ first three. It.can be seen . 
from the proof of theorem 4a that the only case to consider here is that in 
which two columns have two zeros and two have three. Permute columns — 
if necessary to make two non-zero elements occur in each of the first and 
third columns. Two elements in the same column must be of opposite sign 
. and thus, by permuting the first three rows and multiplying each element . 
by —1 if necessary we have for the first and third columns 1, —1, 0, 0- 
and 0, 1, — 1, 0.: Permute the second and fourth columns if necessary to 
make the element — 1 of the first row occur in the second column, note that 
the last column oe be all zeros and that ' 


i —1 0 0 
ae ee 
Fas N90. 0 —1 L 

0 0 00 


` Thus, the only new transformations leaving (a + b -+ c + d)/2 unaltered 
are those obtained from Liss by permuting its columns and the first three rows. 


z 


We note that interchanging the first and third rows of Lızs merely permutes ` 


the columns and thus all transformations here to be considered are obtained 
“by permutations of the columns of Lis, Disa and Leis. 

‘Now, for any form f, Lass, increases the sum (atb+c-+d4)/2 by 
— (Dis + bas + Bi3/2) and Lis increases it by —(bia + Oy + bi;/2). It may 
be seen from the proof of theorem 4 that, for any form f, Kwa, increases 
(a+ b + C -+ d) /2 by — (bix -|- Dye) and leaves bij unaltered. Thus Kix’ Ti; l 
increases (a +b + c+ d)/2 by —(biu + dye + bi;/2). Thus Kz: Tu being 
a transformation leaving (a + b + c -+ d)/2 unaltered when and only when 
bir = b =b; — 0, must be Lay or obtained from it be a permutation of 
columns. We have three different transformations of this type for permuta- . 
tions of i, j, k. Now Kay is an automorph for f if biy = ba = bs == 0 and 
thus Liw has the same effect as Tı. Thus, if f' satisfies conditions (3) as 
well -as (1) and (2), its transformation by Lix; does not satisfy (8). Lary: 
cannot be an automorph- because Ti; is an ee only if — bi: = — bi 
= 04; ald bi = 0 here. l 


This gives 


THEOREM 6. If by = bax — bjx = Û, auton (1), (2Y and pS) l 
uniquely determine f and there are no new automorphs. | 


‘Finally we prove 
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Tarorsm 7. Every. positive ternary quadratic form is equivalent to a 
unique form f satisfying podati (1),. (2) and (3). p MEET 
This will follow fr m the a above if we prove 
= 0 is inconsistent with (1), (2), (3). 
First note that 1 ‘results from the hypothesis that - 


9 


bij = be = 





| 
ea i Raji == — by and thus bit: Om = 0, 
dae — — bie — bar, Pan = — bir — bri and thus ber b= 0 


for, if it were, fe would be expressible as Qv? + ajju’ where v and u are 
each the differ/nce of a pair.of variables from z, y, z and ¢, which would 
mean that the determinant of f would be zero. Now, if f is to satisfy (1) 
` and (2) we see that i <7 and j.<k. Also aS an if and only if — bp 

=. Raj; S — Ohi} Noting that bij = ba = byt mmx () remaing unaltered 
by the pefmutation (4/)(kl) we see that the only values for.t, f, k and ł 
which jAeed be considered are 1, 2, 4, 3 and 1, 3,°4, 2. In the first case 
k = fm 9 = 0, i.e. @==-—h which contradicts (3) with +—1, jm 2. In 
nd case h = } == g = 0, i.e. @—==—k which contradicts (8) with 





/ 3. A comparison of Kelling- and. Eisenstein-reduced forms 
Tp T= a" + byt + o + Raye + thas + Rhy, 


We ad the Selling conditions for a seduced form hericeforth in this 
jpaper by calling a form Selling-reduced if it satisfies not only conditions (1)- 
ų but -also (2) and (3). The. form is.unique from theorem 7. Translated 

p into terms of the coefficients of. f alone we have the following -conditions for 
‘a Selling-reduced form f i i . 


(1.1) - gh, k 0, E 
(12)  aZ|h}k]; bZ|g+k]; c=|g+h]* 
(2.1) aSbSe; o+b+29 42h -+ Mem d—c=0, 
(22) a=b,[g/S|hl; itb—c, [b/ S[k; 

ifa +b + 2g + 2h + 2 = 0, aS |h Hk] 
(3.1) Ith—6,022|k| adicii 


ifk=0,a22/A| andb2=2[g|; 
if g==0, b= 2|k| and cZ2{h|. 


* The last condition is redundant in view of the inequalities below. 


` 
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(3.21) If a= — h— k, thm a= 2 |k| and a+ c+ 2h Z b, 
ie. [|r| lel and c+ h Zb k. 


(3.22) I£ b=—g—k, then b=2|k]| and b+c+ 29 Za, 
. ie. |g | tlh] and c+g2at+k. 


(3. 23) If c= —9—h, then c= 2|h| and b+c¢c+ 29 2a, 
i.e. ig |= [4 | and b+g Zath. 


We list the Eisenstein conditions for a reduced form * 


(A) | "g, h, kal =0 or all > 0. 
(B) : aZ=2|h|, a=2|k|, D22I|Qg|. 
(C1) abo, [a+b +g + 2h +k o 


(C2) Ha=b,|g|S |h]; ifd =c [h] S[k]; 
; [if a+b + 29+ 2%h+ 2k —0, aS |2h+k]]4 


(D1) Forg, h, kS0: if a =— 2k, h= 0; 
if a = — 2h, k = 0; if b =— 29, k = 0. 


(D2) For g, h, k>0: if a= 2k, hS 3g; 
if a = 2h, k S 2g; if b= 2g; kS 2h. 


We prove the following lemmas relating the reduced forms of the two 
‘types. . 

Lemma 1. Every Hisenstein-reduced form with g, h, k= 0 is Selling- 
reduced and only such are Selling-reduced. 


Consider such an Hisenstein-reduced form. Then, poor all the con- 
- ditions- for a Selling-reduced form are satisfied if we note that (B) and (C1) 
imply b= 2|k|, c=2|g]|, c22]|h|..No form with g, h andk>O 
can be a Selling-reduced form. 


Lemma 2. A Selling-reduced form is Htsenstewn-reduced tf two or more . 
_ of g, h, k are 0 or tf none of the following mutually exclusive conditions are . 
satisfied : 
I. a<—2h or a==—2h and k=0. 
IL a<—2k or a= — 2k — 2h £ 0. , 
III. b <<—2g or b==— 2g and k0. 


Inspection of the conditions shows that a Selling-reduced form is Eisen- 


*L. E. Dickson, loc. cit. 
+ The condition in brackets is omitted if g, h, k are all > 0. 
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stein-reduced unless it fails to satiaty one of (B) or-(D1). If h= k= 0 
condition (3,1) shows that conditions (B) are satisfied and similarly -fot 
g = k = 0 and g=k=0. I, I, MI clearly include all cases in which one 
‘of (B) or (D1) is denied. To’ show that the three conditions are mutually 
exclusive note that I, (2.13) and (1.21) imply b = —2g—2k 2— 2g, 
b = — 2g only if k = 0, a= — 2k with the equality. holding only if a == — 2h. 
The proof is similar for II. Finally III and (2.13) implies a 2 — 2h — 2k, 
a not being equal to — 2k unless h == 0 nor to — 2h unless k.m 0. 


Lemma 3. Let F be a form- with a < — 2h or a= — 2h and k0 
and satisfying (1) and one oF the following mutually excluswe sets of 
conditions : 


VY. aSbse, the first ath holding only if |g |S |h|, the 
second equality not holding unless a == — 2h = — 2k; also 
(2.13),.(8.2), (8.1), (8-21). 


I’. aS cZn, keai the first equality holding only if | g| S| k|; 
ate+2g+2h+ 2k20, the aaa noring only sf 
aS | 2k h |; (3.1). _— 


Ill’. b< ao, the equality holding only if | g || k |; (2.18), (3.1) 
antl (3.21) the equality in (2.13) not holding. 


One and only one form F may be obtained by a permutation of variables of ` 
a form f which ts Selling-reduced but not Etsenstein-reduced. Conversely, 
one and only one form f, Selling-reduced but not Hisénstein-reduced, may be 
obtained by a permutation of variables of a form F. 


We first prove that for no form f’ is b = — g — k or c == — g — h possi- : 
ble. Note that in each of Y, II’, IIT the sum of each pair of elements a, b, c 
is not less than —(2g + 2h + 2h). This, with a S — 2h implies b Z — 2g © 
—2k >—g—k. Also a+ c+ 2h =—2g—2k and, since’in each of 
r, IY, IY is c2Za, a+c+2h= 2a+ 2. These, together, imply that 
a+cet2h=a+h—g—k, ie. c2=—h—g—k.. Thus c >—g—h 
unless k == 0 which implies a= — 2h, k = 0, from s 1), contrary to the 
conditions on Ta ; 

If a form f occurs in I of lemma 2, its ee aiei the an 
of I’. bc from (2,22) unless a ==— 2h = — 2k since aX — 2h -and 
a= —h—k implies |k |S |A|, the last equality holding only if the two 
previous ones hold. Thus, in view of the paragraph above, f in I and finr 
are identical. Furthermore, any permutation of variables alters as — 2h 
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~ unless a = — 2h —=— 2k and the permutation . is (yz). But (yz) alters 
b Sc unless b = c in which case it is an automorph. 

If a form f occurs in category II permute y and z in f. This does not 
affect (1), converts-II into I with a54 — 2k if a = — 2h, makes the changes 
noted in (2), the equality cb not considered since |h| > || in any 
case, and (3.1) is left unaltered. Furthermore a54—h—& from (3. 21) 
~ gince, before the permutation of y and z, a<—2k or a == — 2k 4 — 2h. 
Interchange of y and z in conditions (3.22) and (3:23) interchanges the 
initial conditions b == — g — k, c == — g — h and thus, from the first para- 
graph of this proof, none of (3.2) need be considered. Thus the conditions 
on f in I are equivalent to the conditions II and (1), (2), (8) on f. 
Further permutation of the variables of f alters the inequalities as above 
and our unique correspondence is established for this case. E 

If a form f occurs in category LII note that (2.13) implies a = — 2h 
— 2k, the equality holding only if k540 and therefore, from (2. 23), 
a -4b +g + 2h + 2k40. Also as&b since |g| > |h|. Now permute 
z and y leaving (1) unaltered and making the indicated alterations in (2). 
(3.1) is left unaltered by the interchange and (3.22) becomes (3.21). As, 
in the previous paragraph, no other (3.2) need be taken into account. The 
correspondence is thus established ‘as above. 


Y, I’, IIT’ are categorical and mutually exclusive since I, II aa III are. 
Lemma 4. In every Fisenstein-reduced form 
F = A3? +- By? + On? + 2Gye + 2Ha +- 2Eay. 


with G; H, K >O, the variables z, y, z may be permuted to gwe a unique 
form F with B— 24 ZA — 2H, HÈ KS G the first equality holding only 
tf ASB, the second only if O = B, the third only if C Z A and the last 
two only if AS BSC. Furthermore this form will-satisfy conditions (B) 
and (D2) together with those obtained by permuting z, y and z in the 
conditions. Every such form will fall into-one of the Hees following mutuatly 
exclusive categories: 


IY. ASBSAPE _2H, the second Pe not holding unless 
A = 2H = 2K and B=C. 


. W”. ASA+C—2H ESB, AAHH+ EK. 
D. B<ASA+0—?HE. 
Purthermore no pertnutations of variables of the form F will yield two dis- 


- 
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‘tinct forms falling into the same or different categories and one and only one a 
‘form F may be obtained by a -permutation of variables of a form F”. 


Note that for every Eisenstein-reduced form with H, K, G > 0 not only 
do (B) and (D2) hold but also those conditions obtained from (B) and 
(D2) by permuting z, y, z with the corresponding change of designation of 
coefficients. 

Consider a.form F, Hisensteih-reduced with G, H, K >0. Suppose one 
of G, H, Kis. less than the other two. Interchange variables if necessary 
until H > K<-G. Then, without altering H > K < G, one may permute 
z and y if necessary to have a form for which B—2G > A—2H or 
B—2G—A—2H with A S&B. 

If two of G, H, K are equal and less than the third we may permute 
variables to have a form for which G = K < H, the permutation, being Toren 
uniquely. defined except for an interchange of z and z. ' 


-a)- I£ B—2G Z'4— 2H and C Z= 4A, we have it in the form Cao 


=. b) Tt B—2G2A—2H and C<A, note B— 2G =B — 2K > 
C — 2H and an interchange of z and z makes B —2G > A — 2H and C.> A. 


c) If B—24 <A—2H but B—24=C0—2H note O <A, inter- 
change z and z having B — 2G = A— 2H with. 0 > A. 


d): If, in any of the above cases, after the permutations noted we have 

B—2@—A—2H, C Z A with A > B, interchange x and y to get B— 2G 

—A—2H,B>A,C2B>AandK= H < G in terms of the coefficients 
of the new form. 


=) E B—R2G < A—2H, C—2H interchange z and y and -have 
K =H < @, A—2H <B—2G, C—2G. These inequalities remain un- 
altered by a permutation of y and z and thua we can make C = B. 


If G= H = K, we may permute z, y and z so that AS BSC and see 
that then B—2G2A—2H. Thus we have shown that a permutation 
giving the required inequalities exists. f 

In order to show that this permutation is unique except for automorphs 
- (i.e. the form is uniquely defined) suppose the coefficients of a form satisfy 
the requirements of lemma 4 (without I” II”, I”). The interchange of - 
æ and y alters B—2G2 A— 2H unless B— 2G = A — 2H and then alters 
B = A unless A—B when G — H and the form itself is unaltered. Simi- 
larly an interchange of æ and z alters K S G unless K = G and then C Z= A 
unless C = Á; similarly for the interchange of y and z. The permutations 


uy 
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ji (xyz) and legs leave HEKS G unaltered if and only i H=K -0 | 
in which case they alter C= BZA unless C =B == A. If A=B =C and 
H == K == G both permutations are automorphs. i 
Finally, noting that, even after permutation of a O = 2H and 
therefore A = A + C— 2H, we see that I”, II”, IO” form a set of cate- 
gorical and mutually exclusive relationships between A, B and A + C— 2H. 
(In I” A54 H + K for A =H +K if and only if A= 2H = 2K, 0 È B; 
C £ B, and therefore C = B, which is included in I) ` 


THEOREM 8. Evėéry form f satisfying the conditions of lemma 3 is 
equivalent to a unique form F satisfying the condittons of lemma 4 and 
conversely. Furthermore, f occurs in category I’ if and only tf F occurs in 
I” and similarly for n and II” as well as IY and IY”. 


First, suppose we have a form ‘satisfying the conditions of lemma 3. 


Transform this form f by . 
> eee | 0 —1 
0 1 0 
0 0 ——- I 


and get f= az?+ by’+ (a + c+ oh) 2 —2(g + kyz + o(a -+ h)az — kay. 
Call this form F, denoting the coefficients by the corresponding capital letters. 
We note that if there is any correspondence by this transformation it must - 
be Y — I”, ete. It remains to prove that f = F satisfies the remaining con- 
ditions on F in lemma 4 together with (A), (D2), (B) and the condieions 
obtained from (B) and (D2) by permutations of the variables. | 
_Conditions (A): &540 for &—0.implies by (3.1) that a= — 2h. 
Thus —g—k5<0 and a ¥ h0 since a =—h—k. ST 
. = Conditions: (B) and those obtained from them by permuting z, y, z: 
a=z2(a+h) since a & — 2h; a=— 2 similarly; b =—2g-—2k since 
a SS — 2h and since; for all of I’, IV’, III’, (2.13) holds; therefore b = — 2h. 
Also i ga from (2.13); a + o+ 2h = 2a + 2h since 
Ct. 
Conditions (D2) and those apie’ hon them by omane t, Y, 2 
If a = — 2k it is obvious that a + h S— 2g — 2k; similarly if a = 2a -++ 2h, 
— k S — 2g — 2k. If b=— 2g — 2k, it follows from (1.2) that — k. 
S2a+2h. b==—2k is-impossible unless g==0 for, from (2.1), a 
= —2h—2g; then —g—kS2(a+h) from (1). If apcep 2h 
== 2a + 2h, i. e. c= a, then — g — k S — 2k, i.e. — g S — k follows from 
the conditions for the equality -c =a in I’, IF and IIF. If a -+ c- 2h 
== — 2g — 2k, it follows that a +h S — 2k from the first equality and 
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(2.1) which oan that b is greater than or equal to the ae of a and c, ` 
which can happen only in II’ and when a= — 2k — h. 

The conditions of lemma 4:. (2.13) implies B — 2G = A— 2H. Sup- 
pose the equality held with A> B,i.e.a@> b. This latter occurs only in 
III’; but in that- case the equality of (2.13) does not hold. In the second: 
nines KSG, ie. —kS—g—k is true, the equality holding only if 
g = 0 thus implying by (38.13) that c=— 2h and therefore a Fc + 2h 

'=—C2A. Thirdly, KSH, ie —kSa-+A by (1.21), the equality 
- holding only if a= — h — k and therefore when 0 = B. Finally K = H = G~ 
`- implies g =— 0, a — — h — k and thus from (2.18), b =—h—k—=a and 
thus B Z= A and C =B from the above. 

Second, suppose we have the form F satisfying the conditions of lemma 4 
together with (A), (B), (D2) and those obtained from (B) and (D2) by 
permutation of z, y, z.- It is clear that, in virtue of (C), (B) and (D2) . 
imply the conditions obtained from them by permutation of a, y, z and 
therefore, below, in citing these conditions we shall include the conditions 


so obtained from them. | . 
f[-10 1 
0. 1 0 a \ 
0 0 —1 


Transform F by 
(the inverse, of the previous transformation) and get 
F = Az®+ By’ + (A + 0 — 20) 2— 2? (0 — K)yz—2(A— See 


We prove F =f satisfies the conditions. I’, II’ or IIF and a = — 2h or 
a= — 2h -with k40 and that f satisfies (1). 

a == — 2h the equality holding only when k0 if and only if A S 2A 
— 2H, i. e. 2H S A, K=£0 which follows from the conditions given. 

' (1.1) hold, for @d—K =0, A—H>0, K >00. 

(1.2): A4 Z4— H+., ie H2EK;B>G—K+K—G4;44+0C 
— 2H > @— K + A— H, i.e. C—H>G— RK. 

(2.13): for all permutations it is true that A + B, 2A + C — 2H, 
B+A+C0—2H= 2G + 24—2H. This is true since B — 2G = A — 2H. 
‘The equality can hold only if .B—2G — A — 2H or II” and C = 24. 
= (2.21) and (2.22) for F: if A=B, G—KSA—H, ie. AZG 
+H—K since HZ G and A 22H; if BeA+t+C—2H, A— HSK 
for the first equality by I” implies A = 2H — 2K. 

- (2.21) and (2.22) for IF: if A'= =A +0 —2?É, G—KSK is true 
since the first implies C = 2H and (D2) applies. K eA — H is true. 
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(2.22) for U: AmA-+C--2H, G—K SE as above. ` 

(2.23): for I we have the equality only if B— 23G = A — 2H; then - 
A S 2A — 2H + K since A Z 2H —K. For II’ we have the equality oy 
if O = 2G; then AS 2K +A — H, i.e. HS 2K from (D2). 

(3.1): The only possible equality in (1. 1) above is Œ= K, i.e. g = 0. 
‘Then B= 2K and 4-++-C— 2H = 2A — 2H, i.e. O = A, the latter being 
' true in virtue of lemma 4 with G == K., . ; 

(3.21): For F the only equality of (1.2) is H= K above. A = 2K. 
and a + c-+2h= OZB is true from the above. For IY with H—K 
we have the same. | l 

. To complete the proof call T the transformation of the second part 
of the proof of this theorem: T takes a form F' satisfying the conditions of 
lemma 4 into a form f satisfying the conditions of lemma 3. Suppose that 
- there is another equivalent transformation T” (that is, with integral -coeffi- 
cients and of determinant unity) taking F into f =“f satisfying the -con- 
ditions of lemma 3. ‘Then T> would take f into ”4« F where F” satisfies 
the conditions of lemma 4. Then ~f and /” ~F. By lemma 4, F and 
F are equivalent to two forms F, and Fi, P156 Fa, which are Eisenstein- 
reduced. By lemma 3, f and f are equivalent to two forms fı and fi, Pi fos 
which are Selling-reduced. ‘This occurrence contradicts the proof that no two - 
Hisenstein-reduced forms are. equivalent as well ag the corresponding proof 
for Selling-reduced forms. : 

Thus we have also proved -the 


~ 


COROLLARY. No two ‘Selling-reduced forms are equivalent if and oniy 
if no two Hisenstein-reduced forms are equivalent. 


Thus the two theories of reduction are correlated. . ' 
_ It is interesting to note here that Charveé proves (on. ctt., p. 18) that 
the three least integers * not necessarily distinct represented by a Selling- 
reduced form are included among the following: 


a, b, c, ab + eH 29 + 2h + 2k, a+b 2k, a -H cH 2h, bH eH 2g.. 


Since aSbScSap+btot2g + 3h + 2k we may exclude the fourth 


quantity in the list. = 


4, Automorphs. The seis of -forms satisfying Bisenstein’s in- 
equalities are found in Studtes in the Theory of Numbers (op. cit.). We 
accordingly - find here merely the automorphs for those forms whose coefil- 
cients satisfy inequalities (1), (2) and (3) but not all of (B) and (D1), 
i.e. which occur in one of the categories I, II, III of the last section. 


* Exclusive of wa, az’ + by? + 2beoy, ete. 
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The ten cases on page 180 of Studies in which none of g, h, k (that is, 
r, 8, t) are zero correspond to the automorphs which -are permutations of 
z, y, z and the fourth variable t.- It may be quickly verified that of these 
only the following can occur for a Selling reduced form [that is, satistying 
(1), (2) and (3)] which is not Hisenstein-reduced : 


Conditions on the form - E Automorphs 

1, a+2%h+tk==b+2+h=0 (z — T, z—y, 2) 

lz amblg=h | _ (—y, — z, — z) 

la b — c, h = k l (— T, — 2, — y) 

1, a=b, a+b 42g +2h +k N=0 (y —z, r—z, — z) 

ls Q =a b — c, N =m O l (2—7, yY z— y) 
| (— z, z— gT, y—2) 

le a = b = c, N = 0, g =h (£ — Z, z, z — y) 

; . (Y, y — 2, y — T) 

l;* a=b=c, N =0, h =k (y — z, Y — T, Y) 


(2, z — Y, ©—2) 

R (2—4, 2, Z— T). 
If one and only one of g, h, k, l, m, nis zero we prove that we have to 
consider merely the following five conditions on the form and the corre- 


sponding automorphs: | 
Conditions on the form ' Automorphs 


Ra =— 2h, g =0 £h ‘ i l (— z, y — T, — z) 
2g °° C==—2h, g—05¢k (— T, — y4, 2—2) 
2s C = — 2g, h == 0 5£ k (thus a&b) (— gz, — Y, z — 1) 

2a a = — 2k = — 2h |  (@—¥— z, — Y — 2) - 
Rs a = — h — k, b+ k=ct Hk. : (y +z— z, z y). — 


Proof. Consider the cases of theorem 3. The three cases a = — 2k, 
h = 0; a =— — 2h, k == 0 ; b = — 2g, k = 0 occur only when the form is Eisen- 
stein-reduced since a = — 2k implies b = — 2g and b = — 2g implies from 
(2.2) that a'& — k which is false, etc. b =— — 2k = — 2g implies, from 
(2.1) that a = — 2g — 2h > b unless h == 0 and a == — 2g == b when, from 
(2.2), | g | < 0 which is false. The same argument holds for c= — %h 
— — 2g. Also b =— g —k implies a Z — g — k — 2h >b unless h —0; 
and a similar argument holds for c——g-——h. The form of the automorph 
for each remaining case can be obtained from theorem 3. . 

We have already shown (lemma 2) that a Selling-reduced form is 

* This can occur only in combination (iv) below. ° 
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‘Hisenstein reduced if two of g, h, k are zero. Suppose 04; = bir 0' where - 
one of i, j, k is 4 and none of the other b’s, except perhaps bjr, is zero. 
Then ai; == — bin Zdr = — ir — bar — bj > fau. Thus] > is44. Thus 
we have to consider only- b; = bia =0. Note that,-from theorem 3, 
| bie | Sau and | dy, | Say implies |bn | Zau and tbu] = ajy when 
bi = 0. Then | big | 2 a4: where bi = 0, which is impossible. E 
Thus, except for the identity, the only automorphs for any. form are 
those above and, in certain cases, those obtained by certain permutations 
of the columns of automorphs 2, to 2s. Investigation reveals that for any l 
form Selling-reduced but not Eisenstein-redùced, one of three things may 
occur: first, none of the conditions 2, to 2s hold in which case the automorphs 
are given by 1, to 1e; second, none of the conditions 1, to le hold and not 
_ more than one of 2, to 2s hold, in which case the ‘automorphs are as given ; 
third, one of the combinations below holds. 


Conditions on the form _ Automorphs p 
(i) a == — 2h = — 2k, b =e 1s, Be. 
Rw. a (24 1p = 2s and 25° 1a = 24 
Gi) amb = — h — k, c = — 2h, g = 0 1a, 2a, 25, 22° 1a, 25° Ly. 
(ii) am b == — 2b == — 2h, g == 0 | Ly, 21, 24, 21° 1a, Qa ° Le. 
(iv) ee ee en g=0. See below. l 


In- the last case above which includes: only one primitive form transform 
the form by the first transformation of lemma 5 to get an Hisenstein-reduced 
form. Its automorphs are given in Studtes. Note that no o pair of (i), (ii) j 
(iii) can hold without (iv) holding. 


We give the following bi cee table for the combinations ace. 
Hiss 24 25 a 7 
At (yoy) (ey 2-2) (yea, 22,2) E 


From the above iorno the automorphs of any form | may be found 
if it is Selling-reduced but not Hisenatein-reduced. | > 


— 
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A NEW TYPE OF ARITHMETICAL INVARIANCE. 
- By E. T. Betz. 


1. The arithmetical invariance in question will be more easily seen from 
an example than from formal definitions. The following notation is fixed. 

m= an arbitrary constant odd integer > 0. 

“py, v, 8, t, With suffixes, are variable integers ; the », ô r are odd, the 
. v odd or even; the ô, r are > 0, the » = 0, and the y S0.. 


2(m~1)~-484+44 2(m2-1)-44 


Py == >, peta -- 4 p> v* stb -+ 2 = tt 


(s==0,° sy (m? — 1)/2; += 0, ` ; e 


A sum $p in which.q < p.is vacuous and is to be ignored. | 
g(z) is uniform and finite for all integer values of z; g(z)==—- g(—2) ; 
g(0)=0;.g(z) is otherwise arbitrary. | 
Hach of ¢,° * *5 2s, 18 a definite one ‘of + 1 or — Í and Si. refers to 
the 27%! values of the matrix (€:,° °°, Css)» 
N is an arbitrary integer = 0. 
Asi(m), Bsi(m) are integers, and depend upon m alone. 

. The invariance considered refers to the Agi(m), Bas(m) (in this 
example), and concerns functions g(z) whose arguments z are certain linear, 
homogeneous functions of. all the r’s obtained from the set of all representa- 
tions of N simultaneously in the system of (m? + 1) (m? + 3)/8 forms Pai 
defined above. Each form %,; is in 2(2m*—1) indeterminates p, v, 3, 7. 
The total number of Aei(m) , Bs (m)-in this invariant set for the system of 
forms ®,, is (m? -+-1)(m?-+ 3)/4. The invariance is of the kind that the 
- linear relation between the functions g(z) just described has as its coefficients 
the integers in the invariant set, and this relation is the same for all N 
represented in the system of forms ®,;. The trivial invariant set in which 
each Agi(m), Bsy(m) is zero is excluded ; there ts precisely one non-trivial 
invariant set. The same invariant set appertains to an infinity of distinct 
systems of forms. We proceed to state the linear relation and to indicate 
how the corresponding invariant set may be found. 

With respect, to the form ,,, for fixed (s,+), we cohstruct first the sums 
35 
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l , 28 
` Uaim (N) = > g (2 CoT sic + MEgss1T et 2841) 
= 
Jair (N) = > g( 2 CoTato -+ O28+iT ei eee) 
ol ; 


where J Tefers to all solutions of ®s; =N, and (¢,°- +, eau) (82 0) is 
thé general matrix of es. Write ; i 


gai ™ (V)= ue 62 °° * êsa [Aai (m)ga (N) + Built) got (V)], 


where X, (as stated above) refers to the 27** e-matrices, and where the A, B. . 


are for the moment arbitrary constants. Thus gi‘ (N) is defined for ®s:, 
(8,4) fixed. Finally we sum g,;° (N) over all forms ©; in the system of 


(m+ 1) (mè + 8)/8, 


_ THrorem. There is precisely one E, (== not all iio) invariant B 
set of (m? +- 1) (m? + 8)/4 integers | 


Au (m), Balm) (gum 0,- + +, (m1) /2; $=0,-- *58) 
such that | | | 


(m&-1)/2 ê i 
> ; Ja ™ (N) 
7 3-0 4=0 


vanishes for all aa Ls N =z 0: the ingens in the invariant set do not — 
l depara upon N. 


As already remarked, the invariance consists in the tact that the unique | 
‘invariant set is the same for all N20. The following features of such _ 
- theorems are noteworthy: the uniqueness of the invariant set; the fact that 
‘the number of indeterminates in each form of the system concerned is of.the 
second degres in the given constant integer (here m), namely 4m? — 2 here; 
the arbitrariness of the function g; the existence of an infinity of ee of 
forms having the same invariant set. 

The above set is based on an arbitrary - odd positive integer m, and an - 
arbitrary odd function g(z), for the particular system of forms ®,;. Invariant 
sets also exist for even m, or for unrestricted m, and for even functions g or 
for completely arbitrary functions, l 

The distinctive feature of such invariant sets is the form of the number 
of indeterminates, namely, a polynomial of agree 2 in the gwen integer 
(m. above). a i i 
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2. The origin of the invariant set in § 1 can be briefly indicated. Write 
A(x) == 29:0; (2) /Io(x), = 4D q"? [X sin Sz], 


where the theta notation is that of Jacobi, and the first > refers to all odd . 
integers t > 0, the second to all positive divisors, ô, of t. Then, for m an odd 
integer > 0, as in $ 1, we have 


A(ma) /d(2)—= G ™ (w)/Go™ (w), 


where w == à? (z), and the G’s are polynomials in w, k?, where k is the modulus 
of A(z), 
. (ma-1)/2 
Go (2)= m a > Ais ™ we, 
s=1 


- (m3-1)/2 


Ga ™ TOS 1 k 2 tos ™ we, 


in which dye“ (j =0,1) is a polynomial in i? of degree at highest ¿— 1 
in ķ%?, with rational integer coefficients. Assuming these polynomials known, 
_. We use k’ = 0,4/0, and proceed to paraphrase the resulting identity.* 

As similar reductions have been explained in detail in the places cited, 
and elsewhere, we shall omit them, especially as they add nothing to the main . 
object of this note, which is to call attention to a remarkable new type of 
arithmetical invariance. 

Considerably more may be said about the integers in the invariant set 
of the Theorem than is there stated, and similarly for all such sets. In a` 
paper to be published elsewhere I haye shown how these o can be given 
explicitly as polynomials in m. 

The uniqueness of the invariant set is an immediate consequence of the 
like (easily proved by a simple contradiction, if not already classic) for the 
formulas giving the real multiplication of elliptic functions. 

The infinity of systems of forms having the same invariant set follows 
by paraphrasing any of the identities, equivalent to that obtained from 
A(mz) /d(2), by introducing any common factor, composed of thetas or 


* See, for example, Transactions of ‘the American Mathematical Society, Vol. 22 
(1921), p. 1; or “Algebraic Arithmetic,” Colloquium Publications of the American 
Mathematical Society, Vol. 7 (1927). In the last refer particularly to p. 48, (10.4), 
for the appropriate e-theorem concerning the separation of the products of sines, 
arising from the powers of A{w), into the corresponding sums. From these we write 
down the integers A, B of the Theorem in §1, as + the respective integer coefficients 
in the polynomials a ie è 
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elliptic functions, into the numerator and denominator of the expression for 
A(mz)/d(x). At any stage the elliptic functions can be replaced by their 
equivalents as theta quotients, to give another system of forms appertalng 
to the same invariant set. 

That the number of indeterminates is a aaiae polynomial in the 
given integer (m in the Theorem), follows from the multiplication of elliptic. 
functions at once, and is obvious from the classic transcendental solution of. 
the problem of real multiplication. 

— Finally, it is obvious that invariant sets arise from the real multiplication 
of any elliptic function. The like applies to the wider theory of transformation. 


THE ARITHMETIC OF POLYNOMIALS IN A GALOIS FIELD.* 


By LEONARD Carurrz.t 


INTRODUOTION, 


In this paper we consider some of the arithmetic properties of polynomials 
in an indeterminate, xz, with coefficients lying in some (finite) Galois field. 
The totality of such polynomials forms a ring in which arithmetic appears to ` 
be simpler than that of the ordinary integers; on the other hand, it is by no 
means & trivial arithmetic. What treatment of the subject appears in the. 
literature does not seem to sufficiently stress the inherent simplicity of the 
polynomial domain: theorems are proved by utilizing the analogy with the 
rational domain. An instance of this is Artin’st proof of Dedekind’s § Law 
of Quadratic Reciprocity. 

The first section of this paper is concerned with the treatment of the 
simplest numerical functions connected with the domain under consideration. 
An interesting feature is that the analogs of many difficult asymptotic formulas 
of ordinary arithmetic are here capable of simple explicit expression. A well- 
known case is the expression for the number of (primary) irreducible poly- 
nomials of a given degree. We give a number of others of the same type. For 
example, if r(F) denote the number of primary divisors of the polynomial F, 
then | $ 

Zhe 1)p™, 


the summation extending over the primary polynomials F of degree v; again, 
if Q(v) denote the number of primary “ quadratfrei” polynomials of degree 
y, then . 

Q (x)= pP — pre), 

The method used in proving these and similar results is not elementary 
in that it depends on equating coefficients in equal power series. However it 
appears to be the natural one for the subject, and there seems to be little point 
to- recasting the proofs in “ arithmetic” shape. 


* Presented to the American Mathematical Society, December 80, 1930. 

+ National Research Fellow. 

$ E. Artin, “ Quadratische Körper im Gebiete der höheren Kongruenzen, ” Mathe- 
matisohe Zertschrift, Vol. 19 (1024), pp. 163-246. l 

§ R. Dedekind, “ Abriss einer Theorie der höheren Congruenzen in Bezug auf einer 
.reellen Primzahl-Modulus,” Journal für die reine und r Mathematik, Vol. 54 
(1857), pp. 1-26. 
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In the second section a theorem of reciprocity 13 set up which includes — 
Dedekind’s quadratic law as a special case. If the underlying Galois ‘field be 
l of order p, we define the residue character of index ` p =— I H 


{3 F } = AUTI- -D, mod: Ps 


then if P, Q are primary and irreducible of respective degrees vy, Ps we -prove 


that 
(j= {3} 


From this we may of course deduce reciprocity of index any divisor of p* — 1; 

on the other hand, to treat the case in which the index is not a divisor of 

p” —1 we have merely to sufficiently enlarge the polynomial domain by pass- 

ing to a larger Galois field. , 
This theorem: of reciprocity probably best areata: -the onmi 

simple nature of the ring of polynomials as opposed to ordinary arithmetic— — 

where reciprocity of index higher than the second necessitates the considera- 

tion of algebraic fields. The proof here given is quite elementary and super- 

ficially resembles.one of Kronecker’s proofs of the iii quadratic re- 

ciprocity theorem: ~: 


1. NUMERIOAL FUNOTIONS. a 

1: Notation. Take p any prime (including 2) and r any positive 
integer. Let GF (p) denote the unique Galois. field * of order p". If x Ee 
an indeterminate, D(p*, z) will denote the totality of polynomials in s with . 
coefficients lying in the GF(p*™). Evidently D(p%,2) is contained in. 
D(p", x) if and only if wr, is a multiple of m. We shall find it convenient to 
employ the following notation. The elements (polynomials) of D will be 
denoted by large Roman’ letters, rational integers will be denoted by small 
Greek arid Roman letters, but small Roman a will be reserved for the elements 
of the Galois field. A= B will of course mean that the coefficients of like 
powers of z are identical elements of the underlying Galois field. Further, if - 


E F = p + ma +--+ + E ay, 

then | > 
agn F = t, | F.| = p°; 

F is primary if sgn F =1. If F =a, then F and G.are associates. 


* The properties of Galois flelds used here are developed in Dickson’s Linear Groyps F 
(1901), pp. 3-54. ° 
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Evidently the ME of prieg polynomials of degree vis p™”. Hence - 
~ the ¢-finction in 9, 


(1) ¿(= X EE eer 
sgn F=1- . w=0 Ea 


_ Also since decomposition of the elements of D into irreducible polynomials is 
essentially unique we have the Euler factorization — : l 


D WSE |P| =a ya |P]*), 


the product ening over all primary trreductble polynomials P in D; poth 
series and product converge absolutely for s > 1. ` 

From (2) we may immediately derive the well-known expression for, 
“Y (v), the number of (primary) irreducible oes of degree v: Indeed * 
from (1) and (2) follows 


s a a— I/P] Ti 


= Il (1—1), 
y=1 l 
go that by taking logasitinis 


x, y (v) /pprer? = 2 Lape, 

whence } | 
| i = p”, 

_ which is equivalent to -> l 

(3) yo) = (1%) (P — Z pre a zpen. i, 


© wy wy’ - , denoting distinct primes dividing v. 

` We shall suppose in the following that all summations or products over 
a subset © of D extend only over primary anaes in © unless the con- 
trary be stated. 


2. Definitions. As numerical functions of primary interest we define 
Hy A, T, T, $, Q. i i 
(i) u(F) , the analog of the Mvbius-p, is defined by 
* This proof for r= 1 is given by Landau in an editorial note on a paper by H. 
Kornblum, “Ueber die Primfunktionen in einer arithmetischen Progression,” Aath- 


matisohe, Zeitschrift, Vol. 5 (1919), p. 107. Ea 
+ For ò|» read, as usual, 3 divides r. ; b 
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(da) = 1, p(aF)= p(F), 
p(F)==0 for P? | F, 
p(F)==(—1)? for F =aP, -+ + Pp (Pi Æ Py). 
(ii) ACP), the analog of the Liouville function, is defined by 
A(a)==1, ‘A(aF) =A(P), 
ACP) = (—1)%t -t for P= aP, - + Ppt, 
(iii) If sgn F os 1, (F) is the number of primary divisors of F: 
T(E) = 


extending over primary D only. More generally, rp (F) is the number of solu- 
tions of F = DD, + + © Dos (sgn. Di = 1), so that r(F) = r, (F). 

(iv) a o(F)—= 31D | 5 | 

op( F) = pa | D i so. that o(F) == o (F). 


(v) a Dedekind, ¢(#) is the number of elements in a reduced 
residue system, mod F. We define ġ»(F) to be the number of primary poly- 
nomials of degree v that are prime to F, whence it is easy to see that 


gv(P) == (F) if deg F =v. 
(vi) Q(v) will denote the number of primary polynomials of degree: y. 
- not divisible by the square of an irreducible polynomial. More generally 


Qp(v) will denote the number of primary polynomials of degree v not divisible 
by the (p + 1)-th power of an irreducible polynomial; Q:(v) = Q(y). 


8. The à- and p»-functions. .We note first that, exactly as in the rational 
case, œ appears in inversions of sums (or products) extended over the 
divisors of a fixed element. If f(F) be any function in D then (sgn F =1) 


(4): PE) = & f(D) and 7(F) — Sade (5) 
are equivalent. This follows at once from the identity 


SP/F = EEE/E E1 |P 
However we may derive more interesting relations for both » and A— 
relations analogous to the asymptotic formulas connected with these func- 
tions in the rational. domain. Since : | 


ZF) |P} = 1—1] P |*) = 1/£(s) = 1 — p*/p*, 


t 
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we have immediately . 


> BUF) == 0 for Y=, 


deg Fer 


2 BF) mmp, 


deg F=1 ,. 
Similarly from 
ZA) |F |= + 1 ] E|) 
= (1— | PI) /(1—1/ |P fy = 028) /£(s) 
= » ae ci ag); 
(6) > ACF) = (—1) 
F=y 


deg F= 


(5) 


where [e] is the greatest integer SS a. 
4. The divisor functions.. Clearly from the definition of tp(F), 
Srp (F)/ |F |e = (Z 1/ | P |e) (1 — pepe) 
oa >} wet) rie 
y=0 p 
whence equating coefficients, 
(7) ed Oe Lace 


-deg fr 


The rational aaie of this, it will be recalled, is an exceedingly complex 
asymptotic formula. 
Again for op(#), from © 


Zo(P)/ |F P51 [Fld |F p/P] 
a a e a ie 
we find without difficulty that | 


(8) 2% op(F) = P(g —1)/(pr—1), 
. deg F=» 
5. The generalized stanchions In order b evaluate ¢v(M) we start 
Z |F| = E oy (H)/prrs, 
(P, M= y= l 


where (F, M) is the “ greatest” common divisor of F and M. But 
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S l/| Flee a i/(1—1/ | P | ) = f(s) any aa PI) 


(2, M)=1 
-=32p” py: TT (1—1/|P}*); 
PIM 
therefore ` g 


(9) wN) =p" TL 1/1 PI, 


‘where in the right member we retain only those terms of the expanded product 
which are of non-negative degree in p”. When v= deg M this coincides with 
Dedekind’s * expression. ; 

For this case it is convenient to rewrite (9) as 


$00) = 3 a (D) 1P; 


then 
2A), |M =J a(M)/ |M | S|F|/|Fle 
| = (1 — p*/p™) 2 p/p, 
so that 
(10). E $P) sia seth 


deg F=» 
We pass over the immediate generalization of this to E of igh 
order. 
6. Formula for Qp(yr). | 
LO) /or— VF! SGHN [Pts + H1 |P e) 


-G |P e11 |P Oe +a) 


— S e, 
so that 


n Qo (v) =p — po for y > p, 
Qo (r) =p” , for yS p. 


Y. Other functions. It would be possible to give an indefinite number 
of additional functions satisfying relations like (5), (7), (8), (10), (11). 
In general they are more complicated; everything depends of course on the . 
particular combination of ¢’s involved. For example*defining #(v) by 


S9(v)/pr =T (1+ 1/| P| + 1/| P | + ‘) 
. —the arithmetic significance of # is obvious—we find that f 
~ + L(y) /pr — t(28)t(38)/¢ (68), 


* Loo, ott. 


pan 
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and #(v) is found as a rather involved function of 1 v. Qn the other hand, 
defining @(v) by . 
Z O(v)/pr* = TI (1+ 1/| P —1/| P| + 1/(Py + ) 
a €(2s) /£(8s) pm 5 p/p” (1 —~ pF / p°"), 


(06) = are er 
@(1) = 0. | 


we see. that — 


(12) 


However # is the simpler function arithmetically. 
It is clear that generally if 


2 f (v) /p™ = €(as)/[ (Bs) > > + ECs) I, 


we may deduce a simple sett formula for f; and its arithmetic meaning 
is rather easily grasped. The next case of interest is 


Sly) /prt = [e(as) > + -£(Bs)]/[E(ys) +» + o(8s)], 
but it is unnecessary to consider this in detail here. 


II. Tes Reorerociry THEOREM. 
8. The Euler Criterion. Consider the binomial congruence 
(13) ` . Xr" == A, mod P, P}A, | 


P as usual being irreducible and primary. Exactly as in the rational uae 
we may prove the 


Euler -Criterion. A necessary and suficient condition that (13) be- 
solvable in Dis that 
A 
{Eph 


where {A/P}, the (p" —1) -~tc power character, is defined by 
{= J= APT- /(0*-L) mod P ' (deg P =»). 
(2}-{4H3) 
T LPJ LP)?’ 
so that the calculation of {A/P} depends upon’ that of {Q/P} and {a/P}, 
Q irreducible and primary. For {a/P} we shall content ourselves with 


Evidently 


1 
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a 
* ` g ~ 
. 
a * > 
Fi 12n j s. é $ t + 4 n - > 
ste 
T Y oy Seatac ~ = + + k- be? yy x 
woe (5. ge 
“ 
F + Yo * 
‘ Ri ee ; ; r. 
. 


the proof of which is immediate. oe (Q/P) w have the theoreti of © 
se ua a in the Introduction : 


(5) {@ oe aa 


We shall prove this y establishing three lemmas, each of a simple 
nature. 


9. Analog of Gauss’ Lemma. Let R(A/P) denote the remainder in 
a vion of A by P. Faon we have 


A Js y H run Doit the (priesry) polynomials of degree s 
than the degree of. P, 


(4} yor (44). 


Since the proof is so much like the proof of ‘Gauss’s. Lemma in the 
ordinary case we shall omit it.. EF 


10. Lemma 2. Lei A be primary of degree a= v. Then if PHA, 


ana i= i WRI S \. 


the product extending over all primary R's of degree 4 — ve 
Let K, be the quotient of A by P, and put 


 K—K,—M, deg M < a—r. 
Then A—EP = (4 — KoP) + MP, so that if KK, 
deg (A — __ KP) — deg MP, sgn (A — ol all ciate lle ate 


We now divide the M’s according to — gears M: == 0). Rividently 
there are precisely 

- prom — ty l 
of degree y. Now by the extension. of Wilson’ s Theorem the iid of the 
non-zero elements of a GF (p™) = — -1.- Hence it is easy to see that 
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sen [I M=—I, 
ae deg M=p 
so that . : - 
sgn rth, (4— _ KP) = (—1)%;. 
and from this the Lemma am immediately. 


11. Lemma 3. If H rums through the primary i of degree 
<vand K those of degree < p, - 


sgn TI (HQ — KEP) = (— 1) Msg TI R f He L. 
Evidently . 
agn H (HQ — KP) = sgn 
(16) magn 


TI -sgn JT +: I 
|\HQ|>[KP| JHQ(=|KP| |HQ\<|KP| 
II sem II. 
IZQI-IKP| | HQ/<)KP| 


_ We now consider separately (A). p =v, (B). p<». 
(A). p2v. In order to determine 


sen’ II (HQ—KP), 
on \HQ|=|KP| 


E Teen I (HQ —KP). 


Letting h, k be the respective degrees of H, K,and noting that.h + p == k + vr, 
we may apply- Lemma 2 to the inner product, which a becomes 


(1) hr gn R { Hg m 


rewrite this as 


Then the double product 
a i H 
H H 


p- j i HQ 
(17) a iat (—— 1) Ate-»)p™ i sen TIR (22) 
k0 =; AP 
E RE (= L) APD) +044 í sen TL R (7S). 
As for "aq o n S 
© |EQI<IKP]: n 
we see from h +- p < k-+-», that for 
h = 0, k = p— v + 1,- `,p— 1, 
Ahead, = ep 


h = y — 2, k = p— i. 
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-= 


Therefore 
x-2 i p> 
_ eh gs 
PBN Ba i u Pon ( ) | 

(18) l em (—1)#70-0, 

Substituting from (17) and (18) in (16), 

š : H g 

(19) en TE = (— 1) agn TIR (FS TEDE 

(Bppn 


We now find that 
sgn, m He I (HO — EE) 


|HQ]=IÆP] 


1 kereg 


pees Tl (—1)m - ott (22) e 
(20) l = S D kA oR (P) - 


For the.second partial product in (16) we now notice that for 
h == 0, k == 0, © °p — 1, 
h =y — p — 1, k= 0, ++, p— 1, 
h =v — p, k= 1, © +, p— 1, 


h = y — 2, k = p— 1; 


accordingly 
yp- 1 -3 
ote E OP N (—1). 
JHQ <IEP] k=0 h=7-p 
(21) < (— LPO A-D, 


Substituting from (20) and (21) in (16), 
| | p+p? HQ 
(22) sgn II = (— 1)” sen TTR p . (p <»). 
-HR l 
But (19) and (22) imply the truth of Lemma 3. 


12. From Lemma 1 and 3 it follows that 


E p= (— 1) e+ Min T sgn T (HQ — EP). 


of 
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eet P and Q, 


qd 
Immediately then 


+} E {=} | 

{ rae ea a g 
pr —l pd 
Pal pal 

thus completing the proof of the theorem of apne Ce 


In the proof of Lemma 2 and 3 we have implicitly supposed ey 
However in that case the proofs are even simpler and, since in the GF'(2"), 
-- 1 and — 1 are the same, we may here write (15) in the simpler form 


(3) 0 {8-2} (pee): 


13. Generalizations. I£ M — Py: - Pm, the P’s not necessarily being 
distinct, and (A, M) ==1, we define 


ie ice {ah 


? as N = Qi * + Qa deg Pi — vs, deg Qs — pes 
then l 
M Q |. 
{ N j- 5 E Py i | 
=a a} 


a=: (— 1 (prt. e. tpn) (Pit ere tym) 
(—1) vmod FI 


Putting deg N == p 4. ie pm == P, deg M =v, we: ia (15) by the 
more general 


Serene 


in which Jf and N are primary and prime to each other. 
If we suppose 7 == 1, and define the quadratic charaeter 
4 . | 


1= } — (1) er Mia oH agn Il (KP — HQ). 


where 








E m == p}, mod 2, 
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A) _f[A (1/2 
kime 
{4 | L es yee 14 fe 


which is Dedekina’s theorem of nande ‘ Similazly we. may deduce a 
theorem of reciprocity of any index ô, a divisor of p™—1. 
> On the other hand, as remarked inthe Introduction, we may also treat 
the case of index 8, where 8+(p*—1). .For assuming p}{8, we may find 
an integer m, that r|m, and 8|(p™:=—1), and then it is only necessary: to 
-extend the domain D(p*, z) to the oo domain D(p™, x). The assumption 
p Fô is of no moment since E 


_ then (15) becomes 


A= Ast” = Be, mod P; `. ` 


-that is, every polynomial is a p-ic residue, mod P. - 
ÜALIFOENTA INSTITUTE OF TEOHNOLOGTY, 
PASADENA, CALIFORNIA. 


DIVISION ALGEBRAS ASSOCIATED WITH AN EQUATION, 
|. ` WHOSE GROUP HAS FOUR GENERATORS. 
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~ L Introduction. The construction of all division algebras is the out- 
, Standing problem in the theory of linear algebras. In the history of this 
problem, the procedure has been to examine first the necessary and sufficient 
conditions that the constructed algebra be associative; and second, the con- 
ditions that it, be a division algebra. Since L. E. Dickson’s announcément * 
in 1905 of his discovery of a system of non-commutative division algebras, 
he has published three papers examining associativity conditions for such: 
algebras. In the first of these papers,* algebras associated with cyclic equa- 
` tions were discussed; in the second,’ general results were obtained for the 
_ abelian non-cyelic case, and for that type of non-abelian case where the Galois 
group of the basic equation was a solvable group. This study was carried 
forward by Williamson,* in a paper in which detailed associativity conditions 
were established for the general case of a two generator group, and for a 
. Significant special case of the three generator group. In a third paper in 
1930, Dickson *. gave a simplification ‘of his previous method by which he 
reached specific results for the general case of the two and three generator. 
problems. The second line of investigation, the study of the conditions under 
which a given associative algebra is a division algebra, has been advanced. by 
Dickson,® Wedderburn,’ and Albert.§ In addition to these two aspects of the 
problem, there is a third phase which is concerned with normal division, al- 
i gebras. It is-known that any division “gebie can be normalized by a suitable 


S Bulletin óf the American Mathematical Sooiety, Vol. 22 (1905-06), p. 442. 
“Linear Associative ‘Algebras and Abelian Equations,” - Teamecctvons of the 
pee Mathematical Society, Vol. 15 (1914), pp. 31-46. 
3. “New Division Algebras,” Transactions of the American Mathematical Soctety, ; 
-~ Vol. 28 (1926), pp. 207-34. 
4. “ Associativity of Division Algebras,” Transactions of the Amerioan Mathe- 
matical Society, Vol. 30 (1928), pp. 111-26. 
5. “Construction of Division Algebras,” Transactions of the American M athe- 
‘matical Society, Vol. 32 (1930), pp. 319-34. ` 
86.. See notes (2) and (8). my 
7. “A Type of. Primitive Algebra,” Transaotions of the American Mathematical 
Society, Vol. 16 (1914), pp. 162-166: | 
8. Abstracts in the Bulletin of the American Mathematical Soviety, Vol, 36 (1930), 
Poe p. 198; p. 804. ae ° l 
i : 51 
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extension of the field, so that its order is the square of an integer,® and a 
third line of study has established that all division algebras of orders four,’® 
nine,?! or sixteen ?* are among those for which associativity conditions have 
` been found. ) ar 

The present paper continues the investigation of associativity conditions, 
by considering the algebras related to an equation whose Galois group has 
four independent generators. Using Dickson’s most: recent simplification of 
his previous method,"® we set up necessary and sufficient conditions that these 
algebras be associative. Since the method is inductive, all the results which - 
Dickson obtained for the two or three generator ‘cases ‘* will be presupposed. 
The notation of the present paper is the same as in Dickson’s except that 
V, Y, Z, wW, e 8 of his paper are replaced by 2, Wi, Ze, we, 8, 82 respectively. 
Numbered theorems and formulas in square TINE refer i theorems and 
formulas in his paper. 


2. Algebra X derived for an equation whose group has four. generators. 


Let f()=0 be an equation of degree eee which is 3 irreducible in F and 
has the roots 


(D) =. ys coe ((i)) 1) (a, <h, da < $, ls < p, RT 


where x, Y, $, 0 are polynomials in + with coefficients in F, and the super- 
scripts denote iteratives, not exponents. 

Throughout this paper, the brackets { } will.mean that éach-of the in- 
cluded symbols is to be interpreted as a polynomial in the succeeding symbols, 
where the final argument t is suppressed. Thus y{0¢} means k [O(p(t))]. 

‘Let the roots satisfy the following relations: 


(2) =i, P=, y= pe x (449), 
(3) Od} = o{6};  —- Ap} —=v{Gr9™}, piy} = w{G93}, 
(4) ` atx} =m {YG}, bfx} = xiy"), yix} — (yrn), l 


where q, p, 8, h are the least positive integers for which relations ‘of the 


type (2) hold. 


9. Dickson, Algebren wid ihre Zahlentheorie, p. 138. 

10. See note (9) above. Loo. cit., p. 46. 

11. Wedderburn, “On Division Algebras,” Transactions of the American: Matke- 
matical Society, Vol, 22 (1921), pp. 129-35. 

12. Albert, “ A Determination of All Division Algebras in Sixteen Units,” Trane- 
‘actions of the American Mathematical Kocisty, Vol. 31 (1929), pp. 253-80. 
. 13. See note (5), page 51. 

14. Ibid. 


we 
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Let & be the algebra over F having the basis imj*ktof (m S pqsh—1, 
nS q—1, tSp—l1,fSs—1) such that f(t)—0 and 
- (6) jl gli), PC) PO) TS - 
(6) ke = B(i)j*, WP(i)— P(gr)k, jt = GO], 
where 7 is defined by [16]; 


o — o(i) jek, oP (i= P(yr)or, 

(7) | ) o ot jt = [j] tor, 
okt == [em For, Í e 
where . 
J = y = åg, K = Y s= 0,7 hk 
and ee | 
GP ox 8, (yt) (THB), kl oe 8, (yr) (JK) (r-2) 


are found by [64]. We assume g, 8, and o to be different from zero. 

= Z may be obtained from [Theorem'5] by replacing F by the field Fa, 

” -derived by adjoining to F the elementary symmetric functions of all of 
the roots y{¢%6"}. Then the latter are roots of an equation irreducible 
in F, of degree pgs.” Therefore by [Theorem 5], 3 has the above basis. 
Assume the conditions required in [Theorem 5] so that % be associative. 
We see that (5), (6), (7) are consequences of the associative law and the 
following set R of relations: 


(8) jt—=g(i), . ji 0(i)j,- f(t) =0, 
(9) M—Bli)j*, kim olilk, kj ali) jek, 
(10) of —o(i)jek®, oi = W(i)o, of = 8(i)j*ke0, ok — 8 (i) j™b%0.-. 
` These relations enable us to reduce any product AB to C of the same form, 
where A, B, and C are polynomials of $. Let Æ denote the ‘set of like 
relations, with 1, j, k, o replaced by ë, 7’, k’, o which are defined to be l 
[= = (1), J aaa 9! mm e; (4) MOM, 
(11) i l E K a k e ca (1) 7¥2ipt0™2, 
O == 0" = ez (1) jvek%ons, 
. If relations R’ hold, it follows *® that i 
©. | = (ABY = AB, (A +BY =A +B 
15. See note (3), page 51. Loc. oit., § 6. 


$ 16. For further details see Dickson, g Construction of TETN ETA H feta: 
actions of the American Mathematical Society, Vol. 32 (1930), p. 322. 
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Thus [Theorem 1] will enable us to construct an associative algebra T pro- 
vided the correspondence defined in-X is such that the A conditions 
are satisfied: , 


(a) Relations R’ hold, 80 that l o - 
| (AB) = AMBO, (A+B) = AM + BO, 
(b) An element y is defined for which y = y’. 
a (e) A™y = yA for every A in X. 
= 8. Associativity Conditions for T. We investigate first the conditions 
for R to be true. It is easily seen that (8’2), (9’2) and (102) are satisfied 


identically by reason of the definition of the porres pondenep in 3. Insert the 
values (11)-in (8'3); Then, by. (4:), : 


JI = ay {yepron} jkr, 
= ab {x} jeko = O{x} J. 


Similarly, by ee subscripts 2 and 3, relations (9’2) and (102) are estab- 
lished by (42) and (43) respectively. 


Preliminary Definstions and Formulas. We shall use the slowing abbre- 
viations, corresponding to [36], [38], [39] ete ye. : 


(12) Bann (4) 06") 0m (B""2) 10% (H7) + stan (4); | 
rn (4) —= aa (0°) «+ + a (8002), Kn e 


i l . tt 2 ; 
(13) h(t) = B sw, - k(0)=0, ; 
d-1 ts á C ý 

(14). Galt) = J Bpa} Bus (PM), Ofi) =l, 


and the formulas [85] and [87] 
(15) Emin m Ba nf, 
(16) 8j ktejtk? — Se p0} Bag (0%) jete, 


where § and e are polynomials in +. Then from (10,) .we see by induction 
on n, that a 

(17) Qj mm On (i) FMRI, $ 
Similarly, if H (n) is derived from h(n) by using subscripts 2 throughout, 
and Da(t) from Ca(t) by using ieee 2 and iene H (n) for hin), 
we have 


-~ 


and the abbreviations 
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(18) Oks —D, (em 
Formula [58] is 
| t(m, n n) =h (m) F 29H (n). 
From (17) and (18), by induction on m, we can deduce E corre- 
ASME to (15). We find, in fact 
OPAN crs Cvs (4) já (mm) JL Conn) gm 
Ta — Den (2) JEn) ASayn) om, 


where (21)-(24) hold. The recursion formulas 


(20) 


toes ee =h(n), A(m+1,n) —t[A(m,n), L(m,n)], 
L(i,n) = nz, Lim + 1,12) —= A(m, n)2, + L(m, n)2s, 

(22) a n)=H(n), R(m+i,n)—t [Em n), 8(m,n)], > 

sa S(1,n) == nz, ee n) = B(m, a Sm n) 22, 


A(O n) =8(0,n) =n, - L(0, n) =— R(0, n) — 0, 
A(m,0) = L(m, 0) om R(m, 0) = 8 (m, 0) = 0; 


p 


(23) o Poan a = OnDat green Bue, zn) (0M h 


ka = i Pacem), rrm (Yi Th 
(24) 
, Dinn (i) — i Friern, germ YTY, 
with 
Gin(i) — O4(0), Din (t) DEG); -Con(t) = ee) =1, 
actually define the functions that occur in (20). 
Applying (72), (20), (16), we have 
KJ == €gjYehe%o Mae, jigni, pe 
— cts (Y%B™BO} Cys [PA] D ayo (HAL non garta tsA ent} 
(251) X Bo cnny {5} Bonba Eunn { Ouatered (storys) ) 
SK justoPsd Cus) tote (upp) Risan) Jerr Liars) +8 luann) gurr, 


penne 


Kali t) = v + +3 Limie 90) ah = Sie v),  Kav(0,0) 0, 
(26) | 


w(T, t) = Ya Ee = op Keotn, oT) A on ae 


mal 


_+ S A a »), - 2aæ(0, 0) =0, 
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where summations from one to zero are equal to zero; 
(27) Kav (2,2) = Far, Dav (2,2) = as, 
an oy = s aedy" g0) Giant pO} 

x Duan (per DARD) Be a tuavo) (OM } 


X B Kave, 1), Reua,vp) (OFF } 5; 
(29) YD (i) = peers TI {yg a a) Uu pXonm gain n)} 


x B Ken, n), Any, m (OR }B scenes, n), RONS, „(02n In) } ~ 
x Dnu p[ pmo gR) (d> 0), 
: Ao (i) = I, gD (4) me. 4: 


where a subscript on the is to be interpreted as the subscript of every . 
€,-u, v, Y, and the double subscript of every K, Q. Using these abbreviations 
we obtain a generalized statement of (251) 


co s 


(252) cajYsk"e OMe, jv frrger = —= Nos (i) utj Faby uate 


We have immediately 

KI = Hoy (i) j o2kFaovrm, —— > 
(30) OF = Hei (1) [Sk Fagus 

OK — Hra (i) jak Puovors 


‘ By induction on d, we obtain from (11) and (251) 
(31) . TO ies GP fA |, Fad gud, 


_- K? and O# are obtained from J’ by using subscripts 2 and 3 respectively. 

In the discussion which follows, the numbers in the left-hand column of 
the table given below will be, used as superscripts on N, & F, to indicate 
the results obtained from formulas (27) and (28) by making the tabulated 
substitutions. In (7) and (8), subscripts (n,;¢) and (m,n,t) respectively, 
will be used on St, & GF. The last line of the table gives superscripts (9), 
(10), (11) when subscripts 1, 2, 3 respectively are used on y, v, and u. 


—" 
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1 p 9 d P ¥ i a-y'n'a'fgy (TT) 10 “(QT) l6) 
we Š . . (3 u‘) gduasqmg 
7n +- ubn sales ory A GOD GMB wn (u us) Typ (w “Ww ) TG (uy B (8) 
e € 7 Bi ee ; S (7 ʻu) ydrasqug 
Bn (7°) "948 Oe a ic ay B urn (u “w) Seago (u “0 ) 2G (4B (4) 
qn ER DFE m Din (D n) 9p (oD) €G Oi] (9) 
en -+ "gen, ws HQ IG Fan (men) Pe (Fm “mg (cary BH (9) (gg) 
‘n a A b o oen (WER (2AB eg 5) 
tn + Tein wb wp we ian (nm) (nn)G aa Bi (e) 
en, fa th 23 Izin, (1z “1g ) se 6 ( Tatz ) Sees (ta) °F (g) 
in “a zh “9 ain (x T) (2 )"G (ay i (T) 
an 1 af q@ an 2a 2i g ydrrosrodug 





-e 
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where the arguments of y, , r; in (9), aes (11) are (y, v, u, h—3). Wo 
shall need the formula SO 


(83) B= Bali) jm Bal 8800): ay a AN 
which is [42] and the formula : < 
(84). i on — on (i) grim) pon, 
where Í 

ssi) Ss > 2a, . r(0) =0, i 
z 


f - on-l a 
on(i) = TI {PFP }Bro(0"}, a(i) mel. 


which is obtained, by induction on s, using (71) and (16). 
- In finding the associativity conditions for our Beret we must discuss 
ten conditions of the type 


(85) © P(i)jUkYoW —= 8 (i) jb 07, - 

Since s is the least power of o Ta gives a polynomial in 1, j, k, " have 
(86) Z — W =s, a E A 

Replacing goss by its. value (34), and applying (16), we have 


P(i)quk¥ == G (1) Xk % ao, (4) Jr hee, 
m- PE U)oa (40n By, rcon {OX} Xren AY #001, 


By comparing ‘exponents of k, since p is the least power of k which gives 
a polynomial in t and j, we see that 


(37) l Y 4- be —V—esp, caan es 
Replacing k°# by its value (33), applying (5a), aad comparing - exponents 


. of 7, we have 
(38) X + a¥r(c,) +ec:— U = cq, €s an integer. 


Replacing jœ by its value from (61), we see that (35) is — to the 
associativity condition 


(89 P(i)— 8(i)on{4702) Br.o (OF Vol OF go 


In applying these results to special cases, identity the polynomials P (i) and 
S(t) with the given coefficients, and the exponents U, V, W, X, Y, Z, with a 


~ 
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the given exponents-in such a way that the c determined by (36) is ee 

Then it is formally possible that c determined by ae ig — In this 

case we would have | 
Gores be, = — cap: 


Proceeding as above, replacing- k by its value (33) and comparing ex- 
. ponents of k, we find - l 
X + a¥r{c,)— U + eca = ceg 


which agrees with (38). The associativity condition fór this case is 


(40): > P(i) B-og{ 9%} = 8 (i)oo {970} Bryrcon {OF} g™. 
Wae observe, therefore, that if we define 
(4D) ee [eado 


relation (40) follows from (89) since 
A X + 2¥r(c,) + ec; =U (mod q), 91 —= 4; 


We may now apply (86), (87); (88), (89), (41) as formulas to determine 
the desired associativity conditions. The relations corresponding .to (35). 
‘will be stated, and the evaluation of the formulas left for special cases. ` 
Thus the associativity conditions for our algebra will be derivable from 
Telations (42), (48), (44), (45), (46), (47), (50), (59), (60), (61) given 
below, by the application of formulas (39), (41). 

We will discuss first (93), (103), (107), (8:’), (91’), ne 


Condition that KJ =a(x)J*E. By (301), (31) and (32), this re- 
duces to 


Wes (4) 7 oak Fagista = a(x) H w (4) jasaw K ules) 0e, (+) iia. 
“Hence — . ° 
(42) . Has (4) j Enk Faget: a (x) HY (i) JEH FP ouserea, 
Condition that OJ = (x) J™K"0 (subscripts 1 on w and 2). 
| Nor ae Fag watts = € (x) g, j2ut 190) Fe For, (0090) giw 
x S24 nlan) Jo Fogg (8,0) ke aia : 


Hence 
(43) . l Nor Oj Enj Fugt — e (x) HO jE RS seal 


- Condition that OK iT “K0 (subscripts 2 on w'and z). 


U 
~, t. - 
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(44) ` Hs (1) 7 Sake Fugt == Eq (x) YOFEP FO pwiwettets tts: , 
7 Condition. that J4 = g(x) , 
(45) . g Oj L2G fKaa oma == g(x). 
Condition that K? = B(x)J°. 
(46) GaP GRP) p Kap) gtp = B(x) Og Ruler) fp Kale) gue, 
Condition that O°? = o (x) JK. 
Yy j Rea) fy Hra(s18) gss — o (x) Gj Pulao p Katno gua 
Ya D j RDD Jy Healb,d) guad, 


- Hence : i 
- (47) (yy PJE pKa) guas m a(x) YO FEC eiea, 


We have now r given all the conditions derived from (8), (9), Ce in. the 
form (36). Choose as y, 


(48). y = p(t) 7°40}, [e (i) oo]. 
-Using (25), (81), (82), we establish the formula 


(8) (8) 
TSG t) BF Ont) onti, 


(49) + JPEOt = UAP n 

Condition that y = y [subscripts (c, d, 1) on X, &, F]. 
p(i) jekto! = pfx) J K0, 

(50) ' p (i) jo = p(x) Hj EM] FO purorusdenat 


In order to construct our associative algebra T, we nel the cone i con- 
dition that - á 
(51) , Ay == vA 


for all A in 3. Evidently this condition holds for-A = P(), by reason of . 
our definition of y. For, by (5), (6), (7), and (24), 


yP (1)= pP oe r, 
f == P(x?) y = POY 


We anh now find the condition that eh) holds when A takes the values 
j, k, 0, respectively. 


Condition that jy = yj (subsortpis 1 on every €, Uy V, Y). 
| j = jo, j” = (x) PE 0%. 
We need a formula of the type . 


` 
1 


yw 


keer 
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( 52) ( jm K*0+) (r) == 2 (m4, try (1) pint Amm tr) OTC hts) | 
Hence | N 
(53) Qnn, tr) (X) TIEN) Kamm) Qrimmtr) ; 


must be identically equal to | 
C Qem,» t a (t) jim trs) JdOmon bred) oT (mm tet), 
But by (49), (53) reduces to | 

Oem, tr) (x) He, 2 (i) j Scr beer ousted uer, 


where the arguments of y, A, 7 are (m, n, t, r). OTeLONE we have the 
recursion formulas 


RR TE E 
| i A(m, n, tyr -+ Haoa 
55) 
( y : jma n, t, r+ 1)= & ae a 


Rim, n,t rel) (4) per Dm, n, Y). (x) HE 


where y, T faye arguments (m,n, t,r). Sines we may identify (71) for 
r==( with (60), we have the initial values 


(A:T) ? 


T(m, n, t,o) == uym -+ uon -+ ust, 


A(m, ñ, t, 0) = caer 3 
56 
ony . . n(m, n, t0) = &® 


(m,4,.f) 9 . 


vem, n, t ,0) (+) = HE 1). 


(M,R t) 


For these initial values, (55) and (56) serve as formulas to determine 
A, 7, 2 completely. Now 


. ghey enn) Le(x) J*K°O*] (h-2) 5 yes b 
ST) ` O m= eh) UEO g FO grio uda, 


yhere every €, Y, V, U, has subscript 1. By 24 : 


58) ames, ord co LAD 2 $ 
. = pûn {440°} Bada, {0j a elN gt. 
Che condition that jy = yj is therefore aida to 
59) aH (0) jo FM Tepuk- 
= pÂ n{ p0} Ba say {6°} jorstAC LU EGLO gt 


Jondttion that k™y == yk. In (59), replace 


- 
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BL, EO, Go by gow, G0) F210) 
e Y1, Vytu DY €r Yay Vay Us 
| g G,A,L by D,R,8.' 
The condition is 
(60) ea (yt) Y OO jE p F% 97 tet h—2)+1 
: es pD11{690} Ba, RG, joerg, 
Condition that o™ y == yo. In the left member of (59), replace 
HM, EV, Fo by BO, gon, go, 
j Ex, Yip V1, W by és, Ys, Us, Us. 
The condition is a 
(61) ea (xt) GLAD FEM? fp FO OT avarteh-B 41 — p (i) jekton, 
By [Theorem 1] with p replaced by h, we now have the following l 


THEOREM. Let an equation, f(£)==.0, be of degree pqsh, be. pesaue 
in a field F, and have the roots (1) satisfying relations (2), (3), (4). 
. Consider the algebra over F having the basis i™j*kto'E’ (mS pqsh—1, 
nSq—1,tSp—1, fSs—i,rSh—1) with f(i)—= 0, (5), (6), (7), 


and 


Eh = p(i)jekto!, = EXP (i) = P(x") Er, 
Erjt = (jOE, 
Evkt - [ko], 

Er = [0] tE", l 


where j, k, o are equal to e(x >) (J¥K°0*) -d with subscripts 1, 2, 3, 
respectively on e, y, v, u, where J, K, O are as defined in (11). The values ~ 
of j, k, o are found by (52), (55), (56) while their t-th powers may 
be found by (26), (29), (31) with altered parameters... This algebra is 
associative if and only if conditions [6], [14], [15], [18], [45], [49], 
[54], [61], [69], [72] and the conditions derived from (42), (43), (44), 
(45), (46), (47), (50), (59), (60),. (61) by the application of formulas: 
(39), -(41) hold. = 
We note that these ents associativity conditions are consistent, since 
they involve only products of the parameters; thus they are satisfied when all - 
the parameters are equal to unity. 

We do not eee as conditions the facts tee the constants Cı, Ca, Cs; 


_~ 
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Fa 


obtained in each. case by the application of formulas (36), (37), (38), are 
integers, since these are conditions for the existence of the group." 


4. Haeample. A group of order 32. 
Consider the group of order 32 defined eee as follows: ** 


=—f = p? —= X? me Í, i z 


OP = PO, OX m XPO, 
OF — FPO, . PX = XB, 
bv = Fp, UX = Xv, 


This group has an abelian subgroup of order 16, type (1,1,1,1) with 
generators @,* ®, W, X. 

Let an equation (= 0 of degree 32. be irreducible in a field F and 
have the roots : 


eH yripor} ot ax 2, a da < C8, as-< 2; & < 4) 
‘satisfying the following relations: 
PG= p i= aem lii, 


oip} = p{0), . | O{x} = x{ $6}, 
Oy} = y0) o{x} =x} 
piy} = elo}, o yix} = x{y}. 
Then the group constants of the general discussion have. the values 
| . g=4 . | g =], 
p= oe =o O n=l, oI, 
i peme ; tg mm T, W =O, 
h= 2 | = 0, v = 1, y = 8, 
exndembesc=d=—1—=0, _. uam, wmm l, y = 0, 
l i EE | eae v5 = 0, Ys = 0. 


The constants Cı to Cis of Dickson’ s-paper are all zero except 

| eb: Cy == 1, Cy, = L. 

The table (32) becomes: | . 
17. Dickson, “ Construction of Division Algebras,” Theorem 6. 


18. This group was suggested by Dr. J. K. Senior as one which probably cannot 
be represented with fewer. than. four ‘generators. 
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Superscript Eg Yo Va Us ED Yo vo to F é U. 
(1) er 3 1 0 e . 0 1 0-2 3, eaf 90} 
(2) : Ep 0 1 0 €g 0 Q 1 1 0 eca {o} 
(3) €1 8 I 0 ezea ( Q) 0 1 1 2 8 €1€2€3{ 0° na 
(4) €z 0 1 0 €3 0° 0 1 1 0 . €2€3{} 
(5) 1 0 , 0 0 aolo) 0 1 1 1 0 €s€a{p} 
(6) 1 0 0 0 0 0 0 0 0 at 

0 1 0 0 0 1 0 0 0 0 0 Í 

(7) 410 & 0 1 0 1 0 0 0 1 0 ez 
oo 1 0 0 0 e -0 0 1 0 0 m 
000 1 0 0 0 1 0-0 0 0 0 1 
(gy J30 A 9 3 0 és 0 1 0 4 9  Ae{¢$ð} 
010 1 0 0. 0 Eg 0 1 0 4 0 a 
.001 1 0 0 9 és 0 0 r 0 0 €} 
(9) Aelg) 9 4 0 p . 0 0 0 4 9 Meal} p {6} 
(10) €z 0 1 0 p 0 0 0 1 0 ep{p} | 
(11) gg 0 0 1 p 0 0.0 0 0 aa) 
where A= €,¢,{6*}[a(1)a(@) |?a{B}a{p}a{?}a{ hd} a{hO*}e, {67}. 

/ After evaluating the exponents, we find the conditions in this paper for 

the present example. They are | 

(42) Nox (4) 7°H70° == a (x) MO (1) J k0., 

(43) Bs: (1) kto = e (x) HP (4) 72h 70%, 

(44). Haa (i) Pko == n(x) HP (4) Pko, 
(45) $1 (4) PPR = g(x), a 
(46) Bo (1) JOKO. = B(x) Bi (4) 7°R° 0°, - 

(47) Ba (i) 7°k°0? = o (x) MO (4) jo., 
(50) p(t) 7°K°0° = p(x) H® (3) f'ko., 

(59) e (x) HO PRO == pho Borfk°o°, 

(60) T (x) QY; Oig’ — pDorBo, of 0°, 

(61) es (x) MEN Fko = p(t) ker. 


We may now determine completely the cay conditions for our algebra. 


Assoctativity co 
[6] 
[14] 


ndilions. 


g ($) = g (0). 


a (i) &(6)a(6?)a(6)9(t) =9(¢). 


ih- 


[15] 
[18] 
[45] 
[49] 
[54] 
[61] 
[69] 
[72] 
(39) 
(43) 
(45) 
(50) 


(54) 


(58) 


(65) 
(76) 


(77), 
(81) 


518: (G6) 3: (67) 8: ($6?) a (6) a (67) [a (6°) ]?a( p6") a( $6") [8 (+) }?9(t)—= g). 


ese: (W) 818s (G9) 8: (67) 82 (GO?) a (8) a (p0) a (67) B (F) — e (x) erent (F). 
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B($) = B(}). 
a(p)a(i) B(8) = B(i). 


a (W)8132($6) = 8.8: (¢)a(4). 
B82 ($) 8 (1). =— BC). 
o(4) —o(t). 
8:3: (y)8a(60)0(0)8(8) = o (i). 
8282 (Y )o ($) = o (1). 
et ($)aa(8)a(0) = a(x) ever (pF). 


ezes (Y) dp = ea (x) e263 (Q). 


€1€1 (67) €1 (G8) 1 (GF) aa (ph) a( 8) 


X Lala) La (P ] Tae] La (pO) TLA) — g(x). 


e:(¢)8 (1) —= B(x). 
eses (Y)o (t) = a(x). 
p(t) = p(x). 


€1 (x) €r€1 (GF ) 1 (67) en (6) a (0) a (6?) 


x a ( $6") () 0(64) [a (4) a(6*) (8) *p (8) 9? = p(t). 
e262(x)p(o) = p(t). . 
eses (x)e (Y) = p(t). 


over F determined by our equation, f(é) = 0, has the basis 


inkt of Er" 


“with f(1) = 0; and the multiplication table 


0° =m 1, 


BE? = 1, 


=i, 
kt = 1, 


jP(i) =P(6)j, PPG) =P(P)}, PPG) — PP)’, 
kP (i) = P($)k, 

kj = jk, ki = Fk, kp? — 7k, 

oP (i) == P (4)o, 

oj =m ako, 09° == 470, 07% = 33ko, 

ok == ko, 

EP (+) = P(x)#, 

Ej = PRE, Bp mm PH, Ey = 4kH, 

Ek == kE, 

Eo == of, 


This algebra is associative. 


5 


(mS3, n23 tL fSLrS1), 
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lf we take g = 8 = g = p = a=), = == Gg = eg = Gg =I, the algebra 


LARGE POSITIVE INTEGERS.ARE SUMS OF FOUR OR FIVE 
VALUES OF A QUADRATIC FUNCTION.* - . 


By Gorpon Pann. `` 


a 1 
4 


. 1. Professor L. E. Dickson ¢ has, .in’ several papers, considered the. 
_ representation of all positive integers as sums, of s(= 2) values of the function _ 
(1) -O mÈ Hne on 
; (Mm, ni, ¢ intégers ; m+n even; m >ÒY. ' 
His formulae g give actual limits to p in the following theorem of E. Maillet’s. m 
Let m > 0, and either: 1°, mn odd and (m, ny = 1; or 2°, m and n 
even, (m -- n)/2 odd, and (m/2,n/2) = 1. Then, in case 1° every integer 
p beyond a certain limit [which ‘he does not give explicitly] depending - only _- 
on m,n, and c ts a sum of four numbers (1)-8 In case 2° the sameé ts true 
of every sufficiently large odd pe 6s. 
`> Since we can replace p by p— 4c we ean suppose that ç: w= (), | Without 
further reference in the sequel we shall suppose m. > 0 and either L or 2°.` 
All cases are seen to reduce to these. 
Write E 
(2) -f (£) = mr?/2 + ng/2. 
We discuss for s == 4 the solvability of the equation 
(B) pa tts) + + fea) 


in integers” ti; and also in integers zı Z — k, (k = 0)... If better results - 
exist for s = 5 we consider (3s). The most genera theorem obtained ie - 


THEOREM de. | Bxcopt ue in case 2° , m/2 18 odd and n/2 even, (8) 


Z * National Research Fellow. 
+ There are five published ones: 


J. American Journal of Mathematics, Vol. 50 (1928), pp. 1-48. 
O. Bulletin of the American Mathematical Rootety, Vol. 33 (1927), pp. 713- 720, 
LO. Ibid., Vol. 34 (1928), pp. 63-72. 
IV. Ibid., Vol. 34 (1928), pp. 205-217. a 
yV. Procesdings of the :American Philosophical Saoti; Vol... 66 (1927), pp: 
281-286. 
t Bulletin de la Société Mathématique de France, Vol. 23 (1896) , pp. 40-49, 
§ Maillet does not state condition (12,) below in its true rôle, as leading to integers 
o=0. He uses “entier” throughout his paper as though he meant ji entier ; = 0.” | 
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18 solvable in integers zı Z 0 for every p exceeding a certain function of m 

and n. If m/2 ts odd and = 5, and n/2 even, then (34) is. not solvable in 
integers zı for 1) only a finite. number. of odd p> 0, and 2) an infinite. 
number of even p= 0. The values p in 2) are pen that, 2mp +n AES a. 
finate number, say w, of er a 


(4) A (0—1, soi) h = 0, ? 2, . 
' where ‘the ty are even integers and t 18 the least positive wieder such that 
Re + 1 (mod m/2). 

The equation -(3,) is equivalent to 
(5a) E “Ss ” 8mp + sn? — (Qmz + n)2 0°" 


Henée our theorems are equivalent to facts about sums of squares of numbers 
in an arithmetic progression. oo 
For example, for m/2 == 5, consider. . 


“(Gy & teiPaGecapiteec hath 


where 7==1 or 2. We shall see that the only integers 5p + 4= 0 for which 
(6,) is not solvable are 9, 29, 59, 19, and EH, where - 


(7) ; t = 14, 24, 44, 94, 184, hZ 0. 


And the only integers 5p +-16 > 0: for which (6,) is not solvable in a 
a; are 1, 11, 41, 451, 101, and PM, 


(8) t = 6, 46, 56, 176, 376, hzo. 

Let j =1 or 2. We shall in Section 4 find all integers 1=0 such that 
O) Bg 4— (Ba Hj) +: +f (Bag + j)? 
is not solvable in integers 2; = — k; (k =0). ‘It is remarkable that, while 
there are for any k= 0, infinitely many. positive (3q +-.4)’s such that (9;) 
is not solvable in integers t; = — k, yet every 3g -+4=— 4 is a sum of four 
squares prime to 3. 
__.Tt-is-an. obvious corollary. of Theorem 1 that (35) -is anaie ‘in integers ` 
z; for every sufficiently large integer p. ` This is seen to. be true in integers 
zı 20. We tabulate in Sections 3 and 4 a number of the simplest cases 
(5a), (54), and (5s). 


2. We shall use two extensions of the Cauchy Jemma on the “solvability 
in integers z; of the equations 
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(10) Q mm DP te OB, bm ee 


Proofs are given in the writer’s paper, “ Simultaneous Quadratic and Linear 
Representation ”, to appear shortly in the Quarterly Journal of Mathematics. - 
Let A denote the form 4*(8v -+ 7), where. h and v are integers, h = 0. 


LEMMA 1. Integral solutions z; of (10) esist if and only tf 
(11) a= b(mod 2), da — b EA, 4a= 8%. 
None of the 2 in (10) can be negatwe if 
(12) = b0, +264 4> 8a. 


If a, b are even, solutions in integers zı = > 0 esist +f (112), (11a), Da and 
merely 


(13) cn 3b* + 8b + 16 > 8a. 


wi | 


LEMMA 2. i gum 5, 6, or 7, integers Tw anali 
(14) =n H fea’, Dea H tas 
exist if and only if | i 
(15) a=b (mod 2), 84 Z b’, 


. Such integers = 0 exist if, in addition to (15), 

(16) aA b= 0, b? = 38a — 5.* 

o8. Sanca (m,n) =10r2 every integer p is of the form 
(17) p = (am + bn) /2, 

where a, b are integers. With Dickson we write t = (m + n)/2. Then (17) | 
may be written as | l 

(18) p==m(a—b)/2+ tb. 

Lemma 3. Let r denote one: of the ii 0,1,::°',m—1. Then 
(19) . i me (mod m) Sa 
and b==r (mod m) imply that (17) defines an integer a of the-same parity 
as b. Conversely, tf b==r (mod m) and a=b (mod 2), (17). implies (19). 

3.1. Taking the simplest case first we find all integers p ae 


iai solutions a, b of 


s it a, b are odd, (16,) may be » replaced by (12;). Ifa, b are even, {16,) may be 
se acai by (11,) and (18). l ed i 
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(20) p = (am-+bn)/2, sa = 5, amb (mod 2), 


where s is given and = L Gidion (20,) and g are given equivalent 
to (201) and 


(21) p= g(b)/2,  g(b) = nb + mb?/s. 
Let b, denote the integer b = r(mod m) for which g(b) is least. (By caleu- 
lus, 2m | br | <= m? + è| n |.) Then the integers required are all p such that 
(22) p = g(b-)/2, p=rt(mod m), (r==0, Í,- -+,m—1). 

By lemma 2 we have | 

LEMMA 4. If s = 5, 6, or Y, the values p in (22) form the class of all 
integers p for which (3,), or (5s), ts solvable in integers ti. l 

We list all cases in which the number of integers 8mp + 5n? = 0 for 
which (5,;) has no solution in integers z; is S 5, and in which there is not a 


better result .(given later) for -3 =e 4. 
Solvable for évery p = 0 except 


the following: 
Bop + 45 = Is (14r + 8)’, pm 8; 
56p -+ 125 = Fs (14r + 5)’, . mone ; 
öp + 20 == Zs( ör +2)’, © ` p= 6,7, 8, 175 
16p -+ 46 == Da ( 82 + 3)%, : p=—6 ; 
1lép+ 5=—35( 8+ 1)’, p—1,2,4, 7; 
2p + 125 = $, (18r + 5)%, p = 1, 3, 5, 12; 
Tap + 245 == Zs (187 + 7)?, p= 6,7, 


8.2. Second we wish n Pii p for which ARER a, b exist 
satisfying 
(23) (17), a= b= ta — pb —y, a==b(mod2), b=—k, 
where +, B, y, 8, k are given rational numbers, 0 Be < 3. 
Conditions (23,) and (233) are equivalent to (23,) and 
(24) Ty: g(b)/2Sp Sh(b)/2, Es 
 -g(b) = nb + mb?/s, h(b) — nb + m(b? + Bb + y)/7 


‘The intervals I, for b = — k and == r(mọd T) give all values p= ri(mod m) 
for which (28) are solvable. 


3.21. For apua? we now suppose n > — m. Then eo and h(b) 
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are monotone increasing as soon as b= 0/2, eatin ee E 
For any integer d= 1 let y == ¥(d) be the oe Integer = re such that 

“aay ple En for every integer Sy, 

_ Then, clearly, every p such that . NE 5 i l p 

(6) a. pBe(y+d—I)/e 


belongs to at least dconsetutive intervals In, 
= completing the square for z,.(25) becomes _ = 7 


(27) [(s—r)y— (rd — Bs/2)]' =Z, (a — r) (9 + 1/2) Sad — fs/2, 
` where - 4 == sr(d?— Bd + y) pe oe + sr(s—r)dn/m. 
3.22. If s= 5, k= 0, B= 0, y= Š, t= 3, then (23) are only sufi- 


| cient for the solvability of (5s) in integers zi 20. It is clear that. (5s) is 


solvable in -integers 2; = 0 for every p satisfying (26) with d = m.. The 
values p. below this limit must be considered separately. -'This'is practicable 
only for a small m; we- can ‘make’-use also of the intervals I, for b < y(m) 
+-m—-1. Also, if b is odd, we.can use (122) in place of (162). 


3.3. Third let's = 4 and adjoin the condition (11,) to (20). If by'is 
odd condition (112) is superfluous, since, for odd œ and b, 4a — b? A A. 


LEMMA 6. | For a certain 1. let b, be even, and let b denote that one of 


by + m for which g(b’) is least. If m is odd, or if m/2 18 even, or a m 
is odd and p such that 


(28) ~> S a jezo (mod8), © | 
then (54) is solvable in integers ty for p==rt (mod m) and 2 = g (0')/2.. 


Remark. The only values p==rt and < g(W’)/2 for which (54) can 
possibly be solvable are in the interval 


(29) g(br)/2 S p< g()/2 | E 


Since (20) is solvable for these valies ù only with b= Sb, we need merely 
exclude among these numbers:p all for which 


-_ 


4(2p — brn) /m “2 (5,) PA 


to obtain all values pe= rt and < g(b’)/2 for which’ (Ba) ” is ole in 
integers. 


If m is odd, b’ is odd, and lemma 5 obvious. 


r 
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If m/2 is. evem. aa ig odd, and one of. a, = (2p —:nb,)/m, 

A = (2p — nb’) /m B= ae $). But a= A 4), .b. even, kaa 
— P A. 

„H ee ig. sae -n/® is even, aca we can n choose k uniquely aoi 2 80 that 


m (b, +m) San Ao. ee odd. 
Hence, by (17) and (28), . | 
m? (4a — b") = 8mp + 4n? L (nd + my? 100041, 8,or5), -7 


‘for one of b == b,, b’. Lemma 5 follows. 
In this third case we treat together * the system of equations. 


(30) mp/2 + nj/4— Fa (ma/2+mi/4)* (j=l), 


where 7 is the least integer > 0 such that 2'== + 1 (mod m/2), and the nj/2 | 
form, apart from sign, & representative set of even “residues modulo m/2 of 
ahs n/2 (h—=0, 1,2,°°-). For any h=0 and j we can choose a unique g ~ 
from (1,- -,1) so that i 


P Ta 


(31) | | B ng = + ny (mod m). ; k 


If, for some h gad: 4, j, &*(mp/2 +'n,j?/4) ig an even integer, every square in 
the representations of mp/2 + ke as a sum of four squares is divisible by 
4h, Then, by (31), ae gu - 3 ae 


(38) -  mp/2 + 72/4 = P (mg/2 + 13/4), 


where q is an even integer ; and for any 24 of (30, ) 
(383) -` mails Hna aN mg/h + Ma)» 


Where y; is an integer. 
All even-values p for which any one of the l equations (30) is KENE 
in integers z, can therefore be deduced from a Pome of all oe p 


satisfying 
(84) ` mp/2 + nit /4 96 0- (mod 8), p 2 — (ny)?/2m, 


for which each equation is solvable. 
_. It is clear, also, that if some equation (30,) is not solvable in integers 
Ti for one even value p == q satisfying (34), then each equation (30;) has 


* Instead we can consider just the single equation- (5,) for all even values p such 
that . mp/2 1. m 54 0 (mod 2.41). 


— 1 
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no solution in integers z; for infinitely many values p = 0, indeed for all p 
defined by (32) with A as in (31). 
We prove for m/2 = 5, m/2 odd, that (5) has no solution in eee 
z, for some even p= — n*/2m. We can suppose that O< n <m. Hence 
the three least squares (ma,/2 -+ /4)? are the squares of 


c—n/4, y= m/2—n/4, 2—m/24n/4; <y < at 


PS 


Their even sums by four possibly S 2? + 327 are 

a 4a*, 2y? + 2a, dy’, 

three in number. But at least four even, values p satisfy 
0S pm/2 + 13/4 S # + 82". 


The results for (6) may be verified in about ten minutes by means of 
(22) with m = 10, n= 4 or 8, whence t=~? or 9; and by 1, 3, —5, 
_—8, — 1, (r—1, 3, 5, 7, 9); and by means of lemma 6 and succeeding —~% 
remark with (br, b) = (0, —10),. (2, — 8), (4; —6) or (—6, 4), 

. (— 4s, 8), (—2, 8) (r= 0, 2, 4, 6, 8). 


‘The only integers p = 0 for ack 
equation is not solvable in integers _ 


oor T are 
40p+ 4= 3u(10e +1)’, | pol 3 
A0p +: 36 = Xa (10r + 8)’, . < none ; 
56p + 4= Du(l4e+1)*, - p= 1,2,5 . ; 
56p + 36 = Xu (14r + 3)’, p = 1, 3,25 ’ 
56p + 100 = J, (14r + 5)4, _ p= 5,23 
' l6p+ 4= 3a( 8a -+ 1)%,. . p == 1,2, 4,7, 30; aoe 
16p + 36—34( 87 -+ 3)’, ~ p= 5, 6, 26. : 


3.4. Fourth we adjoin (11s) i (28) for s= 4. From the intervals 
Is must oe excluded all values p such that 


£(2p—dn)/m— b — A. 


As in 3.8, we see that, itm ig odd, or m/2 even, or if m/2 is odd and p 
satisfies (28), then’ (5,) is solvable in meee Ti Z 0 if a holds with 
d == 2m, cea 0 ea 


4. For s= 8 we note that each of the equations 
8p +3 = B(4r +1)5 Mp+s—B(6r+1)%, O OA 
is solvable in three integers x for every p = 0., Not as trivial is the fact that 
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every. postive multiple 8N of 3 is a sum of three squares prime to 3, 4f. 
"3N 4A. This is evident unless 3¥ is also. a multiple of 9. Then it follows 
from the identity 


P(A yt at) — (2a + 2y —2)* + (2e + 2e — y)? + (2y + 2— i)i 
For any p = 0.we can write 3p -+ 4 — 4% (3q -+ 4), where q # 0(mod 4) 

and q=0, or g=0. Write 3N — 3q unless 3N == A, then. 3N = 3q +-.3. 
Add 4 or 1 respectively. Hence: every 3p + 4 is a sum of four squares prime 
to 3, one of the squares being 1 or 4. It is of interest to recall Pepin’s 
formula for the number of representations in z? -+ 9y? + 92° +- 917. A corol- 
lary is that if p is even, the number of representations of 3p -+ 4 as a sum - 


of four squares prime to 3 is equal to. 1607: (3p -+ 4}, sixteen times’ the sum 
of the odd divisors of 3p + 4. 


To discuss (9,;) for integers 7, = 0.we use the formulae of Section 3 
with m = 6, n= 4; (j=1 or ®)s gum 4, qam p- 4(7—1). If d=6, 
(271) becomes 


(85) (y—14)?= 292 + 484; or Q= = 121 -+ 32); 
according as. | 
(36) T= y — 3, B — 2, or r= B mm 28, y= Ò. 


Hence y = 32 -+ j, 20 + į respectively, and, by (26), every p = g(y + 5)/2 
belongs to at least six intervals Iv.. If p is odd or double of an odd this means 
the existerice of a suitable a which is odd or double of an odd. Hence (9;) 
ig solvable in integers a, = 0 for every p such that 


(37) p= 1021+ 138), podd; p= 466 + 96j, p==?2 (mod 4). 


Setting m = 6, t — 3 -+ 2j in Dickson’s-table I * we get a list Tj of all 
gums << 1335 + 287 of four values- of f(x) for integers s = 0. This was 
checked independently to 489 + 447 by setting m == 6, ¢—1 in Dickson’s 

table II.} From T and T, we get 


LEMMA 6. The following are all. odd q > 0 sath that 
(38) Bg +44 Du (L, 4, 7, 102, -): 
(39) q=1, 3, 7, 9, 11, 18, 17, 19, 23, 25, 27, 29, 35, 39, 41, 45, 47, 51, 
= 55, BY, 63, 67, 69, 78, 75, 79, 88,.91, 97, 103, 107, 109, 113, 119, 


* L, o. I, pp. 718, 719. 
tL. o. IV, pp. 207, 208. | 


t 
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129, 181, 187, 143, 147, 149, 159, 165, 183, 189, 195, -211, 235, 
239, 247, 263, 275, 805; 321, 389, 345, 408, 509, 585, 643. 


The following are all odd q > 0 such that 
(40), + Bg + 454 Fy (24, 5%, 84, 112, scp 
(41) G=1, 8,5, T, 9, 18, 15, 17, 19, 21, 28, 27, 29, 33, 35, 87, 39; 41, 47, 
49, 53, 55, 59, 61, 65, 67, 69, 73, 79, 81, 85, 87, 91, 93, 97, 101, — 
105, 111, 117, 123, 126, 129, 131, 186, 18%, 149, 151, 155, 161, - 
_ 167, 169, 173, 181, 187, 205, 211, 217, 223,229, 237, 261, 269, 
218, 279, 285, 293, 805, 835, 341,. 355, 373,.379, 409, 441, 551, 
631, 693, 1169. de ee Pee. 2 < 
Lema Y. All positive integers q=? (nod 4) satisfying (88) are 
(42) q= 2, 6, 14, 18, 22, 30, 34, 46; 50, 58, S% 74, Ve; oo 102, 114, 126, 
142, 154; 206, 258,270, 334, NAD: 
All sch satisfying (40) are 


(43) q—2, 6, 10, 14, 28, 26, 30, 34, 42, 46, 54, 62, 66,-74, 28, 86, 94, 98, 
110, 118, 180, 142, 154, 162, 174, 198, 230, 254, 286, 298, 366, 
434.0 | oe i 


For q==0 (mod 8) we use d= 12 which is effective, since an integer 


a==4(mod8) will, appear from, p == 3a +- 27b, for one of. b=2,.6,.10 


(mod 12). Under (362), (271) yields 
(Yia Pa 20)" = > 673 T 645, Ys = 47 + qe 


Hence (9;) is solvable in alos n= > 0 for all p=4t— 4j (mod 8) and | 
== 2524 + 2087. Now Iss; Iss, Is4 are respectively ` 


2523 S < p— 116; & 3964, 1587S p— 92j S 2524, 867 S p— 68) = 1408 ; 
Iso Lia are 2187 £ = p— 108) S 8448, 1823S p— 84j S 2116; 
‘Tso, Iss are 1875 S p — 1007 = 2968, 1083 < Špo 7675 < 1744: 


Above the limit 1335 + 287 of T; and guide the Luni t just g given we 
find that there’ remain just the following values 


p= 6(3 + 27) (mod 6) ei (mod 8): 


p = 1428 + 687 + 240 ogar ow (Os +, 6 49) 5 
2532 -+ 925 + 240 l E (uO, j= 
2124 + 847 + 24v (y= 0,1,-°°,2+ 9); 
1832 -+ 364 + 24v o. E ncee iy 


1764 ++ 767 +- 24v | “(v= 0,4,> + +, 444-4): 
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AI these TARA were baa in the extension of 7; obtained: by setting 
m = 6, t= 3 + 2j. iù Dickson’s table on pp. 18,.14 of- I, except p= 2624 if 
j — 1, and p= 2716 and 2740 if. įj—2. But, 2624 = f (29) + f(3) + 2f(1), 


2716 = f (27) + f(11) + 2f (1), 2740 = f (27) + 2f (1) ENP 
pence table Ty gives l 


N 8. All integers q = 0, Ee 8), and m (40), are 
- (44) 8, 24, 40, 80, 96, 160, 200, 216, 424, 520, 1224. 
All integers (= 0, == :0 (mod 8), and satisfying, (40), are 


(45) 0, 8, 16, 40, 48, 56, 72, 80, 104, 112, 144, 168, 192, 224, R56, 280, 
416, 440.. 
From lemma 6 we can ae 


Lemma 9. All odd q > 0 such that (91) is not solvable in zi = — 1 are 


(46) 9, 18, 28, 29, ‘Ad, 45, 47, 69, 75, o 97, 109, 149, 165, a 235, 
805, 509. oan 


For each of these (91) 13 alati in integers t Z — 2. AN es q 7 0 such 
that (9) ts not solvable in integers Tı Z — 1 are ` 


(47) 5, T, 13; 15; 19; 27, 35, 39, 47, 53, 55,79, 85,-91, 93, Ti 123, 
167, 187, 211, 223, 261, 279, 285, 835; BƏL; 33, 59, 129. 


For the numbers preceding the semicolon. (92) ts solvable in integers 2, Z — 2. 
For q= 33, 59, 129 it is first solvable in integers s, Z— 8. Le 

Consider the class of the sixty- nine numbers t = 3q + 4, where Ja runs 
over the even integers q of (42), (43), (44), and (45). This is the set of 
all even numbers = 1 (mod 3) and £0 (mod 8), such that the list of all 
representations mes a : 
4s) oo beg hye tye tat tae, 

' all 4; prime to 3, y E ha Z Ys Zy > O, 
does not contain ‘two representations (43) and (24) such that. each yume 
and each z; = 2 (mod 3). : 
i K k = 0 and q even, the equation 


(49) |, Meg EA) = (3m EAE On EA? 
will not be solvable in integers s; = — k if and only if in every aie. 7 
tion (48), 


- (50) some y; satisfies va > 3k —j arid 24y,;54 7 (mod 3). 
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For else we can choose z; from 32, +; I= + yy. 
An application of (50) to the list of all representations . (48) for. sah t 


gives all values k for which (49) is not solvable in integers z; = — k. For : 


example, for 


(51) t==4, 34, 52, 130, 148, 172, .202, 286, 298, 316, 340, 358, 394, 436, 
490, 526, 580, 598, 676, 694, 766, 772, 844, 862, 898, 1102, 1262, 
1306, 


the values qg = (t — 4)/3 appear in (43) or (45) and not in (42) or (44). 


Hence each t possesses a representation (48) with each y; = 1 and none with 


each y;==2 (mod3). To exclude this representation, (50) requires 2*34j 


(mod 3), that is, h=} (mod2). Also, (51) possess respectively the par- 


titions (Yis Ya, Ys) Ys) Which follow : 


(1, 1, 1,1), (6,2, 2,1), (5,5,1,1), (11, 2,2, 1), (11, 5,1,1), (11,8, 8, 1) 
(14,2,1;1), (14,8, 5,1), (17,2,2,1), (17,5,1,1), (17, 5, 5,1), 
(17,8, 2,1), (14,14,1,1), (17,11, 5,1), (20,8, 5,1), (20, 11, 2, 1), 
(28, 5, 5,4), (23,8, 2,1), (23,11, 5,1),° (20,17, 2,1), (26,8, 5,1), 
(23,11, 11,1), (29,1, 1,1), (26,11,8,1), (26,14, 5,1), (29, 14, 8,1), 
(35, 5, 1,1), (29, 20, 8,1), 


in which every y; > 1 is ==2(mod3). Since we already have. 2-2*=j 


(mod 3), (50) requires finally that 
(52). 2* > 38k—j, he=j (mod 2) ; 


and it is evident that (52) serves to assure (50) for every further representa- 


tion (48) of any t in (51). 


In some cases it is necessary to consider more than one representation 


(48) of t, and sometimes all representations. If 


(58) t == 58, 154, 178, 292, 310, 346, 882, 604, 622, 778, 814, 1006, 1198, 


1276, 3676, 


‘then g belongs to (42): or (44), and not to (43) or aii Also they have 
the respective partitions 


(7,2, 2,1), (10,7, 2,1), (18, 2,21), (16,4,4,2), (16,7, 2,1), 
(13,18, 2,2), (19,4,2,1), (22,10,4,2), (19,16,2,1), (28,10, 7,2), 
(25, 13, 4,2), (28, 13, 7,2), (28,19, 7,2), (84, 10, 4,2), (52, 22, 22, 2), 


_ in which each Yi ve is St (od 8). The condition on A is seen to be 
(54) . 2°25 > 3k — j, .hz£j (mod 2). 


A 
SS 
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If É possesses a representation (48) with one or more yi==1 and the 
remaining y;==2 and also a representation with one or,more y; ==? and the 
remaining y;==1 (mod 3), then (50) demands 


(55) 24 > Bk — j, or 2-25 > 3k —j = 2 and h Sq (mod 2). 


If also q belongs to both (42) and (43), or (44) and (45), then (55) assures 
(50) for all remaining representations. The values ¢ for which these 
properties hold are 


(56) t = 10, 28, 70, 124, 190, 226, 262, 430, 466, 
the respective partitions being 


(2,2,1,1); (5,1,1,1) = (4,2, 2,2); (8,2,1,1) = (7, 4,2, 1); 
(11, 1, 1,1) = (10,4, 2,2); (13,4, 2,1) = (11,8,2,1); (14, 5,2,1) 
— (18,7, 2,2); (16,2, 1,1) = (14,8,1,1); (20, 5,2, 1)= (19,7, 4,2); 
(20, 8, 1,1) = (19, 10, 2, 1). 


All representations (48) of 17 values t: 


94 = (8,5, 2,1) = (7, 5, 4,2); 

244 = (14, 4, 4,4) = (13, 7, 5, 1) = (18, 5, 5, 5) == (11, 11,1, 1) 
= (11,7,7,5) = (10,8,8,4); ` 

22 == (4,2,1,1); 

106 = (10, 2,1, 1) = (8, 5,4,1) = (7,7, 2,2) = (1,5, 4,4); 

238 om (14,5, 4,1) == (18, 8, 2,1) — (13, 7, 4,2) — (11, 10, 4,1) 
= (11, 8, 7,2) = (10,8,7,5); ` 

46 = (5, 4,2,1); 

142 = (11, 4, 2,1) = (10, 5, 4,1) = (8, 7, 5,2); 

82 == (8; 4, 1,1) — (7, 5, 2,2) == (7, 4, 4, 1) = (5,5, 4, 4); ` 

166 = (11, 5,4,3) == (10,8, 1,1) — (10,7, 4,1) = (10, 5, 5, 4) 
= (8,7,7,2); 9 | 

220 = (14, 4, 2, 2) = (13, 7, 1, 1} — (18, 5, 5, 1) = (11, 7, 7,1) 
= (11,7, 5, 5) <= (10, 10, 4,2); 

334 == (17, 5, 4, 2) = (16, 7, 5,2) = (14, 11, 4, 1) = (14, 8, 7, 5) 
== (13, 10, 8, 1) == (13, 10, 7, 4) = (11, 10, 8, 7); 

Y6 == (8,2,2,2) = (7,5,1,1) = (5, 5,5, 1); 

484 == (20, 8, 4, 2) == (19, 11, 1,1) — (19,7, 7, 5) = (17, 13, 5, 1) 
= (17,11, 7, 5) == (16, 14, 4, 4) = (16, 10, 8, 8) = (18, 13, 11, o 
== (11, 11, 11,11); 

652 — (25, 5, 1, 1) = (23, 11, 1, 1) = (23, Y, 7, 5) = (22, 10, 8, 2) 
= (19, 17, 1, 1) = (19, 13, 11, 1) «= (19, 11, 11, 7) = (17, 17, 7, 5) 
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‘== (17, 13, 18,5) = a 11; 11, »11) = (16, 1, 14, t #) = (16, 14; 10, aa 
= (14, 14, 14,8); 
1564. =— (38, 10, 4,2) == (37, 13, 5, is = (a7, ai 7, 5) = (35, 17, Y, jp 
= (35, 17, 5,5) == (85, 13, 18, 1) = (35, 13, 11, 7). = (84, 20, 2, 8) i 
— (34, 14, 14, 4) == (81, 23, 7, 5) == (18, 19, 11, 11) = (31, 17, 17, 5) 
= (29, 25, Y, 7) == (29, 23, 18,5) = (29, 19, 19, 1) — (28, 26, 10, 2) 
‘== (28; 22, 14, 10) == (26, 26, 14, 4) = (26, 22, 20, 2Y = (25, 25, 17, 5) 
— (25, 23, 19, 7) == (25, 28, 17, 11) = (25, 19, 17, ™) | 
== (22,22, 20,14); =. 
' 508 == (22, 4,2,2) == (20, 10, 2, 2) = (19, 11; 5, 1) = (19, ue D. 
= = (17, 18, 7,1) == (17, 13, 5, 5) = (17, 11; 7, O= 14, 10, =) 
- = (18, 13, 18, 1)"= (18, 13,11, 7); . 
1824 = (35,7, 7, 1) ==. (35,7, 5, 5) = (84,10, 8, 2) — (32, 14, 10,2) ` 
‘== (82,10;.10, 10) = (31,19, 1,1) == (31, 17; 7,5) <= (31, 13, 18, 5) 
= (31, 11, 11, 11) — (29, 19, 11,1) = (29, 17,18, 5) = (26, 22, 10,8) _, 
== (26, 16, 14, 14) = (25, 25, Y, 5) = (25, 23, 13, 1) — (25,28, 11,7) 1 
= (25,19, 17, Y) == (25, 19, 18, 13) = (25, 17,17, m 
- = (22, 22, 16, 10). 


- 


_ Applying (50) and collecting the preceding anii we “have ey 


THEOREM. 2. Let j==-1 or 2, k= 0.. The odd values q for which T 
_ has no solution in integers ti Z — k are seen in lemmas 6 and -9.: The even 
values q are (4 — 4) /3 where : . 4 : 


1) ¢8.gwen by (51); by (52) 
_ 8) tby (53); h by (54) ; 

3) tby (56); h by (55); 

4). i= 94, 244; 2 > 8k -—j, or 5: 2 > 8k —j=2 and hg j(mod 2) ; 

5) t— 22, 106, 288; 2-24 > 3k—j, or 4-24 > 3k —f 22M and h= j; 

6) t= 46,142; 4- a> 8k — j, or 5-2* > 8k —f 24-2 and. hÆ j; g 

7) t= 82, 166, 220, 384; 4°24 > 3k— j, h= j(mod 2); 

8) £ — 76, 484, 652, 1564; 5- 2 > 3k —j, hj; 

9) £= 508, 1324; 7- a> 3k—j h=j, 


j 


4 
ae 


CALIFORNIA INSTITUTE oF TECHNOLOGY. 


TA 
=r 


ON STIELTJES « CONTINUED FRACTIONS. 


eon By J. SHOHAT (Tao Cuoxuars). 


Thi ee of this paper i is to eae ths relation of the denominators 
of- the odd convergenits of the continued fraction . 


° ay) A a N. VET eee 
B TY D or. he Tia i + 


tothe corresponding system of orthogonal and normal’ Tchebycheff polynomials, 
and to show their application to the theory of mechanical quadratures. l 


+ . 


1: Let y(z) be a bounded ‘non-decreasing function, defined on the— 
finite or infinite — interval (a,b), such that 


all moments nis af u (i= 0, pas 9 exist, with & > 0. 


—_—— 


We have then á corresponding system of A and normal ‘Tcheby- ~ 
cheff polynomials . 


a tole) del ait Medi ET ae T 
Oy == = da (dh) > 0, . ; E 


uniquely kenia e “means of the relations 
| R) Ss tml) ha (2) dyla) = = () (mem), 1 E (m, nam 0, 1, 7). 


We ai: use. 2 also the E polynomials 


(3) a(z) = ®,(T; lars a Th) = $a) /dn— 2 | 
oe l eai y 


which, by virtue of (1), are: nigdy determined by means of 


sew 


a a f pa (2) On a(2)ap(e) = 0, 


where @. (2) — È gori stands i in general for an arbitrary polynomial of degree 


Ss (subject; in eer cases, to certain explicitly stated conditions). 
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- The polynomials (3), are, as is known, the denominators of the successive 
convergents of the “ associated ” continued fraction * , : 


C>. dely) A A3/ 
- (5) a t—y jJr—o /2—t 


which always exists, ¥(z) being of the above type. (5), in turn, is intimately 
connected with the “ corresponding ” continued fraction 


Wy) Vi vy. b ba sf O b 
ofi y Tha mt a 7 e z 


( (lhi, bi = const., bi ee —— i 


lili 


(Ais C const. ), 





which exists, if a = 0. In- fact, denoting by Ás(T)/Ba(2) ae se 
the successive wa to (6), we have (1): : 


fe 


(7) Banse(a) = lanset” + ` ` (Bana (0) —O) (e=0,1) 
(8) J, leaiii = 0 (k= 0,1,- +n —1) 
(9) f Ban? (x) dy (2): = foe Fey dy (x ) =— 3 


(8), with «= 0, shows, by virtue of J. 4,9), that 
(10) -  Ban(x) == B(x; dy)/®,(0; dp) = palt; dp) /dn(0; ay), 


for 


(11) lans = Ba (0; YE (n=0,1, °°). 


Hence, the denominators of the even convergents of (6) coincide with 


the denominators of the convergents of (5), which, therefore, can be obtained 
. from the former by “ contraction.” 


We rah now to find a simple expression for Binn (£) in orni of the 
orthogonal and normal polynomials (1). (8), with e == 1, is equivalent to 


(aa) S” Banes(2) Ge-a(2) dy (2) = 0, 


* O. Perron, Die Lehre von den Kettendriiohen (1913), Ch. IX. This author 
considers i ae . It follows that the even t--s in (6) differs in sign from the 
corresponding ie used by Perron. . . 

+ Jacques Chokhate, “‘ Sur le développement de Pintégrale _ °P Bly) oy “ en fraction 


continue et sur les polynomes de Tehebycheff, 2 eae at Balormo, \ Vol 47 (1923), 
pp. 25-46. 
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which, combined with (7, 3, 4), yields: 
| Bair (0 
(13) Bans (2) ae bila + + longs EE (xz) aks $, (2) ay (n om, i: p 
i.e. Bena (T) is a linear combination of e: and ma (©). This result is. . 
due to A: Markoff.* i 
It ig our aim to derive from it a more interesting and important ex- 


pression of Bemı(s). For this we shall make use of Darboux’s formulae, 
also of the polynomials ¢n(z; a,b; xdy). 


2. Consider the relation pi 
'Ga(2) = T Kalz, t) Ga (t) dy-(t) 


(14) 
Kalz, t) =$ ga(a) $42). 


Replacing here Ga(t) by (t — s) Gn- (t) A we get: 


l b 
(18) o= f (t—2)Ka(z, t) Gaa (1) ap (2), 
which, combined with (2), gives: 
(16) (t~2) Kn (a, t) = Ann (2) bea (t) + An (@) on(E). 


Compare in (16) the coefficients of ¢*** and then interchange æ and t: 


Ansi() = gn(z), Aale) =— 72 dun (2). 
Ansi , 
Thus we Be Darboux’s formulae: t 


CN) Egi) = & [na =al dea (2) faldet], 


(18) Kn(z)==Ku(2; dp) Kala, 2) == $ pè (2) 
= T [nn (2) on (2) —'n(2) dna (2)]. 


* A. Markoff, “ Note sur leg fractions continues,” Bulletin de VAcadémie Impériale 
des Sciences de Russie, (5), (1895), Vol. 2, pp. 9-16. 

tJ. Shohat, “On a General Formula in the Theory of Tchebycheff Polynomials 
and Its Applications,” Transactions of the’ American a aed Sootety, Vol. 29 
(1927), pp. 569-583. 

$ Darboux, “ Mémoire sur approximation des fonctions de très grands nombres,” 
Journal des Mathématiques (3), Vol. 4 (1878), pp. 5-56, 377-416. This process of 
deriving Darboux’s formulae is due, in part, to M. J. Geronimus. 
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8. We assume now that a 
(19) l a Or 2: , 
With such z we get readily, comparing ,(15) and (2): an: 
En(a,t) = Cn(t) on(t5 |[t— z | dw) , 
and comparing the coefficients of t”: 
- (20) Kala, = [an (dy) /an(| $—2 | dy) ] a(z; dp) - dalt; í t— a | dy) 
(=a, Sb) ` 


(20 bis) En (2)— [00(@)/an(| #2 | dp) n(Z3 dh) ` bala; nee 
(21) Kn(0,t)—= [an(dp) /an(tdy) ] on(03 dy) on(t; tay) (420) | 


-(21 bis) Kn(0)—= [an (dp) /an(tdy) ]dn(03 dp) bn(0; tdy) 


= (bansa) Mba (0; dy) dn(0; idy). 


Porma (20, 21) are of great importance in the imi of orthogonal 
L'eheoyeken Polynomials. l 


4. Hereafter a >90. Making use of * 
(22) . tbn(z; sdy) = (Pma) Minas (25 dy) + Cana) bu 4) 


~ 


(23) iy ge eee oni (0; dW) /bn(0; dip) = (Danie/Danss) ® 
| (24) 0 . len = —1/Domulenis3 An = Dan-2dena om 0 n2/O' ns; 
i Donio = On" (dY) /an? (adp), 
we get: | 
S 1 — ey 
(25) an aana) ma) Apna Opal) 


- 


pression Of Boniu(z) in an unexpectedly simple form: 


_ We put now z —.0 in (15) and compare with (12). Since Bons (0) = 0, 
we have necessarily . 


es) Bana ()— 01E (0, 1 ACN = 


where the constant C can be so chosen that Bona (t) /t —OKa(0, t) becomes 


. `a polynomial of degree n—1. Identifying it with G,.(£) in (26), we get, 


making use of (21, 24), the fundamental. result: 
Bansa(t) /t = OK n(0, t) = D (Bones) bn(0, dp) bn (t; tay), 
which gives, by virtue of (9, 23, 25), D = 1; and we thus get the desired ez- 


* Loo. ott. (t). 
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(27) Bones (2) == (Bansa)*2u(03 dp) Gn(a5 edy) == oR n (0, 2). 


Hence, the study of the denominators Banu(xr) ts- reduced to that of 
dal; zd), which, for example, in the case of polynomials, of Jacobi o1 
Laguerre are orthogonal polynomials of the same class respectively. 


5. We proceed to derive an application to mechanical quadratures. ‘Tt 3 
3 Gi * that if in the formula of mechanical quadratures 


aa | {Liew = Sige) + Bal) 


28) | : 
(Oma StS <<; $(2)= IT (z — z), 
o $ 
, m= J) Gna) HA 
re wish to have Ea(f) = 0 for f(z) == Gan (2), we must choose %1, Z2, °°, €n 


s zeros of ġa(xz; zdy). Formula (27) leads to the following 


TEEOREM. The formula of mechanical quadratures (28), with n+ 1 
rdinates, one of which is fited at z, = 0, holds true (i.e. Ra= 0) for an . 
arbitrary polynomial of degree <= 2n, if and only if then 4-1 ordinates corre- 
spond to the zeros of the polynomial Benu(z). Moreover, Ho = 1/K,(0; dp). 


The first part of our statement is proved by (27). In order to establish 
the.second part, we write [see (21)]: : 


: (° @bn(x3 edy) nlx; edy) 
mmj, semea YOT h kig YO 
> Ka (0; e)dy(z) _ i- 
0 Ka(0; dp) Ka (0; dp)’ 
This result is of importance in connection with the practical application 
of the formula (28). 
We thus obtained in a general form a result previously established,} in 
an entirely different way, for a very special class of Jacobi ‘polynomials, 
As to the value of Kn(0; dw), it can be found by means of (21 bis), or 
even still simpler in some special cases. As an illustration Laguerre poly- 
` nomials may serve. Here i i 


* J. Shohat, “On a Certain Formula of Mechanical Quadratures with Non-Equi- 
distant Ordinates,” Transactions of the American Mathematical ak Vol. 31 
~ (1930), pp. 448-463. ; 

+ Loo. ott. (*). 
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(a, b)=(0, ©),  dy(z)= edz, 


` ' © [a $] 7 3 
En(0)—— e | =— J [e*Kn (x) ldz 
E 0 0 - 





oO oO 

= f 6-2K, (x) da — f a (2) damm n +1. 
0 0 

~ [making use of (2)]. 


6. For the sake of simplicity we take b = 1. For n very large we ca 
derive, in 4 very simple manner, an upper limit for Ho, for the general cla: 
of ‘I'chebychef polynomials corresponding to 


(29) dy(2)—=p(e)dz, plz) g(a) (o > —1, g(0) 0), 
g(x) continuous at 2—0. We make uso of the fact that * 

(30) 1/Kn(0) = min. f “G,4(2)dy(2), with Gq (0) 1. 

Taking hore @h (z) = (1 — 2)", we get: | 

(31) H ane, (1— 2) 2*p( ojs = f 22%p, (2) dz 


: (p.(2) = p(t—2)). 
On the other hand, (29) leads to + 


ay ftp (ayer EEDEN say 
Hence, 
(38) H, = 1/K, (0) = 0 (1/n%**) (under condition (29)). 


Remark. The above results hold, mutatis mutandis, for os upper end- ~s 
poini (z= D) of the interval (0,6) in question. 


Tue UNIVERSITY oF PENNSYLVANIA. 


* Loc. cit. (tT). ~ 
tJ. Shohat, “On the Asymptotic Expressions of Certain Definite Integrals,” _ 
Annals of Mathematios, Vol. 27 (1926), pp. 3-11. 


ON A PROBLEM OF M. J. SHOHAT. 


By J. GERONIMUS. 


In his paper “On a General: Formula in the Theory of I'chebycheff 
Polynomials and Its Applications,’ * M. J. Shohat considers the following 
problem: Given an interval (a,b) finite or infinite, a function p(z) non- 
negatwe on this interval, for which all integrals 


f pavis, (y= 0,1,2,° °°) 
; | 


i b 
exist, find the minimum L of the integral f p(s)y (x)dz, where y(x) is 
‘a polynomial of degree Sn; y(x) = = dow, subject to the condition w(y) 


= = Zio; = (A540) a beng gwen sail numbers. 
T solving this problem M. Shohat considers certain polynomials which | 
may be regarded as a generalization of orthogonal polynomials. It is the 
object of the present paper to generalize the problem of M. Shohat, assuming 
that the coefficients of our polynomial y(x) are connected by m -+ 1 linear 
relations. Some properties of these polynomials will be considered. 


wa 


1. Find the minimum value L of the integral 

Doo f poy Pe. sa 
under the pallid conditions: i 
(2) u(y) = Š au [y9 (st =d (d= 0, 1, 2,- + +, m), 


n, di and as (1=0,1,2,'°°',m; $==0,1,2,-"+,n) being gwen real 


numbers. 


Introduce m + 1 ‘ori us o) of the n-th degree posers the 
property 


O f peule) Gale) al) GAOL ym), 


’ S N of the American Af athematical led Vol. 29 (1927), pp. 569-583. 


85 


86 a oR GERONIMUS. 


where Gin(2) is an arbitrary polynomial of degree Sn. For == 0 we obtain 
the polynomials introduced by M. A. Angelesco and M. J. Shohat, which are 
a generalization of orthogonal po nonnii; * Put = 


y(2) = È yau (2) Fala), 


where y: are to be found from the conditions aœ(2)= 0 (k= 0,1,2, - m). 
It is always possible to determine the ys because the determinant of the above 
system of equations P 


i aia (is ==0,1,2, <<, m), 


— 


where | 
- (4). - J m= f p(x) us (2) (2) de, 


is positive, peng the discriminant of the poets definite quadratic form 


Dy dines I p(2){ Š yeu (2) }de. 


We shall show that the condition of minimum of (1) is: aal = 0. .In fact, 
. by virtue of the relations œ;(2) = 0 a Learn), 


S roroi f” played f p(x)et(a)de = f pl(a)yt (a). 


(a(z) sa > yste(z)), 


an proves our . statement. 
' Thus we see that the polynomial oe for which the minimum of (1) 
is attained, may be found from the equation 


y(z) U(r) (z) * + ` Um(2) 


l do oo Qo. * t * Gom 
oe fo ae wee ee Le 
dm Qmo Ami An R Omm 


We find in a similar way that the minimal value L may be obtained from the — 
equa Ors : 


* A.. Angelesco, “Sur les polynomes orthogonaux en rapport avec d’autres -poly- 
nomes,” Bulletin de la Société des Sciences de Oluj, t. I (1921), pp. 44-59. 


wet 


~ 
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oe a ae 


do. Qo Gr * `° ` lom 

N di &o G1 -'. ©? Um 

(6) eee A 
dm Amo m * © ° Umm: 2 


2. We can readily express us(z) and dis (1,3—=0,1,:--,m) in terms 
of orthogonal normal Tchebycheff polynomials (z) (k==0,1,2,- - -), 
corresponding to the given characteristic function p(z) and the interval 
(a,b). Using their fundamental property 
| 
(7 Si p(x) bs (a) do(a) do =0 (is), 1 (ims), 

2 find easily iom (3) and (4) that 

ts(2) = È o4($r) br(2), 
(8) i r (i, s == 0, 1,2,°.: m). 

‘dis > wi (dr) ws (dr). 

| +=0 | 

We can also give the solution of our problem in terms of the polynomials 
of Appell corresponding to the given characteristic function p(x) and the 
interval (a,b).* Put | 
; - b ; l 
(9) es cen) = E * p(t) (a9) "de (b= 0,1,8,° +). 


Then our minimal problem is reduced to minimizing the ‘quadratic form 


2. A4AeCirs 
under the conditions 
only) = 2) Arste = de, (k == 0,1,2, >° m). 


rc 


Using the classical mathod we find readily : 


* P, Appell, “ Sur ube. classe de polynomes,” Annales de l’Hcole Normale Supérioure, 
t. B {1880),-pp. 119-144. 
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» 


y(t) 1 s—y > o o (e—a) 0 0 + 0 


: 0 Co Cx a re y Goo Gin *° 7 * Qmo 
(10) O - Ce Cn Can don Gin See cee) 
. do Roo Qor Zon 0 0 0 
dm à Amo mi mn 0 0 0 
L O0 0 0 do ds dm 
0 Co Cn Cn Foo Aio Amo 
(11) | 0 Ge Cm >t t Cm. Gon Maw © U mn | =O 
| do Zoo Goi Gon 0 0 0 
X din Öna Omi A 7 ’ Cis 0 0 a i 0 
To find an expression for the u(x) and ais, we put ‘in (3) 
i Ga (T) Ta (z — x)" | l (k = 0, f; y ` Sah)» 
which yields: | 
a l(a) 1 e—y + + + (eq) 
Bio Co OQ ths Cn 
f O a fe s œ 
(12) a io’ 


a 


Cin Cn Cmi * °° - Cen 


: (i= 0,1, 2,- i m) 


ik Ako Ary Oky 
Zio Co Ci Cn 
(18) Zii Ci Co j s . Cnet _ 0 
hin Ges “Ca Gap | 
: 4 . (i, k = 0,1,-°-+,m). 
3. Hereafter, E i 
a4) os (Gn) = GrP (p) (i=0,1,2, > -,m). 


We see from (4) that 


(15) ; deem È dr” (n) pr” ()=(— 19H% 1 kl Ont /0n = PN F 
(t, k = 0, 1,: f m), 
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where On = |} cu | Gk=0,1,"--,n), Cik = Cisk and C, is the minor of. 
this determinant corresponding to the element “cir This formula leads to 


, some interesting results. involving pene ve oe me by the 
polynomials of Appell. | 





Ha(s) Hale) + + Hal) |] | 
A; (2) me) i ü Hays (2) i 
i n(n-1)/2 rar os 
(16) |: oo oe E = a et os ‘Hy (tz), 
Ay(2) Hnalz) -© © + Hamal) 
where E m l 
(17) Hy(x) = (— 1)*e*"(d*/da*)e* (4 = 0,1, 2,° + +) 
is the Hermite polynomial of degree k. Similarly, | | 
Pi(z) P(e) > > « Pula) 
j P3(z) Pslz cowie of 
(18) tei eit, — (250) r (ans) 
A ; ; or ai ane A Clee iy 
Py(2) Pmas(#) © + + -Pona(2) | 
waeee P;(z) is the Legendre polynomial and ° > o A 
—t 3k — =i th |k 
(as) | ijn J7] tly (y? — 1) p 
is the trigonometric polynomial.* 
“Suppose further that m==0 and- 
(20) l sunt Oe) eT = Ga (c). 
Then, putting oae 
k x , i s 
ox (z) = dso © l i (hme 0,1, 2, > oF 
8=0 j 
we see that the polynomial = _ 
C) pn(z)— on(C) onss (2) . 
(21) u(t) srono e 6—7 f = : 
possesses the, property 
(2) J 2e) Ga(2) do = Galo 


* J. Geronimus, On Some Persymmetrio Determinants. PS by. Polynomials of 
M. Appell. (In press.) . 
+ Loo. ott. (*). 
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‘Taking, for tanos, c= l, — a = b =Í, p Gale) — dee we see that 


(3) o a ioe i = 


nate to an arbitrary real value of c not rere to the interval 
a@<2<5b, we see from (21) that u(z) is identical with the orthogonal 
polynomial corresponding to the interval (a, b) and the characteristic function 
p(a)(c—2z). Hence, the following identity: l 


C G > =, Ona C| é a r a d 
ĉi Ča ° TT Crag (1 Cs t t Cm C 
Cni Ca ° t Ca ; a a G y g 
1 c zo > Se crtl Ce Gua © © = fin ch 
1 © e ee r 1 2 e > > yh $) 


where the c’s are arbitrary numbers. 
4, Suppose that 


ane > ee eye | > (t, km Q, po *,m) 


is expressible as 
(25) Oy mm ay an” hax, 


where a; depends on n and «and Ay depends on i and k only. Such. is 
the case, for instance, for Legendre polynomials,t where ; 





. (26) li 
_(n+i i41) (nk + P.O (nla (1) + (4—7) Pn ia a a 
21+ k +1) 
-if = ve 1, —1, 0. Under the condition (25), we have 
a Am** 'i Hpt 
PD O Ap Pa Hy? 
- where | fae 
m= onl, Ha=[hal - (i,k —0,1,2,- ++, m), 


* Loo. cit. (Tf). 

+ J. Geronimus, “Sur Vécart moyen quadratique minimal de zéro d’un polynome 
dans l'intervalle donné” (in Russian), Transactions of the Kharkow Mathematioal 7 
~ Kocisty, Série 4, t. 2 (1928), p. 17. 
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and Am, Hm resp. are the corresponding minors of these determinants. 
In a similar manner we may write 


Åm _ 1 Ay, 
Am ay P og CM) An 3 





(28) 
where Am = || Za || (i, k —0,1,---+,m) and 


(29) Bir == 2, pr” (q) be (9). 
Thus we obtain: 
Åm og) ap ™ Aan™ 


Using (15) and the properties of minors of reciprocal determinants,* we 
obtain the following formula: . 








3 Åm” 4 
Á n TET’ 
and finally, | . 
ik (m) a (m) E 4+k 
(30) Am™ umam  (—1)M Cu 


Am - 4a,” tlk! 
(i, k =0,1,: +m). 


Returning to our minimal problem and using (6), we obtain the following 
result. 


b ; 
The minimal value L of the integral f p(x)y?(x)dz, being gwen 
| : 
y(n) =d, (s=0,1,2,;--, m), may be written thus [when (25) holds 


oe, ™ (£— y) L. 


? b m 
iue]: L= È p(a)y8(a) dz, (2) = S E e 
a 4=0 Qi 4t! 
“Example. p(z) = 1, —a =b =, = + 1. Here 


a (m +Hit iP.)  (@=—1)* a 

H E apa aP a 

The same formula is valid for 70, but in this case we must take m — 1 
(resp. n— 1) instead of m (resp. n), when m — +t (resp. ńn— t) is odd. 





* E. Pascal, I determinanti (1923), p. 52. 


ON THE CRITICAL POINTS OF NON-DEGENERATE NEWTONIAN 
POTENTIALS. | 


By Tsar-Han Kiang. 


I. INTRODUOTION. 


1. Definttions.* In this paper an application will be made of a theorem 
of Morse on the relations between the critical points of a real function of 
om independent variables (Theorem 5, Morse I, pp. 387-388) to the proof of 
the existence of critical points, or- equilibrium points as better known in 
physics, of a class of Newtonian potentials. t | 

We shall use the terminology of analysis situs as defined by Alexander,t{_ 
substituting the terms cycle and Bettt number for closed chain and connec- — 
tivity number respectively. Terms in analysis situs not found in Alexander’s >= 
paper will be as defined in Lefschetz’s Colloquium Lectures on Topology. 
Throughout the present paper the terms Betti number and manifold will be 
used as abbreviations of Betti number, mod 2 and orientable manifold re- 
- spectively. i 
Let f(z) be a real single-valued function of three variables (z) == (T3, 


* The following works will be cited repeatedly in'this paper. Hereafter each of 
these works will be referred to by the name of its author followed by a Roman 
numeral when necessary. 

Kellogg: O. D. Kellogg, Foundations of Potential Theory, Berlin (1929) ; Morse I: 
M. Morse, “ Relations Between the Critical Points of a Real Function of n Independent 
Variables,” Transactions of American Mathematical Society, Vol. 30 (1925), pp. 345- 
396; © Morse II: M. Morse, “The Analysis and Analysis Situs of Regular n- Spreads 

n {n + r)-space,” Proocsedings of the National Academy of Sotences, Vol. 12 (1927), 
a 813-817. 

+ The method of the present paper has been extended by the author in another 
paper, “ On the Existence of Critical Points of Green’s Functions for Three-Dimensional 
Regions,” which will be published shortly elsewhere, In the latter the regions con- 
sidered are of very general types from the point of view of analysis situs, Both of 
these papers are parts, of the author’s thesis at Harvard University, accepted in 
June, 1930, Since they were practically completed, there has appeared a paper by 
J. J. Gergen, “ Mapping of a General Type of Three-Dimensional Region on a Sphere,” 
American Journal of Mathematics, Vol. 52 (1930), pp. 197-224. Im his paper Gergen 
showed that any Green’s function for a three- Cesena region bounded by a torus 
-has a critical point. i : 

tJ. W. Alexander, “ Combinatorial Analysis Situs,” Transaotions of the American 
Mathomationl Sootety, Vol. 28 (1926), pp. 301-829, 
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Ze, Ts). A an ‘will be called à critical port of ths function f if itise . 
zero of all the three partial derivatives of the’ first order of f. The value the 
function f assumes at a critical point will be called a critical value of f. A 
critical point will be called degenerate or non-degenerate according as it is 
or ig not a zero of the hessian of the function. A function without degenerate 
critical points will be called a non-degenerate function. 

Suppose f is of class C° * in a neighborhood of a non-degenerate critical E 
point (2°). For simplicity, we suppose (2°) = (0). Let fiy be the partial 
derivative of f of second order with respect to z; and a, evaluated at (0). By 
a real non-singular linear transformation the. non-singular quadratic form 
Fizz; } can be reduced to one of the forms: 


cb ti? + t + 2,7, 
7 z 


The number of negative “signs is called the type number of the critical point 
(0) of f by Morse in Morse I. There are four types of critical points. - 


2. Morse’s theorem... Suppose a real, single-valued, non-degenerate 
function f(z) is defined in a closed bounded region F of the real 3-space of 
three real variables (2) == (£1, T2, Ts), and the function f(x) is of class O° 
in the interior of R. We shall assume that f in R fulfills the aici 
boundary conditions. 


+ 


(1) The partial derivatives of f of. the first eN orders take on 
continnous boundary values on the boundary B of R. 


(2) The boundary B of & consists of bwo sets, B’ and B”, of closed 
regular surfaces of class C®.} The value of f on all the surfaces of B’ is equal 
to a constant c’ and the value of f on all the surfaces of B” is equal to a con- 
stant c”, where c’ is greater but-c’” is less than the value of f at any interior 
point of R. 


* A function is said to be of class On, if it is continuous together with all its 
partial derivatives of orders 1, 2,- 7 -,n. The hypothesis of O° of f in a neighborhood 
of the critical point in Morse I has been shown since by Morse to be unnecessary. 

t We adopt. the convention in tensor analysis under which a repetition of a sub- 
script in a product means that the product is to be summed for admissible values 
of the subscript. 

t A regular surface is a closed, bounded, and connected set of points the codrdinates 
of points neighboring any given point of which can be represented by three functions 
of class O+ of two parameters, in such a way that the jacobians of the functions with 
respect to the two parameters do not vanish simultaneously. If, moreover; the fune- 
tions are of. class On, n > 1, the surface is said to be of class On, : 
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t 


'(3) At any.point of B the value of the outer nornai Tiani j of 7 
with respect to R * does not vanish. ; - 


~ 


Under all the above conditions the function f will be said to be an aiite 
stble function + in k. 

- The'region R can be shown to be a 3-complex.} From (2) and (3), at . 
any point of B’ the value of the outer normal derivative fa of f is positive and 
at any point of B” the value of fa is negative. A surface of B’ or of B”, as 
characterized by this statement, will be called a surface of positive or negative 
type with respect to f and h. a 

From .a discussion of the trajectories orthogonal to the manifolds 
. . f = constant one can show that the region Æ of points in & satisfying 


= c” + e7, 
6 ar a sufficiently small positive number, has the same Betti numbers as 
the manifold f = c”. See Morse I, pp. 355-360. From Theorem 5, Morse \ 


I, pp. 387-388, as applied to the present regions R’-and R, we have the 
following theorem. - | l ma 


- 


THeorem A. Let f(z) be an admissible function in a region R. Let My 
(k = 0, 1, 2, 3) be the number of critical points of the kth.type in the region. 
_ Let Ry and Rẹ be the kth Betti numbers of the complexes R and B” respec- 
tively. Then there exist integers Mi and My of which M:* and Mo are zero 
and the rest are posttwe or zero such that 


(2.1)  My—= Met + My, (k=0, 1, 2, 8), 
and such that 
(2. 2) Ry — Ry = M,* — E TT (k = 0, 1, 2): 


8. New boundary conditions. In our investigation we do not meet 
with exactly the boundary conditions of § 2, but the following ones. | 


+ (1a)` The boundary B of R consists of two sets, Bı and B., of closed 
regular surfaces. ach surface of the set B, is of class C?. On such a surface 
the value of f is equal to a constant and the partial derivatives of f of the 
_ first and second orders take on continuous boundary values. l 


* By the outer normal derivative f„ at a point of B with respect to R we mean the 
, unilateral directional derivative of f at that point along the normal to B in the sense 
that leads from interior points of R to the boundary. 
+S. S. Cairns, “ The Cellular Structure and Approximation.of Regular Spreads,” _ 
Proceedings of the National Acasdmy of Sciences, Vol. 16 (1930), pp. 488-491. 
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(2a) Each surface of the set B, is of:clags O. On such a surface the ~ : 
partial derivatives of f of the first order take oxi continuous boundary values. 


(8a) The boundary surfaces may also- be groupped into two sets, B’ | 
and B”, such that every surface of B’ is of positive type with respect to f and 
F and every surface of B” is of negative type (§ 2). 


_ Under this set of new boundary conditions instead of that of § 2, the. 
function f will be called a an eas function in R under the new boundary ` 
condttions. 

These new boundary conditions also imply that the region È is a 8-complex. 
and that f has no critical point on B. ; 

On comparing this set of new boundary uiis with that. set of § 2, - 
one finds that an admissible function in R under the new boundary conditions 
with B, as an empty set of points differs from an admissible function in R 
Lof § 2 iù that the former does not necessarily take on the absolute maximum 
on and only on. all the boundary surfaces of positive type and the absolute 
minimum on and only on all the boundary surfaces of cae type. How- ` 
ever we shall prove the ‘following theorem. : 


‘Txorem B. Theorem A holds for an admissible function f in R under 
the new boundary conditions. | 


~ 


The proof of this theorem consists in the reduction of the new boundary 
conditions to those of 82. The reduction will be carried out in the follow- 
ing two steps in accordance with the remark on the difference OF the two sets 
of boundary conditions made above. 


First step. It can be shown that, by a redefinition of fin Rina neighbor- 
hood of each surface of B: (cf. Morse I, pp. 394-396), we shall obtain a new 
function f in a new region & which fulfills the new boundary conditions with 
B, * £ an empty set of points and which has the following ‘properties: (a) The 
surfaces B, are still among the boundary surfaces of R, and F is a closed subre- 
gion of R, homeomorphic to R. (b) The two sets, B’ and B”, of boundary 
surfaces of positive and negative types with respect to f and Ē are respectively _ 
homeomorphic to the two seta, B and B”, of boundary surfaces of positive 
and negative types with respect to f and R. (c) The critical points of f are 
identical in position and type with those of f. : 


Second step. Now, suppose a function f in Rt fulfills the new p nounge 


 * * The set B, for f and R is taken to have the same meaning as. the set B, for f 
and R. This convention will be followed in this section. 
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conditions with B, as an empty set of points. We shall show that-by-a redefini-. ` 
tion of f in R in.a neighborhood of B in a similar but simpler way, we can 
obtain an admissible function f in the same region R in the sense of § 2, with 
the following propérties: (a1) A boundary surface of B of positive or negative 
_ type with respect to f and R is of the same type with respect to f and R. (b:) 
The critical points of f are identical in position and type with those of f. 

"` Let us fix our attention on one surface 3 of B’, on which f= d, say. 
Since no critical point of f is on S, through each point of S there is one and 
' only one orthogonal trajectory. We can represent each orthogonal trajectory 
in such a way that the parameter t at any point equals the value of f at that 
point (Morse I, p. 358). The parameter ¢ for each trajectory is equal to d 
on S. It is possible to choose a constant t < d 80 that the points on all the 
trajectories for which t & t= d constitute a neighborhood N: of S, in which 
there are no critical points of f and hence through any point of N there is one 
and only one such trajectory. Let tẹ be another constant between t, and: d. 
For those pan in:N for which ġ S o te, set a 


E J(e) =f), 
and for those points in N for which tg StS d, set 
f(z) =f(e) +E (f(z) — ta)‘, 


where K is a sufficiently large a constant. Then we find at points in 
N for which 4 St S 4, 


~. 


r 


fı = fik1 + EK (f — ta)’ )s 
Fumfu(l 44K (f — t)" ) + fifi: 12K (f — ta)”. 


_ Hence, in the interior of # the function f is still of class C°, and on. 8 its 
‘partial derivatives of the first and second orders take on continuous boundary 
values. > From the relations between fi and fi and the fact that . 
4K (f — ta)” = 0 at points in N for which t S Stxd, Í has no critical point 
in N. On S, i 


jed} Eh) ; 


an arbitrarily large constant. Then 8 is a surface of positive ae with: 
respect to f and R. ; 
‘Similar argument can‘be applied to any Ta surface T of the set | 
B”. In this case we shall obtain a new function with the same properties a 
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except that this new function equals an arbitrarily small constant on T and 
that 7" is a surface of negative type with respect to this new function and R. 

If we redefine f in neighborhoods of all the boundary surfaces simul- 
taneously, and choose a suitable constant K for each surface in the redefinition, 
the new function obtained is admissible in Æ in the sense of § 2,.has the 
property .(a,), and has its critical points identical in position with those of f. - 
Since the type of a critical point is defined with reference to a small neighbor- . 
‘hood of the critical point, and since .the new function and the original function 
f are identical in a small neighborhood of each critical point, the new function 
has the property (b) also. 

This completes the reduction of the new boundary conditions to those of 
§ 2. ae our theorem is proved. 


IL THB Nien ouiay Pomno Dux TOA None A ADMISSIBLE 
: VOLUME, SIMPLE, OR DouUBLE DISTRIBUTION. - “ 


4. The potential. eg in the 3-space there are s distinct closed © 
regular surfaces Ex(k = 1, 2,---,8) of class C°, no two of which enclose a 
common point. Let D designate the closed infinite region bounded by these 
surfaces and let # designate the sum of the surfaces Hy. 

We shall consider a point at infinity added to.the 3-space, so that the 
extended space becomes homeomorphic to the 3-sphere. 

Suppose there is a volume distribution of matter of piecewise continuous 
density in the closed finite regions bounded by E, or a simple distribution of 
matter of density satisfying uniformly.a Hélder’s condition (Kellogg, p. 
152) over Ex, or a double distribution of moment of class C? over Ex. In the 

~case of double distribution, it should be understood that the potential and its 
partial derivatives of the first order at any point P of E are defined by their 
limiting values at P as P is approathed from the interior points of D. The 
. potential due to the volume, simple, or double distribution is therefore analy- 
tie in the finite part of D— E, and of class C1 in the finite part of D | 
(Kellogg, pp. 150-172). . 


Definition 1. The distribution will be ‘ene admissible; if on E the . 
outer normal derivative fn of the potential f with respect to D never vanishes. 
If moreover the potential f has no degenerate critical point in the finite part 
of D, the PUNO will be sermon non-degenerate. z 


* The restriction that f be ae and admissible could be removed by © 
the aid of the more general theorems on critical points in Morse II and in a recent _ 
paper by Morse, “ The Critical Points of a Function of n Variables,” Transactions of 

r y ~» - : 
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Ca 


. At great distances, we have the following ao in spherical 
hamon for f and its three pergat; derivatives of the first -order 
fi(s m= 1, 2, 3): 


f(a) = m/r + T 
(4.1) | 
fila) = — mayt + ht (2) / + 


where m is the total mass of the distribution (m == 0 in the case of a double, 
distribution), r the distance from the origin to the variable point (x), and 
h’s are the spherical harmonics of the orders indicated ki their subscripts 
(Kellogg, pp. 1438-145). 

At the point at infinity, the potential f and its ja derivatives will be 
assigned the value zero, their limiting value. They are regular at the point 
at infinity (Kellogg, p. 217), and harmonic in D (Kellogg, p. 211). The 
values of f, on each eases surface Es aro of the same sign. We suppose the . 
surfaces E; (t= 1,.2,: > +, p) are of positive type with respect to f and D 
($2), and the surfaces Ey (Ga=p+1, p+2,--+-,p oe are of negative 
type, where p + n == 8. i 


=~. p. Remarks on the critical porinis of f. Itisa well-known property of 
harmodie functions that the function f has neither maximum nor minimum 
in D— E; in other words, f has neither’ ome point of type 0 nor critical 
point of type 3 in D — E. 

Suppose A(x) is a harmonic function, but not a constant, in an open 
region H, finite or infinite. Let H’ be a closed regular subregion * of H. 
If H’ is finite, the critical points of h in H” constitute at most a finite number 
of isolated points, analytic curves, and analytic surfaces, + but can not fill any 
regular surface element, and the critical values of 4 (x) in H” are finite in oun: 


the American Mathematical Society, Vol. 37 (1931), pp. 72-91. This would introduce ` 

a complexity which it seems desirable to avoid in a first treatment. 
* A region is said to be regular, if it is a set of points in the extended 3- -space 

and if its complete boundary consists of a finite number of closed regular surfaces. 

- $A real analytio ourve is a closed, bounded, and connected set of pointa the 
codrdinates (v, m., ®,) of points neighboring a given point of which-are representable 
as real analytic functions of a suitable real parametér t, will not all three functions 
identically constant. A real analytio surface is a closed, bounded, and reper ee get of 
points defined by setting one or more real analytic functions of (a,, @,) equal to 
vero, such that the equations are not satisfied identically in, the a A of. any. ° 
point of the set and such that the points neighboring any point P of the set are neither 
memided on an analyte curve nor reduce to the point P. 
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ber (Kellogg, p. 262, pp. 276-277). If H’ is infinite, these statements can be 
proved as follows.” 

In a spherical neighborhood N of the point at infinity the function h(x) 
and its partial derivatives of the first order hi(x), (t= 1, 2, 3), are harmonic. 
Let us subject these four functions to an inversion in the unit sphere with 
center at the origin taken at a point not in H’: l 


(5.1) t = g /1?, 


Let us designate the four transformed functions divided by 7” by F(x’) and 
F(x) respectively. After the singularity at the origin is removed, each of 
these functions is harmonic in the transformed neighborhood N* of the origin 
(Kellogg, pp. 232-233). ‘These functions are analytic in N’, and vanish at 
the transformed origin. Hence, in N’, the locus of their common zeros consists 
of at most a finite number of isolated points, analytic curves, and analytic 
surfaces. If we note that the critical points of h in N are the common zeros of 
the four functions F(x) and F(z) in N’ and conversely, what is to be proved | 
follows immediately. 

The author has a proof for the fact that, of a set of points constituting a 
real analytic surface, there is always a subset of points constituting a regular 
surface element.t But the nonexistence of a regular surface element of 
critical points has been proved by Kellogg (Kellogg, p. 262). Hence we have 
the following theorem. 


THEOREM 1. If h(x) ts a function harmonic in an infinite open region 
of the extended space but not a constant, then in any closed regular subre- 
gion, the locus of the critical points of h consists of at most a finite number of 
isolated points and analytic curves, and the number of critical values of h 
ts finite, 

COROLLARY. In the region D of § 4 the locus of the critical potints-of the- 
non-degenerate admissible potential f consists of at most a finite number of 


isolated points, and the number of critical values of f ts finite. 


6. Nature of the locus at the point at infinity. To study the locus 
f(z) == 0 in the neighborhood of the point at infinity, we invert it into a 
bounded locus. Suppose the origin is taken at a point at which there is no 


/. 
* If a set of points in a regular infinite region is transformed by an inversion into 
a real analytic curve or surface, the set will be called a real analytic curve or surface. 
t This will be published in a`note elsewhere. 
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distribution and which is not om the locus f==0. Then by the inversion 
(5.1) the Ca f is transformed into the function 


(6.1) ` gr) =r: F(¢), 


where F, upon removing a singularity at the origin, becomes harmonic ina | 
neighborhood of the origin (Kellogg, p. 232). From the expression for f 
in (4.1), it is obvious ‘that a = m, where m is the total mass of the 
distribution. ` 

_If m is not zero, in a sufficiently small scighborkeel of the origin F will 
not vanish, and will have the same sign as m, and so will g. l 

‘If m is zero, F being harmonic, will be positive at some points and ` 
negative at some points in any neighborhood of the origin, and so will owe 
-Thus we have the following results, 


LEMMA 1. Suppose f is the potential due to an admissible distribution, 
the total mass of which ts not zero. Then the point at infinity will be a point — 
of proper minimum or maximum of f according as the total mass ‘is positive 
or negatwe. i 

If the total mass +s zero, the point at infinity is not an tsolated poini on 
f — 0, and not a point of maximum or minimum of f. i 


Y. Equipotential surfaces in the neighborhood of the point at infinity. 
m20. We shall cali a regular surface a to an ordinary sphere 
a sphere- like surface. 


We shall prove the following lemma.. 


LEMMA 2. Por a i d small positive constant e we ‘have: the , 
following: l 


(1) If the total mass of the distribution is positive [negative], the equi- 
potential locus f = @ [f == — e?| consists in part at least of an analytic g 
like, surface G[H] enclosing all the boundary surfaces. Ep(k = 1, 2,- 78). 
(2) The infinite closed region bounded by GLH] is. homeomor phic . a 
3-cell, 
(3) The function f has no Peer point in the finite ai of the Kii 
closed region bounded by G[H]. D 
(4) At any poini of G[H] the outer normal derwatwe fa of f with 
| respect to the finite region bounded by G[H] is negative [ positive]. 


Proof. In a neighborhood of the point at infinity the E sur- 
faces of the potential f due to any admissible distribution are transformed by 
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the inversion (5. 1) into the 5 equipoteitial surfaces of gl£) =r- F(x ) in the 
corresponding es N of the ongi bee g(a ) to the transfor- 
‘mation 


- (#1) fim Fle!) ai, eat Ba 


The jacobian-of this transformation at the origin is equal to m, which is not 
zero. The transformation: is one-to-one and continuous in the neighborhood 
N, provided N is sufficiently small. | 

Suppose m is positive. Let e be a sufficiently amall positive.constant and . 
fT the distance from the origin to (#1, Ža, Zs). The locus of points satisfying 

g(a’) S e? in-N will be carried by (7.1) into. the locus of points satisfying: 

FS e°, a spherical region.. The function r(#,, Ža, Ža) has no critical point for 
which 0 < rS e?. Thus (1), (2), and (3) of the lemma are proved for m | 
positive. The proof is similar for m negative. 

Since f has no criticat point on G[H] and since fa is normal t G[H], 
fx can never vanish on G[H]. This proves (4) of the lemma. 

The surface GLH] of Lemma 2 will be-called the outer branch of 
=ef =e] | 

8. Critical points of f. m 560. Suppose f is the potential due to a non- 
degenerate admissible distribution.. There are’ two cases. 


= Casel. m<0. The outer branch H of f == — e? of Lemma 2 together 

with boundary surfaces En, By, © ©, Epen of D (§ 4) bounds a closed bounded 

region which we take’as the region R of §3. The boundary of R we have 
designated by B. The set B’ of boundary surfaces of positive type with 
“respect to f and # ($3) consists of p + 1 surfaces, H, Ea, Ez’ ++, Ep, and 
>the set B” of boundary surfaces of negative type with respect to f and R con- 

-=` sists of the remaining n surfaces, Epi Ep’ + +» Epa In the region R, the. 

function f is admissible under the new boundary conditions of § 3. 

Let the. first Betti number of Ey be 29x. Then the first Betti number of 

either one of the two regions into which the extended 3-space (§ 4) is divided . 

by Ex is gx (Morse II, Corollary to Theorem 9 and the second part of Theorem 

11, pp. 816-817). The Betti numbers of the set B ” of boundary surfaces are- 

_ the following: 


a pn. ' ; ) 
Ro =n, By =? A: gi» R =n, R’, =Q. 


Since no two of the curiae Ex enclose a.common point, the Betti numbers of 
the region B alcatel to È with ci tee to the extended 3-space are 
. therefore 


“ 
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ptn+1 S ge 0, 0. 


From another theorem in analysis situs (Morse IT, Corollary to Theorem 1, 
P- 817), the Betti numbers of È are the following: ' 


B = 1, Ry = S gk, R =p +n, Pas 


- The function f is iao in R and therefore in the interior of R it has 
` neither ‘critical point of type. 0 nor critical point of type 8, that is, it-has 
M,* and M, both equal to zero. From Theorem B and (2.2), we have for 
finRB | | r 

g My =n— l, Mr = 2 g: +b, 


pin s 
My = 2, gi +b, Mae, 


” whare b is an integer, positive, negative, or zero, but-not less than the larger 
one of the two numbers: 


_ From Theorem B and (2.1) we have for f in R 


Man —14t 3 tt, 
; : 4=1, l 
(8.1) 
M= p , 4 = 93 + 6. 


. Case 2. m > 0. ' The outer -r a of f =e? of Lemma 2 senate with 
the boundary surfaces Hy, Es,’ ' +, Epi, bounds a closed bounded region 
which we take as the region R. The boundary of R we have designated by B. 
The set B’ of boundary surfaces of positive type with respect to f and R con- — 
sists of p surfaces, Hy, Ea,- © +, Ep, and the set B” of boundary surfaces of 
negative type with respect to f and R consists of the remaining n + 1 surfaces, 
G, Ts, Epis, it Hons ‘In the region B the function f is admissible under 
the new boundary conditions of § 3. As in the preceding case, we find for 
fin È | 5 o 
My —n, Mit — > gi + b, E 

4=1 


— Š g+b, Mt=p—1; 
and 
ee . Mn+ È gtd, 
(8.2) | = 
M,—p—1-+ > n+; 


ORITIOAL POINTS OF NEWTONIAN’ POTENTIALS. . ` 108 


where b has the same meaning as in the preceding case. Hence we have the 
following theorem. l 


THEOREM 2. Suppose there is a non-degenerate . admissible distributton 
over, or in the closed finite regions bounded by, p-tn distinct closed regular 
surfaces, E., Ea, ++, Epen, of class C®, no two of these surfaces enclosing a 
common point. Suppose the first Betti number of Hy(k=1,2,---,p—+n) | 
is 29x. Suppose Hi(t—=1, 2,- +, p) is of positive ‘ype with respect to f and 
the space exterior to tt, and E (i =p + 1, p +2, ep Hn) i of negative 
type with respect to f and the space extertor to it (§ 2). 

Then, if the total mass of the distribution is not equal to zero, in the space 
exterior to all these p +- n surfaces the potential f due to this distribution has 
at least 


pn 
pt+n—i-t | a= = g|! = 
t=1 j=ptl > 


critical points. If f has more than this number of critical points, the excess 
1S even. 

According as the total mass ts negative or posiiwe, the respective numbers 
M, and M, of critical points of type 1 and type 2 are gwen by (8.1) or (8.2). . 


9. Hqutpotentral surfaces of a redefined function g in the neighborhood 
of the infinite branch of f—0. m==0. The function f for m =Q in the 
region D of § 4 fulfills the conditions for an admissible function in D under 
the new boundary conditions of § 3 except that D is not bounded. But the - 
argument for redefinition of a function in R in a neighborhood of B” as 
described in § 3 can still be applied to redefinition of f in D in a neighborhood 
_of the boundary H of D. Let the new function obtained from such a redefini- 
tion of f in D in a neighborhood of -E be g. We shall still designate the new 
region by D and its boundary by Æ.. The function g in the new region D | 
_- fulfills the conditions for an admissible function in D in the sense of §2 ` 
except that D is not. bounded. | 

‘By an inversion with the center of inversion not on the locus g == 0, the 
locus g = 0 will be transformed into a bounded locus through the origin. 
We shall say that a point of g = 0 is connected to the point at infinity if it 
is transformed by the inversion into a point- which can be connected to the 

origin on the transformed locus. Woe shall call the locus of points of g == E 
-= which are connected to the point at infinity the infinite branch of g = 
Similarly the infinite branch of f = 0 will be defined. | 
l -Let us suppose f is non-degenerate. From the Corollary to Theorem 1, 
in D the number of critical E of Ff, and therefore of g, is finite. In 
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redefinition we can, and shall, assume‘that the boundary values ¢' and c” 
(§ 2) of g are both different from zero. It is then possible to take a positive. 
constant e so small that no.critical value of g lies between 0.and + oÈ or 
between — e? dnd 0, that o” < — e? < +e? < ¢,.and that + e are not . 
critical values of g. The open set of points satisfying — e? < g < e? contains ... 
the point at infinity. Let us suppose the above center of inversion is not 
in this set. . Then this set will be transformed into an open bounded ‘set 
which consists of one or more continua. As a convention we shall say that 
the subset of points satisfying — e° < g < e°, which is transformed into 
f the continuum containing the origin, is a.continuum, and we shall call it the 
infinite continuum. In the infinite continuum the infinite branch of g = 0 
is contained but net the boundary #. The boundary of the infinite continuum 
consists of u = 1 closed regular surfaces Sa (a ==1, 2,-+-,u) of class C? 
satisfying g == — 6, and v = 1 closed regular surfaces Sg (8 =u-+1,u-+ 2, 
‘,u+v) of class C? satisfying g== 6. Sa will be called the u outer 
-~ branches of g = — e? and Sg the v outer branches of g = e°, . Each of these — 
u -+ v surfaces is a 2-manifold. No two of these surfaces enclose a common 
point. The sum of the finite closed regions bounded by these surfaces and 
the infinite continuum is the extended 8-space. It follows from a'method of 
proof given by Morse (Morse I, pp. 356-360) that the Betti Numbers of each 
of these finite regions are independent of the constant e, for e sufficiently small 
and positive. 

Since the value of g is —e? on Sq and 67 on Sg, and since + e° arè 
not critical values, on each of the surfaces Sa and Sg, the outer normal deriva- 
tive of g with respect to the finite space it bounds never vanishes. It is 
then easy to seo that at each point of Sa the outer normal derivative of g is 
positive, but at each point of Sg the outer normal derivative of g is negative. 
Moreover any critical point of g not on the infinite branch of g = 0 is enclosed. 
by some one of the surfaces Sa and Sg. | 

These results will be summed up in the following TEEN 


LEMMA 3. Suppose f is the potential due to a non-degenerate Simia i 
distribution, the total mass of which ts zero. Suppose g-is the function 
obtained by redefining f in a neighborhood of E (in the way of redefining f in 
a neighborhood of B” as described in §3). For a sufficiently small positive 
constant e, there are u Z1 closed regular surfaces Da (a = 1, 2,: >>, u) of 
class ( satisfying g = — e, the u outer branches of g = — e, and v1 
closed regular surfaces Sg (B = u + 1, uta -o u- v) of class C? satis- 
fying g = e*, the v outer branches of g = e2, with the following properties. 


(1) Hach critical point of f, not a critical point on the infinite branch 
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of f=0 is enclosed by some one. of the ites surfaces Sp Cia ly 258 ey 
u -+ v). 

(2) Each of the surfaces, Bi Papas Bom, is enclosed by some one of 
the surfaces Sy. l | . 

(3) No two of the u+ v ti Sn enclose a common poini. 

(4) At each point of Sa the outer normal derivative of g with respect 

- to the finite space tt bounds ts positive, and at each point of Kg the outer 

normal derivative of g with respect to the finite space it bounds is negative, 


10. Critical ponts of f. m—0. Suppose the boundary surfaces, 
E, H2,- + +, Him, of the region D (§ 4) of positive and negative- oe with 
respect to g and, D, which are enclosed by the surface S» (A =I, 25° 
u -+ a are respectively the following p» surfaces: 
Enis Erot s +, Bans | 
and the following na surfaces: 
Erps Ey pras rty Er prem 


Then. we have obviously 


= Gein = 8. 


‘Suppose the first Betti number of Sb is EN Let Ds designate the finite closea 
region bounded by S» and the ps -+ na surfaces enclosed by Sa. Obviously a 
boundary surface of D of positive or negative type with respect to g and D, 
which is a boundary surface of Ds, is of the same type with respect to g and Da. 
Now, from (2), (3), (4) of’Lemma 3, the function g is an admissible 
-function in D, under the new boundary conditions of § 8. By the method used 
$ in Case 1 of § 8, we find that in Da (a == 1, 2,:--,u) the respective num- 
bers of critical points of pe 1 and type 2 of g are 


Ma sm=it > gap F Ja + ba, 


(10. 1) l i nop 
l Maa a e EL 


where gi; is s the first Betti nana of Bu, and Ja ba is an integer, positive, 
negative, or * ZTO, but noe, less than the larger one on the two numbers: 
P. Pana. 


— 3 G — 2, ` Jao: 


' Similarity, by the method used in ‘Case. A of, $8» we find fiat in De 
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(P= u+1,u+2,:°°+,4 4 v) the nna numbers of critical points of 
type 1 and type 2 of g ar = 


. Mg = 1g + 2 jast bp, 
(10. 2) Peg i 
maa= pomi -+ EA 95,0 + gp + be, | 


where bg is an integer, positive, saa or zero, but not less than the aTe 
one of the two numbers . 


Summing up (10.1) for a==1, 2,-++,u, and: (10.2) for B==u+1, 
 w+2,---+,u--v, we find that the respective numbers of critical points 
of type 1 and type 2 of g in all the regions Dy (h ==1,2,-°-,u-+¥) are 


hed . 
| Kya n—ut Egt dats, 
P : 4-1 a=1 
(10. 8) 
wt 
Maap—ot $ g+ S gets, 
j= - Burl , 
-where b is an integer, positive, negative, or zero, but not less the larger one- 
of the two numbers: l 


p p “ tty 
— 2 p È lao  — x Ji R> qe. 
1 azl peut 


From (1) of Lemma 3, we have then “the following theorem. 


THEOREM 3. Suppose the hypotheses of Theorem 2 hold, and the total 
mass of the distribution is equal to zero. Suppose the first Betti numbers oft 
the u outer branches Sa (a==1, 2, + -,u) of g=— e? and the v outer 
branches Se CR u+2,---,u+ty) of g==6 (Lemma 3) are 
qa and Zqg respectively. .. | ` l 

Then in the space exterior to the ae A (k =1, 2,°--+;p-+n) 
the potential f has at least - | | 


; u uo “ae 
eRe eT) + | > Ji — 2 gı + > la — pos qe | 
| critical points not on the infinite branch m f= 0. o 


The respective numbers M, and M, of these critical points of type 1- 
and type 2 are guen by af 3). 


Tt is interesting to note that, so far as lomila £0, , (8. 1) and (8. 2) are 
particular cases ee (10. 3). 
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1t. Static charges on conductors tn equilibrium. The case of static 
charges on conductors (Kellogg, p.-176) in equilibrium is a special case of 
simple distribution of matter over closed surfaces. Suppose the surfaces 
Eg, (k = 1, 2,: : +, p -+ n), of § 4 are the surfaces of p + n finite conductors, 
and the surface density of the static charges at a point P of any one of the 
surfaces is m(P). Let fa(P) designate the outer normal derivative at P of 
the potential f due to this distribution with respect to the conductor on which 
P lies. It is well-known that when the distribution is in equilibrium, 

fa(P) = 4rm (P) 

(Kellogg, p. 164). Hence an admissible distribution of static charges in ` 
equilibrium over a finite number of finite conductors, the surfaces of which 
are regular surfaces of class C*, may de defined as a distribution in equi- 


librium, the surface density of which is continuous on each conductor Bad 
never vanishes. Hence we have the following theorem. at once. 


TEHEORnM 4. The preceding two theorems hold for the potential due to a | 
non-degenerate distribution of statice charges in equilibrium over the pton 
finite conductors, the surfaces of which are the surfaces, E, Eat + +, Haun, of 
those theorems. 


Ill. THB NON-DEGENERATE NEWTONIAN POTENTIAL DUE TO A FINITE 
NUMBER oF Pornt MASSES. 


12. The potential. The equipotential surfaces in the neighborhoods of 
the point masses. Suppose i in the extended 3-space there are p masses m; > 0 
(¢==1, 2,---,p) at the p finite distinct points P; == (zt), and n masses 
m <0 Gao +1, p-+2,:--+,p+n) at the n finite points P; = (2), - 
- distinct among themselyes and from the p points Pi. Then the Newtonian 
potential due to these point masses is the following function: 

F(a) == mi/tt, (k= 1,2,--*,p-+n),. 
where rs is the distance from the point Px to the variable point (s). The 
function F- becomes positively infinite at P, and negatively infinite at pj.. 
The distribution will be said to be non-degenerate if F has no degenerate 
eritical point in the finite part of the 3-space. 

We shall prove the following lemma. ~ 
` Lumma 4. Suppose F is the potential due to a distribution of p positive 
point masses at Pi (i= 1, 2,---+,p) and n negative point masses at -P; 
(j= pti, p+2--+,p+n). | 
(1) For a suffictently large positive constant L, the equipotential locus 
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F(z) == L consists of p analytic sphere-like surfaces Hy, Ei enclosing Pi; 
and the equipotential locus F(x) = — L consists of n ana La sphere-like sur- 
faces Ey, E; enclosing Pi. Í 

(2) The fintie closed region bounded My each of these sphere-like surfaces 
is a 3-cell, 

(3) The- function F has no critical m in: the finite R region 
bounded by any one of these sphere-like surfaces. 

` (4) At each point of E; [E;], the outer normal derwatwe of F with 
respect to the infinite region bounded by E, [Hy] is positive [negative]. 

Proof. Let us confine our attention on a neighborhood of one of the 
points Pa. Without loss of generality, we may take one such point. at the 
origin. Then, in a neighborhood of the origin, the potential can be repre- 
sented in the from: 

F(z) =u: Ei 


where wis a positive constant, the quantity of mass at the origin, r the ‘sae 
from the origin to the m (z), and ae) a function TEE in that- nee 
. borheod.. . 
| Let us Tona the transformation i 

(12. o L'i = g;/[1— rw(z)], (i= 1, 2, 3). 


The. transformation is continuous at the origin, and analytic at any point in 
a sufficiently small neighborhood of the origin except possibly at the origin. 
It can be easily shown that the transformations is of class C* at the origin, 
and has a non-vanishing jacobian. Hence the transformation is continuous 
- and one-to-one in a neighborhood N of the origin. 

| _ If the positive constant L is taken sufficiently large, the set of ‘ini 
satisfying the inequality F = L has a subset S of points in N and has no point 
on the koundary of N. Moreover, by virtue of (12.1), we have l 


ow (1/r—w(2)) = ur, 


where 1’ is the distance from the transformed origin to (2’). The set s is 
therefore carried by the transformation (12. 1) into the set of points satisfyi 


rE uL, 


which constitutes a 3-cell. Therefore the set 9 constitutes a 3-cell. The 
boundary of the set S is, of course, an analytic surface. 
It is easy to see that the locus F (z) = L consists of exactly p analytic 
.sphere-like surfaces, one enclosing each positive point mass. Similar state- 
ments can. be. made for F(s) —— D, per ar 
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Thus, the statements (1), (2),. and (3) of the lemma follow i from the 
transformation (12.1). Since F has no critical. point on these p + n sphere- 
like surfaces, the normal derivative - F can never vanish on them. Statement | 
(4) then follows at once. | | 


18. Critscal points of F. The fonction F and its partial derivatives of 
the first order are regular at infinity. Thus the Corollary to Theorem 1 holds 
for F. In fact, the discussions in § 6 and § 7 hold for F.almost word for word. . 
So does the discussion in § 9, if we omit the redefinition there because ‘it is’ 
unnecessary for F, and if we regard g there as F itself. k Lemmas 1-8 
with obvious modifications hold for F. On setting gx (k= 2,° °°, pt) 
in Theorem 2 equal to zero, we obtain the following oa . 


TRONEN 5. Suppose there 18 a- non-degenerate ‘distribution of p post- 
tive and n negatwe point masses, the total mass of which ts not zero. Then in 
the finite space the potential F due to thts distribution has at least- p + n— 1 
critical points. If F-has more than this number of critical points, the excess 
13 even, 

If the total mass 4s is negative [ positive |, F has at least n—1 [n] eritical 
points of type one and p [p—1] critical points of type two. The excess of 
cretical points of type one, if any, is equal to that of type two. 


Similarly, from: the proof of Theorem 3’ and from the nature of the 
constants b’s there, we have the following theorem. ; 


THEOREM 6. Suppose there is a non-degenerate distribution of p positwe 
and n negatwe point masses, the total mass of which ts zero. Suppose the 
Arrest Betti numbers. of the u outer branches Sq (a = 1, 2,: ++, u) of F= e 
and the v outer branches Sp (B =u +1, u AT 2,°°°,u-+v) of F= e are 
qa and .2qg respectively (cf. Lemma 3). _ | 
Then in the finite space the potential F due to this distribution has at 
least j l : 7 


přn— uto) tY o 


oritical points not on the infinite branch of F = 0. If F has more than thas 
number of critical points not on the infinite branch of F == 0, the excess 48 
even. | . 

_The respectwe numbers of these critical pots a type 1 and type 2 are 


Mnet Saget, Mam p—vt. =. tet 


“where b isa posttwe integer or zero. 


- 


mare 


By G. A. Musa, 


COMPLETE. SETS OF CONJUGATES UNDER A GROUP. ` 


F. Theorems relating to complete sets of conjugate E Ifa group . 


@ is not the identity it cannot involve a complete set of conjugate operators 


which includes more than one-half of its operators since esch operator is 
transformed into itself by all of its powers. . Moreover, when G@ involves’ a 


complete set of conjugate operators which is composed of one-half of its 


operators then each of them must be of order 2. The product of one of 
them and any other must be of odd order since this product is transformed 
into its- inverse by each of these two operators of order 2 which are trans- 
formed ‘into themselves under Œ only by their own powers. Hence exactly 


~ one-half of the operators of G, including the identity, are of odd order. - 


- The product of two such operators of add order could not be of order 2 
since the products obtained by multiplying one of them successively into all 


of these operators of order 2 give all of these operators in some order. -It 


therefore results that these operators of odd order constitute a subgroup: of 
index 2 under G. This subgroup must be abelian since each of its operators 
corresponds to its inverse in an automorphism of Œ. Moreover, every abelian 


. group of odd order can be extended by an operator of order 2 which trans- 


forms each of its operators into its inverse and the resulting group will be 
such a G. That is, a necessary and sufficient condition that a group which 
ts not the identity: contains a single set of conjugate operators composed of 


tended group must therefore be either a dihedral group or an extended dihedral 
group involving a subgroup of odd order and of index 2. 

Before determining properties of the groups which involve. two complete 
sets of conjugates such that each set is composed of exactly one-third of. the 
operators of the group it is desirable to establish a ‘theorem which- will be 
very useful in this determination. Suppose that s is an ‘operator of order 3 


“and that the following equation is satisfied : 


a ist — tip 


as many as one-half of the operators of the group ts that tt can be obtained © 
by extending an abelian group of odd order by an operator of order 2 which, 
_ transforms into its inverse every operator of this abelian group. This ex- 


¥ 


From these conditions it follows directly that the three conjugates of ¢ under - 


the powers of s are commutative. It is also clear that the given equation 


is satisfied whenever each of g two operators st and st i is of order 3. Hence . 
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the following theorem :- If. s is an operator of order 3 and.tf t ts any operator 
‘such that s*tst = ts*ts then the three + conjugates j t under the powers of s- 
are relatively commutative. . 

If G involves two complete sets of conjugate operators such that each of 
them is composed of one-third of the operators of G then we can select a set 
of m of these opérators, where m is one-third of the order of G, which have. 
the property that the products of a given, one of them sı into all of them are 
all‘of order 3. We shall denote these sets of operators of order 3 by 


$1, S° °°, Sm 81" 81825 * °°) 818m ° 


respectively. From the theorem noted above it results that -these sets have . 
no common operator since it may be-assumed without loss of generality. that 
each ‘of these operators is transformed into itself only by its own powers. It. 
also results from this theorem that the order of each of the m distinct 

operators 1, 81782, °° *, 878m is not equal to 8. This set of m operators 19 
therefore composed of all the operators of @ whose orders are not equal to 3 
and the same set would result if we would start with any one of the other 
operators of order 3 instead of starting with sı. 

Since each of the products obtained by eee these m operators 
successively by one of the. remaining operators of G, or by its square, is of 
order 3, it results that the product of any two of these m operators, or the. 
square of any one of them, is not of order 3. Hence these m operators con-. 
stitute an invariant subgroup H of index 3 under @ whose order is prime to 3. 
lf H involved more than one Sylow subgroup’ of a given order it. would 
‘involve two non-commutative operators which would be conjugate under an 
operator of order 3 of G. This is impossible according to the theorem noted 
above. Hence. we have proved the following theorem: I f a group involves 
two complete sets of conjugates such that each set is composed of exactly 
one-third of the operators of the group then it contains an invariant subgroup 
of indez 3 which ts the direct product of its Sylow subgroups and the order 
of each of these subgroups is of the form 3k + 1. i 

If a. group G of order g involves a complete set of g/n, n < g, conjugate 
operators then the order of its central must divide n and be less than n. In 
particular, when n is a prime number the central of @ is the identity. In ` 
this case the order of G cannot be divisible by the square of this prime number ` 
‘since every subgroup of order p”, p being a prime number, contained in G 
is found in at least one of the Sylow subgroups of G whose order is a power 
of p. These statements are illustrated by the theorems noted above and may 
be eapmyes in. giving alternate proofs | of these theorems. In particular, it. 
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follows directly therefrom that the order of a group involving a set of con- 
jugates composed of exactly one-half of its operators is divisible by 2'but 
not by 4 and hence it contains a subgroup of index 2 composed of its opera- 
tors of odd order including the identity. 


2. Groups involving a small number of complete sets of conjugate non- 
invariant operators. There is-no group which involves one and only one 
complete set of conjugate non-invariant operators since such a set could not 
involve more than one-half of the operators of the group and the central 


“quotient group of a non-abelian group cannot be cyclic. If a group involves 


just two such sets one of them must involve one-half of the operators of the ` 


group since the central could not involve more than one-fourth of these 
operators. Hence the order of the group is 6 and it is the non-cyclic gřoup 
of this order. It results directly from the theorem noted above that the 
number of different complete sets of conjugate non-invariant operators in a 


group involving a set of conjugates composed of half its operators is g/4 aie ae 


When the number of these sets of conjugates is a given number h > 1. the 


number of these groups is equal to the number of the abelian groups of order 


2h—1. In particular, there is at least one such group for every value of 
h >l. 


There is no upper limit for the possible orders of ae groups . which’ 
involve no set of conjugate non-invariant operators since every abelian. group. 


has this property. On the contrary, when the number of these sets, of con- 


.  jugates is any given number k > 1, the order of the possible groups has an 


upper limit and hence the number of these groups is also limited. To prove 


this fact it may be noted that if gi, go, ° °°, gu represent the orders of the ~ 
subgroups which transform into itself one of each set of such conjugate ' 


operators then the order of the central of G must divide the highest common 
factor of these g’s and it must be less than the smallest of them. In ‘par- 
ticular, when at least one of these g’a is a prime number the central of G 
must be the identity. As the sum of the reciprocals of these gs is at least 
equal to 34 at least’ one of them cannot exceed 44/3 and the order of the 


- [7 
Px 


central can therefore not exceed 2k/3. After this smallest g has been selected ` 


we can proceed similarly with the remaining k— 1gs: Hence the following 
theorem: Only a finite number of groups contain any given number of com- 


plete sets of conjugate non-invariant operators. 


If a group contains three complete sets of conjugate: non-invariant ` 


operators and one of its g’s is 2 it must be the dihedral group of order 10 
according to the theorem noted above. If its smallest g is 3 it is the tetra- 
ledral group, and if its smallest g is 4 it must be a non-abelian A of 


at 
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order 8. There are therefore four and only four groups which have the 
property that each of them involves exactly three complete sets of conjugate 
_Ton-invariant operators. These are the two non-abelian groups of order 8, 
_ the tetrahedral group, and the dehedral group-of order 10. l 

If a group contains four complete sets of conjugate non-invariant opera- 
tors and one of its g’s is 2, it must be the dihedral group of order 14. - When 
two of its g’s are 3, it is the semi-metacyclic group of order 21, and when 
only one of them is 3 and another is 4, it may be either the octahedral group 
or the icosahedral group. It remains to consider the cages when the smallest 
g exceeds 3. If three of these g’s are 4 then G is the holomorph of the group 
of order 5. When two of them are 4 and the others exceed 4 then G is either 
the dihedral or the -dicyclic group of order 12. It is easy to verify that these 
are the only possible cases which correspond to a possible group and hence 
there are exactly seven groups which separately have the property that there 
appear therein four and only four complete sets of conjugate non-invariant 
operators. | . l 


8. Groups involving only one complete set of conjugate non-invariant 
subgroups. Lét Grepresent any group which involves one and only one com- 
plete set’ of conjugate non-invariant subgroups. The order of these cyclic 
` subgroups must be of the form p”, p being a prime number. Moreover, there 
cannot be more than one Sylow subgroup of order q*, q being different from p, 
in Œ and every subgroup of this Sylow subgroup must be invariant thereunder 
and hence the Sylow subgroup must be abelian when q > 2, and either abelian 
or Hamiltonian when q = 2. The subgroup ‘of index p` contained in’ a non- 
invariant cyclic subgroup of order p” must beinvatiant under G and hence 
, a characteristic subgroup of G because it appears in’each of its non-invariant 
' subgroups. This subgroup and the Sylow subgroups of G whose orders are 
prime to p must generate a characteristic subgroup of G, which is the direct 
product of its Sylow subgroup and involves no invariant operator of G except 
the identity and possibly operators whose orders are powers of p. 

' From the preceding paragraph it results directly that the order of G 
may be divisible by more than two prime numbers and when it’is divisible 
by two such numbers it is of the form p”q”, q being a prime of the form 
1+ kp. Moreover, it is obvious that when q is any prime number of this 
form it is possible’ to construct one and only one group of order pq”, where 
m is an arbitrary natural number, which involves one and only one complete 
_ set of conjugate non-invariant. subgroups of order p™. The number of these 
- subgroups is q”. This proves the following theorem: A necessary and suffi- 
cient condition that a non-abelian group G whose order involves only two 
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_ prime numbers contains one and only one complete set of non-invariant con- 
jugate subgroups is that tts order is of the form pq", p and q being prime 
numbers and q of the form 1 + kp, and that G contains an itwariant abélian — 
subgroup of index p and also an operator. of order p™. 

It remains to consider the case when the order of G is a power of p. 
The -conjugate cyclic subgroups of order p™ in G must now generate an 
invariant subgroup H of G& while in the preceding case they generate G itself. 
The former fact results directly from the theorem that in the ‘group ‘gen- 
erated by a complete set of conjugate subgroups of a prime power group, 
these subgroups cannot all be conjugate while in the group-generated by the 
Sylow subgroups of a group they are always all conjugate. The quotient 
group G/H is cyclic. When p > 2 this follows directly from the theorem: 

that if. each of two non-commutative operators whose orders are powers of p 
_ transforms the group generated by the other into itself then the product of a 
' power of one of these operators into the other generates a group which is not 
invariant under the other. This theorem applies also to the case when p =2 ` 
and. at least one of these two operators has an order which exceeds 4.- If an 
operator of G which is not commutative with the subgroup of order 2” 
generated by an operator t were of order 4 then t could not be either of 
order 2’or of order 4. It therefore results that G/H is also cyclic when, p = 2. 

The cyclic subgroup of order p™* which is common to all the e 
subgroups of order p™ contained in G must be in the central of G since the 
operators of G which correspond to a generator of G/H must be commutative ` 
with all of these operators. The conjugate subgroups of order p” must 
therefore correspond to an invariant subgroup of order p in the quotient 
- group corresponding to the group generated by their common subgroup of order . 
p”. Hence these conjugate subgroups generate an abelian group and the 
commutator subgroup of G is of order p. Hence m cannot exceed 1 and H 
must be the non-cyclic group of order p?. This proves the following theorem: 
If a group of order p™, p being a prime number, has the. property that it 
contains one and only one complete set of non-invariant conjugate subgroups 
then +t ts the non-abelian group which 18 H to the abelian group of 
this order and of type (m — 1,1). 

It should be noted that. each of the two systems of groups na ae 
together all the groups containing one and only one complete set of .non- 
invariant conjugate subgroups is composed of an infinite number ‘of distinct 
groups., On the contrary, it was proved above. that if a group containg a 
finite number k of completa sets of non-invariant conjugate operators then 
its order has an upper limit which is a function of k, and hence the number 
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of such groups for a given value of k is finite. It may also be noted that it 
follows directly from the method used above in the study of the groups of 
order p”q that there are groups of order p”q” which involve exactly n com- 
plete sets of non-invariant conjugate subgroups, where n is an arbitrary 
natural number. To construct such a group it is only necessary to assume 
that the Sylow subgroup of order q” is cyclic. This proves the existence of 
an infinite number of groups which involve separately exactly a given arbi- 
trary number of complete sets of non-invariant conjugate subgroups. 


l 4. Complete -sets of conjugate subgroups of a prime power group. If 
in any permutation group of degree n the subgroup composed of all the 
permutations which omit one letter is of degree n— k, k > 1, then every 
permutation of this group which omits one letters omits a multiple of k 
letters. In other words, its systems of imprimitivity composed of k letters 
each have the property that no permutation of the group permutes some but 
not all of the letters of a system, and vice versa. If the letters of such a 
permutation group correspond to a complete set of conjugate non-invariant 
subgroups or non-invariant operators of a group of order p™ then k= p*, 
.a > 0. Hence such a complete set of conjugates always involves p* which 
have the property that each of them is transformed into itself by every ‘other 
one of these p* conjugates. Every operator of the group which transforms 
one of these p* conjugates into itself must transform a multiple of p* of them 
separately into themselves. | 
. When a group @ of order 2” contains a complete set of 2” * conjugate 
subgroups of order 2 the generator s, of one of these subgroups must be 
transformed into itself by the generator s, of another and sı, sa generate the 
four-group. The subgroup of order 8 which contains this four-group must 
be the octic group since s, and sz are conjugate thereunder. The subgroup 
- of order 16 which contains this octic group must involve an operator which 
transforms s, into itself multiplied by an operator of order 4 and is com- 
‘mutative with this operator. This transforming operator must therefore be 
of order 8 and the subgroup of order 16 must be formed by extending the 
cyclic group of order 8 by an operator of order 2 which transformed ‘its 
operators either into their seventh or into their third powers. When the 
order of G exceeds 16 it could-not be the latter and the subgroup of order 2 
which contains the former, transforms the non-invariant operators of order 2 
contained therein into themselves multiplied by an operator of order 8. Hence 
this group of order 32 contains an operator of order 16. As this process 
can be continued until G is reached we have established the following theorem : 
If a group of order 2” contains a complete set of a? conjugate euogreugs 
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of order 2, it is either the dihedral group of order 2™ or. the group obtained 
by extending the cyclic group of order 2" by an-operator of order 2 which 
transforms each of its operators into its 2°-?-—1 power. In the former case 
m > 2 there are two such sets of conjugates while in the latter case m >.3 
there is only one such sete When m==3 the octic group is ‘the only: one 
which satisfies this. condition while there are ee two such R when 
Mm > 3. 

When a group G of aa p™ contains a ade ak of p™? cote 
subgroups of order p > 2 the generator sı of ‘one: of these subgroups must 
again be transformed into itself by the generator $2 of another and 8;, 82 ' 
l generate the non-cyclic group of order p?.. The subgroup of order, pè which 
involves this non-cyclic subgroup must be the non-abelian | group of this drder 
which involves no operator of order p? whenever m > B3 since 3; is transformed 
into itself by only p? of the operators of G. This is also true of the subgroup 
of order p* which contains this subgroup of order p? when. p> 3 and m > 4, - 
bué when p==3 this subgroup of order: p° involves the abelian group of 
order p° arid of type (2,1) while each of ‘its remaining operators is of.order. 3. 
It may be noted that when G@ contains an abelian subgroup of index p then 
the number of the independent generators of this subgroup cannot ‘exceed 

`p for if this number were larger than p this subgroup would involve a char- 
> acteristic subgroup: of type (1, 1,1,: > >) containing more than p invariants 
and only one subgroup of order p which would be invariant under G. As 
this is obviously impossible. it. results that when a group of order Pp being 
a prime number, contains a complete set of p™ conjugate subgroups of- order 
p and also an abelian subgroup of index p then this subgroup cannot involve 
more than p invariants and when it involves p invariats tt must ‘be of type 
(GBL h j 

When such & subgroup ig cyclic and p S 2 it results directly from the - 
fact that its group of isomorphisms ‘is cyclic that m cannot. exceed 3.. There 
is therefore a marked difference between the cases when p=? and when 
p> 2 as regards such a cyclic subgroup., In particular, when p==3 and 
this ‘subgroup is cyclic, G is either of order 9 or the non-abelian group of . 
order 27 which involves operators of order 9. When this subgroup is of type 
(1, A 1) G is the group of order 81 whose only abelian subgroup of order 27 
is of this type. On the other hand, when this subgroup has two invariants 
there is no. upper limit to the possible orders of G but the ratio. of these 
two invariants can not exceed 3 in view of the fact that if this ratio would 
exceed 3, G would involve a characteristic subgroup having for one of its. 
invariants 3 and for the other a number larger than 9. ‘Such a subgroup 
can obviously not involve an automorphism of order 3 under which only 
three of its operators are invariant. l 


~ 


TOPOLOGICAL INVARIANCE OF SUB.COMPLEXES. OF 
SINGULARITIES.* 


By ArTHUR B. Brown. 


1. Introduction. We consider the question of topologically invariant 
sub-sets of a given complex.+ In the first part of the paper we consider sub- 
complexes which are determined from the incidence relations by simply 
counting, and here obtain results of which the following is a simple example: 
If a complex K is an n-cycle (mod. 2), then so is every complex homeomorphic 
to K. In the second part of the paper, we consider sub-sets defined in simple 
terms, but such that it is not known at present how to determine them in all 
cases from the incidence relations. Given two homeomorphic complexes K and 
K’, in terms of these sub-sets we state a necessary and sufficient condition that 
the image of a given point of K be on a cell of K” of dimension not exceeding 
1, under all possible homeomorphisms between K.and K’. 

The proofs depend on the Brouwer theorem of invariance of regionality. 


Cells are taken homeomor ‘phic to simplezes, as defined in Veblen’s 
Analysis Situs. J 


_ 2, Sub-complexes determined by counting. Given a complex K, let Kn 
' be another name for K, and K; the sub-complex of Ki,: consisting of all the 
i-cells, and their boundaries, of Kı that are incident each’ with a number 
of (t+ 1)-cells of Kix, not equal to 2. We remark that we might also have 
K; include every t-cell, and boundary, of K which is not incident with any 
cells of K of higher dimensions; and all the succeeding work goes through. 

Preparatory to proving the- topological invariance of the a Ky, 
we prove two lemmas. ` 


Lemma 1. Gwena complez K and an (n — 1)-cell an-ı incident with m 
of tts n-cells; then if P is a point on an; having a neighborhood on K homeo- 
mot ‘phic to an ‘n-cell, m must equal Q. 


Proof. In each of the three other possible cases, m > 2, m= 0, m= Í, 


* Presented to the Society, J June 13, 1931. 
t Analysis situs terminology is as conned: in S. Lefschetz’ Bg“ Topology,” Couogaiar 
Neries, Vol. 12, New York, 1930, 
. $0. Veblen, “ Se ha Saag The a o ee, second edition, New 
York, 1931. 


117 


118 ARTHUR B. BROWN. 


we can easily obtain a contradiction, by use of the theorems of invariance of 
regionality * and dimensionality.t Therefore m must equal 2.} 


Lemma 2. Let K and K’ be homeomorphic n-complezes, and ba+ an 
(n—1)-cell of K’ which is incident with m n-cells of K’, m2.” Then 
under any homeomorphism H between K and K’, bn- ts mapped on cells of K 
of dimensions not exceeding n— 1; and, neighboring any pont P” on tt, has 
images on at least one (n—1)-cell of K. Further, if Q’ on bn corresponds to 
Q on an (n—1)-cell an-ı of K, then anı and its incident n-cells correspond 
to bn-1 and its incident n-cells in K’, in one-to-one manner, neighboring Q and 
Q respectively. 


Proof. Let r be the maximum of the dimensions of the cells of K on 
which br_1, neighboring P’, is mapped. Then if Q’ on bas maps on Q of ar, 
` there must be an (n—-1)-cell, image of a neighborhood of Q’ on ba-ı on a 
neighborhood of Q on ar. By the invariance of regionality, r must therefore 
be at least n— 1. Since m s4 2. it follows from Lemma 1 that rs«n, hence r 
- must equal n — 1, as was to be proved. 

To prove the final conclusion of the lemma, let Q’ on bn-ı have as image Q 
ON an-ı of K, and consider the map on K of a neighborhood of Q’ on K’, say 
composed of cells one each on bn, and on the incident n-cells. According to 
the first part of the lemma, the neighborhood of Q’ on Un», must map on a set 
neighboring Q on a», hence, by the invariance of regionality, on a neighbor- 
hood of Q on ani. ` 

Let N’, be one of the n-cells ee the neighborhood of Q’ on K’. The 
image Nn of N’, must lie on just’one of the n-cells of K incident with amı. 
For, if it had points A and B on two different n-cells, we could join the respec- 
tive Image-points A’.and B’ by a-curve on NV’, and, taking the image curve on 
K, let C be the first point on that curve, when passing from A to B, which did 
not lie on the n-cell on which A lay. Then C could not lie on an n-cell, hence 
would be on an-ı. As the corresponding point C’ would he on N’, it would 
follow from Lemma 1 that anı must be incident with just two n-cells of K. 
Then, considering the homeomorphism of the neighborhoods of Q’ and Q, it 
would follow, again from Lemma 1, that banı must be incident with just two 


*L, E. J. Brouwer, “ Beweis der Invarianz des n-dimensionalen Gebiets,” Mathe- 
matisohen Annalen, Vol. 71 (1912), pp. 304-313. Cf. Lefschetz, loc. ott., page 100. 

' fL. E. J. Brouwer, “ Beweis der Invarianz der Dimensionszahl,” Afathemattschen 
Annalen, Vol. 70 (1911), pp. 161-165. Cf. Lefschetz, loc. oit., page 99. The invariance 
of dimensionality is of course.an immediate corollary of the invariance of regionality. 

ł Cf. proof of invariance of simple circuit, Lefschetz, loo. oit., page 101. 
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n-cells of K’, contrary to hypothesis. Hence Nn can lie on only one of the 
n-cells of K incident with an- 

Further, two different N’, cannot map on the same n-cell of K, for in 
that case we could apply the argument just given, with the rôles of K and K’ 
interchanged, and again obtain a contradiction. 

Since under H a neighborhood of Q on K must correspond to a neighbor- 
hood of Q’ on K’, we therefore conclude that the final conclusion of Lemma 2 
is valid, and the proof is complete. 

The following theorem is a special case of Theorem 6 below. 


THEoRemM 3. Let K and K’ be homeomorphic n-complezes, and M and M’ 
thew respecte sub-complezes composed of the n-cells and their boundaries. 
Then under any homeomorphism between K and K’, M corresponds to M’, and 
the boundary (mod. 2) of M corresponds to the boundary (mod. 2) of M’. 


Proof. The first conclusion is proved easily by use of the theorem of 
invariance or regionality. The second conclusion is also proved easily, by use 
of Lemma 2 and the fact that an (n — 1)-cell on the boundary of an n-complex ` 
is incident with an odd number of n-cells, hence not just 2. We give no fur- 
ther details. | 


COROLLARY 4. If K and K’ are homeomorphic complexes, then K ts an 
n-cycle (mod. 2) if and only if K’ is an n-cycle (mod. 2).* 


THEOREM 6. Let K and K’ be two homeomorphic complexes, and Ky, 
K'i, t= 0,1,- > +, n, the respective sub-complexes defined at the beginning of 
the section. Then, under any homeomorphism H, Ki and Ky’ correspond as 
point sets. 


Proof: Assume the theorem proved for Ka-1; ° °, Kine The theorem 
for K; is then an easy consequence of Lemma 2, taking the n of Lemma 2 to be 
t + 1 for the present application. As the case i = n — 1 requires-no assump- 
tion, it follows that the theorem is true. 


THEOREM 6. Given a complex K, let A be the sub-compler determined by 
the t-cells satisfying the following conditions. Each i-cell of A is an t-cell of 
Kı (defined above), and is incident wrth a spectfied number of (i + 1)-cells of . 
Kin; each of the latter (1+ 1)-cells ts incident with a specified number of 


(1 + 2)-cells of Kis (not necessarily the same number in every case);- °° ; 








* The corresponding theorem for the n-circuit was proved by Veblen, loo. ewt., 
Chap. III (first or second edition); for the simple n-circuit by Lefschetz,. loe. cit., 
page 101, 
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and so on, tul finally we have (n——1)-~cells of Kn. incident with specified 
numbers of n-cells of K. Let K’ be a complex homeomorphac to K, and A’ 
the sub-complex of K’ defined as described above for A and K, and with the 
same sets of numbers specified. Then, under any homeomorphism H between 
K and K’, A and A’ must correspond. 


To prove this theorem, we assume it proved for the sub-complexes simi- 
larly defined, but starting with cells of dimension’ (t-+ 1); and then proceed 
to prove it for the case stated. The result follows easily upon use of Lemma.2. 
Hence, as in the preceding proof, the theorem is valid. l 


8. Loci of irregular points. A point P on a complex K will be said to 
be p-regular, or have regularity of order p, if p is the largest integer such that 
a neighborhood of P on K can be covered by a set of cells all of dimensions at. 
least p; where the set is non-singular on K, and the cells are incident with — 
each other as in a complex. The cells need not be cells of K. The determina- 
tion of the order of regularity ofa given point of K in terms of the incidence 
relations between the cells of K would involve the solution of some of the out- 
standing problems of analysis situs; but it is done easily in many cases. 

We define Ji, i = 0, 1,- + +, n, to. be the locus of all points on K of regu- 
larity + or less. 


THEOREM 7. The locus ae is all of K, and J; is a sub- OOND of Jiu, of 
dimension at most i, t = 0, 1, ° °, n— 1. 


The theorem follows easily from the definition, and we omit te proof. 


. THEOREM 8. Gwen K and K homeomorphic complezes, and J; and J" 
their respective sub-complexes of points of regularity i or less. Then J, and 
J’; correspond under any homeomorphism between K and K’. Furthermore, 
a necessary and suficient condition that a gwen point P’ of K’ be mapped on 
a cell of K of dimension not exceeding 1, under all possible homeomorphisms 
H between K and K’, 1s that P” be on J'i. 


Proof. The first conclusion is a consequence of the fact that the definition 
of J; is purely topological. The sufficiency of the condition in the last con- 
`- clusion follows from the first part of the theorem. We now prove the necessity. 

Let P be the image of P’ on K. Since P’ is not on J’;, P is not on Ji, 
and hence has a neighborhood on K composed of cells.of dimensions at least ` 
i+ 1 (not necessarily cells of K, of course). Let d, denote the cell ‘of that 
neighborhood on which P lies. Since the dimension r of d, is at least i -+ 1, 
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d, must.contain a point Q as near to P` as we like, which does not lie on any 
cell of K of dimension ¢ or less. This is an easy consequence of the invariance 
of regionality. It is an easy matter now to define a new homeomorphism H, 
` between K and.K’, which maps P” on Q, but is identical with H except in the 
neighborhoods of P (including Q) and P’. We need consider H, only in these 
neighborhoods: First we define H, over dr, so as to be identical with H near 
the boundary of d,. Next we can define it also over the (r++ 1)-cells of the 
neighborhood, so as to be continuous over dy and these (r -+ 1)-cells, and 
identical with H near the (point-set) boundary. Continuing in this way, Hı 
is nga determined for the entire neighborhood. Since Q is on an r-cell of K, 
with r = t -+ 1, it follows that the final conclusion o the theorem is valid. 


THEOREM 9. ae compes K; isa sub- complex of Ja. 


Proof. Since K; and J; are both sub-complexes of K, and K; is deter- 
mined by its t-cells, it is sufficient to prove that if P is a point on an t-cell of 
Ki, then P lies on J;. Now if P. were not on Ji, we could cover a neighbor- 
hood N of P on K by cells of dimensions at least i -+ 1, by definition of Ji. 
Now Theorem 5 holds in the small, as follows from the proofs; hence, rela- 
tive to N, K, must coincide with an +-dimensional sub-set of the cells forming 
N. As the cells forming N would be of dimensions at least i -+ 1, K; could 
therefore have no points on N, a contradiction to the fact that P on N is on Ky. 
Hence P must be on J4, and the theorem: is. proved. ` 


THeoreM 10. Theorem 6 holds with Ky replaced by Ji. 


Proof. The same proof applies as in the case of Theorem 6, except for 
the case of an i-cell of J; which is incident with zero or two (++ 1)-cells of 
Jinx. Here we use the fact that the given i-cell must be mapped on J’; 
(Theorem 8), and then Lemma 2 will suffice for ponies the proof of the 
induction. Thus Theọrem 10 is valid. 


4, anung remarks: The. sub-complexes K; might easily be made 
more inclusive. For example, we might let K, contain all i-cells, and their 
boundaries, each of which is incident with at least one (i + 1)-cell of each of 
the following two-classes: (a) (i + 1)-cells which are not incident with any 
(i+ 2)-cells; (b) (i+ 1)-cells each of which is incident with at least one 
(1-+ 2)-cells. All the theorems of the paper would remain valid. 

Even under an extended definition of Ki, K; would not in all cases include 
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all of J4. Consider, for example, the complex obtained as the join of a point 
P with a torus.* The point P is not on Ky, Ki or Ke, but is easily proved to . 
be on Jy, Jz and Ja. 
Finally, we observe that if we consider a complex composed of “ cells ” 
each of which, with its boundary, is homeomorphic to an ordinary manifold 
with regular boundary,t hence not necessarily homeomorphic to a simplex, all 
the work of the paper goes through unchanged, and all the theorems are valid. 


COLUMBIA UNIVERSITY. 


* Cf: Veblen, loc. oit., page 96. 

t The combinatorial manifold with regular boundary is defined by Lefschetz, loc, 
oit., page 120. When we limit ourselves to. ordinary manifolds, the same definitions 
apply, except that all cells, spheres, ete., appearing in the definitions of Lefschetz are 
required to be homeomorphic to ordinary spheres, simplexes, ete. Cf. Veblen, lov. oit., 
pp. 88 and 92. . 


A DETERMINATION OF THE TYPES OF PLANAR CREMONA 
TRANSFORMATIONS WITH NOT MORE THAN 9 F.-POINTS. 


By Mitprep E. TAYLOR. 


1. Introduction. The types of Cremona transformations can be classified 
according to the order n or according to the number p of the #-points. Coble, 
(3, p- 83], remarks “that perhaps the latter classification is the more funda- 
mental.” Roughly speaking, the range of usefulness of a transformation 7’ 
is inversely proportional to the number p of the F-points. For, unless the 
F-points of T can be placed at significant points of a given figure, the image 
is more complicated rather than more simple. l 

Cremonaąa‘® gave a list of transformations for n==2 to n= 10. 
Guccia® gave algebraic expressions for the types and their inverses as listed 
by Cremona. Mlodziejowski “® listed types for n = 2 to n = 21. Bianchi ® 
by multiplying two De Jonquiéres transformations obtained the expression 
for the order n involving 3 parameters. Palatini’® by multiplying three 
De Jonquières transformations obtained a new transformation of order n 
whose expression involves 7 parameters.* He also multiplied four De Jon- 
quiéres transformations to obtain a new one whose order n involves 16 
parameters. In general, if k De Jonquières transformations be compounded 
the expression for the order n of the new transformation involves (2% — 1) 
parameters. Miss Hudson“? gave types for n == au — B, where 8B = 2y-+ 5 
«==0,1. If the number of F-points is 9, there exists an infinite number of 
transformations. However, in any of the above types when the number of 
F-points is limited to 9, only a finite number of transformations is obtained. 
Montesano“ derived the semi-symmetric types for p = 9 and obtained in- 
dependent expressions for each type involving 1 parameter. ‘This paper 
shows that these types are all related. . 

In this paper I have obtained explicit algebraic expressions for the 
integers n, rı 3j, 4; attached to every planar Cremona transformation with 
not more than 9-points, say at P,*, i.e. pi,° °°, Ps The method is that 
used throughout the lterature—the composition of known types. These 
algebraic expressions are classified into seven distinct types. 


* Miss Hudson ® states that the expression which Palatini obtained for n by com- 
pounding three De Jonquières transformations involves 6 parametera and by com- 
pounding four De Jonquiéres transformations ‘involves 16 parameters. 
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2. The Types in the Invariant Subgroup ù, of the Linear Group go,» 
The product of two Bertini involutions Es and E, with simple points at 
Pa, pı respectively is called Cz: The semi-symimetric transformation of 
order 37 with’ eight 13-fold points and-one 4-fold point is called D, when 
the 4-fold point is at pə. The general element [°, p. 375] of the abelian . 
subgroup of the invariant subgroup to,2 of the linear group ge, Is given by 


(1) | DPD: + Dy Cy, a ' Coh r 


where n is any integer, positive or negative, and pi = 0, 1, 2: with 
Spy == 0 mod 3. (i= 2,3," -,9). 

By direct a of the factors of (1), explicit algebraic ex- 
pressions are obtained for n, ri, 8z, aj¢ of Type I. 

The following notation is used pte for the ay symmetric 
functions of the vs and the p’s: s 
(2) y= 3 vi, V = Yav; p= Zapo p = bP pipi; o = Ya vipi. 
Also let | l 
(3) ye dy? 4p — Oy! — 4p’ — Bo, 

Tyre I. 
D” Dg”: + Do™C,1?*C'g,” a Oo, | 
With i;f—=1,2,-*-,9 (ix4j) and k= 2,3,- 1,9, let 
81 = RP» ox = 3v% aea R pk» 
Then . ; l 


n= 9y + 1, ry ae By Ly 38, gj = By — v + 38, 
as = y — 1, “ayy = y + 8 — 8. o 


(4) 


, The remaining elements. of tos [s BO: ac are obtained by taong ds 
pane of E, and (1). . 


Tree Il. 
EDD,” B DC, 103, J CoP. 
With 4, i k and ð d as in Type I let 


Pees vı = 8 + 2, Bam be 
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Then - oo l 
(5) n = 9y + 3y — 1, r; == By’ + 2y—38;, s == By’ + Qv — 38; 
a aiu == y fy—28, +1, ayy +17—8,— 8. 


3. The Remawmmg Types in the Linear Group go. The factor group 
-fo,2.0f the group 90,2 [°, p. 373] with respect to t,2 is simply isomorphic with 
the Cremona group Gs, [*, p. 15; 5, p. 349-850]. A study of the transforma- 
tions in G@s,2, which is a finite group, shows that each one can be obtained from ` 
an element of t%,2 by not more than two quadratic transformations. Hach type 
of isa is multiplied by a single quadratic, two unrelated quadratic (no F- 
points in common), or two related quadratic transformations (one F-point in 
common). There are exactly three different elements of the abelian subgroup 
of to,2 that will give the same Cremona transformation when multiplied by two 
unrelated quadratic transformations. Exactly three elements of the non- 
abelian part of te, when multiplied by two unrelated quadratic transformations 
give the same Cremona transformation. A Cremona transformation which is 
the product of an element of the abelian subgroup of ise and two related 
quadratic transformations is.also the product of some element of the non- 
abelian part of tẹ» and two related quadratic transformations. Hence, there 
are only seven distinct types of planar Cremona transformations. - 
Since the F-points can be permuted without altering the transformation, 
the quadratic transformations Aizs, Aase, Aras With F-points at Pu Pz ps; 
Pas Pss Da; Pis Pa, Ps, respectively are used to simplify the notation. ` 


TYPE II. 
DD. * ‘Des, 0e, ie. Co, PPA x95. 
With 4 7=1,2,38 (ij) and k, I= 4, 5, 9 (k1), let 


' >: = pa F de + fa). 
Then . 
n wm Jy — Besos + 2y 
ry = By + vy — Ber23 — 38; +1, m= By + v — Bòr, 
(6) 87 == By — v — exes + 38; + 1, Sı == dy — v — eran + 381, 
di = y— ergs, a= y— l, ap yy — eras + 8y-— 8 +1, 
Qjp = y — é123 + 8; — &, Can = ý + 8 — $i, Are = y + år — &. 


Tyrr IV. 
EDD. > DoC, 103,” -e + Ca, PAs. 


~ 
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With y and 8”s as in Type II, and 4, j, k, | as in Type III, let 
eias =v —(8%, + & +98). 

Then. 

n = 9y -+ 3y — 3e/123 — 2, 
Ti == 3y + 2y — 3dr — 38; — I, Ta = 3y + 2v— 35%, 
(7) 8j mem By’ +L Èy — e'is — 88°y — 1, 83 = By’ 4 2v — e193 — 381, 

Aig ee y + vy — C103 — 285, ark = Y +v— 2824-1, W 

- ap = y fv — 423 — 8 — 8; — I, ie eat ON 
ayy my! yp — 85 — 5, Ome = y + r — 8, — 8. 


Type YV. 
DD”: DPC, 1203,1 1” Cs, 1A sosA ane. 


With i,j —1, 2,3 (i j), k,l —4,5,6 (k 1), and m, t= 7, 8,9 (mA), 
let caso == v — (8, +H òs +85). Then 


n = Dy — Geiss — Besse + 4, o 
ri == by + y m Bers — 38; + 1, Te = 3y + r — dei23 — Jesse — Soy +°2, 
Tm = dy + y — 38m, 8j == By — y — Zeas — ease + 38; + 2, l 
s1 = By — v — Beras — ease + 88: + 1, Sia a A 
(8) Aii == Y — Enz, Ark = Y — e123 — fase, Omm == y — 1, ' 
| yg =y — ia + 8y— 1, an = y — sats +  — ŝi, 
an = y — ess $ erbu pe y — ens — ese + 83 — +1, 
Aig = y —— Erag — Ess + Ar —& l, Aie = y — €123 — tass F 8s — 8, 
jm = y + 8j — 8m, Aim == y + 81 — 8m, Aim = y + fi — Om. . 


l TYPE VI. 
E,D "Dy" + + Do, 180g P28 + + Og PAA 


With 4, j, k, l, m, t as in Type V and e125 as in Type IV, let 


PT a — (%4 +- 0’, 4- v5). 


Then 


(9) 


n == 9y -+- By — beieg — 3e sse — 4, s 

Ti m By” F Ry — Beis —- 3 — 1, 1% = By’ + 2v — Beras — Be’ 455 — 384 — 
Tm = By’ +: By —B8'm, 8y = By’ + By — esas — Cass — BH 2, 

81 == By! + 2y — Reig —— easa — 3871 — I, si = BY F 2v — Beas — Pao — 3 
Ag m y A y — ears — 28%, Oee = y F v aas — Ease — 25's, 

amm = Y H y 28m 1, a =y Heei — 5 — 8 — d, 

au = y + v— ei — 81 — 5 — 1, a y ev teiaa — 9: — 5 Ml, 
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Aje mm y’ + v— e123 — ese — 83 — 94 — 1, 
i Aik = y H v— e123 — Eass — 81 — 8% — 1, 
ag Air == y F y C193 — Eass — 5 — 84, Ajim = y H y — 85 — 8m, 
- Atm = y + r — Y1 — Fn, Aim = Y Fy — Yt — 8m. 


- | | Tyre VII. 
D:D: > + DC: C3 1+ + + Oo PAA. 


With j —2,3 (i547), k,l =4,5 (k1) and mt—6,7,8,9 (mA?) 
and €i193 88 in Type ITI, let Cian m= y — (ô, -{- 84 -+ 55). Then l 


n = Jy — Bers — Beras F 3, l 
Tai = By + y — Bere3 — Bes — 88, + 2, ri == By -+ y — Beres — 38; + 1, 
Ty =m By + v — Beras — 38 + 1, Th == By + r — 88m, - 
31 == By — v—— eras — Gras + 38, F 2, Sy = By — v — eirs — Gres + 38; + 1, 
Sı == dy — y — €193 — eras + 38, + I, 8t = 3y — y — e123 —— Cras + 38), 
or Xii m= y ~ Eiza; Nih mm yY — Eis Imm = y — Í, 
i (10) a wee y — Elgg ~~ €145 -+ ôj T ô; -+ 1, O14 = y 7 €128 — €145 +- ô, — 8; -+ l, 
ee i eS Org == y — ag FH 8; — 8, + 1, 
Genie E Agy = y — e128 F 8; — Îi 
tg = y — eaa H 8s — 8, Xir = Y — Gas + 8 — & + 1, 
Aje = y — eraa H 8; — br, a = y — eas F r — e +1, 
Oth == y — Eras t 8: — Ôr, Qim = y + Òr — Ôm, Ajim = y -+ 85 — dn, 
tm = y T 8I — Èm, Aim == y F Ss — Bm. 


4, Bertini L-Ourves with not more than 9 Multiple Points. Since the . 
P-curves of the planar Cremona ‘transformations are Bertini L-curves 
. [P; *; p. 22], the algebraic expressions for ri, sj, aj; in (4), (5)-- - (10) 
-give expressions for the order ¢ and multiplicity ¢; of all the Bertini Z-curves 
with not more than 9 multiple points. Each such Bertini curve occurs at 
least once, but may occur more often in this set of expressions. 
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ON -THE REPRESENTATIVE SPACE S, OF THE PLANE CUBICS.* 


: By J. YERUSHALMY.f 


In the study of the plane curves of order n it is often convenient to intro- 
duce the terminology of projective geometry of hyperspace by_ representing 
the curves by points (or hyperplanes) of a space Sy of N=—=n(n-+ 3)/2 
dimensions. All the curvés satisfying an algebraic condition are then repre- 
sented by the points of a certain algebraic spread in.Sy. Thus all the curves 
having a double-point are given by.a spread of N — 1 dimensions, those having . 
two double-points by a spread. of N — 2 dimensions, etc. 

The representative space S; of the conics has been studied extensively 
by Veronese, f Segre,§ Study, and others. In what follows some properties 
of the S, of the plane cubics are found. We obtain the orders of the more 
important spreads and their multiplicities with respect to each other, and 
the linear spaces on them with special reference to the surface Fa? representing 
cubics which degenerate into triple lines. A more detailed study is made of 
the F° by determining the curves on, it, its tangent planes and hyperplanes, 
as well as its double and triple tangent hyperplanes. Most of the results are- 
then extended to the general Pinout aes Sy [N ==-n(n + 3) /2] of - 
the plane n-ics. 

. We denote by V,* or Fa arai of r dimensions of T $; while 
a linear space of dimension k is denoted by Sy or Ps. 

A Vs” and Ss in Sa are called hypersurface and hyperplane Tespectively ; 
a Vo", a surface. - 

For brevity we refer to a point of Sp as the- cubic of the plane which — 
it represents, 


1. The ‘orders of ‘the spat The sabes of a plane m depend, as is 
known, on one absolute parameter, which is-the constant cross-ratio of the 
4 tangents which may be drawn to the cubic from a point. on it, and which 


* Presented at the whicege Meeting of the American Mathematical Society April 4, 
1931. 
+ National Research Fellow, University of Illinois. 
. $ Veronese, “La pauper uele:. omaloide, . etec.,” Memorie dell? E det Lincet 
(19)3, 1883-4. 
§ Segre, “Considerazioni intorno alla geometria della esnai di un piane,” Atti 
della R. Acoademia delle Boienee di Torino, 20, 1885. 
~ T 8tudy, “ Über- Geometrie der Fo Mathematische Annalen, Vol. 27. 
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18 called the modulus of the cubic, = fact, if æ is-the value of this cross- 
ratio for a cubic, then i D i a 

: S 8 8 
(1.1). I= 4(a#—a- 1)? | = 


(1+ a)?(2—a)#(1— 2a)? 
is the only absolute rational invariant for the cubic, where S and T are the 
two relative invariants of the cubic of ares 4 ane 6 respectively in the 
coefficients. = o 

‘That a cubic be of given modulus is therefore aen to one condition 
and we have in 8, œt hypersurfaces corresponding to the œt values of the 
parameter J. The points of one of these hypersurfaces correspond to all the 
- cubics in ~ having the same modulus. ‘Corresponding to the values œ, 0, 1 
of J [a—=—1; —e(è = 1); 1] there are three hypersurfaces whose points 
_correspond to CN equianharmonic, and nodal cubics respectively. 
We list below the spreads in Sy in which we will be interested. 


œ Fas of cubics of equal generic modulus. 

a Va of nodal cubics. 

an F, of harmonic cubics. 

. an Fs of equianharmonic cubics. 

a V, of cubics having 2 double-points (degenerating into a line and 

© a conio). 

f. an F, of cuspidal cubics. 

g. a Ve of cubics having 3 double-points (composed of 3 iea), 

h. an Fes of .cubics having a tacnode C into a conic and a 
tangent line). 

i. an Fs of cubics having a triple-point nen into | 3 lines of a` 

: pencil). 

j- an F, of cubics composed of a double line and a pene line. 

k. an F, of cubics degenerating into a triple line. 


Com OP OP: 


Wë recall that the order of a V, in Sy is the number, s, of points in 

= which it is met by an arbitrary Sy. Thus to find thé order of any. of the 
above spreads Vx, we look for the number of cubics having the corresponding 
singularity which are contained in.an arbitrary linear system o°* of cubics. 


a. Since J (1.1) involves the coefficients of the cubic to the 12-th- degree, 
there are in an arbitrary. pencil of cubics 12 cubics of a given generic modulus, 
and each of the hypersurfaces is an F”. | $2: % 

b. In the same way the hypersurface of nodal cubics à 13a V”. 

= c. The condition that a cubic be harmonic is T = 0, which involves the ; 
coefficients to the 6-th degree. This Par UA is therefore an F,°. | 
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d. For an equianharmonic cubic S = 0, involving the coefficients to: the 
4th degree. This hypersurface is an Ft. 


o i an arbitrary net of curves of order n there are 3% (n — 1) (n —32) 
X (3n? — 3n — 11) curves having two double-points and 12(n— 1) (n — — 2) 
cuspidal curves.* For n= 3 we obtain 


e. The spread of cubics nei into a conic and a line is a V:™. 
f: The spread of cuspidal cubics ts an F,**. 


Caporali + proves that in a linear system %2 of curves of order n, of 
genus p with e base-points and of grade N there are 


HN + 4p +0)*— (N + 4p + o) (2N + 41p +o) 
| — 4 (16N — 3434P + 2230) + 106 


curves having 3 double-points a 2(64p — IN — be + 20) curves having a 
tacnode. For n== 8, p==1, o= 0, N=9 we have 


g. The spread of cubics composed of 3 lines of a triangle ts a Vo. 
h. The spread of cubtes a aa into a contc and a tangent line 
48 an pyn : 


The order of F, of i is the number of cubics with a triple point con- 
taineg in a generic linear yeiem: o* of cubica | 


(1. 2) Ard (Erts) + ieee) -4 Asha (220) +: os AsPs (L12228) == 0, 


The condition for a i i is that all the derivatives of wedd 
order vanish: 








a E B . ga 5 Pha 
i i 0, = Aa ia rane 0, " j : > Aa $ m 0. 
a=. 2 F a=1 


(1. 3) nD. 





~ 


The number of such curves in the system (1.2) is given by the order 
of the matrix of 6 rows and 5 ons 


** Enriques and Chisini, Tenon sulla teorie geometria delle equazioni, eto., Vol. 22, 
p. 178. 

+ Caporali, “ Sopra i i sitemi eee triplamante infiniti di curve eeeenet piane,” 
Memorie di Geometria, SA (1888), P. 181-4.. ; 


182 : J. YERUSHALMY, 

















Ody Ob, ae Og, 
az? Jz? "E 
Fp Per , , hs 
0257 Gra i Ir? 

(1. 4): 
A dy Pde ee pe coe Obs 
07,02, OLT ArT, 


whose elements are .linear in 21, £a, za The order of a matrix of n TOWS 
and n + k columns in which the order of the element in the i-th row and | 
the -j-th column is 7; + Ay is * 

(1.5) Hrn = prn + pave + Bea bt E Vea 


where p and v; are. the elementary symmetric functions of degree i formed 
from h la’ e law and Ax, As, * Ang respectively. In our case h= l ==- - 
au fg a= 1, Ayam Ag Ag m D; H = pg == 15. Hence 

i. The spread of cubics with a triple point is an Fy. 

jl. The order of V, of 7 is the number of cubics composed of a 
double line and a simple line which are contained in a generic linear system 
œ" of cubics | 
(1.6) Arh (212ta) F Azpa (T1228) +: A + Aspe (2iF2ts) = 0. 

This system contains œt cubics with a triple point.. The locus of the 








triple points is the sextic curve given by eS 
ah Pd, i oa Pde 
îr ĝm? 6x? 


4. Por be 
i i «Oa, It- — ag? 
(1. 7) 0s = . wee 2 = 0. ° 











Oo, Phs oe 
02,07, 02202, 2,825 











This is a general sextic of full genus as can be seen by applying a formula 


*This formula was first inferred by Salmon, Higher Algebra, and was proved 
later by F. F. Decker and A. B. Coble. See Coble, “ Restricted Systems of Equations,” 
Amertcan Journal of Mathematios, Vol. 36, p. 410. 

4. 
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given by Coble (loc. sit.) which determines the genus of a curve given by a 
matrix. 

Take now an arbitrary line / in ri T x of the system (1. 6). Thru 
any point P on it there passes a linear system œt of cubics of the system, 
which contains, by the previous result, 15 cubics having a triple point. Each 
of these cuts 7 in 2 other points Q, and Qs. To each point P correspond 
therefore 30 points Q, and every point Q arises from 30 points P. We have 
-on } a [80, 30] correspondence with 60 coincidences. These are accounted 
for by (a) the intersections of J with Ce and (b) by the intersections of I 
with the double lines of the cubics of the system (1.6) ee of a double 
line and a simple line. 


a) When P is one of tho 6 points of intersection of / with Ce, there 
passes through P one cubic having a triple-point at P. I£ the point P is 
considered as belonging to one of the three branches of the cubic, two points 
Q correspond to it belonging to the other two branches of the curve. But 
we must consider the point P as belonging successively to the three branches 
of the curve, and hence such a point absorbs 3-2 == 6 coincidences. 


b) When P is an intersection of / with the double-line of a cubic of > 
the system composed of a double-line and a simple line, one point Q coincides 
with it. since, as will be seen later, Fa is simple on F.. The number of 
such cubics in the system is therefore 60 — 6° 6 == 24,* and: 


j. The spread of cubics composed of a double- line and a simple line 
is an Fa. 

Corresponding to a linear ee co” of cubics there exists a range of 
curves of class 3 such that every curve of one system is apolar to every curve 
of the other system. If a cubic which degenerates into a triple-line is apolar 
to a curve of class 3 it must be on it. Hence the number of cubics composed 
of a triple line which are contained in a linear system co? of cubics is equal 
- to the number of lines common to a range of curves of class 3 which is 9, and 


k. The spread of cubics composed of a line counted three times ts an Fa. 


* Professor Zariski pointed out to me that a more conclusive proof can be given 
by establishing parametrically the equation of the correspondence. The reasoning 
given here is the same as the one’ used by nee Compte Rendue, Vol. 64 (1867), 

p: 799, in establishing the general formula 


2u{n— 1) —r == rr (r — 1) + a(9’ — 1l) 
l “of which ours is a special case with «== 16, » = 0, r= 3, r=6, s’=2%, At the end 
`of the paper the order of this spread js- obtained ay a different method and may be 


used as a check on this correspondence. 
La 
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2 The multiplicities of the. aaa on each other. If a cubic has a 
: singularity a which is the limit form of. another singularity B, then the 
spread of cubics a is on the spread of cubics 8 and generally with some 
multiplicity pZ 1. All the hypersurfaces are given by 8? — kT? = 0 and 
for F,#*, S — T = 0, it is clear that the F,**, which is the complete inter- 
section of F’ and J’s*, is on all.the hypersurfaces, and all -the spreads of; 
lower dimensions which are on F’;** are therefore also on_all the hypersurfaces. 
The Va? of nodal cubics contains evidently all the spreads of lower dimen-. 
sions. It is easily seen that the position of the spreads on one another can 
be stated thus: 


All four of the hypersurfaces contain F,* but ya alone EE y; 
-V contains Va" and F? but F:™* contains only F? ; and Fe, y F”, 
- Fèt each contain every spread of lower dimension. l 


We proceed to determine the multiplicities of most of the spreads x ‘one 
another. A spread V.n,” is of multiplicity » on a spread Vr; in Sy if an 
arbitrary Sy-r, on a generic point of nae cuts Vr im 82 - — j additional 
points. 

The multiplicities of all the spreads of lower dimension on the hyper- 
surfaces are obtained by direct calculation. We take a pencil of cubics 
fi +. Ah: == 0 and let bı take on respectively the form of the various spreads, 
and substituting in the expression for §° — kT? = 0 we find the Pad 
' of the root A= 0. Thus we nu 


Di Pe, F* and Fe“ are simple, F and F, are 2-fold, and F? is 
3-fold. 7 
On Fe, F ts Sheol F and F” are e 2- fold, F,“ is 3 qor, and F3? 

ts 4-fold. 

On each F, F:™* is 2-fold, pe 48 3-fold, FP, i fold, Pe is E 
and F- is 8-fold. 

On Vs, Fr“ and V:™ are e 2-fold, F and Kj are 3-fold, F’ is 4 ea 
iG ts 6-fold, and F° +s 8-fold. 


' The multiplicity of any spread on Pp ‘is equal to the tea of its- 
multiplicities on Fe’ and Fs“ since Prt “is the complete intersection of these 
two hypersurfaces. Hence | 


On Py, Fet is 2-fold, F5 is 4-fold, I’. is 6-fold, and F,° is 12-fold. 


An arbitrary plane æ in Sp cuts out on Vs"? a plane curve K of order 12 
whose points are in (1-1) correspondence with ‘the points of the Jacobian 


Pa 
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J of the net of cubics in v corresponding to a. K is therefore of the same 
genus as J. If we take « on a-point P of any of the spreads which is of 
inultiplicities u and v on V? and F,™ respectively, K. will have a g-fold 
point at P and 24— v double-points on -J’,**. If the genus of the corre- 
sponding Jacobian J is p, K will have y—11-10/2 — p—p(p—1)/2 
` — 24 -+ v double points on V;™. 21—vy is the multiplicity of the spread 
on V,**. Thus we find: 


On Vr, Var? is 3-fold, Pe? and Fs" are simple. 


If in the linear system o* of cubics (1.2), $1 is composed of a double 
line and a simple line, say ¢; = 2,72, then the elements of the first column 
in (1.4) are 2a, 0, 0, 2%, 0, O and the order of the matrix is still 15. If, 
however, ¢; is composed of a triple line, say ġı = 21°, then the elements 
of the first column in the above matrix are 622, 0, 0, 0, 0, 0, and the order 
of this matrix is equal to the order of the matrix of 5 rows and 4 columns 
obtained by deleting the first row and column in the above. Using Salmon’s 
formula (1.5) we find its order to be 10. Hence 


On F3, F424 is simple, Fa? is 6-fold. 


In order to obtain the multiplicity of F? on f4, we take in r a linear 
system oo* of cubics which contains a cubic degenerating into a triple line a’, 
and establish on a line 7 the same [30, 30] correspondence as in jl. The 
60 coincidences in this case.are accounted for as follows: . 


(1) The locus of triple points of the system breaks up into the line a- 
and a quintic Cs. The 5 intersections of l and Cs give 5- 6 == 30 a 

(2) The intersection of | and a absorbs 10 coincidences since Fae i 

5-fold on Fs and a? absorbs 5 cubics with a triple point of the oe e 

thru (al). 

(3) The remaining 60 — 30—10 = 20 coincidences are due- to the 
number of cubics composed of a double line and a simple line in the system. 
Therefore F? ts 4-fold on. Pat. 


3. Lanear spaces on the spreads. To a linear system o* of cubics all 
of which have the same singularity « corresponds evidently a linear space Sx 
on the spread of cubics æ. The majority of the spreads contain linear spaces. 
In certain cases they contain one or more rulings, i.e. systems of linear 
spaces such that through each point of the spread there passes one linear 
~ space of the system. 
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Chisini * shows that there exist œ? pencils of cubics of equal generic 
modulus, œ° pencils of harmonic cubics, and oo” pencils of a casas 
cubics in the plane. We have then on the corresponding hypersurfaces — o? 
lines on each of the oo Ft”s, o°? lines on Fst, and oot lines on Fet. 

- In a recent paper ¢ and in a note t which will be published in a later 
issue of this Journal, I show that every pencil of equianharmonic cubics is 
contained in a net of such cubics through 6 of the 9 base-points of the pencil, 
and that the 9 base-points divide into 3 triples such that through any 
2 triples there passes a net of equianharmonic cubics. Hence the «*™ lines - 
of Fat lie on co® planes in Fst such that there are three planes on every line. 

A characteristic property of an equianharmonic cubic is that it is left 
invariant by a cyclic homology of period 3, the axis of which is a flex-line 
of the cubic and the center is the point of intersection of the three flex tan- 
gents at the three flexes on the axis. For a given homology in the plane 
there is a linear system cot of equiamharmonic cubics which are invariant 
for it (if the axis be 7,0 and the center (1, 0,0) then the linear hae A 
is 21° + a(2ıT2) = 0, $3 being a binary cubic form). Since ‘there are of 
such homologies in the plane there are o* 9,’s on Fst. On each point of Fst 
there are 9 S,’s since each equianharmonic cubic admits 9 homologies into 
itself. | . | 
In determining the linear spaces on the remaining spreads we use two 
well known theorems of Bertini § which state that if the general curve of a . 
linear system is irreducible, it can have no variable multiple points, and if 
the general curve is reducible then either all the curves of the system have a 
_ fixed part or each is made up of k variable members of a fixed pencil. 
‘The Vs? of nodal cubics is ruled by 0? S,’s corresponding to the linear 
systems œf of cubics having a double-point at a given point of the plane.. 
Fach Ss cuts F,° in a cubic curve T, corresponding to all the cubics composed 
of the lines on the given point each counted three times. It has co} planes 
on F,**, each plane corresponding to the net of cubics composed of a fixed 
line on the given point counted twice and an arbitrary line of the plane. 


- *Ọ. Chisini, “Sui fasci di cubiche a modulo costante,” Rendiconti del Oircolo 
_Matematico dt Palermo (1916). 

+ J. Yerushalmy, “ Construction of Pencils of Equianharmonic Cubics,” American 
Journal of Mathematics, Vol, 53 (1931), pp. 319-332. 

: a the Configuration of the 9 Base-Points of a Pencil of Equianharmonic 
Cubics.” 

$ E. Bertini; “Sui sistemi lineari,” Rendiconti dell’ Istituto Lombardo (2), Vol.. 
15 (1882), pp. 24-28. 
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It cuts Fs” in an Ss corresponding to all the cubics having a E 
at the given point. The cubic Ts of F}? is in this Ss. : 

The. ,** of cuspidal cubics is-ruled by. œ° 8,’s. Each of these corre- >. 
sponds to a system œ* of cubics having a cusp at a'given point of the plane 

with a fixed cusp tangent.. These Sps are evidently contained in the 888 

of Veit. 

The V,”™ of cubics which degenerate into a conic and a line is ruled 
in two ways. First by 20? Səs each corresponding to the cubics which de- 
generate into a fixed line and an arbitrary conic. Every Ss has a point in 
common with F° (the fixed line counted 3- times) and a surface of Veronese 
(F4) in common with F2* (corresponding to the cubics composed of the 
fixed line and an arbitrary double line). There are also on V,** œ" planes 
Se corresponding to nets of cubics composed of a fixed conic and an arbitrary 
- line of- the plane. A generic Ss meets a generic plane in a point (the point - 
corresponding to the cubic composed of the fixed line of. the 8s and the fixed l 
conic of the S.) they therefore belong to an S; (the œ7 of cubics thru the 
2 common points of the fixed line and the fixed conic). 

The Fe“ is ruled by o* 8gs corresponding to the webs of cubics which. 
degenerate into a fixed line and a web of conics tangent to the line at a given ` 
point. Each is contained in an Ss of V”. | t 

On V" there are two kinds of planes. There are œ* planes 92 corre- 
sponding to the nets of cubics composed of 2 fixed. lines and an arbitrary line 
of the plane. There are also œ* planes 9, corresponding to the nets of cubics 
composed of a fixed line and two lines varying in`a pencil.- On each poing 
of V6” there are 3 planes 8, and 3 planes 9. 

The F," is ruled by œ? Ss’s corresponding to the webs having a triple- 
“ point at a given point of the plane. They are contained in the Ses of Vs? 
and cut out the cubic curves T, on Fe? i. 

The F, is ruled by œ? planes corresponding to the nets of cubics 
having a fixed double line ane a variable line. Each plane has a point in 
common with F3’. 

The F,?* contains also co? surfaces of Veronese (Ft) corresponding to 
the cubics having a fixed line and a variable double line of the plane. Each 
F,* is contained in an Ss on V;*4, and cuts F,° in a point. | 

The F,” contains no linear spaces. 


=. 4. The F. We have seen that there are œ? cubics Is on Fa. The 
points of such a ‘cubic correspond to the cubics composed of a triple-line 
varying in a pencil. The T,’s are ordinary space cubics belonging to the 0? 
Sas of F.. a e i ; 
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The cubics ane of the eee to a given conic Ca in r uid 
3 times map on the points of a curve T, of order 6. -Such a curve is con- 
tained in an Sa corresponding to the linear system ° of cubics apolar to 
the net of curves of class 3 composed of C} and an arbitrary pout of the 
plane. It is a rational norm-curve in S,. - There i) evidently, «° éurves 
Pe on Fa. 

The œ ° hyperplanes Ss in Ss cut out on P? œ? curves Ty of order 9, 
each an elliptic norm-curve in its Qs. 
| It is easily verified by referring to r that: 

Two cubics Ts intersect in one point. There is a single Ts on any two ` 
points of F? and œt on one point. i 

Two curves Tę intersect in 4 points. On any 5 points of FP? dices: 18 
a single Te and œt, œ?, œ?, o* curves I, on 4, 3, 2, 1 points respectively. 

Two.curves Te intersect in -9 points (the 9 points in which the -9;, 
common to the two hyperplanes which cut out the two curves, cuts F). 
There are 1, 00%, o0%,- + - œ8 curves I’, on respectively 9, 8, 7,°.: -1 points 
of Fè. | 

A cubie Ty and a sextic-.T, intersect in two points (the 2 points corre- 
sponding to the two tangents drawn from the center of the pencil, corre- 
sponding to I's, to the conic C2 counted 3 times). 

A cubic T's and a curve Ty have 3 points in common (the 3 pu m 
which the plane common to Ss and 9s cuts Ts). 

A curve I's and a curve Ty intersect in 6 points (the 6 points in wich 
the S; common to Ss and Ss cuts Te). 

Take a point P of F,’ and the corresponding triple line a? in m. A cubic, 
T on P corresponds to the lines of a pencil of center Q on a each counted 
-3 times. To the- pencil of cubics composed of the line a counted twice and 
‘an arbitrary line of the pencil {Q} corresponds a-line in Se which is tangent 
to T's (and also to fs’) at P. The œt tangent lines to the œt cubics Ta 
at P are in a plane which is the tangent plane to F,’ at P. Hence 


The tangent plane T, to Fẹ? at a point P (the image of a triple line a*), | 
‘corresponds to the net of cubics composed of the line a counigd twice and 
an arbitrary line of the plane. 

The œ? tangent planes to Fa generate the Pyn: 


An hyperplane Sa which contains a tangent plane Ts is a tangent hyper“ 
plane to F” at the point P in which, 3 touches Fa. “We denote such an 
hyperplane by Hs. The section of fe on Fa? is a curye To having a double . 
pony et at the point of contact. It is the generic artional nodal eae curve in Ag.” 
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An hyperplane containing two tangent planes T, is-a double tangent 
hyperplane. It contains the Ss defined by the intersection of the two fixed 
double lines a,5, a in w corresponding to the 2 planes Ta, T? (since it 
contains the 4 linearly independent points a,°, da, a:*d2, Qia”) and hence 
contains the cubic T;-on a,°, a.°. The section of such an hyperplane de- 
generates Into the cubic T's and a sextic Ts. 

An hyperplane containing 3 tangent planes Tə is a triple tangent hyper- 
plane. It contains the 3 S,’s defined by the 3 points of intersection of the - 
3 fixed lines in ~r and its section degenerates into 3 cubics Ts. 

We proceed to determine in a the linear systems of cubics which map 
into the various tangent hyperplanes of F° in Sp. 

Consider the linear system œ" of cubics in 7 passing err 2 points 
P and Q and tangent there to two lines p and q. On the line PQ take two 
other points R, S and consider the linear system o° of cubics having a double 
point at R and passing simply through S. ‘These two systems have in 
common the net of cubics composed of the line PQ counted twice and an 
arbitrary line of the plane. They are therefore contained in a linear system 
oo® of cubics. The corresponding Rs in Sẹ contains the T; corresponding to 
the common net and is therefore tangent to F° at the point PQ®.. There are 
œ8 such hyperplanes in Sə (we can pick P, Q, R, S, p, q in œ? ways). 
There are œo? such hyperplanes tangent to F? at a given point. 
| Take in r 3 points R, S, T on a line a and another point P not on a. 
Consider the two linear systems œo” of cubics, the one having R as a double 
base-point and S as a simple base-point, the other having P and T as double 
. and simple base-points respectively. These two systems have in common the 
net of cubics which degenerates into the line a and the net of conics on’ PAS, 
and belong therefore to a linear system œo- of cubics. The hyperplane Fès 
corresponding to this linear system contains the two S,’s on Fs? corresponding 
to the two linear systems «°-of cubics. It contains therefore the two tan- 
- gent planes T to F’ at the points a° and PT”, and is a double tangent hyper- 
plane. Its section degenerates into a cubic Ts and a sextic Ty. There are 
obviously œ" such hyperplanes in Ss, œë tangent at a given point of F», 
-and œ? tangent at two given points of Fa. 

Consider three webs of cubics having a triple point. The corresponding 
three dimensional spaces 83, Ss, Ss? on Fst" -intersect by twos in three 
points A, B, C of F. The S.(S3°8,%).and 83; have the two points 
B,C in common, They have, hence, the line BC in common and belong to 
an Rs. This hyperplane contains. the three tangent planes T+- at the’ points 
A, B, C and is a triple tangent hyperplane. The 9-ic Ty which it cuts out 
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on Fa? is composed of the three cubics T, cut out on Fa by B®, B®, 9, 
There are 0° such Re in So, œ" tangent to a given point of F°, œ? tangent 
to any 2 points, and a single Rs tangent to 3 given points of F. 
If the above 3 webs are such that the three fixed triple points-are on a 
line, then the corresponding spaces 9,‘ 8, 83° meet ina point A of Fe. 
The 86(8;8;) contains the tangent lines to T; and Ts‘, it contains 
therefore the tangent plane Te to F° at A, and since the tangent line to I, | 
at A is also in Ta, the three spaces §,° 8, 8, have a line in common 
and are contained in an Ry. This Rs is tangent to F, at A. The 9-ic which 
it cuts out on F,’ has a triple point at ‘A and is composed of the three cubics 
r3)-T, Ty. There are œ" such Hs in Sp, and œ? tangent at a given 
point of F.°. 3 a l 
The linear system oo* of cubics apolar to a given curve of class 3 de- 
generating into a double-point P and a simple point Q contains the cubics 
composed of the lines of the pencils {P} and {Q} each counted 3 times. It 
also contains all the cubics which break up into a line of the pencil {P} 
counted twice and an arbitrary line of m. The Rs corresponding to this 
` system cuts.out on Fa? two cubics T,® and I, and contains all the tan- ` 
gent planes T: at the points of one of these cubics say. T,“ and is. therefore 
tangent to F3? along this cubic. Its section with Fa’ is composed of T® 
counted twice and T‘. There are o* such Rs and oo? tangent at any 
point of Fa’. : i 
The linear system œë of cubics passing through a given point P ofr. 
` contains the cubics which degenerate into the lines of the pencil {P} each 
counted 3 times. It contains also the cubics composed of a line of {P} _ 
counted twice and an arbitrary ilne of m. The Rs corresponding to this 
system cuts out on /’,° a cubic T, and contains the tangent planes Ts to Fa? 
at all the points of Ts. It is therefore a triple tangent hyperplane to F.° 
along this cubic and its section is made up of Ts counted three times. There 
are co” such hyperplanes in Ss, and œ tangent at any point of F. 
If we consider in the plane ma correlation between its points and its 
lines, then the system œo? of curves of order 3 in it is transformed into the 
system oo° of curves of class 3. F° is then the image of all the curves in + 
‘composed of triple points, and there is a (1 — 1) correspondence between the 
points of #',° and the points of'the plane. If we consider now an hyperplane 
Sa which corresponds to a linear system 0° of curves of class 3, as Tepre- 
senting the cubic curve (of order’3) apolar to that system, then we have 
established besides the (1 — 1) correspondence between the curves of class. 3 
of w and the points of S», also a (1—1) Cor repot Lenee between the cubic 
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curves of + and the hyperplanes of Ss. The apolarity condition of a system 
oo* of curves of class 3 and the system «** of curves of order 3 is expressed 
by the incidence ‘condition of the corresponding linear spaces. F,” appears 
then as the map of the plane m by means of the system o° of all its cubics. — 
The lines of + go by this mapping into the œ? cubics Ts, the conics of r, 
into the curves I's and the cubics of + go into the hyperplane sections Te. 
In general any curve n of r is mapped into a curve of order 3n. The sections 
of FP, by the various tangent hyperplanes Rs correspond to the cubics having 
one or more double-points. In general a curve Tọ corresponding to a cubic 
curve with any singularity æ is cut out by the hyperplane corresponding to 
the linear system 00° of curves of class 3 apolar to that cubic. 

The F? was first met by Del Pezzo * in studying the surfaces of order n 
immersed in a space. of n dimensions. He proves that such a surface is 
either a ruled surface or J.” or a projection of it on a space of lower dimen- 
sions. F?’ is not a projection of a surface of the same order of a space of 
higher dimensions. It is a norm-surface. Del- Pezzo studies the projection 
of F° on spaces of lower dimensions and in DE R its projection in Sz. 
He obtains the seven surfaces of orders 9, 8,- - - 3 depending on the number 
of points that the center of projection has in common with Fa. If we 
project F° from 6 points on it we obtain in Sa the general cubic surface. 
The six centers of projection go into a sextuple of lines on the cubic surface, 
and since there are no lines on the cubié surface that are skew to the six 
lines of the sextuple it follows that there are no lines on F°. Any of the 
27 lines of the cubic surface which meets k lines of the sextuple represents ” 
a rational curve of order &--+1 -of aa which passes through the corresponding 
k points. The surfaces ¢°, œ+, - ` $” in Ss which are the projections of I” 
from r points on it (r = 6, 5,00 1, 0) are the map of the plane by means 
of a linear system œ? of cubics with r base-points. 

Castelnuovo ł shows that ever y non-ruled surface in §a whose plane sec- 
tions are elliptic curves is rational and of.order nS 9 and is the projection 
of Fa’. 


5. Extesnion to plane curves of order n. Most of the properties of Sy 
can be extended‘to the Sy [N = n(n + 3)/2] whose points represent the 
plane curves of order n. By the same reasoning as for Sy we can state that: 


* P. Del-Pezzo, “ Sulle superficie dell’ n-—mo ordine immerse nelle spazio dì n 
dimensioni,” Rendiconti del Circolo Matematico di Palermo, Vol. 1, p. 241. 

t G. Castelnuovo, “ Sulle superficie algebriche le cui sezioni piane sono curve 
 ellitiche,’ Rendiconti dell’ Accademia dei ‘Linoeit (1894), p. 59. 
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The spread of nodal n-ics is a Vin" | 
The spread of n-ics with 2: double points is a V4n- 
O = %(n—1) (n —2) (3n? — 8n — 11). 
~ The spread of. T n-ics is an Fg VO, 
= ` Phe spread of n-tcs pa a ideto: is an Fas 
= 2(25n? — 96n + 84). 
' The spread of n-ics with 3 double points isa V7x-s 


yee [(3n*— 6n + 4)$ — 3(3n? — 6n + 4) (45n? — 123n + 82) 
oie 1542n? — 5151n + 4070]. 


The spread of nics having a triple-point : is an Pe for the elements’ 
of the matrix (1.4) are in this case of order n— 2 ‘and applying Salmon’ B 
formula its order is 15(n— 2)’. ca 


In general the spread of n-ics ere a ve fold sie is an F Oy J a 
NAAS IRURE EAN 


For a condition for a , k-fold point is that the (k — 1)-th derivatives vanish. 


The order of the spread is therefore equal to the order of the matrix of 
(ke + 1)/2 rows and k(k + 1)/2—1 columns 


OY by AFD ho m i R i OFM bray earn 
bz, 0D 85,80 = Gg BD 
E E Gear a a aa Suku dnd 
ba, bxJbx,! ; i Ir, "OxsOt5 l 
(t+ 9+ = k),. 


whose elements are of order .n — k + i. | Salmon’ 8 Formula gives for its order ; 
the number 3 (#2) (n—k Ee 
For-k = n we obtain 


The amet of n-ics with an, n-fold point 13 an. pe" a) 


mea. 


‘The order of the spread of n+ a dieo of n-ics with an n-fold 
point composed of a double line and n— 2 simple lines is obtained by setting 
up the same correspondence as in the case of. the Fy = (ji, $1). We have 
in this case on the line la [3(n— 1) ‘Gar -3(n— 1)- (m2) correspondence 
with 6(n—1) (") coincidences., The-n(n + 1)/2 intersection ‘of l ae 


. ‘THE REPRESENTATIVE SPACE So. ; l 143 


locus of ñ-fold points of the system: :0o (#-1)(n+2)/2, of n-ics given. by the de- 
terminant 


gtn-1) ha 


Fe. Oz,12,+ | = ° 





‘account for sd a n(n -+ 1) /2 E leaving 
6 (n — 1) (£) — n? (n -+ 1) G 1)/2 = 6(n y 1) 2) 


coincidences which arise from the same. number of n-ics with an n-fold point, 
- in the system which ae into a double line and n—2 aimple lines. 
' Hence ~ 


—_ 


The spread of n-tcs wtih an , nefold pomt som gospa, of a double line and ` 
'n — 2 simple lines is an pero" 9 


` In order to obtain the order of the spread F4 of 4 dimensions of n-ics . 
which degenerate into an. (n —1)-fold line and a simple line we take an. 
arbitrary linear space Sy4 in Sy. On Sy there is a web of hyperplanes 
Sy... They cut out on F,” (the surface of n-fold lines) a web of curves of 
order n? which correspond to a web of curves of order n in the plane. ‘At an 
intersection of Sy with the F, there is for n> 2 one tangent plane. T3 
to F.". This T, and Sy define an Sy-2 (since they intersect in a point). 
On this Sy_g there is a pencil of hyperplaries of the web. Hach hyperplane 
' of this pencil is a tangent hyperplane to F.™ at the point of contact of Te 
The number of intersections of Sy, with F, (i. e. the order of F<).'is therefore - 
equal to the number of pencils of curves n having a double’ peony wee 
18 contained in an arbitrary linéar ee n of n-ic8 ` 


„Aii -+ Azhy +: mt Nide = 0. 
This number js evidently given by. the order of the matrix 





Ob: Ibe | Oba 
Gc, Oa, be, 
a a? 
G2, Oa, Ix, 
a o, beu 
\ Ox, Aas Oz, 


of 3 rows and 4 columns whose elements are of order n-—1. By Salmon’s 
formula this matrix is of order 6(n— 1) 2 Hence 


~ 


om, 
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The spread of n-ics composed of an (n—1)-fold line and a simple line 
is an P0, 


This is a good check on the d poe by which we obtained ie, 
order of F4.. 


The spread of Er composed of a line counted n times is an Pi. 


The points of this surface are in (1—1) correspondence: with the point 
of the plane. It is the map of the plane by means of all the curves of 
order n. The hyperplane sections are norm-curves of order n and of genus 
(n—1)(n—.2)/2. Corresponding to the lines of the plane there are on 
Fr” ot curves I’, of order n. These are rational norm-curves and belong 


to an ‘Se on P (" *), On each point P of F,” there are œ! curves Ty. 
The tangent lines, to these at P are in the tangent plane to F'.™ at this point; 


` which is, in fact, the plane corresponding to the net of n-ica in the plane 


composed of a fixed line a (aè? = P) counted (n— 1) times and an arbitrary 
line of the plane. The œ? tangent planes to J." at all its points generate 


, the Pg? 


The only curves on F”? are those whose order is a multiple of n, (un), 
and correspond to the curves.of order » in the plane, 

The F,° contains œ? surfaces Fe)" corresponding to ikas n-ics in 
the plane composed of a fixed line a and an arbitrary line counted n— 1 
times. Each such F’ ig contained in an Scn-1)(ns2y/a corresponding to. 


the linear system oo 2)/2 of n-icg composed of the fixed line a and an 


arbitrary curve of order n— 1. 
The projection of F.™ on Ss. from r points on it [r= 0, 1, 2, 


-(n? + 3n — 6)/2] is a.surface of order n? — r which is the map of the nee 
“by means of a system œ? of curves of order nm with r base points. 


ON NON-SINGULAR BOUNDED MATRICES. 


By AUREL WINTNER. 


We understand by A = || am | an infinite matrix which is bounded in 
the sense of Hilbert and denote the matrix || a: | by A*, so that A* represents — 
the transposed matrix of the conjugate complex elements. If there exists 
a bounded matrix B for which both products AB, BA are equal to the unity 
matrix / then B is, according to Toeplitz, uniquely determined and may 
therefore be denoted by A~. We call the bounded matrix A non-singular 
if the bounded matrix A exists. The product of bounded matrices is a, 
bounded matrix. The bounded matrix is Hermitean if A* == A and unitary 
if A* == 4-1, The unitary matrices form a group of bounded matrices. A 
bounded matrix is called positive definite if it is Hermitean, non-singular 
and such that the corresponding Hermitean form cannot take a negative value. 
The reciprocal matrix of a bounded positive definite matrix always exists 
and is also positive definite. If V is a unitary and Q a positive definite 
bounded matrix then QV is also a positive definite bounded matrix.—We 
shall demonstrate the following theorem: . 


For any non-singular bounded matris A there exists exactly one positive 
definite matric P and exactly one unitary matric U for which A = PU. 


We can call P the modulus and U the argument of A. Since the product 
of a positive definite bounded matrix and a unitary matrix is always a non- 
singular bounded matrix, our “ polar” representation A == PU yields a one- 
to-one correspondence between the non-singular bounded matrices A and the 
pairs of bounded positive definite and unitary matrices P, U. We infer that 
PU is not always equal to UP. Since VPV is positive definite and VUV 
unitary for any unitary matrix V it follows from the identity 


VAV = VPUV> = VPV“VUV> 


and from the uniqueness of the polar components of a non-singular bounded 
matrix that VPV" and VUV™ are the polar components of VAV. The 
unitary invariants of the polar components P, U of A are, therefore, unitary 
invariants of A self. | 
145 
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The demonstration is based on the fact + that every bounded positive 
definite matrix possesses exactly one bounded positive definite “square root.” 
In other words there exists for any bounded positive definite matrix Q a 
‘bounded positive definite matrix P for which Q = PB; e aoa we ue 


(1) 7 i P, =P, ‘if Pir s= Pa’, 


provided P, and Ps are bounded and positive definite. 

: Since (CD)* = D*0*, we have (AA*)* = AA*, i.e. AA* is always 
a Hermitean matrix. Furthermore, the Hermitean form belonging to AA*. 
can be written-in the form $ | Sauce, |* 20. Finally, AA* possesses the 


bounded reciprocal A7*A+ provided A‘ exists. ‘Therefore AA* is es any 
non-singular matrix A a positive definite bounded matrix. 

_ Let A be any non-singular bounded matrix. AAR: P denote the eee 
. definite square-root of AA*: 

(2) ` z = Pree A A*, 


. We define a bounded matrix U as follows: ` , - 


(3) Uwe PAA, 
We then have . . 
(3). - OU = A*P>, 


. inasmuch as the PEE P- of the Hermitean matrix P isa Hermitean 
matrix. From (2), (8) and (3’ ) it follows 


UU* = PA A*P-) ma PPEP come T, 
U*U = A*P#A == A*(AA*) A om E, 


i.e. the matrix (3) is a unitary matrix and (3) ere yields the oo 
- representation A = PU. 
In order to show that this polar oe auction of d is unique, suppose 
that . 
(4) l A = PLU; = PiUs. 


We ne have A* = UPa A*=U;"P, and eae AAF == Py? = P}, 
or, by virtue of (1), simply Pı == Pa. Since Pı = P, is by supposition posi- 
tive definite and therefore non-singular equation (4) yields the further con- . 
dition U, = U} which finishes the demonstration for -the uniqueness. 

- It may be mentioned that the matrix. AA* corresponds to the dataan 


t Cf. A. Wintner, “ Zur Theorie der beschränkten Bilinearformen,” Mathematysohe_ 
Zeitsohrift, Vol. 30 (1929), p. 267 (below). 
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ellupsoid of the “ deformation” defined by ‘A. The unique resolution of A 
into the polar components P and: U corresponds to the resolution of the 
deformation A into a dilatation P and a rotation U which are not necessarily 
commutable. However there also exists a unique representation 4 = WE 
where WV is a unitary matrix and R a positive definite bounded mateix. To - 
show this we need only write A == PU == U (UPU) where U =W is a 
unitary matrix and UPU =R a positive definite bounded matrix. If A 
is a real matrix the positive definite square root P of AA* is also real + as is 
the matrix PA =U. 

It is not difficult to determine the non-singular bounded matrices for 
which the both polar components P, U are commutable,{ l 


(5) A= PU = UP (or P = R; U = W). 


Equation (5) is then and only then fulfilled if A = PU is a so-called normal ` 
matrix : 
(6) AA* == A*A. 


Since (5) can be written in the form 
(5) A* = UP = PU : 


equation (6) follows obviously from (5). Conversely (5) follows from (6). 
In fact, on introducing A = PU, A* == UP in (6) we obtain P? = U"P?U 
or (UPU)? = P?, that is, by virtue of (1), simply UPU-+==P which is | 
the same as (5). The non-singular bounded matria A ts, therefore, then 
and only then normal if its polar components are commutable. 

In the following we give some additional applications of the positive 
definite square root. | 

If Gy, Gs, **,G@, denotes a finite group of bounded matrices then 
GmGi, Gm@e,--+, mOr represents, for any fixed value of m, only a per- 
mutation of Gi, Gs, +, G,, so that - 


S GaGy* = Y (GmGn) (GmGn)* = D GinGnGn® Gn® 
n=1 n=1 n=1 


or _ 
(7) . T = (ni Gin ™ (m — Ls 2, paan r) 
where 
T == > Ga Gn™ 
nzi 


t Cf. loo. cit., p. 267. ` 
t Cf. loo. cit., p. 282. 
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The matrix T is the sum of positive definite bounded matrices and- is, there- 
fore, bounded and positive definite. On denoting by I the positive ae 
square root of the positive definite bounded matrix T> we have _ 


— 


(8) o r= = IÈ, T = D*. 
Equations (7) and (8) yield 


(1an) (IEn) * — (MGa) (M Ga*I) = = GK Ga" 
— Gn Gnt 0m ITI <= I = E 


_and in an analogous manner (UGO) * (UGO) = E, i.e. UOI is a 
unitary matrix. There, therefore, exists, for any finite group G1, Qa © +, Gr 
of bounded matrices, a positive definite bounded matriz I in such a manner 
that the isomorphic group UGI”, UG, ---, HG," contains untary 
matrices only. It may be mentioned that one could apply, just as in the 
usual demonstration for finite matrices, instead of the positive definite. matrix 
H, a recursive (“ triangle ”) matrix which is furnished by the J AOE a 
reduction of T. 

. If C is a bounded cyclic matrix of the order r (i. o. E= 0" and r the 

least positive integer p for which C? = E) then 


C, C°, » Om, Cr 


. represents a finite group. There exists, therefore, a positive definite bounded 
matrix U for which HCH- is a unitary matrix U. Putting P = I we 
conclude that there erists, for any bounded matris C for which O= E, 
a positive definite bounded matric P and a unitary matric U for which 
C = PUPH; furthermore, the spectrum of C contains at most r numbers . 
and these are always r-th roots of umty. In fact, if àr = 1, the formula 


rane (1—1a")3 > On age 


defines a bounded vaste for which we have, = virtue of C” = (*, obviously 
LAH—C)=F and (AK—C)L=E£; . (àE — C0) exists provided 
Ar =e 1, > 
If. P is a positive definite matrix and U a unitary matrix, the’ matrix 
PUP* is not necessarily a unitary matrix (in accordance with the fact that 
not every matrix belonging to a finite group is a unitary matrix). In a more 
- precise manner PUP is only in the trivial case PUP = U a unitary matrix. 
In fact, if PUP“ is a unitary matrix we have (PUP-!)* = (PUP) or 
PUP = PU"P4, i.e. P? = (UPU")?,; and, theretorey according to (1), 
simply P == UPU or PU = UP, i.e. 
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(9) l a ` PUP =T. 
If T isa non-singular bounded matrix and U, a unitary ‘matrix then 


TUT is not necessarily a unitary matrix. However, if U, and U: are unitary 
matrices for which . ` 


(10) 7 T UT = 1 = Us, 
then there exists a unitary matrix W for which 
(11) EE WU,W+ = Ua. 


‘The demonstration proceeds as follows. On using the dolar representation 
T — PW of the non-singular bounded matrix T equation (10) takes the form 


(10°) PWU,W=P4 — =i, 


i.e. the positive definite hounded matrix P transforms the unitary matrix i 
WU,W= in a unitary matrix. From (9) it follows, therefore, PWU,W~P7 
= WU.W+, or, according to (10’), simply (11). Similar, unitary matrices 
are accordingly always unitarily equivalent or all invariants of the unitary 
matrices are unitary invariants. The same theorem holds, according to a 
verbal communication of O. Toeplitz, for equivalent Hermitean: matrices (this 
theorem may be shown also with the use of the polar representation of T). 


The complete system of the unitary invariants of a bounded Hermitean matrix 


is due to the Dissertation of Hellinger. It has been shown,t+ with the use 
of a trigonometrical momentum problem,{ that the treatment of the complete 
system of the unitary invariants of the unitary matrices may be reduced to 
the Hermitean problem solved by Hellinger. | 


Tun JoHNS HOPKINS UNIVERSITY. 


+ Loo. cit., p. 274, p. 257. 
_ t Loo. cit., p. 269. 


CONGRUENT ‘GRAPHS AND THE CONNECTIVITY OF GRAPHS.* 


~ 


- By HAssLER WHITNEY. 


Introduction. We give here conditions that two graphs be congruent 
and some theorems on the connectivity of graphs, and we conclude with some 
applicatiohs to dual graphs. These last theorems might also be proved by 
. topological methods. The definitions and results of a paper by the author on 
. “Non-separable and planar graphs,” + will be made use of constantly. We 
. shall refer to this paper as N. For convenience, we shall i two ares touch 
if they have a common vertex. 


` 1. Congruent graphs. For a definition, ‘see N, a In this oe 
we consider no graphs containing 1- or 2-circuits; that is, each arc joins two 
distinct vertices, and any two vertices are joined by at most a single are. 


THroreM 1. Let G and @ be two. connected graphs, nevther of which. 
-consista of three arcs of the form ab, ac, ad. Let there be a 1-1 corr espond- 
ence between their arcs so that to any two arcs having a common vertex in one 
graph correspond two arcs having a common vertex in the other. Then G. 
and G’ are congruent. 


Case A: At least one of the graphs, say G, ts of one of the following 
`- forms: a 
Go :a(ab), B(ac), y (bc), (bd), 

Go : (ab), B(ac), y(bc), 8(bd), e(cd), 

Go :a(ab), B(ac), y(be), 8(bd), e(cd), € (ad). 


Consider first the graph Gs. Let Q'a be the corresponding graph, and 
let a’, B’, y’, © be the corresponding arcs of Q'a. As a and £ touch, @ andg’ 
‘touch. Hence they are of the form a’(a’b’), B’(a’c’). 8 touches a but not 8; 
hence & touches a but not 8; it has therefore b’, but neither a’ nor c’, a8 
end vertex, and is of the form 8’(b’d’). Now y touches a, 8 and 8. Hence y’ 
touches œ’, 8’ and &. y is not of the form y’(a’b’), for then @(a’b’) and 


* Presented to the American Mathematical Society, February 28, 1931. 
_ f An outline of this paper will be found in the Proceedings of the Nattonal 
Academy, Vol. 17 (1931), pp. 125- 127. We refer to this outline as P. The full paper 
has not yet appeared, 

tP, 3. We formerly used the term homeomorphio. 
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(ao ) would fae a -2-circuit. . It -is thus either y (b'e) or J “(ad). In 
the first case, upon dropping primes, Ge becomes identical with Ge. In the 
second case, we interchange the names a’ and b’, c’ and d’, 8’ and &. Upow 
dropping primes, Qa becomes identical with Ga. Thus in either c case, Qa and — 
Q'a are congruent. — 
Consider next the graph ay, We form Gz from Ga. by adding the arc 
_ e(ed). e touches all the preceding arcs but æ. The same must be true of é. 
and hence é is of the form ¢(cd’). Just as above, Gp and Go are congruent. 
~ Consider finally the graph @e We form it from @» by adding the are 
f(ad). ¢ touches all the preceding arcs but y. The same must be true of £. 
Hence, if y is of the form y’(b’c’), ¢ is of the form {’(a'd’); if y is of the 
form y (a’d’), & is of the form (’(b’c’). In either case, just as before, Gy - 
and G’, are congruent. . | 
Before proceeding, we shall prove the following- + 


Lemma. Let Gand @ satisfy the conditions of the theorem. Suppose 
: G contains Go as a subgraph, and contains also an arc which has just one end 
vertex in Ga. Let Gg be the subgraph of. @ containing those arcs correspond- 
ing to the arcs of Ga. Then Qa and Ya are congruent, preserving the . 
' correspondence between their arcs. 


That is, we can rename the vertices and arcs of G'a so that arcs that 
formerly corresponded become identical.. By the proof of case A,* Ga.and G'a 
are congruent, and the correspondence between their arcs is preserved if 
y is of the form y (b'c). Suppose not. Then y is of the form y’(a’d’). 
Let y be an arc of G with one end vertex in Ga. This vertex is either, a, b, 
c, or d, and y touches « and 8; a, y and ô; f-and y; or 8; but not other arcs . 
of Gy. There is no way of adding an are to @ (without forming a 2-circuit) 
so that the similar conditions ‘hold, and we have a ia Porup the 
lemma. 7 | ; a = 

We return now to the t theorem. | 


Case B. Neither G nor @ is any “of the graphs Ga, Go, Go. oy this 
case, we shall prove the stronger theorem, that G and G” are congruent, 
preserving the correspondence between their arcs. -We shall consider first 
non-separable, then’ separable, graphs. — is 


Case B1.. At least one of the graphs, say G, is non-separable. 
There are three cases to consider here. > 


* We see, as in Case Ble, that @’, is connected. 
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Case Bla. G ts of nullity 0. By N, theorem 8, @ contains but a single 
arc, ab. Hence G” contains the single arc a'b’, and G and @ are congruent. 


Case Bib. G is of nullity 1. Then, by N, theorem 10;*: G is a circuit, 
and contains therefore at least three arcs. Suppose first G contains just three 
arcs. They are then of the form «(ab), B(ac), y(bc). «and g’ of G’ must 
touch, and they are of the form a’(a’b’),6’(a’c’). y must touch both a’. 
p’, and is either of the form y'(b’c’) or y/(ad’). But by the hypothesis of 
the theorem, G” is not of the form a'b’, a’c’, a’d’; it is therefore of the form 

a’b’, a’c’, be. Gand @ are thus congruent, preserving the G 
between their arcs. 

a ig next @ contains at least four arcs, a(ab), B(bc), y(cd), 8(de), 

; (fa). Let a’, B’, y’, 8, > & be the corresponding arcs of @’. g 
and ce must touch, and they are therefor g’ (a'b), B’(b’c’). y touches B but 
not «; the same must be true of y“, and itis therefore y “(c'd’). S touches y 
but neither a nor 8; hence & is ¥(de’). We continue in this manner. 
Finally, £ touches the preceding are and a, but none of the other arcs. ‘The 
same must be true of ¢’, and hence it is of the form ¢’(f'a’). Thus, G and’. 
@ are congruent as required. | o 


Case Ble. G is of nulltty N > 1. We will assume the theorem is true 
if G is of nullity < N, and will prove it for the case that G is of nullity N, 
(including the case where N = 2). This will establish the proof for this case. 
By N, theorem 18,+ we can remove an arc or suspended chain C from G, 
leaving a non-separable graph G, of nullity N — 1. Let C” be the correspond- 
ing arc or arcs of G’. Remove them and any isolated vertices there may then 
be, forming: the graph @’,. As Gh is connected, G’, is connected. For order the 
“ares of ‘Gh so that each arc other than the firet touches one of the preceding 
arcs.” Ordering the arcs of G’, in the samé-manner as the corresponding arcs 
of G, each are other than the first touches one of the preceding ares; thus @’, 
is connected. ©” is a chain. For if Č is a single arc, O” is a single arc. 
Otherwise, the proof is exactly like the proof in the last part of case B1b. . 
We shall divide case Ble into two cases, — 


Case Blce,. None of the vertices of © other than its two end vertices are 
in G’;. We shall show first that Gy. and @% are congruent, preserving 
the correspondence between their arcs. Gi is not of the form ab, ac, ad, as it 

~ cis non-separable. Suppose G”, were of this form. Then éach pair of arcs 


* P, theorem 6. l l l < k Bieler . of a 
. 2 P, theorem 7. 
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oe . 
of G, have a common vertex, and' G is of the form ab,-ac, bc. As G contains 
‘no 2-circuit, O contains at least two arcs. The first of these, § say, has just 
one vertex in @,, and touches therefor just two of the arcs of G,. The cor- 
responding arc 8’ of C’ must touch just two of the arcs d'b’, d'd, d'd’, and it is 
' therefor of one of the forms b'e, VE, dë.. But by the hypothesis of this 
case, & has but.a single end vertex in G’. This is a contradiction, so G’, is 
not of the form described. 
Suppose neither G, nor G,; are one of the eT Ga, Go or Go of Case 
A. Then the hypotheses of case B1 are fulfilled, and G;, is of nullity N — 1, 
and hence G, and G’, are congruent as required. 
Suppose next one of the graphs Gi, @’, was one of the graphs Go, Go, Gs 
If G is the graph Ge, C contains an arc with just one end vertex in Ge, as G- 
‘contains no 2-circuit. But Ge contains Ga as a.subgraph. Let G'a be the 
arcs of @ corresponding to Ga. Then, by the lemma, Gq and @’q are con- 
‘gruent, preserving the correspondence between. their arcs. Hence, following 
the proof of case A, we see that G, and G’, are congruent as required. 
If, next, Œ, is the graph Ge, C contains at least two ares. For if C con- . 
tained: but one are, this arc would be ¿(ad), and G would be the graph Go. 
This is ruled out by the hypothesis of case B. Again, @ contains Ga as a 
subgraph, and there is an arc with just one end vertex in Gs. Hence Ge 
and Ga, and therefor G, and Gx, are congruent as required. Finaly, 
G; is not Gs, for Go is separable. If now G’i; were one of the graphs Ge, 
Go, Go, Gy would be also, by case A, and we are back to the case we have 
considered. Thus in all cases Gu and G’; are congruent as required. 
Rename the vertices and arcs of G”, so that upon dropping primes, @’, 
and G, become identical. We can do this, preserving the correspondence 
between the arcs. ‘Suppose the chain C had a and b as end vertices in Gy. 
' We shall show that the end vertices of O’ in @’; are a’ and b’. Let A be 
. the arcs of G on a, and B, those on b. By N, theorem 8, there are at least 
two arcs in A, as G, is of nullity N — 1 È i; thus a is the only vertex on 
them all. Similarly, b is the only vertex on all the arcs B. Let A’, B’ be 
_the corresponding arcs of G’. They are then on a’ and b’, respectively. 
Suppose first C contained but a single arc, a(ab). As it touches all 
the arcs of both A and B, the corresponding arc @& of C’ touches all the arcs 
-of both A’ and B’. Suppose a’ were not œ’ (ab). Say a’ is not on a’. As. 
. it must touch all ‘the arcs of A’, there are just two such. arcs, ac’ and ad’, 
and a’ is a’(c’d’). Neither c’ nor d’ is b’: For then G’; would contain the 
are a'b’, hence G, would contain the are ab, and this are with the arc a 
would form a 2-cireuit. As a’(c’d’) touches all the arcs of B, there are just 
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two such arcs, b’c’ and 6’d’. There are no more arcs in @’,. For if there 

-~ „were, as there are no more on a’ or b’, there must be arcs on c’ or d’. Hence 

' there are arcs on c or d in G,. But then a’ would touch, these ares in Gs, 
and, a would not touch the corresponding arcs in Ga. Hence @ ig just the . 
graph G». But this is ruled out by the hypotheses of case B. o g’ 

is a’(a’b’), and GŒ and @ are congruent as required. 

Suppose next C contains at least two arcs. The first | arc, œ, has a'in 
common with the arcs A. As C” has.only its end vertices in G’;, by hypothe- 
sis, the arc a’ corresponding to a has just one vertex in G, and this vertex 
must be on all the arcs of A’. It is-therefor the vertex a’. Similarly, the 
other end vertex of C’ is b’, and thus we. can rename the vertices and arcs of 
' ©’ with primed letters so-that, upon dropping primes, it becomes identical 
with C. Therefore G and @’ are congruent, as required. This eposen 
of case Bic. 


Čase Ble, O’ has a verter besides its two end vertices in G’,. Then 
C’ contains just two arcs. For suppose O’ contained more than two ates. 
Then C would contain more than two arcs. None of these but the first and 
last touch ‘arcs of G,. Hence none of the arcs of C’, but the first and last 
have vertices in G@’,, and thus oo would be no vertices of C” but the first 
and last in G^. | | 
| Let a (ac), aon be the two arcs of C, and let a’ (a’c’),.B’(c’b’) be those 
of C. . Then a’, b and d are all in @’,. There is an are y (cg) in G4, 
where d’ is neither ‘a’ nor b’, as @ contains no 2-cireuit. This are touches 
both a’ and &% Hence the- corresponding arc y of G touches both a and £, 
‘and is therefore y(ab). As G is of nullity N —1 = 1, G contains more arcs. 
As G, is non-separable, there must be more arcs on both a and b, for other- 
wise one of these vertices would be a cut vertex. Let 8(ad) be an arc on a, 
It touches a and y but. not B. Hence the corresponding are & of @ is 
(ad). Similarly, if «(be) ig an arc on b in Gh, the corresponding are in 
G’, is &(b’d’). As now & and € touch, § and ë touch, and thus e is d. 
G contains no more arcs. For if it did, it would contain an are on one of 
the vertices a, b, d. But we cannot fit a similar arc into G’. ` @ ig therefore’ 
the graph G». But this was ruled out, so case Blos does not exist. Case Ble, . 
and hence case B1; is now disposed. of. m 


a Case B2. Both G and Œ are ‘separable. . aa Hes í = Hy be the com- 
ponents of @, and let H'a t ,.H’n be those of G”. Let. I’; be the sub- 
_ graph of @ containing those arcs corresponding to the ares of Hi, i=], 
“= , m, and let Iy be the — of G ons those arcs as “ 
to the arcs of Hp j=l; l . l 


~ 
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Case Bea. One of the gripe lgs e gs Pat PT a ay Lay iE 
of the form a’ (ab^), B'ac), y (ad). Then H,, being non-separable, is 
of the form a(ab), B(ac), y(bc). There are other arcs in G, and hence 
_ there is an arc on one of the vertices a, b,c. Let such ‘an are be S(ad). T 
: corresponding arc- in @ is 8’(b’c’). ‘There are no more ares in @. For 
suppose there were an are with ‘both’ end vertices in I’;. It is then either 
<’(b’d’) or £’(c'd’), say the first. The corresponding arc in G must be e(bd). 
But then H, is not a component of -@, for «(ab), e(bd), 8(ad) is a circuit 
with arcs in F, and arcs not in Hi, contrary to N, theorem-17.* ` There can- 
not be an arc: with just one end vertex in I’;, for the Jemma would be con- | 
tradicted. Thus case Bra does not exist. - 


Case B2b. No one of the graphs L> > -In Fi, + +, I’m ts of the form 
ab, ac, ad. Consider first any one of the graphs Hatt t, Hm, say Hı, which 
is one of the graphs Go; Ge. (No one is Ga, as Ga is separable.) Consider 
that part of Hı, Go. As G is connected, there is an arc with just one end 
vertex in Gg (i.e. in Hı). Hence, by the lemma, Ga and the corresponding 
arcs of 1’;, Ga, are congruent, preserving the correspondence between their 
arcs. “ Hence, as is seen from the proof of case A, H, and I’; are con- 
gruent similarly. Consider next any component, say Hz, which is not either 
Gu or Go. Then the corresponding graph, I’s, is neither of these graphs, for 
_ otherwise, case A would be contradicted. As H, is connected, I’, is con- 
nected. Thus, by case B1, Hz and J’, are congruent, preserving the corre- 
spondence between their arcs. Thus H; and J’; are congruent as pe 
t= Í, =m. Similarly, H’; and I; are congruent as required, j = 1, -: 

_ Now J’; is a non-separable subgraph of @’, and.is therefor ao ino 
one of the components H” oe , Hn, say Hs, of E, by N, theorem’ 11. 
Similarly, I, is- contained in one of the components H,’ g , Hm, say Hj, of 
G. Hence H, is contained, in Hy, and thus they . are: identical: Thus the 
arcs of H, and H’, correspond, and they are congruent, preserving this 
correspondence. Similarly for the other components. -Rename the vertices , 
and ares in each H’, with the subscript.t and primes so H’, becomes ‘identical 
with H; when these. subscripts and primes- are dropped. . ) 

Let H, and H+ 'be two components of G with a common vertex, a, (they 
have but one common yertex, as otherwise they would form 4 circuit of graphs, 
contrary to N, theorem 17 *), and let Hız be the graph containing the arcs of 
both. Let H’, H's, Why be the corresponding subgraphs of G. We shall 
- show that Aas and H’ are . POET as required; supposing only that 
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H., Ha, H’;, H’, are connected. We next show that Hiss, composed of His 
and H, together, is congruent as required with the corresponding subgraph 
H's, of G. Continuing, we find finally toal G and oi are congruent a8 
required. 

Let A, and Az be the arcs of H, and Hy.on a. Let A’; sa A’; be the. 
corresponding arcs of H’, and H’;. Then the arcs A’; are all on a’;, and the 
arcs A’, are all on d's. We must show that a’, and a’, are the same vertex in 
G’. Each arc in A, touches an arc in A;, and hence each arc in A’; touches 
‘an arc in A’;. Therefor H’, and H’: have a common vertex. Call it z’. More- 
‘over, any arc in A’, has just one vertex in H’, as H’, and H’: have at most 
a single vertex In common, being two components of @. | | 

Suppose first there is but a single arc in H’;, a/,b’;. Then if a’; is not 
z’, b’; is z’, and we interchange a’, and 6’, so that a’, becomes q. Suppose 
-next H’, contains at least two arcs. If there are two arcs in A’;, they have 
only the vertex a’; in common, and hence any arc in A’, has this vertex as 
an end vertex; that is, 2’ is a’,. If A’, contains but a single arc a’1b’s, 
there are arcs on b’;, as H’, is connected. ab being the corresponding arc of 
H,, there are corresponding arcs on b. The arcs of Az touch ab but-not 
these other arcs on 6. Hence the ares of A’, touch a’,b’, but not these other 
arcs on b’. They are therefore on the vertex a’,; that is, a” is a’. 

Thus in all cases, if z’ is not a's, we can make it so, preserving the cor- 
respondence between the arcs of G and @. Similarly, if 2’ is not a’2, we 
can make it so. Hence, if a’, is not a’2, we can make it so. As finally, H’, . 
and H’: have but one common vertex, Hi. and H’: are congruent as required. 

The only fact we need notice to complete the proof is that if J, and Jy are 
two connected groups of components of G, they have at most a single vertex 
in common, and the same is true for G@’. For otherwise, we could find a. 
circuit entering both of these groups of components, contrary to N, theorem 
17.* The proof for case B2b, therefore for case B2, therefore for case B, and 

therefore of the theorem, is now complete. 


THEOREM 2. Let G and @ be two triply connected graphs, and let there 
be a 1-1 correspondence between their arcs so that to any set of arcs form- 
ing a circuit in one graph, corresponds a set of arcs forming a circuit in the 
. other. Then G and Q are congruent. 


For a definition of “ triply connected,” see the next section. We shall 
‘show that to any two ares that touch in one graph, there correspond two’ arcs 
that touch in the other. Theorem 1 then applies. 


ee we ee en 
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Let aay: B(bc) be any two arcs in G with the common vertex b. We 
shall show that the corresponding larcs a’, B’ in @ have a common vertex. As 
G is triply connected, we caoi disconnect st wither! dropping out at least 
three vertices. . Therefore if we drop out the vertex b and the ares on it, form- 
.Ing the graph Gh, we cannot disconnect this graph without dropping out at 
least two vertices; that is, G, has no cut vertex. Therefore, by N, theorems 5 
and 7,* the vertices a and c are contained in a circuit P in Gi. P consists of 
two chains B and C, joining a and c. Now put back b and the arcs on b. The 
two arcs ab, be form a third chain, A, joining a and c. The two chains A 
and C form a circuit Q, and the two-chains A and B form a circuit R. More- 
over, no other subset of the arcs of these three chains form a circuit. 

- The arcs in @ corresponding to these three’ circuits form three circuits, 
P’, Q’, R’. Suppose now the arcs a and 8’ had no common vertex. These 
arcs we shall call ‘A’. Let B” be those ares corresponding to B, and C’, those 
corresponding to C. Let @’, 8’ be the arcs œ’ (a'b), R (eg). 

Now as A’ and B’ together form a circuit, B’ consists of two chains, one 
of them joining a’ and either c’ or d’, say d’, and the other joining b’ and d. 
Similarly, C’ is in two chains; either one joins a@’ and d@ and the other joins 
b” and c’, or one joins a’ and ¢ and the other joins b and œ. The first case 
cannot be, as then there would be a chain in both B’ and C’ joining a’ and 
d’, and these two chains, or parts of them, form a circuit; but the whole of B’ 
and CY forms a circuit, and therefore no part of them does. Therefore the second 
-case occurs, Consider the following three chains: One part of A’, a’(a’b’), 
one part of B, that part joining b’ and c’, and one part of C, that part 
joining c’ and a’. As B’ and C’ together form a circuit, they have no vertices - 
in common other than the end vertices of the chains forming them. Hence 
the three chains described form a circuit, containing arcs of A’, BY and- C. 
The corresponding arcs of @ must form a circuit. But this is not the case, 
as we have seen, and we have a contradiction. Hence o and p have a vertex 
in common, and the theorem is proved. - 

This theorem is not true for all non-separable graphs. An Eis is 
given by the two graphs @’, G”, given in N, after the proof of theorem 22. 


THEOREM 3. Let there be a 1-1 correspondence between the arcs of 
the triply connected graphs G and Œ so that to any set of arcs of one graph 
- forming a subgraph of nullity 1 there corresponds a set of arcs of the other 
graph forming a subgraph of nullity 1. Then G and Œ are. congruent. 

We shall prove that circuits correspond to circuits. Theorem 2 then 
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applies. Consider any circuit P' of q. It is of nullity 1. Hence the corre- 
sponding arcs P’ of G’ are of nullity 1. Now drop out any are from P. The’ 
nullity is reduced to 0. Hence the corresponding arcs of @ ‘cannot be of - 
nullity 1, and are therefore of nullity 0. Therefore, by: N, theorem 9, P” is-a 
circuit. Similarly, if P’ is a circuit in @’, the SES Ee E ares P form a a 
circuit in G. = 


2. The connectivity of segue In this section, we allow the eo 
to contain 2-circuits, but no 1-cireuits. a 


Definitions. Let G be a graph contaiiing at least n -+ 1 PE or 
that it is impossible to drop out n — 1 or fewer vertices and the ares on. them ` 
in such a manner that the resulting graph is not connected. We shall say 
-then that -G is n-tuply connected. (We consider only numbers n = =p 
G is n-tuply connected but not (n+ 1)-tuply. connected, we say its connec- ` 
tivity is n. 

For n == 1, we have:. A graph G is PT connected if it contains at 
least two vertices, and it cannot be disconnected by dropping out no vertices; 

e., G itself is connected. For n==2, N, theorems 5 and 6 give: a. non- 
separable graph containing at least three vertices is doubly connected, and 
conversely. l | . 


, THEOREM 4, A necessary and afine cea that a graph Q 
be n- tuply connected ts that G contain at least n +- 1 vertices, and there exist 
no two graphs H’ and H” such that for some number kSn—1, Æ con- 
tains the vertices a'a °>, a, b’, H” contains the vertices a'u" > 1 
b”, and if we let a’; and a”, coalesce, forming the vertex t, += a a k, . 
we thereby form G. , ER 


For n= 1, the theorem is: A necessary and sufficient condition that G 
be simply connected is that G contain at least two vertices, and i is not formed l 
of two connected parts H’, H”; i. e. G is connected. (For we let k ==n— 1 
-= 0 -vertices of H’ and H” coalesce to form G.) The theorem is trivial for 
this case. 

Consider now numbers n> 1. The theorem is trivial if G contains fewer 
than n+ 1 vertices; assume, therefore G contains at least n +- 1 vertices. 
_ Suppose first G is formed from two graphs, H’, H” as described. Drop out. 
the vertices @,' ` ', as, and the arcs on them. As H’ and H” had only ` 
these vertices in common, b’ and b” are now in different connected parts. 
Hence @ is not n-tuply connected. l 

Suppose now @ is not n-tuply connected. . Then we can drop out 
k Sn—1 vertices a,- + *, ax, so that there remain two vertices b’, b”, which | 
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are in different connected parts in the resulting graph G,. Let H’, be that 
part of G, containing b’,.and let H”, be the rest of Gy. Replace each vertex 
a, of G by the two vertices a’4,.a%5 (t=1,-.-'+; k) and-replace the arcs we 
removed in the following manner: An arc ajc, where o is in H’, we replace - 
by the are a,c. - An are aid, where d is in H”,, we replace by the are. aid. 
An are aa; we replace by the arc a’,a’;; In this manner we have added the 
vertices a’1,/:-, d'e to H’, forming the graph H’, and we have added the 
vertices a1," + +, a, to H”, forming the graph H”. Now H’ contains the 
~ vertex b’ distinct from a'i, `, a's, H” contains the a b” distinct from 
a'a: + +, d'a and letting a’; and a”, coalesce et 1,- © +, k) forms G. This - 
completes the proof. 


THEoreM 5. If the graph G containing at least two vertices can be 
disconnected by dropping out n— 1 or fewer arcs, tt 13 not n-tuply connected. 


The theorem is trivial if n==1. Assume n> 1. Drop out only just 
enough arcs to disconnect G. The resulting graph is then in two parts, H 
and H’, and each arc we dropped out joins a vertex in H to a vertex in. H”. 
Let these arcs be abı, and debs,- © ©, a br, where a,° °°, a are in. H and 
bi + *, by are in H’. Then kk <n. The vertices a’ ~~, ae, and also the ` 
vertices bı, tee , be; may not all be distinct.. l 


Case 1. There are two vertices a; and by which are joined by .no-arc. 
Consider first the arc a,b, As it does not join a; and by, either a, is dis- 
tinct from a; or b,- is distinct from b;, say the first. Drop out a, and the 
arcs on it.’ Consider next the arc asb:. One of the vertices az, ba, is distinct 
from both a; and by. Drop out this vertex, if it is not already dropped out, 
and its arcs. Continue in this manner. At the end of the process, we have 
dropped out fewer than n vertices, and we have dropped out all the arcs 
tbi’ * +, dy by. The vertices a; and b; are still in the graph, but are joined 
by no.chain. We have thus dropped out less than n vertices and their arcs, - 
_ disconnecting G, and hence G is not n-tuply connected. 


Case 2. Each vertex. ay is joined -to each vertex b; by an are. Say 
there are p distinct vertices in the set a~, dx, and q distinct vertices in 


- the set bi,: *.:, bx. There are then pg arcs in the set abı, > -, dxbx, or more, 
if G contains 2-circuits. Now ask < n, i 

| | Pa < in. 
As 


pg +i —(p+)= (p—1)(q—1)=6, p+oSp +1 <n. 
If G.contains n or fewer vertices, it is ‘not n-tuply connected. Assume it 
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contains at least n -+ 1 vertices. Then, as there are but p- q vertices in 
‘the set- a,“ °°, dk, bo’ ><, bre, there is a vertex c in G not in this set. 

Dropping out the arcs ab,,: ~~, dxbz from G leaves the two connected 
parts H and wa one of which, say H, contaińs the vertex c. Drop out then - 
the vertices > * >°, a and their arcs from @. We have dropped out fewer. 
than n vertices and their arcs, disconnecting G, as b, and c are joined ae no ` 
chain, and thus G@ is not n-tuply connected. 


THEOREM 6. If a vertex and its arcs be dropped out of the 1 n-tuply 
connected graph G, the resulting graph GQ’ -is (n — 1)-tuply connected. 


For @ contains at least n vertices, and we must drop out at least n—1 
vertices to disconnect it. ; É 


THEOREM 7. A necessary and sufficient condition that a graph contain- | 
ing no 2-circutt be n-iuply connected is that any two-of tts vertices be joined 
by n distinct chains.* 


‘Yor n = 1, the theorem is obvious. Suppose n == 2.. If the graph con- 
tains but two vertices, the theorem is obvious. If the graph contains at least 
three vertices, the theorem becomes theorem 7 of N.t. Assume the theorem is 
true for all numbers 1, 2, -+,%—1; we shall prove it for n =n. This will 
establish it in ‘general. 

We shall prove first the sufficiency of the condition. To show that G 
contains at least n + 1 vertices, let a and b be any two of its vertices; they 
are joined by n distinct chains. As there is at most a single arc ab, there 
‘must be n—1 distinct chains joining a and b, each of which contains at least - 
two arcs. Each chain contains at least one vertex in its interior, so there are l 
at least n— 1 -+ 2 =n + 1 vertices in G. Now suppose we could discon- 
nect G by dropping out k < n vertices, Some two remaining vertices, a, b, 
are now joined by no chain. Hence in the original graph each chain joining 
them must pass through one of the & vertices we dropped out, and there are 
not n distinct chains therefore, a contradiction. 

To prove the necessity of the condition, we must show that for n > 2, 
if G is an n- tuply connected graph and a, f are any two of its vertices, then 
a and f are joined by n. distinct chains. As n > 2, G is non-geparable, and 


* i.e. chains which have only the two given vertices in common. Similar theorems 

have been proved by K. Menger, “ Zur allgemeinen Kurventheorie,” Fundamenta Mathe- 

' maticae, Vol. 10 (1926), pp. 96-116, Satz 6; N. E. Rutt, “Concerning the Cut-Points 
of a Continuous Curve Wher the Are Curve ab Contains Exactly n a Ares,” 

Amerioan Journal of Mathematios, Vol.. 6l (1929), pp. 217-248. TE 
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hence, by N, theorem 7,* there is a circuit passing through a and f. One of 
the-two chains joining them, say the chain D = ab, be, cd,- - -, ef, containe ` 
atleast two arcs. Form the graph Gs from G. by hers out the vertex 6 
and the arcs on it. By theorem 6! G, is (n —1)-tuply connected, and hence 
there are-n — 1 distinct chains joining a and c. Now replace ‘the vertex b and 
the arcs on b. The arcs ab, be form another chain from a to c, so that there 
are in G n distinct chains joining a and c. Now if f is not joined to a by n 
‘distinct chains, there is a first vertex of the chain D (coming after c), say d, 
which is not, while the vertex pecans it, say c, is. We shall show this 
leads to a contradiction.. 

Let Ai, Aa: es be n distinct chains from a ee ¢. Form the graph. 
Gi from G by ARE out the vertex ¢ and the arcs on c. There are in G 
n—- 1 distinct chains B,, B.,-:- -,B,.. from d toa. We shall find in G-n 
distinct chains (4, C2,‘ °°, On from dto a. 


Case 1. dis not on any of the chains A,,---, A». The method is to 
find first a set of chains (’,,- - -, O’m-1, with the following properties: 


(1) For some number 1, 0S/Sn—1, l of the chains, say O’x-1, 
C'a- © -o C’n-1 are identical with the chains Ba- Bat,’ ©, Bat 

(2) -Each other chain C’%;, (of which there are n — 1 — l), is identical 
with a part of B4, that part stretching from d to a certain vertex, say bi, of 
‘one of the chains A,,- * *, An, say As, and these vertices lie on distinct chains. 

(3) No one of the chains` C’; has a vertex in common with either a 
vertex of that part of any chain A; lying between a and b; ]} = 1,2,: 07, 
ill, or with any vertex of any of the chains Anz, Antu,’ *, Án ` 
other than the vertex a. (Of course no chain B; passes through the vertex c). 

We can then construct the chains Cı,’ *', Cn as follows: ‘For 1-1, 
2,°° +, m—1—l, Cy consists of C’, plus that part of Ai lying between a 
and bi; for 7=n—l, n—1-+-1,: +, n— 1, O; is exactly C’;; and Cs 
consists of the arc cd plus the chain Ay. These are n distinct chains from 
d to a, as required. T i i 

We shall find the chains C’4,,- --, O'an in the following manner: First 
follow B, from d towards a till we reach’ a vertex of one of the chains 
‘Ay,’ °, An or the vertex a itself. This much of Bı might serve as O’, 
Next follow B, towards a, and alter C’, if necessary, so we have two chains 
that might serve as.C’;, C's. Next follow B, towards a, and -alter the other 
two chains if necessary till we have three distinct chains which might serve 
as C’,, C'a, C'a. Continue in this manner till we have found the n— 1 re- 
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quired chains. At each stage therefore, the H (1), (2), (3) hold, 
with n— 1 replaced by some number k= n— 1. 

To turn to the actual construction, we find C’; as described. Next fol- 
low Bs from d towards a. Suppose first B, was entirely distinct from the . 
chains A,,-- +, ‘An, 80 that O’, is Bı. If we reach a before touching any of 
the chains A,,--+,An, Ba forms O’. If we reach first a vertex b; of the 
chain As, say, this much of Ba forms C’s. In either case, (1), (2) and (3) 
hold. Suppose next Bı had the vertex bı in common with A, say. If we 
reach either the vertex a or a vertex bz of one of the chains A}, © -, Án, say 
A, before reaching any other vertex of. the chains 4s, - -, An, or any vertex 
of Ai(ab,), (that is, that part ‘of A, lying between a and bı), this much of 
Ba, that is, Bz itself or B,(db,), forms C’2, and again (1), (2) and (3) hold. 
We are thus in difficulty only if we reach a vettex b’: of Ai (ab) before reach- 


ing either a or a vertex cf one of the chains Å * *,An z 
In this case, let Ca be B,(db’,). Let us follow B, ee from bi 
towards a. If we reach either a or a vertex 6’, of one of the chains Åz Alig 


before reaching a vertex of A, (aba), this much of B, added to the original 
C’, forms the new ©’, and again (1), (2) and (8) hold. We are in diff- 
culty only if we reach first a vertex, say b”ı, of. A1(ab’s). In this case, let 
B, (dbx) be the new C’;. Follow now B: from 6’; towards a, forming more 
of the new C'a. Again, we are in difficulty only if we reach a vertex of- 
. A,(ab”,) before reaching either a or a vertex of one of the chains Az,’ * *, Án. 
Continuing, the process must at some time come to an end, as there are only 
a finite number of vertices in the chdin 4;. We now have two chains C’,, C's, 
as required. o a 

. We shall assume now we have found k— 1 chains 0’%,,: ++, Orka; a8 
ee and we shall find the k’th chain O's. We can rename chains and 
vertices so that for some number I< k— 1, 1 of the chains, C'n O'rni, 
- ++, Cra are identical with B'ei, B’rin,' ++, Bes, respectively, and each 
other chain 0’; is identical with By(dbi), += 1, 2,° °° aa where bi 
lies on the chain Ai. 

Follow B, from d towards a. If we reach either the vertex aor a vertex 
bia of one of the chains Axtt, Attu,’ © `, An, Bay Aæ, before reaching any 
other vertex of these chains or any vertex of Ay ab,), i =— 1, 2, © -, k— 1 —:, 
this much of By forms C’;, and (1), (2) and (8) hold. We are in difficulty 
only if we reach first a vertex b of Ai(abi), LS t= k—1— I Let this 
much of By be O'r. We alter 0’; as follows: Follow B; from b; towards a. 
If we reach a or a vertex of one ‘of the chains Az1,: °°, Am first, this much 
of B, together with B,(db,) forms the new C’;, and again (1), (2) and (8) © 
hold. Suppose we reached first the vertex b” of A;(abj), where 1SjS 
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k—1—l, fone 1, or of Ag(ab’). We then aise B, or Br, as the case may be, 


further towards a, forming more of the new C; or C%. Again, we are in © 


difficulty only if we reach a vertex of Aa 1s k— 1—l, lying between a 
and the vertex Ds (or b or b”). |In. this case, we follow Bs (or Bx or By) 
further towards a. The process must eventually come to an end, as there are 
but a finite number of vertices in the graph. We now have the required chains 
O57 0 + ON 

Putting Yni, we have the ere nm—i chains 0%,-<-, Da, 
and the proof for case 1 is complete. 


Case 2. dis on one of the chains 41, -, An, say An. Let An now stand 
for only that part of the former Aj, lying between a and d. Exactly as we 
before found n — 1 distinct chains from d to a which did not touch one of the 
chains A,,---,An (which chain we called A»), we now find a similar set of 
chains. If, first, A, is a chain we have not touched, it forms the required n-th 
chain from d toa. If Ai, t&n, was a chain we have not touched, this chain 
plus the arc cd forms the required n-th chain. ou proof for case 2 is now 
complete also.. 


3. Applications to dual graphs. In this section we remove the restric- 
‘tion on the graphs we consider, that they contain no 1- or 2-circuits, for dur- 
ing the proofs of the following theorems we may run into graphs with such 
circuits, and we do not wish to have to avoid them. 
A planar graph cannot be more than quintuply- connected. For suppose 
there were a sextuply connected graph. Then there is such a graph contain- 
ing no 2-circuits. By theorem.5, each vertex is on at least six arcs. But 
this cannot be, as is easily seen from Eulers formula.* However, there are - 
quintuply connected planar graphs, for instance, the dual graph of the dode- 
cahedron (containing twelve vertices, each of which is on five arcs). 
Dual graphs may not have the same connectivity. (The dual of the | 
graph just mentioned is but triply connected, each vertex being on but three 
arcs.) However, we might define a certain notion, the connectivity of a graph 
in the large. Then to a certain extent, we have the theorem that dual graphs 
have the same connectivity in the large. This will be understood on referring 
to theorem 9 below. We will not go further into the matter here. | 


THEOREM 8. Let G and G be -connected + dual grapan: Let a be a 


* This is the equivalent of the theorem that a map on a "sphere contains at least 
one region with less than six sides. 

t The hypothesis that the graphs be connected is obviously unnecessary. We 
include it merely for convenience. 
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vertex of G, and let A be the arcs on a. : Let A’, the corresponding arcs of E, 
-form a circuit. Let b’ and c’ be two distinct vertices of this circuit, dividing 
` tt into the two chains B’ and O’. Let B and C be the corresponding ‘arcs of 
G. Form @, from Œ@ by letting b’ and ¢ coalesce into the vertex a’. Form 
_G, from G by replacing a by the two vertices b and c, and letting the arcs B 
end on b, and the arcs C, on-¢. Then G, and GQ’, are duals, preserving the 
correspondence between their arcs. . 


Let R, RB’, r, 1’, ete., stand for the ranks of G, G’, H, H’, ete., respectively. 
Letting 6’ and c’ coalesce in @” reduced the number of vertices by one, and 
hence ` 

| BR’, = RB’ — 1.. 


Let H, be any subgraph of Ga, and let H’, bé the complement of the corre-. 
sponding subgraph of G’;. We must show that 


ty om FE —~ Ty. 


Let H ana H’ be the subgraphs of G and @” mae the same arcs as 
H, ang H’, respectively. Then, as G.and G@’ are duals, 


r = R —n,. 


Case 1. Bb’ and d are in different connected pieces in H’. Then’b and c 
` are in the same connected piece in Hı. For add to H’ every are of G@’ we can | 
without connecting 6’ and c’, forming the graph F. Let D’ be the remain- 
ing arcs of @’, and let D be-the corresponding arcs in G. Then D is the 
complement in @ of the arcs corresponding to I’ in @. J? is in two con- 
nected pieces, while adding any arc of D’ renders the graph connected. There- 
fore, as: @’ is a dual of G, the arcs D are of nullity 1, while dropping out 
any one of them reduces the nullity to 0. Hence, by N, theorem 9, D is a 
circuit. As 6’ and ¢ are not connected in J’, at least one of the ares of B’ 
and at least one of the arcs of O” are missing from I’, and therefore at least 
one of the arcs of B and-at least one of the arcs of O are present in D. In 
forming G, from Q, the circuit D is broken at the vertex a, and becomes a 
chain Dı in Ga. As D, contains still an are of B andi an are of C, Dı joins 
b and c. As J’ contains every arc of H’, D, is contained in H,. Hence b 
and c are connected in Ay. 

In forming H’, from H’ by letting b and ¢ coalesce, the numbers of. 
vertices and of connected pieces are each reduced by 1, and hence a - 


r me 1”, ; 
In forming H from H, by letting b and c coalesce, the the number of vertices 
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is reduced by 1, while the number of connected pieces and of arcs remains 
the same: Hence f | 
Ny=n-—l. 
These equations with the equations above.give 
l ri =R — M, | 
as required. 

Case 2. b’ and ¢ are connected in H’. Then band c are not connected 
in H,. For suppose there were a chain D, joining them. The arcs of this 
chain form a circuit D in G, containing one arc of B and one are of C. Let 
D’ be the corresponding ares of G”, and let J’ be the complement of D’. Then 
as G” is a dual of G, I’ is in two connected pieces, while adding any are of D’ 
connects the graph. Let d'e’ be the arc of B’ contained in D’, where d’ is 
nearest b’, g” is nearest c’. (d’ may be b’, and & may bec’). As D’ contains 
no other are of B’, b’ and d’ are connected in J’, as are ¢ and e. Adding 
the arc d'e’ to I’ connects J’. Therefore d and e’, and therefore also 6’ and 
c’, were formerly not connected. As J’ contains every arc of H’, b’ and ¢ are 
not connected in H” either, a contradiction. Š 

' As b’ and c’ are connected in H’, letting them coalesce reduces the rank 
of H’, that is, 
w = 7’ — i. 
As b and c are not connected in H’, letting them coalesce does not alter the 
rank or nullity of H, that is, 
` m = h, 
These equations with the first equations give 
| Ti == fh’, — nm 
again, as required. 


THrorem 9. Let G be a non-separable planar graph with the fol- 
lowing properties. If the verttices a1, Gz, `>, an and their arcs are dropped 
out, the resulting graph is in two connected pieces, H, and Hs, while no 
proper subset of these vertices, if dropped out, disconnect the graph. Litther 
H, is of nullity > 0 or one of the vertices a; is joined to H, by at least two 
arcs, and the same ts true of Ha. Then tf G’ is a dual of G, G” can be dis- 
connected by dropping out a corresponding set of n vertices and their arcs. 


_ A definition of a “corresponding set of vertices” is given during the 
proof. 

Let A; be the arcs on a4, let Ay(H,) be those arcs joining a; to vertices 
in H,, let As(H2) be those joining a; to vertices in He, and let Ai(A) be 
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those joining as to other vertices ofthe set Gg ts Saw LS Ph. ‘There 
are arcs in A:( Hı) and Ai( Hi) for each i. For suppose for instance there. 
were no arcs in 4i(H,). Then if we drop out the vertices aa’ °°, dn and 
their arcs from G, a, is now connected only to Ha, and hence Hı and H: are- 
not ‘connected, contrary to hypothesis. Let A'n A’s(Hi), A’%s(H2), A%s(A) 
be the arcs of @ corresponding | to Ay, Ai(Hi), As( Hs), As(A) Bi aa 
tl en 

The arcs ai if dropped ae ioue G} Hence the arcs A’, form a 
circuit, 4== 1, ',n. Let us form @*, from G by dropping out, the arcs 
P == A (Hi), Aa (Hi), > +, 4n(Hi). G*, is in two connected pieces, one 
of them being H., the other being H: together with the vertices a,,: - -, dn. 
Putting back any of these arcs connects the two pieces. — the corre- 
sponding ares of @ form a circuit P’. 

The arcs A’;(H1) for any + form a chain. For suppose not. Then 
for some 1, A’s(H:) is composed of k chains C’, +, O's. The rest of 
the circuit A’; is composed of k chains D4, °° °:, 2. and each chain 
D’; joins some two chains of the set Ci, ©, 0% We formed G*, from 
G by dropping out the arcs P. Let us form @*, by dropping out also, 
.the. ares corresponding to the arcs of D’; As D’, has ita end vertices’ in 
P’, P’ and D’, are together of nullity 2. Hence G*, must be in three con- 
nected pieces. But this is not so. For the arcs of Ay(H) and 4,(A) all 
join a, to that part of G@*, containing H, and D, contains but a part of 
these arcs. Hence a is still joined to the rest of this part of G*,, and @*, 
contains the same number, 2, of connected pieces as Q*y, a contradiction. 
This proves the statement. . 

' Let us interchange the names of the chains A’ (H), A’a(H1),° 

ge ‘so that they occur in that order in P’, and rename the vertices N 
d2, ' * +, da and their arcs accordingly. Let a’ 1 be the vertex joining A’,(H;) 
and A’s(H:),° ++, let na be the vertex joining A’x1(Hi) and A’,(H:), 
and let a’, be the vertex joining A’,(Hi) and A’;(Hi). These vertices form 
a corresponding set of vertices to the vertices a,' ` -, a». If we map the. 
graphs together on a sphere f as described in N, theorem 30, we can draw 
- a closed curve which passes successively through the vertices d1, a1, di, Aes 

*, Qn, @n, and touches no other vertices or arcs. We shall show that 
wi,° °°‘, @n, if dropped out, disconnect @. 

form Fn from @ by letting a’, and a’, coalesce. Horm Gy, from q 


+ The resulting graph is in just two pleces as a, is not a cut vertex of G, G being 
non-separable, ; ~ 

t So that each arc of one graph cuts the Soe nie arc of the other, and other- 
wise the graphs do not intersect, 


~ 
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by replacing the vertex an» by thé two vertices &s( H). and ‘an( Hh), letting 
the arcs An(H,) end on On (Hs), and letting the arcs An(Hz). and An(A) — 
end on d(H). By theorem 8, Gnas and G'n are duals.. Form G'n- from 
On by letting a'ni ‘and Zaa coalesce. Form Guo from Gaa by replacing 
the vertex an- by the two vertices an-ı (H1) and an-ı (H2), and replacing the 
arcs ON dn. as above.* Then Gr. and G’s-s are duals. Continuing, we have 
finally the dual graphs G, and G’;, where d'i, d'z,’ * ', A'n have all coalesced 
to form a single vertex in G'i, and a; has been replaced by the two vertices 
a( H), a; (Ha), t= 2, 8'e n, in G. 

Let Z, be H, together with the vertices t, &aa( Hı), © *, an( Hı), and 
the arcs 4A, (Hı), © **, An(Hı). Define Ia similarly.' Then J, and I; have 
but the vertex a, in common, and together they form G,. Let Fu, ++, Iw 
be the components of Iı, (there may be but one), and let In, +, Ix be 
those of Ia. J, is of nullity > 0.. For if Hiis of nullity > 0, I, is, as it 
contains H.. Otherwise, by hypothesis, there are at least two ares in one of 
the sets of arcs A;(H,). Let these be the arcs a;b and aic in G. Bb and c 
are joined by a chain in H,,:as H, is connected; this chain together with 
the arcs ay and ajc forms a circuit in I,.. The statement now follows from 
N, theorem 4. Similarly, Iz is of nullity > 0. Thus one of the components 
I; of I, and one of the component Ia of, Iz, is of meag >0 by N, 
theorem 13. | 

Let Vis © ++, Fa be the subgraphs of @’, whose arcs correspond to 
the ares of Iu1,° °°, Jar. By N, theorem 25,f Pin *'', I% are the com- 
ponents of @,, and Iı, is a dual of In,' * +, Fs is a dual of Iar. As Iu and 
Is; are of nullity > 0, F1; and Ia; are of rank > 0, and they contain therefore 
no I-circuits. Drop out any 1-circuits there may be in G’. The resulting 
graph J’ is separable, as it contains both I's and Ia. As it is connected, it 
has a cut vertex a’. J’ is formed therefore of two graphs J’; and J’s, each 
containing an arc and hence at least two vertices, which have only the vertex 
z’ in common. If 2’ is dropped out of J’, J’ is disconnected. Hence if z” 
is dropped out of G’,, forming the graph K’,, K’, is not connected. 

z’ is the vertex a’, For suppose it were not. Form K’ from @ by 
‘dropping out 2’ and its arcs. As G is doubly connected, we see easily that 
Œ is also, by N, theorem 26,8 and hence K’ is connected. K’, is formed from 
K’ by letting the vertices Ws, eee) S eee and hence K’, also is con- 


* It is easily seen that a, , is not a cut vertex of op and hence A’, , is still - 
a circuit in @,, , 
+P, theorem 3. - 
į P, theorem 13. 
§ P, theorem 14. 
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nected, a, contradiction. Now drop out the vertices a’,,- - ., a’, and their 
arcs from GQ. . We aro left with the graph K’, which is not connected, and 
the theorem is proved. 


TELOREM 10. A dual @ ofa triply connected graph G containing no 
‘1- or 2-ctreutts ts a similar graph. 


G’ contains no 1- or 2-circuits; for if it did, dropping ~ out the corre- 
sponding one or two arcs of G woud disconnect. this graph, ney a to 
theorem 5. 

- @ contains at least four vertices. For if it contained A than four 
vertices, it would contain at most three arcs, and would be of nullity S = A, 
and G@ would be of rank = 1, and would contain but two vertices. . 

Finally, G’ cannot be disconnected by dropping out but two vertices. 
For suppose it could. If dropping out a’, and a’, and their arcs leaves the 
two parts H’, and H’s, then, as @ cannot be’ similarly disconnected, either a’, 
and a’, are each joined to H’, by but a single arc, or they are each joined to 

’; by but a single arc, say the first, by theorem 9. The two arcs joining a’; 
and a’, to A’, if dropped out, disconnect G’. Hence the corresponding two 
arcs of G form a circuit. But this is contrary to the hypothesis that G con- 

-tains no 2-cireuit: Thus G” is triply connected. 


» 


THEOREM 11. (A triply connected planar graph contam ug no l- or 
2-circuit has a unique dual. T 

For suppose @” and G@’” were both duals of the triply annae graph G. 
Let H’ be any subgraph of @ of nullity 1. Let H” be the corresponding sub- 
graph of G” (the correspondence being given through the graph G), and 
let H be the iat aaa of the corresponding subgraph of G. Then 


r= L—n’, 
Ea i 
and hence 
n” =n", 


and H” is of nullity 1. Similarly, if H” is any sivas of qr of nullity 1, 

the corresponding subgraph H’ of GY is of nullity 1. Moreover, by theorem 
10, G and G” are both triply connected, and neither contains any 1- or 
- 2-cirenits. Therefore, by theorem 3, @’ and G” are congruent; that iB, the 
dual of G is unique. 


HARVARD UNIVERSITY. 


ON THE DECOMPOSABILITY OF CLOSED SETS INTO A 
COUNTABLE NUMBER OF SIMPLE SETS 
OF VARIOUS TYPES. 


By G: T. WEYBURN. 


L In this paper we shall consider the ‘following general problem: Given 
any class K of closed point sets, under what conditions is a compact metrio 
space C expressible as the sum of a countable number of K-sets? 


It is obvious that this problem is a much more general formulation of 
the well known problem * in the theory of curves of finding necessary and 
sufficient conditions in order that a-given curve should be the sum of a 
countable number of ares. For, in order to obtain the solution to this special 
problem from the solution to our general problem we have only to take K 
-to be the class of simple arcs and take C to be the curve. This particular 
problem was considered by Menger in 1926, who formulated it for regular . 
curves and gave the solution for the special case of acyclic curves. The same 
problem in slightly more general form was considered by the present author 
in 1929 ł and was reduced, for the case of any locally connected continuum, 
to the same problem concerning the cyclic elements of that continuum. This 
reduction gave at once the solution to the problem in a number of special 
cases including those solved by Menger. These remarks suffice to show the 
point of view from which this problem has been’ attacked, i.e., the already 
known classes of continua have been examined in turn to determine if they | 
do or do not have the property of being expressible as the sum of a countable 
number of arcs or to find conditions under which they do have this property. 
Since it was found that certain curves of a. particular type do have this 
property whereas other curves of this same type and of apparently no greater 
‘complexity do not have this property, the possibility of a general solution 
‘to the problem seemed remote. However if, as we shall do in this paper, 
we concede at once that the continua which have the property of being the 
sum of a countable number of arcs (or, in general, of K-sets) form a distinct 
class by themselves which is not to be identified with any of the known types 


sm Bee, for example, K. Menger, Mathematische Annalen, Vol. 96 (1926), pp. 575- 
582, and Jahresbericht der. Deutschen Mathematischer-Vereinigung, Vol. 35 (1926), 
p. 148. a Š i 

t See Fundamenta Mathematicas, Vol. 14 (1929), pp. 103-106. l 
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in our present classifiċation of curves, and question oùrselves as to what type 
of complexity one can get in a continuum which is formed by adding together 
two, three, n, or a countably infinite number of arcs (or, in general, of K-sets) 
we are led at once to those properties which are characteristic for the de- 
composability of any closed set into a countable number of ares or of K-sets. 
Thus we find the solution not only to the arc-problem but to the general 
problem for any class K of closed sets. 
_ ‘There are many other interesting cases (i.e., choices of the class K 
to our general problem and its solution to be given below in §§3 and 4 
besides that in which K is the class of simple arcs. Some of these will be- 
‘discussed below in §5. Notably, for a reason to be mentioned later, the 
case where K is the class of acyclic curves is of especial interest and im- . 
. portance. Also closed sets which are the sum of finite numbers 2, 3, >*t n," 
of K-sets have interesting properties which will be discussed in § 6. 

Before proceeding with the solution to our problem we introduce a new 
notion defining sets which may be regarded as 


2. Generalized derived aggregates. Let C be any compact metric space, 
let A be any closed subset of C and let K be any class of closed sets. Then 
by the K-derivative K(A) of A is meant the set of all points x of A such 
that for no neighborhood U of g is A: U contained in any K-set in C. Set 


Al_= K(A), 
Ae = K(A1), 


Ap KAR), 


in general, A% = K (4Ẹ') or = Ih K (AZ), according as the ordinal num- 


ber æ does or does not have an T predecessor. 

For example, if we take K to be the class of all single EN then for 
any closed set A, the K-derivatives of A are equal respectively to the ordinary 
successive derived aggregates of the set A, i.e, Ag*== A for every a. 
Other examples are as follows. Let H, K, and L denote respectively the 
classes of simple arcs, simple closed curves, and acyclic curves. Then if 
‘Cis a circle plus two diameters zoy and poq, Cm = <z + y + o0 + p + q while 
Cx == Or = On? = 0. If C is the curve obtained by adding to a rectangle 
abcd a sequence of its altitudes, tbx dab Gsbs, ‘°° converging to ab, then — 
Cyt = ab + (a, + b1) + (ta tba) +--+ +, Cx? =0, Crt = Cr = ab, and 
Cx? = 0r —=0. H we add on to this curve a sequence of altitudes con-. 
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verging to each of the altitudes ae ‘clearly we get a curve whose third but 
not second H-, K-, and L- derivatives are vacuous. ‘These examples perhaps 
suffice to indicate how the K-derivatives may be used to describe or char- 
‘acterize various stages of complexity in the structure of a continuum. 

It follows at once from the’ definition that all the K-derivyatives of a 
closed set A are themselves closed sets and Te they decrease monotonically 
with successive derivations, i. e., Ag" > Ag“ 


3. THEOREM. In order that the compact metric space C should be the — 
sum of a countable number of K-sets, where K is any given class of closed 
point sets, it is necessary and sufficient that Orf == 0 for some ordinal number 
B of the first or second class. 


To prove the sufficiency of the’ oaio let us suppose that Cx? = 0, 
where 8 is an ordinal number of the first or second class. For symmetry 
let us set C = Cg’. Now each point s of C—- Cx* is contained in a neigh- 
borhood Qe such that some K-set K, in C contains C- Qs. By the Lindelöf 
Theorem, a countable collection [Qi°] of the neighborhoods [Qs] covers 
0 — Cr, and this C— Cr! is contained in the sum Ge of the elements 
of the corresponding countable collection of K-seta [K4°]. Likewise Cxt — Cx? 
is contained -in the sum G, of a countable number of K-sets, Ki1, Kat, Kat, +° 
in C. In general, for each a < 8, Cx*—-Cx* is contained in the sum G 
of ‘a countable number of K-sets K,%, K, -+ in C. But it is seen at 
once that | l 

ss 2), (Gx* — Or myo 2, ha > È K, 
Osas8 n=1 
and, there being only a countable number of ordinals a < £, we thus have 
expressed C as the sum of a countable number of A-sets. 

The condition is also necessary. For suppose 0 == K, + Kı + K; aoe , 
where each K; is a set of class K, and suppose, contrary to our theorem, | 
that Cx? is non-vacnous-for all œs of the first and second classes. Then 
_-gince there are uncountably many- of the sets Ox“, it follows by the well | 
known theorem that (in the space we are considering) any well-ordered 
monotone decreasing sequence of distinct closed sets is countable that for 
some ordinal 8 of the first or second class, Cg? == Cx. In other words, 
for some £, K(Ckr®) = Cx and hence Cg? is its own K-derivative. Now 
clearly there exists a point 2, of Cx? which does not belong to K,; and since 
K, is closed, a neighborhood R, of z, exists such that R,-K,—0. Likewise, 
since, by virtue of the definition of K-derivative, R,-Cx? cannot be con- 
tained in any K-set in C, there exists a point zs in R,-Cx* not belonging 
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to Kz. There exists a neighborhood R, of -za such that R, CR, and 
R,-K,—0. Similarly in Rs- Cg® there exists a point zs not belonging to’ Ks 
and there exists a neighborhood Rs of zs such that Ry C Re and Rs: Ki = 0, 
and so on. Continuing in this way we obtain a sequence of neighborhoods © 


Rı, Ra}, Ra, + + in C such that for each n, Ba C Raa and B, SK; rm Ô, 


O m © © -> O -2. 

But then [[ Ri: £ Ki = [[ Ri: C = 0, contrary to the fact that [I R: is not 
1 1 1 1 

` vacuous and is a subset of C. This contradiction proves our theorem. 


4. An alternate form. We can state our proposition just proved in the 
eoHowins equivalent form. 


In order that a compact metric space C should be the sum of a countable 
number of K-sets it is necessary and sufficient that each subset N of C contain 
at least one point æ for some neighborhood R of which it is true that NR 
1s contained in some K-set in C. 


For if this condition is satisfied, then by choosing N to be the successive 
K-derivatives of C we see that these sets Cx* must be distinct sets and since 
they are well-ordered and monotone decreasing, they must be countable in 
number. Thus they must be vacuous after a certain 8 of the first or second 
_ Class, and by our theorem in §8, C is the sum of a countable number of 
K-sets. If, on the other hand, C is the sum of a countable number of K-sets, 
then Cx’ = 0 for some £ of the first or second class; but it is easily seen 
that if any subset N of C failed to, contain a point x such that the part of N 
is some neighborhood of v is contained in a K-set in C, then N would belong 
to every set Cx? for all ordinal numbers £. : 


5. Applications. Some particular chotces for K. 


(a). In general, for any given class K, let us call a continuum (= a self- 
compact, connected, metric space) C which is the sum of a countable number 
of K-sets a K-sum. Then from §4 it follows at once that in any K-sum C 
there exists an everywhere dense set of open sets each of which is contained 
in some K-set in C. 

(b). If we take K to be the class of simple ares, then $4 tells us that 
in order that a continuum C should be an arc-sum it is necessary and suff- 
cient that every subset V of C contain a point x for some neighborhood R 
of which it is true that N E- is a subset of some arc in O. Thus we have 
a solution to the arc-sum problem. In particular, if we take N == O, we see 
that any arc-sum C must contain open sets which are contained in ares in C 


~ 
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and thus it must contain “ free-arcs,” i.e. arcs ab such that-no point of. 
ab— (a -+ b) is a limit point of C— ab. Indeed, by (a) it follows that 
_ in any arc-sum the free arcs must be everywhere dense. Suppose we call a 
continuum in which the free arcs’ are everywhere dense a free arc continuum. 
Then we have that any arc-sum 1s a free arc continuum. 
We note here, in answer to a problem proposed by Menger (loc. cut. ) J 

the fact that any arc-sum A is the sum of the elements in a null sequence 


_ of arcs, i. e., Æ == > By, where each Ba is an arc and 8(Ba) —> 0 as n> œ. 
` 1 ` ` . 


- ; o0 i ; i 
Clearly this is the case; for if A = $, An, where each An is an arc, then. 
l m l 


for each n, Am is the sum of a finite-number of arcs An‘ each of diameter 
< 1/n; and obviously we can arrange these arcs [An‘] into a null sequence. — 
Indeed, similar reasoning yields at once the result that +f K is any class of 
closed sets such that each K-set is itself the sum, for each « > 0, of a finite 
number or of a null sequence of K-sets of diameter < e, then every K-sum 
ts the sum of the elements i in a nll sequence of K-sets. 


(c). Suppose now we take K to be the class of acyclic curves, i. €., Ge 
locally connected continua containing no simple closed curves. Then of 
course §§ 3 and 4 give us necessary and sufficient conditions for a continuum 
C to be an acyclic curve-sum. Now in case C itself is a locally connected 
continuum, this choice of K is of special significance, because of the fact * 
that any closed subset of such `a set C which is homeomorphic with a subset 
of some acyclic curve ts really contained in an acyclic curve in C. Thus in 
this case we can characterize acyclic curve-sums completely in terms of topo- 
logical properties of their subsets as follows: A locally connected continuum 
C is an acyclic curve-sum tf and only if every closed-subset N of C contains 
-œ poini x such that some closed netghborood of x in N is homeomorphic with 
a subset of some acyclic curve (i.e. has only point- and acyclic curve- 
components and only a null sequence of components which are not points). 
Also in this case it follows at once that any locally connected subcontinuum 
of an acyclic curve-sum ts ttself an acyche curve-sum. It has been remarked. 
by Menger (loc. cit.) that the corresponding proposition about arc-sums i8 
not valid. Thus it appears that in many respects a detailed study of plas 
curve-sums would be more fruitful than one of arc-sums. 

(d). If we choose Æ to be the class of free arc continua, we get at once 


* This is established for C in the plane by H. M; Gehman [See Transactions of the. 
American Mathemathical Society, Vol. 29 (1927), p. 560], and has been extended 
to al metric locally connected continua by L. Zippin. 
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from § 4 or from (a) that the free arcs are dense in any free arc continuum- 
‘sum and hence any free arc continuum-sum is ttself a free arc continuum. 
(e). As a final application, let us choose K to be the class of continua 
without continua of condensation, which we shall call w-continua. ‘Then since 
any w-continuum is* a free arc continuum, it follows as a corollary to (d) 
that any w-continuum-sum is a free are continuum. Furthermore. it is 
readily proved with the aid of some elementary results of dimension theory 
that any subset of a w-continuum-sum which contains no arc is of dimension 
zero. Thus any 1-dimensional subset (e.g., any connected subset) of a 
_w-continuum-sum must contain an arc. In particular (since an arċ is a 
w-continuum), any arc-sum has the property just mentioned. 


6. The finite cases. In conclusion we make some remarks concerning © 
the cases in which Cr” =Q for finite integers n. It might be supposed, 
by analogy with our result in § 3, that the vanishing of Cx” for a finite 
-integer n comprises a necessary and sufficient condition that C be the sum 
of n K-sets. However, we shall see at once that in general this is not the 
case. That the condition’is not sufficient is seen for example, in the con- 
tinnum C obtained by adding on to the unit interval a perpendicular ordinate 
of length 1/q for each point p/q where p and q are integers prime to each 
other and p < q; for in this case, clearly C is not the sum of any finite 
' number of. arcs, whereas its second arc-derivative vanishes (i.e. Cx?—=0, * 
where XK is the class of simple ene): ‘It will be shown below, however, that 
this condition is necessary. 

In general, if C is the sum of a finite number of K-sets; then for any 
integer n, every point Cx” belongs to at least n + 1 of these sets. For clearly 
every point of Cx’ belongs to at least 2 of the K-sets; and assuming that 
for an integer k— 1, every point of Ox** belongs to at least & of the seta, it 
follows that every point of Cx* belongs to at least &+1. For if not, 
then some point « of Cx* belongs to at most & of the sets, say to Ki, Ka, 
+++, Kp; hence some neighborhood U of « in C is a subset of Kı + Ka 
+: | -+ Ky and thus Ort: U C K, +K: +: -+ Ky; but then since by 
supposition every point of Cx** belongs to at least k of the sets, it follows ` 
that Cg**-U C Kı: Ka- + - Ky; thus the part of Cx* in a neighborhood of z 
is a subset of K-set in C, (e. g., of Kı), contrary to the fact that gz C Ox. 
Therefore, by induction, it follows that for any n, every point of Cx” belongs 
to at least n + 1 of the sets. 

i Now,-in particular, if C is the sum of n K-sets, every point of Og" ` 


* See Urysohn, Verhandelingen der Akademie te Amsterdam, Vol. 13 (1927), No. 4. 
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is contained in all n of these sets ahd hence Cr” is contained in their product. 
‘It follows from this that Cx* = 0, because Cg" is a subset of some single 
K-set in Ç. This also follows because if Cx” contained a point z, then z 
“swould have to belong to n- 1 of the sets, whereas there are only n sets in all. 
Therefore we have proved that In order that a set C be the sum of n K-sets, 
it is necessary that Ca” be a subset of a K-set in O and that Oz” =0. ` 

Although; as we have seen, this condition is not sufficient for classes K - 
in general, nevertheless it seems possible that it may be sufficient for certain 
` particular classes X. Notably when K is the class of acyclic curves does: 
this seem possibly to be the case. It would be interesting to study the finite 
cases further and find necessary and sufficient conditions that a set C be 
_ the sum of n K-sets in general and for particular choices of K. 
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GENERALIZATION OF A THEOREM DUB TO C. M. CLEVELAND.+ 
“By Leo Zrrrn.t 





Recently, C. M. Cleveland has announced the theorem that: if, in the 
plane, M is a bounded continuous curve which contains no domain and K 
. Is a totally disconnected closed subset of M such that M — K is connected, 
there exists an acyclic continuous curve T containing.K and such that. 
1) all endpoints of T belong to K, 2) the point set M-T is disconnected, 
3) M—M-T is connected.§ It is, of course, clearly understood that T 
belongs to the plane of M. It was the suggestion of Professor R. L. Moore 
„to extend this result to euclidean spaces of higher dimension. It is to. be 
expected that the theorem will admit of considerable elaboration in higher 
spaces, and we give two distinct versions both considerably stronger than 
the. original form; however, the methods of this paper do not admit of 
application inthe plane case, and the results are not generally true in the 
plane. Our theorems generalize, also, certain results of R. L. Moore relating 

o “paths that do not separate a given continuous curve,” and results due to 
Zarankiewicz. The arguments of this paper rest principally on well known 
theorems. of Dimension-Theory, and the local arcwise connectedness of gen- 
eralized continuous curves C, 1. e.; complete separable metric spaces, connected 
and locally connected. We give, in particular, a necessary and sufficient 
condition that a self compact totally disconnected subset of C be the set of 
endpoints of an acyclic continuous subcurve of C. | . 


Preliminary: Let B be a closed, non-dense subset of a generalized con- 
tinuous curve O (in the sense above) which does not locally separate C.i 


/ + Presented to the American Mathematical Society, February 11 (1930). Read 
at the Easter Meeting, Berkeley, California. — 
t National Research Fellow. 

_ $ See, Bulletin of the American Matlienatioa Society, Aiea Vol. 36, p. 331. 
The essential condition that M — K is connected is, by oversight certainly, not there 
stated. 

{See R. L. Moore, Bulletin of the American Mathematical Society, Abstract, 
Vol. 33 (1927), p. 141; Synopsis of Boulder Colloquium Lectures (August 1929); 
the Colloquium Lecture to appear in the regular series. Also, K. Menger, Monatshefte 
für Mathematik und Physik, Vol. 36 (1929), p. 212;- N. Aronszajn; Fundamenta 
Mathematicae, Vol. 15 (1930), p. 228; in the same volume, C. Kuratowski, p. 301. 

|| We shall say that a subset V of O locally separates O provided there exists an 
open connected subset U of O such that U. = PCP” CU, and U—V" is not 
connected, 
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There exists a countable set P of points of C—B, dense in C—B and 
therefore dense in ©. For every pair p and q of points of P there is an 
arc pg in C— B: for C—B is by hypothesis connected, and is connected 
im kleinen since B is closed; and being open in C, it is by a theorem ane 
to Alexandroff + in itself a complete metric space. ; . 

We suppose well ordered the denumerable set of pairs p ‘ad q of points 
of P. For each pair (p,q) let pq be an arbitrary arc of C — B of diameter 
less than Xpq + 1/n, where n is the integer associated with the pair (p,q) 
in the’ well ordering, and Ang is. the lower limit of the set of diameters of 
the totality of ares joining. p and q in C— B. Let K represent the point 
‘set which is the sum of all of these arcs. | 

It is clear that EB = = 0, that K is connected, and since. >B is closed, 
that K is connected im enen for the last, if k is a point of K, there is 
a d such that no point of C at a distance less than or equal to d from ke 
belongs to B; in symbols, §(%,d)-B=0.. Let n-be.an integer such that 
1/n < d/2. There is an-e such that two points of S(k,6) may be joined 
by an are of S(k, 1/n) and such that S(k,¢) contains no pair of points of P- 


of subscript less than or equal to n. Then K-S(k,e) belongs to a con-. . 


nected subset of S(k,d). If H is any subset of C — K we shall show that 
H does not even locally. separate C.- Otherwise there is an open connected . 
subset U of C such that U-H— H” CA” CU, and U— H” is not con- 
nected. ‘Then H” contains a closed subset H* which irreducibly separates 
U between two points of U.} It follows from our condition on B that H* 
is not a subset of B and contains a point A not of B. There is an e such 
that S(h,e) C U—B-U and a d such that two points of S(h,d) may be 
arc-joined in S(h,e/2). Let n be an integer such that 1/n < 6/2.. There 
exist two sequences of points of P; (ps) and (qi) belonging to distinct 
components of U — H*, and converging to-h. There exists a pair of points 
p; and ge such that p; +- qs C S(h,d) and the point pair | (ps, qx) | is of 
subscript greater than n in the well ordering of pairs of bee of P. The 
are pjqz of K belongs to U —H*. 

With the weaker condition on B that B does not separate C (and other- 


—— 


+“ Sur les ensembles de la première classe et les ensembles: abstraits,” Comptes 
Rendus, Vol. 178 (1924), pp. 185-187. (That the metric-which exhibits the complete- 
ness of O-— B is in general different from the metric originally associated with O 
need not detain us, who are concerned merely with the fact of its. arewise con- 
nectednesg). 
ł Compare G. T. Whyburn, “Irreducible Cuttings of Continua,” Fundamenta 
. Mathematicae, Vol. 13 (1929), p. 49, Theorem 8: the thought of. this proof generalizes - 
readily. : a 
A j 12 ~ 
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wise K as defined above is not itself connected), it is immediate from the con- 
nectedness and “everywhere-density ” of K that no subset of C— K sepa- 
rates C. With the stronger condition on B that B does not even locally 
separate in the weak sense, i.e. if U is an open connected subset of C and 
U- B = B* then U — B* is connected, it follows as above that no subset of 
_ O—K locally separates even in the weak sense. It may be of interest to 
note that. for the case that B is vacuous, K defined above includes all cut 
points and local cut points of C, and that this fact may be employed to yield 
_ simple proofs that these sets are at most one dimensional and are Fe-subsets 
of C.F . 

In view of a recent paper by Ayres which has just been received by the 
author, it has seemed well to interpolate here a justification of the previous 
statements, especially since the lemma f there employed is not valid for 
generalised continuous curves: witness the simple example that C is the 
following oe set (in the plane): OS e@=1y=0;05 y= 1, z = 1/n, 
(n = 1,2,3,- +. Here the point (0,0) is not a eat pot while the ‘points 
(1/n,0) belong to H, in Ayres’ notation. Now, if the point y of C is a 
local cut-point of C there is an e such that y is a cut-point of the com- 
posant Uy of S{y,¢). If y is a point of an are pq of K, ‘defined above, we 
` may choose e so that p and q are not in S(y,¢e). On pq there is a pair of 
points z and z, in order pryzq, such that (yz — z) + (yz—z) C Uy, and 
z-+-z do not belong to Uy. If y fails to separate some point of ye—z 
from some point of yz—z it cannot separate any pair of points of these’ 
respective sets, and there is a point u of Uy separated by y from both of these ` 
point sets: in this case there is an arc wy which has only y in common with 
pxyzgq, and the set of such points y (by a theorem of Zarankiewicz, from the 
separability and metricity of C) is at most a countable set F. If the pointy 
is not a point of Y it must separate points of yz — s from points of yz—2z_ 
(in Uy for the case of local cut-points). and belongs to Ha where 1/nS 6.3) 

Suppose now that y is not a point of Ha, for a given n, and is not a 
point. of Y, but is a point of the arc pq (with the understanding as before 
that p and q are not in S(y’,1/n), the other case offering no difficulty, and 


tG. T. Whyburn (and references there to GZarankiewicz), “Concerning Points 
‘of Continuous Curves Defined by Certain im kleinen Properties,” Mathematische An- 
nalen, Vol. 102 (1929), p. 318, Theorem 8. 

t W. L. Ayres, “ A New Proof of a Theorem of Zarankiewicz,” Fundamenta Mathe- 
maticae, Vol. 16 (1930), p. 134. Compare, for this section, G. T. Whyburn, “On the 
Structure of Connected and Connected im kleinen Point sets,” Transactions of the 
American Mathematical Society, Vol. 32, pp. 926-928. 

§ It will be clear that we are defining H,. 
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| i | 
the endpoints p and g being considered separately from the inner points). 
There ig then an are a’y’z of pqg, such that 2’y’2’ belongs to S(4’,1/n) 
‘excepting for its endpoints. Since y is not in Hn there is an arc in Uy, the 
component containing y of S (y i/a) joining the point 2” of vy — y’ to 
a point 2” of. 7y —y, the arc having these points only in common with 
z’y’z’, and being contained in S(y', d) for some positive number d < 1/n. 
It is readily seen that there is a neighborhood of y no point y* of which 
separates points of the corresponding are z*y*z* in the component Uy* of 
S(y*,1/n), since for points sufficiently near to y, s*y*z* Das? and 
U, > U*y, the component of y in S(y', d): in other words, Hn defined 
for pq is closed there. Then the set of local cutpoints of C, these being 
contained in arcs of K, is the sum of a countable number of point sets, and 
each of these is the sum of a countable number of closed sets plus a countable 
point set Y. Finally we add those points of P, end-points of arcs pg, which 
are local cut-points. The local cut-points of C form an Fo-subset of C: and 
an entirely similar argument holds for the set of cut-points. Finallý that 
these sets are at most one-dimensional, is an immediate consequence of their 
inclusion in a one-dimensional point set. 
We turn to the first generalization of Cleveland’s Theorem. 


THEOREM 1. If C ts a continuous curve, lying in En (n > 2), a eu- 
clidean space of n-dimenstons, and contains no domain in En, and B wa 
closed and totally disconnected subset of En such that B” = B-C does not 
separate (locally separate) C, then there existis a ray L in En such that 
1) LDB, 2) L-C=B? is totally disconnected, 3) B° does not separate 
(locally separate) C, 4) B°? — B C O", where C*" denotes the points of C 
which are of dimension at least n—1 in C,t 5) the endpomt of L is an ` 
arbitrary point of B, 6) tf B is bounded, L ts an are with arbitrary end- 
points in B. | 


There Pe a Gs-subset G of c guch that a is of dimension ZeTO, 
C — Q is an Fo of dimension at most n— 2, and every point of G@ is a point 
of O™.{ From our preliminary considerations there exists in O a one- 
dimensional Fe-subset K, such that no subset of C—K separates (locally 
separates) C. The set K+ (C—G) is an Wo-subset of C of dimension 
n—2 at most.§ The complement in C of K + (C—G) is a subset G” 


t Dimension is to be understood throughout in the Menger-Urysohn sense. 

t This follows from a slight modification of the argument given by Menger, 
Dimensiontheorie, p. 110, Teubner (1928). 

§ Ibid., p. 93. 
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of G. The complement in En of K + (C — G) is a Gysubset M”. It-is 
readily seen that M” + B is a Gs-subset M of En. 

l That there is in Ey a ray L” which contains Bi is not difficult to establish ; 

it is most easily deduced from an interesting theorem due to G. T. Whyburn,+ 

as follows; If B is unbounded, we invert E» with respect to a center of 

inversion v not belonging to B. Then v + B*, the image of B, is bounded, 


`- -closed, totally disconnected. There is an arc z*v in En, where z* is an 


arbitrary point of B*, containing B* +v. The image of s*y in En is a 
ray L” whose endpoint is z, the image of z*.. In the case that B is bounded, 
the theorem of Whyburn gives immediately an arc zy in En containing B, 
and the argument of the sequel may be applied directly to it.. Since B is 
closed and totally disconnected, the complement of B in I” is a countable 
set of intervals with endpoints a and b'in B. Let ab be- such an interval. 
Let e be an arbitrary positive number less than 1. It is readily seen that 
there exists an infinite chain of spheres of Hy of order type w* + w, i.e., 

‘Sin, Sima, + °° So, 81, °°: * Sn, °° +, such that the diameter of 8; is 
at most the numerical value of e/7 (at most e, if j == 0), § and 5; have a 
common point if and only if 1 and j are consecutive, S; ab is not-vacuous- 
- for any i, and S;- (L’’— ab) = 0 for every i Since the complement of M- 
in Æ» is of dimension at most n— 2, M is Aa dense in En and there ` 
exists a chain of points of M of order type w* sE ws ++ Lim ** Loy t y ny” 
such that zo C So, and tC Si: Sin if ¢ is 8 positive, and Ti C Si- ia if ¢ is 
negative. 

Now let z be any point of M and S any sphiere of En containing T. 
Since the complement of M in'En is of dimension at most: n— 2, M: 8 is 
= connected.{ Likewise, it is lécally connected. Being a Gysubset of En 
(if will be recalled that M isa Go-subset) it is, by- a theorem of Alexandroff, 
in itself a complete space, and therefore arcwise connected. The sum of 
the infinite set of arcs 242; for every pair of consecutiwe points of ' `- Zn, 

‘+, ay t, Where 242; is an are of Si-M if + is positive and of Siu 
if + is negative, plus the points a and b, is.a continuous curve containing 
a and b, and has a subarc ab of M which has only the points a and b in 
common with L” —ab (of L”). It is clear that by ordering the intervals of L 
complementary.to B, and applying the above argument for a sequence of posi- 
tive numbers e converging to zero'to the successively resulting rays we arrive 


+G. T. Whyburn, “ Concerning Continuous Curyes Without Local Separating 
Point,” American Journal of Alathematios, Vol. 53 (1931), p. 163.” 

ł Urysohn, “Sur les multiplicités Cantoriennes,” Fundamenta Mathematicae, Vol: 
8 (1926), p. 310, Lemma. The restriction to closed sets-is not essential. . 
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at a ray L contained in M, containing B, and with the anne z of L”. 


Since LCM ad M-CC Gia pega. L-C@CG+B. Since B is 
closed, G+ B is zero-dimensional.t Since D'C = B° is closed and ' zero- 
dimensional, it is totally disconnected. Since B° C M:C, BoCC—K and 


. does not separate (locally separate) C. With this the theorem is proved. 


Vv 


_ If we suppose, as a very special case, that B consists of two points 
z and y which do not belong to C, then we have shown that there is an.are 


ay of Ea whose product with CO is totally disconnected and does not even 


locally separate C. This generalises a result of R. L. Moore.[ If we suppose 
that C is any Fo-subset of En of dimension at most n—2,-and B is any 
closed and totally disconnected subset of C, the'ray L .has only.B.in common 
with C. This generalizes a theorem due to Zarankiewicz on the accessibility 


from euclidean 8-space of the point of a one-dimensional continu. In 


particular if a and b are two points of C, and ab is the straight line segment 
in Æ» there exists, by the argument which we gave on the subare ab of L” 
(in the preceding theorem). an arc ab which has only a and b in common — 
with C.and whose diameter is the distance from a'to b. We shall make 
an application of this remark to the Moore-Kline Theorem.{ 

If M is a Moore-Kline set, bounded, in En: i.e. a closed set of points 
whose maximal connected, subsets are points or ares, and if z in any-point — 
of an arc X of M but not an endpoint of X, then s is not a limit point of | 
M-—X, then M is a one-dimensional /o-subset: of Es. For it is the sum of 
countable set of arcs and a closed totally disconnected point set consisting of 


‘endpoints of arcs of. M. and point-components. There is in En an acyclic 


continuous .curye which. contains M.|| There is, by ` Waszewski-Gehman 
Theorem an acyclic continuous curve in the plane homeomorphic-with the - 
given acyclic continuous curve. By this-there is a plane set M” homeomorphic > 
with’ Af. By the Moore-Kline Theorem there is an arc I” which contains M”. 
This imposes an ordering upon the points of M”, and therefore, by the 
correspondence, upon the -points of M. If.a%b’; is.an are of L” whose 


t EK. Menger, Dimensionstheorie, p. 114: B is at once a Gd and F.,-set. 

tR. L. Moore, “Concerning Paths That Do Not Separate a Given Continuous 
Curve,” Proceedings of the National Academy of Sciences, Vol. 12 (1926), p. 760, 
Theorem 10. 

. $ C. Zarankiewicz, “Sur les: points de division mais les ensembles connexes,’ 
Fundamenta Mathematicae, Vol. 9 (1927), p. 166 (3). 

TR. L. Moore and J. R. Kline, “On the Most General Closed { Plane) Point Set 
Through Which it is Possible to Pass a SITO pp conn yous Are,” Annals of Mathe- 
matics, Vol. 20: (1919). - 

| L. Zippin, “On -Continuous warren and the Jordan Curve Tiern ” American 
Journal of Mathematics, Vol. 52 (1930), p. 332, Theorem 2. 
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. endpoints only are points of M”, we shall regard the corresponding point 
pair a; and b; of M ‘as associated. By the homeomorphism and the fact that 
M and M” are closed and bounded, it is seen that the distance in Hy between 
associated pairs of points an and by approaches zero with increasing n: we 
suppose the denumerable. set of intervals complementary. to M” in I” arbi- 
- trarily ordered. Then M plus the countable set of straight line intervals 
dndn is a one-dimensional Fe-subset M° of E». Replacing the intervals aids 
by independent arcs of En: {M*— (an + bn)} of the same diameter, as in- 
dicated. above, we have an arc L which contains M and preserves the order 
imposed upon M by the homeomorphism with M”. Except for the detail of 
“order” however, this is a known result.f | i | 
To obtain a different version of Cleveland’s theorem,} and because it may 

be of interest in itself, we shall turn to a theorem on generalized continuous 
curves. We shall show, first, that if B is a self-compact totally disconnected 
subset of a generalized continuous curve (i.e. a complete separable metric 
space, connected and connected im kleinen) and B does not even locally 
separate C, then there exists in C an acyclic continuous curve T' the set of 
whose endpoints is B. From the self-compactness of B it readily follows 
that there exists in,C a finite set Ui, Uz, * ++, Un of open connected sets of 
diameter at most 1, such that 0;:0;—0, Ui: B = B; = B; (not vacuous), 
and Ui — B; is connected: therefore as we have seen in previous arguments, 
arcwise connected. If ki, 1515 n, is a set of points, ki C Ui— Bi, there 
is in C—B a tree T, irreducible about the set k; There exists in Ui, 
1=t=n, a finite set of open connected subsets Uiz, 1 = 7 Sm, of diameter 
less than 44, Ui Ta = 0, Oiz- Vax = 0, Os" ‘B= Uy: By = By = By, and 
Ui; — By is arcwise connected. Let ky, 1 Stn, 1S jm, be a finite 
_ set of points, kiy C Uis — Bu. There is a tree (acyclic continuous curve) 
T irreducible: about the set kij, and T, D Ta: (C—%3vi); the point set 

Tı- Ts is itself a tree: it suffices, for each point ka; (these being arbitrarily 
ordered) to consider any arc yuk; in Us — By, and the subare on this from 
ks, to the first point on Tı; for succeeding points ki; the subare from kis’ 
to the first point.on T, plus the finite set of arcs already added.§ We define 
7 inductively a sequence of trees, Ta; the pomt set compared of points ponai 


tE. W. Miller, Bulletin of the Amerioan Mathematical Bocisty, Abstract, Vol. 36 
(1930), p. 361, 265. 

, ł Announced by the author, some time ago, as a theorem for continuous curves. 

§ This and other details of the argument parallel closely the proof which has been 
given of a more restricted theorem in L. Zippin, “A Study of Continuous Curves and 
Their Relation to the Janiszewski-Mullikin Theorem,” Transactions of the American 
Mathematical Booiety, Vol. 31 (1930), p. 745, Theorem 1. 
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to all but a finite number of these being itself a locally compact acyclic 
continuous curve T, T —T = B, T is an acyclic continuous curve (compact) 
the set of whose endpoints is B.f{ 

It may be remarked that in order that every self-compact, totally dis- 
connected subset B of a generalized continuous curve ( be the set of end- 
points of an acyclic continuous subcurve of O, it is necessary (by the argu- 
ment above, it is also sufficient) that no self-compact totally disconnected 
subset H of C even locally separate C. Otherwise there is an open connected 
subset U of C, U - H = H” C H” CU, and U — H” is not connected. There 
is a subset H° of H” which separates U and a point h of H° which is a 
sequential limit point for two distinct sequences (21) and (yi) of U — H, 
such that there is no are zy; in U--H°.§ But then it will be seen that 
no acyclic continuous curve of C can have the point set H° -+ (e4) + (yi) 
as the set of its endpoints: for some 7 and k the corresponding arc 2;yr 
must have at least one point of H° as inner point. Then we-have the 


THEOREM. A necessary and sufficient condition that every self-convpact 
totally disconnected subset of a generalized continuous curve C be the set of 
endpoints of an acyclic continuous curve of C is that no self- compact totally 
disconnected subset of C even locally separate C. 


We return to a consideration of Cleveland’s theorem and prove 


THEOREM 2. If C ts a continuous curve in En, n > 2, and contains no 
domain, and B is a closed and totally disconnected subset of En such that 
BY == B+ C does not separate (locally separate) C, then there exists an acyclic 
continuous curve T in En such that 1) B ts the set of endpoints of T, 
2) T-O == B is totally disconnected, 3) B° does not separate (locally sepa- 
rate) C, 4) BS—BCC™., 


Consider the point set M defined in the first theorem: it will be recalled 
that J is a generalized continuous curve containing B whose product with C 
is a zero-dimensional set of points G” such that no subset of G” + B” 
separates (locally separates) C. The complement of M in LH, is an Fo-subset 
K” (say) of dimension at most n— 2. Since K” + V is at most (ñ — 2)- 
dimensional, where V is any closed and totally disconnected subset of M, 
it is readily seen that V does not even locally separate M. If, now, B is 


t The details are suppressed. The thought of the proof will be found, for example, 
in H. M. Gehman, “ Concerning Acyelic Continuous Curves,” Transactions of the 
American Mathematical Society, Vol. 29 (1927), p. 567, Theorem 6; also, reference 
above. 

$ Compare the preliminary paragraph. 
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bounded in Æw it is self-compact and we may, apply the immediately preceding 
theorem to determine an acyclic continuous curve T with the properties of 
the theorem (these follow as in Theorem 1). If B is unbounded, we invert 
En with respect to a center of inversion v in M. Then B*, the image of B, 
plus v is a self-compact set of points: M*, the image of M, is a generalized 
continuous curve. This follows from the fact that the image in En of the 
Feset K” is an I’o-set K* because the image of a elosed set while not neces- 
sarily closed (without the addition of the center of inversion v,-which we 
are reserving to 1é*) is always an Fo. Then there is an acyclic continuous 
curve T* in W*-thbe set of whose endpoints is B* + v, and the image of. this 
in Es is an unbounded acyclic continuous curve 7 whose endpoints are the 
set B. Again, that Z has all the properties required of it by the theorem 
follows as in Theorem 1. 

We remark, finally, that if O” is a continuous curve in En and contains 
domains in Æna, there exists a continuous curve C in O” which is nowhere 
dense in En and contains every boundary point of C”, and such that C’” —C 
is a countable set of open spheres (Sn) of En: O” the set of whose diameters 
` converges to zero, and $4: &; == 0.} This permits us to extend Theorems 1 
and 2 to the continuous curves O” which contain domains in Fa if we replace 
the condition that the set B° defined in those theorems (C” replacing C) 
is. totally disconnected by this: if X is any arc of points of B° and g is an 
inner point of X, then 2 belongs to one of the spheres Sn, above. The state- 
ments of the resulting theorems will be readily anticipated. 


‘THe UNIVERSITY Or TEXAS, 
AUSTIN, TEXAS, 


t Compare in J. H. Roberts, “ Concerning Non-Dense Plane Continua,” Transactions 
of the American Mathematical Society, Vol. 32 (1930), pi 24 (2). 
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TRITANGENT ‘CIRCLES ‘OF THE RATIONAL BICUBIC.: 


By FRANK Monty AND W. K. Monni 


1. Introduction. The general sextic curve in a projective space is the 
intersection of a quadric surface and a cubic surface. With reference to the 


.quadric surface it isa 8'to B, or bicubic, correspondence along two generators. 


We take the quadric as a sphere and isolate a point œ of it. It is convenient 
to speak (inversively) of the spheie (with oo marked on it) as a plane. 


On it are conjugate codrdinates v and ¢ and the curve is given bya self- _ 


conjugate, 3 to 3, relation between z and Z We call it a bicubic curve,— 
it is also, projectively, called a tricircular sextic. The tritangent planes of 
the projective curve are, on the plane, tritangent circles or contact- circles. 

In connection with a memoir on the tritangent planes by F. P. White, 
Proceedings of the London Mathematical Society, Vol. 30 (1930), p. 847; 
it occurred to J. H. Grace, Journal of the London Mathematical Soctety, 
Vol. 5 (1930), p. 121, and to Frank Morley, American Mathematical Monthly, 
Problem No, 3444, Vol. 37 (September 1930), that sets of four tritangent 
circles must have a common tangent circle. We discuss this, an extension 
of Hart’s theorem,® for the case of the rational curve. 


2. Abels theorem. for sections by a circle. The equation of a rational 
bicubic with four double points is given by, i 


(1) m pm ot ap T tap? + ap" 
| Bo + Bip + Bap? + Bap” ’ 


` where z, %, Bi are complex quantities and p-is a real. If we substitute for 


— 


a and = from (1) and its conjugate in the equation (2—c)(#—é) =r 
of a circle we get a sextic f(p) in p, showing that a circle has with the curve 
six common points, either. actual intersections or common image pairs. If — 
we call ai, bi (1 = 1,2, 3,4). the values of the parameter at the four double 
points, the six parameters of the-points on a circle obey the relations, . 


(2) > (a — pr) (@4 — p2) (Gi — pa) (a; — pa) (ai — ps) (ti — po) = 
(b: Ba (b; zai p2) (b; — ps) (bi ARN (bi ae ps) (b: or po) i 
(i == 1, 2, 3, 4). 
* Coolidge, Circle and Sphere, p. 43. 


t Clebsch, Vorlesungen über Geometrie der Hbene, p. 893. 
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To determine kı, we suppose the circle to pass through the three double 
points (as, ba), (as, ba) and (as, b4). Then we have, . 


ky om (a, — as) (a, — b2) (@, — ag) (a, — bs) (aa — aa) (1 — b4) 
t (bı as Az) (bı — bs) (b; cane as) (bı — bs) (bı — a4) (bs oe ba) . 


Introducing dı — b, in the numerator and denominator and writing, 
p(s) = (z — a) (z — b1) > + (2 — a) (£ — b4), 


we have kı ==— ¢’(a@) /¢ (bı), where ¢’(z) represents the derivative of $ : 
_ with respect to z. In like manner we evaluate ka, ks, and ka. We can rewrite 
the equations (2) in the following way: 


(d1— pi)‘ °° (a — p) 4 Be): : (bı — ps) 


) $ (bs) a 
(as — pr) © ` * (@2— ps) (ba — p1) * * * (ba — pe) = 
ra) 7 UN °, 
© (as — pı): + * (as — pe) q (bs — p1): ' * (bs—ps) __ 
a ü A 0, 
(ae — pı) ° ' ` (G4 — pa) pa. : - (ba — po) so ' 


p (a4) p (ba) 


From the theory of partial fractions the sum of the above expressions 
is identically zero and therefore the equations (2) amount to three equations. 


3. The tritangent circles. If we consider the circle to be tritangent 
to the bicubic, the values of the parameters of the points of intersection — 
become equal by pairs. Suppose pı == ps, pa = ps, ps == ps, then (2) becomes, 


(as — pr)? (t — pa)? (ai — ps)? 
(bi — p1) ° (bi — pz)? (bi — ps)? 


[ (m — px) (a — ps) (a — ps) 
' (b4 — pi) (bı — p2) (b: ae A 


(da — ps) (aa — pa) (a — ps) S 
(b2 — p1) (b2 — pz) (bz — ps) ai 
(toe pi) As = pa) a Wa). oy \% 
(bs — pi) (ba — pz) (ba — ps) me 


(as — pi) (Ga — ps) (a, — pa) 
(bi — pı) (ba — pe) (ba — ps) E (7e4)™. 


| == hy 
and we have . 


(3) 


Now we have, 
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6 8 
krkakska = [J (a1 — de) / TI (01 — bz)?. 
and therefore, 


(k1) (ka) (hes) (ka) 


wer (a, — la) (a1 — as) (a, — 4) (aa — dg) (aa — Ga) (as — t4) | 
— (by — ba) (b1 — bs) (bı — ba) (be — ba) (ba — Ba) (ba — bu) ? 


or writing | a: a2 a3 & | for the determinant 


a> ay a I 
a," la’ ag 1 
az? as 3 1 
t as" la? Qs 1 
we have | 
(4) (ka) (he) (hes) (he) ” = | Qa Qa Bs A4 | / | ba be bs Da | > 


and the question is to determine the sign. If we eliminate from (3) the 
symmetric functions of p; we have a determinant whose first row is, 


m? — (k1) ^b’, t? — (ky) *b4?, a, — (hy) bs, 1 — (k,)*. 
Expanded, this consists of pairs of determinants such as: 


| Qa de hy the | + (he) (kee) 4 (ks) #( Ka) * by be be bg | 
— (x) | bs Qa dy ag | — (a) (ka) (hes) ™ | a ba bs ba | 
+ (ky) * (ke) | by be ds Gy | + (ks) (kes) * | Gy Az Da Dg | 


and each pair vanishes when 





(4’) (key) 4 (Kee) 4 (eg) (ka) = — | ai a2 ag a4 | / | bi ba bs ba |. 
For, in this notation, 
p a iis |, | dy be bs ba | 
$ | bi ba ba ba | | by aa Gy Ga | , 


so that the second pair row vanishes, and 


kk a | dy Ge Bs ta | k | ay dy bg ba | 
e by bebe ts! [obrui 


so that the third pair row vanishes. We must then in (4) pick the negative 
sign. When we select (k,)*, (ke), and (ks)%, (%s)% is now uniquely 
determined. Three of the equations (3) determine the fourth; and, since 
we can choose (k:)%, (ke), (ks) in 8 ways, there are 8 tritangent circles. 

If we denote one of these by +, +, +, + instead of by (41)%, (ka), 
(ka), (%s)4, then there are, by equation (4), six like +, +, —, —, and the 
eighth is —,—, —,—. 
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4, The biguadratics. -Consider now a biquadratic curve given by a self- 


` conjugate equation of the second degree in z and in Z. Substituting for 


-x and Žž from .(1) we have an equation of degree 12 in p; so that ae bieubie | 
and the biquadratic have 12 common points. 
As before, Abel’s theorem takes the form - 


(ai — pi) * © * (a4 — piz) 
(bs — pi) * + * (bi — pia) 


To determine cı we consider the circle on the other double points; taken _ 
. twice. We obtain thus cy = ky’. . 
nue the four relations on the common points are 


wm C4, 


(ai — pr) * - (04 — pr) 2 
ie =u * (bi — p12) E 


These are’ independent relations. 
. Tf now we write the conditions for ious contact circles 
© (a — pr) (as — p2) (ai — ps) y 
VEP E A PD 
Cea a 


Aas — pa) (04 — po) (u — po) + (3 
(bi — pe) (bs — pe) (4 N 

(ai — pr) (as — ps) (ai — po) 

(bi — pr) (bi — pa) (bi — po) + (ks), 


(i = pro) (u — pu) (u — pn) y 
(bi — pio) (b; — pu) (b; ey pis) -= (k:)*, 


the relations (5) are satisfied, if we take-an even: number of negative signs. 
nee four such circles, for example 


oo fF + + 4. 
2) = + +> 
3 +-+ 
4) = ++ 


their 12 points of contact are on a biquadratic. Four such circles are called 
a set. i 
Any three circles have 9 points of contact on a Sania For the 
above rule of signs determines the fourth’ circle. We have an even number 
of negative signs in each row by equation (4), so that if we have an even 
number in three columns we must have an even number in the fourth. 

` We have now 8 circles, and 56 ways of selecting three.: With each three 
is a fourth. Hence there are 14 sets of oe that is 14 biquadratics. . 
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5. The extension of Harts theorem. Let us denote the form in z and . 
Z which gives the. bicubic by C, that for, one of, the biquadratics by.B, and 
that for the set of four circles ‘by Ax, Aga, Ás, A., Then since B is on the 
points of contact of 4; and C, there is an identity 


(6) . aw ArArdode _— B* — CA, 


where ‘A-is a bilinear form.. Heni Ay touches CA where it meets B. It 
already touches C three times; it therefore touches A at the fourth: inter- 
section of A, and B. This is also true for Az, As, and Ay. Therefore the 
circles of a set are touched by a circle. “Since there are fourteen distinct 
biquadratics, there-are fourteen such circles. 


6. The general rational curve. The argument of this paper applies to 
any rational curve on a sphere. We have now | 


` z= (ap)"/(Bp)” 


with (n— 1)? double points. Let the parameters at these be a1, by. - Omit- 
ting one double point, there is on the n(n — 2) others a definite curve 


j= — J ( ge. gn-2) == (0. 


w 


This does not meet the given curve elsewhere. For the general f*? Abel’s 
theorem is ) | : 
I min- = (a4 — p1) ` © * (Qi — poncn-2y) iy 


i — pi) 0 + (bi — penino) ) 
p= e AES, 


As in g2 these (n — 1)? ao amount only to p(n — 2). 


For a còntact curve we have 


(as — pha * (84 — prnin-2)) l 
aa Se LE 
I w o= E O a 


By the determinant argument of 83, the product of these selected square 
‘roots is definitive. We can only change the sign of an even number, therefore 
-the number of contact curves is, writing » for (n —1)?, 


TONALE 


that is 247 or Rra, They fall again into sets of 4- which he on a 2 
- And the identity of § 5 now becomes 


‘ame ia Pa Pe ta |B devas — pafen, 


= - 


INTEGRAL EQUATIONS AND THE COOLING PROBLEM FOR 
SEVERAL MEDIA. 


7 By W. M. Rust, JR. 


PART I. SOLUTION OF A GENERALIZED ABEL INTEGRAL, EQUATION. 


' In a simple problem concerning the cooling of castings, the determination 
of the temperature may be reduced to the solution of a certain type of 
generalized Abel integral equation. The purpose of this first part is to 
discuss a method of solving this equation. 

The equation can be put in the form 


(1.1) f H \ u(t yar =F) with K(t,¢’) and f(t) known, 
In the actual problem, the function K (t,t) vanishes to a high order for 
t= 7. For the method used here it is sufficient that K (t, t’) satisfy the 
conditions ; 


(A) K(t,#)/(¢—t’) is bounded and is absolutely ‘continuous in t, 
uniformly for all Y'S t, and is summable in each of the variables. This 
implies the vanishing to at least the first order of K (t, Y) for t=. 

(B) aK (t, #)/dv exists, is bounded and is absolutely continuous in 7, 
uniformly for all 7’ = t, and is summable in each of the variables.* 

The function f(t) is assumed bounded and absolutely continuous, it is 
not assumed that Limit f(t) ==0, as is usually a condition for solution. 


_ We shall assume that the equation (1.1) has a summable solution and 


*The form (1.1) was used because this is the form needed in the sequel, however — 
no essential change is made if we write the equation in the form n 


f TG (t, t)/(t— t) A] u(t jdt = f(t). 


Where G& (t,t) satisfies the following conditions l 
(1) G{t, t) is bounded and is absolutely continuous in t, uniformly for all ¥ s t, 
and is summable in each of the variables. 
(2) For.’ near enough to t, we have G (t, t) = g(t) + 4(t) (t—?#) plus higher 
powers of (t—t), and | g(t) |=>m>0, and g(t) and A(t) are bounded and gb- 


' solutely continuous. 


(3) AG (t, #) /6¥ exists, ig bounded and is absolutely continuous in t, uniformly 
for all #’ <= t, and is summable in each of the variables, A is a constant between . ZOTO 
and one, f(t) is bounded and absolutely continuous. 
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. t” : 
shall solve for f u(t) dt, rather than for u(t) itself. The method of solution 
af 0 


is to multiply through by (¢”—+t)~4 and integrate from t==0 to b=”, 
as.in the usual treatment. If (1.1) is satisfied by u(t), this gives 


ay Sgip pora" Hha 


In the left hand member we change the order of integration, which is allowable 
since K (t, t’) is bounded. The result is 


” ë l (C14 K(t,¢) 
f wo Se Jaeja 


EIE a E ETE K(t, t’) dt . 

=r | u(t’) dl +f u(t’) dt Í, ae. 
At this point we vary from the usual treatment by integrating the last term 
by parts. This gives | 


[4 f uaa EE E al 
-S7 foai (SE Ete ai 


The term outside the sign of integration vanishes since the factor 


, i“ z 
f u(t) dt vanishes for ¢ == 0 and the factor Jac Pre vanishes 


for ¢’==0t. This follows from condition (A), for if K(t,) vanishes to 
the order « for t= 1’, this integral is less than 


Ya aS Ut — 8)" BH +2) 
p (E —t)#(t—) ee 23°72 | 
and vanishes to the order « for t == i”. 


Formal differentiation gives 


3) ral "Kt td )= mm iY) -p 
` Ov Í, (E — t) A(t — EA] LE — t) (t — t) Ż 
"f OEE EY 
HS aia e tare yE fae 
The first term is zero by condition (A). The second term by condition (B) 
is bounded. The third term is bounded, for by condition (A) the function 


K(i, t) vanishes to at least the first order for t==?’ and so the integral 
is less than 
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t”. l 4 ‘ 
M Í; (E — tA (tead 


with a at least as great as one. 

‘This establishes the fact that the derivative (1. 3) is bounded e justifies 
the integration by parts. 

- We thus have as a necessary eat on solutions of (1.1), 


(1.4) rf a(t) dt = f ' poe 


m ge "O K(tt)dt | | 
s +f, {f° w(d)at \ a Sy x rie ry) a 
We wish to show that the equation- 4 


as) v(t) S Oe 


4 6 ” KV) dt 
+f, waa) 
has a unique absolutely continuous solution, “whose derivative satisfies a 
equation (1.1) nearly everywhere. 

Since equation (1.5) is a Volterra integral equation of the second sort: 
with a bounded kernel, (1.3), it may ‘be solved by a process of successive 
approximations, the process oe converging and me solution being 
summable and unique.™ 

_ Since the equation (1.4) is a necessary condition on summable solutions 
of rap 1), the uniqueness of the solution of (1.5) shows that the solutions 
of.-(1.1) can, at most, differ on.a point set of zero measure. 
= To show that the solution of (1.5) is absolutely continuous, we ) need 
a lemma. 


; i 1 l ; ` j TES 3 
Iemma I.. The function F(t) = Í, f(t, ¢)g(¥)d is an absolutely 


. continuous function of t tf f(t, t) is absolutely continuous in t, anfang 
for all U and if g(t’) is a summable function.. 


Proof. By the A-variation of the function f(t, ¥) we shall mean the’ 
function r/(À) defined as the upper limit, for all sets of non-overlapping 
intervals (a, bi) such that X | a; —b:| =A and for all ?, of the numbers 


% flan t) — f(b, Y) |. 


* Volterra, Legons sur les Equations Intégrules, p. -40 ff. 
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To say that F(t t’) is ahaolutely Jontinnous in t, dina for all ¢’, means 
that the A-variation approaches zero with A. 
The A-variation of F(t), eae’ in an analogous way; is ; less than or 


equal to 
1 
“0 f ear. 


This ea zero with À, so that F ae is deans continuous. This — 


establishes the Lemma.* 
By means of the transformation t= t% y, the first term on the right 


hand side of equation (1:5) becomes 


(Wy f(y) Aa) dy 


which satisfies the condition of the Lemma I and so is absolutely continuous. 

By means of the transformation t= ť + y(¢”—?), the expression 
(1. 3) becomes 

f (Et paee) | K+ eye) i 
0 (1— y)” y^ 2(1— y) — t) 

where K:(t, t) =— ôK (t, t) /3ť. By condition (B) and the Lemma I, the 
first term is absolutely continuous in £’. By condition (A) K/(t— t) 
== K/y(t” — t’) is absolutely continuous in £”, and bounded so that bythe 
Lemma I the second term is absolutely continuous in ¢”. In each case the 
absolute continuity is uniform in #. Thus the expression (1.3) is absolutely 
continuous in ¢”, uniformly in ¥. ` 

We need now the further Lemma, 

Lemma IT. The function @(¢”) = f JO Nal e n net 


continuous function of t”, if k(t”, t’) is absolutely continuous in t” aniformly 
for all t’ and bounded, and tf g(t’) ts summable. 

Proof. The d-variation, rg (AÀ), of G (t) is the upper limit for all sets 
of non-overlapping intervals (a;,5;) such that X | a; — b; | SA of the numbers 


w 


If OLN Si q(t) (as, 1) dt’ | 
=} | f g(t )k (bs, tae + fi a(t) {Elbi Me eli, 


* The condition is a sufficient one, regardless of the manner in which f(t, t’) 
involves t, but in general it is not a necessary condition. If f(t,#’) is a function 
of t alone, the condition is obviously necessary, but if f, t) is a function of the . 
product tt, the condition may be modified to admit a set- of pointe of discontinuity 
of the first sort, 7 this set is of zero measure. 
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Thus = | 2. of D ee 
i ESEESE f bi ae: ae , yt ' g 
ro(a) S Limits Mf | g(t) e Ea S ele, 
j a4 7 0 
M is maximum absolute value of k(t, t), 

with 7T” the greatest of the numbers a;.or bi. Since g(t’) is summable, each 
of these terms apprcaches zero with:A. This establishes the Lemma. 

The second term in the right-hand member of (1.5) satisfies the con-. 
ditions of Lemma IT and go is absolutely continuous.’ Since each of the terms. 
in the right-hand member of (1. 5) is absolutely continuous, V(t”) is absolutely 
continuous as was to be shown. 

. Since V(t) is absolutely continuous, it has a Titi ED nearly 
everywhere and f V(t’) dt’ = V(t). We shall now show that u(t) = V (tY 
7 l £ 0 s . p ` 
satisfies equation (1.1) nearly everywhere. To do this we write 

eee TEKU eer | 
(1. 6) D(t) - f oe mir VE) fe — FC), 
” Multiplying ma by (E — t), integrating from t==0 to t= a chang- 
ing the order of integration and integrating by parts, as above, gives 


7 Dd £4) di 7 
i (1.7) f qam t)? Ap O O FNG mE f v a i Ta 


~ f. {f v(t ha 74 (Se Gara zx) =T 


- SE aSr a rE). 


But since V(t) satisfies equation (1.5), the right-hand side of (1.7) is zero. 
‘Hence, as Tonelli * shows, D(t) is zero nearly everywhere, that is, the deriva- 
tive of the solution of equation (1.5) satisfies (1.1) nearly eee 

We have the following theorem. 





THROREM. Under the condtitons specified with respect to K(t,t’) and 
f(t) in (A) and (B), the equation (1.1) has one and only one summable 
solution u(t), and. this solution is gwen as the derivative of the solution of . 
equates (1.6). 


Two summable functions differing only on a point set of zero measure 
are, of course, to be considered equivalent. 


* L. Tonelli,-“ Su un E e, di Abel,” Mathematische Annalen, Vol. 99- (1928), 
p. 187. . 
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| 
PART II.’ A’Prosies IN ram Frow or Huar. 

As an example of a physical problem that may be solved by such an 
equation, we consider the following problem in. heat conduction, one which 
has both theoretical and intrinsic interest. 

A quantity .of one material is heated and placed between two masses of 
a different material, as a casting in its mold. The problem is: given the 
initial temperatures of the three regions and the temperatures at the two 
outer boundaries, find the temperature at any point at any time. 

For conyenience we consider very simple conditions. . We take the three 
regions to be bounded by parallel infinite planeg and take the thicknesses of 
the two outer regions to be equal. We take the initial temperatures in the 
outer regions to be constant, and equal to each other. We take the initial 
temperature of the inner region to be constant, not necessarily the same as in 
the outer regions. We take the temperatures on the outer bounding surfaces 
to be equal and, at any instant, constant over the entire bounding plane. 

. With thesé conditions the problem is symmetric about the central plane and 
at any instant the temperature is constant over any plane parallel to the 
central plane, thus only one spatial codrdinate, the distance from the central 
plane, is involved. Some generalizations of this problem are considered in 
Part V. me 
The conductivity of the material in the inner region is K, and the con- + 
ductivity of the material in the. outer regions is K,. The quantities a? and b’ 
are positive constants, equal to the ratios of the conductivity to the product of ` 
the specific heat by the-density, for the inner and outer regions: respectively. 
Also, z is the distance from the central pate and ¢ is the time after the initial 
time. 

We take the bounding planes between the i inner and outer regions 7 be 
at z = m and s = — m and the outer boundaries to be at z ==7 and z == — 1, 

At interior points, urls, t), the temperature in the inner region, and 
ua (z, t), the temperature in the outer regions, satisfy the partial Soo 
equations 


(2.1) ti +) ðr —a? (duile; t)/dt) =0 —m Pleo 
Ou, (x Ne t)/it)==0 —l<2<—m DE 


respectively.* 


* For the derivation of the equations (2.1) see any standard work on the con- 
. duction of heat, for example Carslaw, Conduction of Heat, Chapter One, or Riemann- 
Weber, Differentialgletohungen der Physik, Vol. 2 (1912), p. 82. 
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If the temperature in the inner region is initially ‘uy, & constant, and in 
‘the outer regions ta, a constant, we have | 


Limit u (z, t) =u, for — mom 
ea) | 


fat 


Limit u (z, $) == ta for ma a i or m<adl 


At the outer boundaries the temperature is Bice to be a laa bounded, | 
continuous function of the time, say f(t), with a bounded derivative, enar ig 


(2. 3) . Limit Ua(z,t) ==f(t)° for t>0. 


At i separating boundaries we have two conditions, . first, the tém- 
Soratie is continuous in x across the boundaries, that is, 


(24) Limit ux (a, t) — Limit Uz (2, t) for t>0, 


and, Becond, the partial derivatives with respect toz satisfy the equation t, 
(2.5) Limit K ðu (z, t)/dx = Limit K,0u_(2,t)/de for t>0.' - 
a _ @zmo - gwm+0 ; , 


Similar conditions are imposed at z == — m and at z = — I, but due to the 
symmetry of the problem, these are equivalent to those given by. the E 
' (2.8) to (2.5). 

We establish the following 1 uniqueness theorem. 


7 UNIQUENESS THEOREM, A. There can not be more than one solution of 
the problem as gwen by equations (2.1); subject to the conditions (2.2) to 

(2.5), which is bounded everywhere (including t==0), is continuous for 

tt > 0, except at the boundaries, and has first derivatives with respect to each 

of the variables, which ara continuous for t > 0, except at the boundartes— 
the derwattve. with respect to x being bounded everywhere for t > 0. 


Suppose there were two such solutions. Call the difference between these 
solutions V,(z,t) and V:(z, t) in the inner-and outer regions respectively. 
V,(z,t) and Va(x, t) satisfy the conditions of the theorem and take on a the 
boundary and initial values zero. 

Consider the integrals 


(e) Felt) = (ad) S (Tale, t))* de 
: 4. (K,02/2) J- T, t))* de 
TE i (K f (Va(z, ))? de. 


t For the dematin of equations (2.5) see, for example, Riemann-Weber, ‘Vol. 2 
Perey p. 85, cited above. 
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For t> 0, Vi(z,t) and av. (z, t) /ôðt are continuous and bounded i in the 
region of OREA so that we may differentiate ünder the integral sign. 
: We have. ; | 


tl ee a 7 Va(2, t) 
di Be 


+ Kya? sA Vi (2, t) 1 (a t) da + Kab E” Vala, p ES t) de 


and 


(b) fe ZO i aer 


GA (s, ‘) de 





applying (2. i: we have 
| welt aK, (7 Val: 
daft Va(a,t) ZF (e, ae V3 (2, t) 


In the regions of integration each vale is con minous and bounded, 80 that 
we may integrate by parts, 





t) de. 


a a 


(z, ee 


(c) a) -/dt = KV (2, t) (8Va/t2) (z, DI 
-4 E.V, (z, t) (004/02) (z, T “+ KV, (z, t) (83/0) (a, ot” 
—K, gE (07/22) (e1))" dz —K, J TOY) (x, #))? de 


—E, f (0V 5/0) (a, t))* de 
We have then from (b) and (c); h . 
(a) Limit [Je(ts) —Je(t,)] = Limit" (ayjatyat 
ott | emt | 
limit RESA (OV s/82) (a) 
+ EVs (2, t) (Va/02) (s, t)] «+ KaYa (e t) (073/82) (2, tT B 
— K, f ( (873/2) a Dram fr (07,/02) (z, t))* de a 


l-e 
AK, S ( (073/22), (2, ae fat 
Since each Vi (a, i) is bounded 
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G mutans J. "ruari 
6-0) 


+. K,a?/2 {. (Vi(2,#) )* do + Katt/ f (a(z, t))? de. 
The left-hand member of (d) is thus 
J (t2) — J (t). 
In the right-hand member of (d), we may pass to the limit under the 


sign of integration in the first three terms, since Vi(z,t) and 0V,/ézx(«, t) 
are bounded.* That is 


(f) Limit “u (T, t) n (z, t) di 
O ERA ti 


ame erent {K V; (z, t) (8V;/ðT) (2, t)} at 


h Bw _t0 


To being the z coérdinate of any boundary. But by the one conditions 
the limit of the first three terms is zero.t 

Since K, and K, are positive constants, the remaining three terms are 
negative, or zero, if t: > ¢,, so that in the limit the right-hand member of 


(d) is negative or zero. 
We have then 


(g) J (t) —JS(h) SO if bZ4>0. 
Since [ V; (z, t) ]* is bounded and Limit Vi(z, t) = 0, nearly everywhere, 
we have 
Limit J (t) = 0, 
Applying this to (g) we have 
(h) J(t)S0, if #>0. 
But in (e) the terms are all positive, since K, and K, are positive, so that 
G) J(t)=0, if #>0. 
We see (h) and (j) can only be satisfied simultaneously if 
J(t) =0. 


* See Lebesgue, Leçons sur [integration (1928), p. 125. 
t For infinite outer regions, we may replace (2.3) by the condition 
Limit (ĝu/ĝæ) (w, t) == 0, > 0. 
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But from (e) this can only be the case if Vi(z, t) is zero nearly everywhere 
and since F(s, t) is continuous except at the boundaries for ¢ > 0, it must 
be identically zero for ¢:> 0 and the two solutions are apnea for é > 0. 
This establishes the theorem. : 

We now establish a uniqueness theorem with less restrictive conditions. 


UNIQUENESS THEOREM B. There can not be more than one solution of 
the problem satisfying the conditions of Theorem A, except that the derwative 
with respect to x ts not assumed bounded, but summable in t and satisfying 
the condition 


t a 
Limit f Í (Gus/Bx) (a, t) | dt = f Limit | (8u;/ðz) (z, t) | dt, 
T=0+0 fa ti @=pt0 


Lo being the x-codrdinate of any boundary.” 


The proof of this theorem is the same as that of Theorem A except in 
the proof of the equation (f) 


fs : 
Limit KiVa (z, t) (0Vi/8x) (a, t) dt 
C= g+0 ti ta 
= Limit RG t) (8V:/0x1) (z, t) } dt. 
ty 


In Theorem A this was a consequence of the boundedness of V;(z, t) 
and 6V.(a,t)/ér. Having removed this latter restriction, we need a different 
proof. i 

Each V(x, £) is bounded, say less than M;, ienei 


| KiVs (a, t) (871/0) (z, t) | = EM | (074/3) (z, t) | 


and by the condition of our theorem 


tg ta 
Limit f | (8V./Ox) (z, t) | dt = f Limit | (3V;/ðx) (z, t) | dt 
T=g t0 ty t @=ay+0 


and so ł 


Fe 
* That is to say, the absolute continuity of f | (Gu, /80) (w, t) | dt---and hence 
- 0 
i : 
of f (du, /ba) (w,t)dt—is uniform in æ. From. this it follows that 
i ty 
at 
Limit (0w /80) tas f ” Limit (8u:/8o) (v, t) dt, 
= HBO ty ta P=agt0 


if 2a (ĝu:/00) (w, t) exists. 
G a Hobson, Theory of Funottons of a Real Variable, Vol 2 (1028), p. 280. 
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ts 
Limit Í, K: V (z, t) (8Vs/62) (2, t)dt 
GAB_tO ty i 
= e (KiVi(a, t) (OV s/62) (z, t)} dt. 
This establishes ‘the a on and the remainder of the proof is 
unaltered. 


| We will now show that a solution of the problem aanalyung the conditions. 
of the. uniqueness theorem. B is given by . 


(2.6). ty (2, t) = u, + f { (t — P) gaama- 
; i 
; . + (¢— t/) “hg alarm) 4/4(t-#) } w(t’) dt’, 
for —m'<a<m, 
. and 


. aft | 
s 7 | 
: i 4 . 
0 ; 


for m<a<l, [u(2, t) —ts(—2,t) for —1< z< m], where y(t), 
yalt) and ya(t) are summable functions satisfying the following ae | 
ania almost. everywhere. 


(2.8) f U= NNE =h) — fi (Eyer, wae. 
(2.9) Yall) = ont) + oar S (EE Aeg wae 


+ pe J, =r) ag PMN, ar. 


10) f r KE 4 EPA = 
+f eens ie +f (tt) Horley, (1) di 


Here the integrals are taken to be Lebesgue igs and we have used’ the 
following abbreviations: 


O Al) =f) 


(ii) A = am ¢ 
(iii) = B—b(l—m)/2 
E (iv) f c = K,a/K2b > 0 


“(¥) > E fi = ta — th 
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| By actual differentiation we goe that 
(i p) g-o?(e-a") A-t) 


when considered, as a function of z and.¢ is a solution of the first ae 

(2.1) for any.a’ = z and for any ¥ < t. If we replace the a? in the exponent 
by b?, we have a solution of the second equation (2. 1).* | 

The functions u(x,t) and u,(2,t) as given by equations (2.6). and 
(2.7) are linear combinations of such solutions and except at the boundaries 
the integrals converge for any summable functions ¥(¢), y(t) and s(t). 
‘These expressions are easily seen to be continuous except at the boundaries. 
Likewise, if we form the first derivatives we get. expressions which converge 
‘and are continuous except at the boundaries.. The functions u (z, t) and 
tua(z,t) thus satisfy the equation (2.1) in the inner and outer regions 
respectively. 
_ In each of the integrals the fivet iuis is bounded except at the boun- 
daries so that each integrand is summable and the limit of each integral, as 
t approaches zero, is zero except at the boundaries. The initial conditions . 
(2.2) are thus satisfied.. 

As a consequence of equations (2. 8) ee (2.10) we can show that y(t), 
We(t) and ya (t) are equivalent to functions of the form > 


A/P + p(t) 
where (t) is bounded and continuous: 
Equation (2.8) can be written 


: ; i t : | ` 
W o f ESER =g) 
where 
a(t) f(t) fierte. 


In arik of the conditions on f(t) and the boundedness and. continuity of 
(t — E) eP G- and the P E of ya (t), g(t) is bounded and con- 
tinuous. Tts derivative ; 


g (t) == f’, (t) == f (8/04) (EE EN) pa (t)i . 


18 likewise bounded and continuous. 


Equation (A) is an | Abel’s er of the usual type and fag the 
solution $+ > 


* For a full discussion of the properties of these and similar functions, see E. E. 
Levi, “ Sull’ equazione del calore,” Annali di Matematica (3), Vol. 14 (1908), p. 187. 
AR too. oit., p- 37. 
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a(t) —9(0)/at8 + Im fi (tt) g (Y) aL. 
Since g’(t) is bounded and continuous, the same is true of 
f =t Ar) av 


and wWe(t’) has the required form. . 
` To show that y(t) and y(t) have this form, we eliminate vat) from 
equations (2.9) and (2.10). Thus from (2. 9) 


(B) ` A <= — obs (2) + h(t) 


where 
h(t) = cant f (t — PYA eig, (P) 


Ta [ (t— A aaah PTENT 


and since ¥,(t) and y(t) are summable, it is bounded and continuous and 
has a bounded and continuous derivative. We have then. 


EOT me A 
+f C—O mo f(b 8 YA (HD aE 


o +e f gauri gea- Pya (Pdt f (tt) Pg (PAE, 
go that (2.10) gives A 
i f erano 
where 
h(t) =fi/(t+ 0) $2/(1 +0) f(t py% PI (Pat 
+ (e—1)/(1+e) f ($—r)hemrerry, (yar, 


_and is bounded and continuous with a bounded and continuous derivative. 
So that, as above, equation (C) has the solution ? 


ya (E) —hi(0)/nt + 1/e f(t e) (dt, 
and’ since h” (t) is bounded and continuous, f i (t— t) h (tdt is 
+7 Q : 


l bounded and continuous and ¥,(¢) has the required form. 
From equation (B) is follows then that y(t) also has this form. 
Consider now a term of the form 
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In absolute value this is less than 


t 
fey | vale) | ae 
t 
Sf EEA a (0) | dk + f° EA OH) ae 
0 ` 
and so is bounded. Hence u, (z, t) and a(z; t), being the sum of such terms 


and a finite constant, are bounded. 
We also have 


t t 
Limit | (¢—t/)-4 a-n, (7) df = f (t— t/) “Hy, (t) dt?” 
0 0 


w= I~ 
since the integrand is less than a summable function, independent of x. We 
have then 


Limit tbe (a, t) = Us 
or 1~O 


+S avy omerng (eae +f" (tt) A ys(t) ae = f(t) 


in virtue of equation (2.8). Thus the boundary condition (2.3) is satisfied. 
Now in the same way we can show 


Limit ug(z, t) = ts 
wmo 
t t 
+S, trae de f, Et) HY (Hat 
0 0 
and 
t 
atean f ((E— EA oH) 4. (t— t) p (LU) aE, 
o=m-O 0 f 
so that from equation (2. 10), recalling (v), we have 
Limit u (g, t) = Limit u:(z, t) 
a—m-O @=Mm+0 
and the boundary condition (2.4) is satisfied. 
To show that the boundary condition (2.5) is satisfied we need to know 


the value of 
` Limit (du,/dx) (z, t). 
g=-m+H) 


By direct differentiation we have 
i 
(du,/Oxr) (a, t) = — a*/2 f {(¢—¥) 7A (a + m) etema 
0 


-} (t — t) -A (g — m) gacama) p(t dt’, 
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and ` 


. i t i 

(6u2/6z) (z, t) es b?/2 Í, (t —= 8 (x <e m) giam) /4 ty (17) dt 

= v/a f (t = LSA (z = l) gla D/A Ny, (t) dt’. 
0 


The integrals involved all converge, except at the boundaries. To evaluate 


Limit (Paor) (z, t), we need to know the value of 


Limit b/2% fi ($1) 99 (g m) eA g (4) dt, 


for ¢(¢) sammable. Hobson * considers a more general problem. Restating 
his results in terms applicable here, we have the Theorem : 

Let F(t, t,£) be defined for ’,t > 0 andm<a<l. Let p denote | a 
positive number and let F(t, t, s) satisfy the following- conditions ; 


(1) For each pair of values ¢ and s, and for all values of > o, such 
that |¢—¢ | =u, the function F(¥,t,g) is equivalent to a function that 
‘does not exceed in absolute value a positive number Ky, independent of the 
values of # and z. | 


(2) Ifo and £ are two numbers such that 
ETETE I F(t, t, 2) dt’ 


exists as a Lebesgue integral, for all values of z, (m < «x <1), and for all . 
those values of ¢ such that t — a'> a, B; and as x approaches m + 0, the 
integral converges to zero, uniformly for all such values of t. | 

Let F(t, t,£) be a function of t—Y, say F(t—Y¥, 2 and -satisfy the 
conditions; 


(a) Limit "Pe 2) dz = 1 
ome o ; 


| fe 
b) f (Pz) lac 
0 : 
where A is independent of u and 2, for all sufficiently small values of u > 0. 
(I) Limit F(t—V,xr) = 0, when ¢ Æ t. 
(II) Pla z) has a total variation in the interval (0, p) less than a 


fixed number independent of x. 


` * Hobson, Theory of Functions of a Real Variable, Vol. 2 (1926), pp. 443, 447 
and 452. ; : - 
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The conclusion of the theorem is, that if these six r conditions are satisfied 
by F(t — Y, T), 


cai i ere ae 

whenever - aes | | | 
t’ i a ` 

f EHE — A0) a” 


has a differential coefficient, with respect to t’, equal to zero for ¥ = 0. This 
is the case for almost all values of t, since ¢(%) is ) summmable. — * 
We can easily show that the punchan 


b/r (t — pye (pee mye Ea a 
satisfies these conditions and so | 
Limit b/2n% f © (EE) (g m) amg (E) dt’ = pCi) 
emid 0 . 2. & ue 


almost everywhere, if $(t) is summable. 
Similarly we can show 


Limit (— a/r) f OTOT TO 


almost everywhere, if p(t). is summable. _ 
Applying these results to equation (2. 12) we have 


Limit Gur, (2, t) ð = ån ya (t) — f am (t— t) ey, (V) dY 
and similarly from (2.13) we have - | 
imit Oua(2, t) 0 = — br ya (t) — f [h jas ereny) av. 
- In virtue of equation ' (2.9) we have then 
Limit K,,(0u,/02) (z, t) = Limit K, (ðus/ôz) (2, $) 


and the boundary condition (2. 5) is satisfied. l 
We need now. to prove that i 2 o 


Jamk f "| bu/8z) (z, t) | dt =f taname t) |-dt, 
@=£+0 by . b =H yt - 


To being the z — coördinate of any boundary. 
As a typical case we consider 
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n 
Limit f | (Pusa) (a, #) | 
a=—mio ' 


= Limit 2] i at /2 f « a #) 3/2 (¢ — ss m) p REE (t) at’ 


p=-m+0 th 

_—a?/2 f u— rye + myrty Rae | dé. 
i Thé T 
G(x, t) =— a*/2 f (t —— P) -33 (g — m) gam g (2?) db 


ig bounded and continuous in x as © approaches:— m, 80 mer 
(a), Limit tf” | a(z, t) | dë anf Limit | @(2,t) | dt. 


Gonder the term 

H(z, t) = —a/2 f (E— t/) 9? (g + metan g (P). 
We define . 

H (x, t) = a?/2 f (t— t(s + m) PTT ly (t) | dt’ 


and by the theorem of Hobson quoted above 
Limit H(z, t) <= (n/a) (8) | 


e=—-mt0 


nearly everywhere, since | ¥1(t) | is summable. 
We have H (z, t) = | H (x, t) | for all x and ¢. 
Consider now. 
a 
Limit HA (a, t)dt 
=~ 0 
T 
ai Limit _ at (a?/2) f Gs t’ jsa -+ m) gorama | ya (t) | at’. 
By a change of order of integration we have | 
T t 
f dt (a?/2) f (E A 9/3 (x 4- m) grat (atin) 8/4 (e-#") | ya (t) | at’ 
0 a 0 i ` 
T poo 
T AAO M A a myemrermnrtnas 
t i , 


-f ae, T, 2) | ya (t) | a”. 
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where * 
T 
gE, T, 2) =8?/2 Í, (t— PË) (g + mjet- dt g> —m 
i” 


<= a? /2 fc pdt t’) ~8/2 (x + m) po (arm) A-t Ft 
t? 
Putting é = a(s + m)/2(¢t— t) we have 


oO 
g(t, T, £) 5 2a Í, e EdE == arh independent of ¥, T, z. 
0 
We have then 


T F 
Limit È g, T, e) | y(t) | dt— f Limit g0, 7,2) | ya(W’) | at 
` g=-m+0 0 OQ gs=-m+0 


T T = 
=a f | y(t) a= f Limit F(s, v) aË 
0 0 @=-m+1 
That is l , 
T p a 
Limit (F(z, t) dt = Í, Limit Ē(z, t) dt 
=m 0 g=—m40 


And, since H(z, t) =| H(a,t) | 20, and since Limit H(z, t) exists sans 
everywhere, we have 


nee {14 t) |di— f Limit eaa 
Hence recalling (a) we have 
T w 
Limit f | (du, /8x) (x, t) | dt = f Limit | (0u/ðx) (2, t) | dé 
o=-171 +6 & 0 w=~-mi0 


as was to be shown.t 


Thus the solution gwer by u (z, t) and t(s, t) in the inner and outer 
regions respectively satisfies the conditions of the Uniqueness Theorem B. 


Tt remains to be shown that Y(t), Ya(t) and ya(t) can be found to satisfy 
equations (2.15) to (2.17). This will be done in the next two sections. 


* For T>V¥ Limit g(¥, 7, a) =ar. 
a=—-m+O 
f We have used the limits 0 and 7, the equation holds for any limits 4, and te 
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PART III. Case or INFINITE SIDE REGIONS. 
A case of considerable interest is the one where the outer regions are 
infinite.* In this section we give a method of solution of this case. 
| Here we have no outer boundary and replace the condition (2.3) by the 
condition that Limit [@u,(2,¢)/ée|==0. The solution for the outer region 
BAO 5 : “o 


differs from that above by the absence of the term involving y(t). The 
result is that we have two integral eee for the two functions Sh (£) and 


(3.1) pO =h om f (6—0 Peay, (PA 


and 
8a f TA gemren + (t— AGLA 
Aih (t— E) hy, (Pdt 


If we substitute the value of y(t) given by the right-hand member of ~ 
(8.1) into (3.2), change the order of integration and osiy out the inte- 
gration in the i inner integrals, we have 


(3.8) ENAA ETAF A p =E) 
This is an equation of the. sort dealt with i in Part I wib, 
K(t, t) = ER c/1 + é) gots) 


where ¢ is a positive constant., Since K(¢,#’) vanishes exponentially for 
t = ť and is bounded elsewhere, the conditions of Part I are śatisfied and. we 
can find a summable solution of -(3.3) by the method given in that part. 
_ This solution, y.(¢), substituted in (3.1) gives a summable function Y(t). 
These substituted in (2.9) and the modified (2.7) give functions u (s, t) 
and (2, o that solve the problem. | 


PART IV. SOLUTION or Equations FOR FINITR SE REGIONS. 
In this section we consider the more general case of finite outer regions. 
As in Part ITI, we do not solve for y(t), Ya(t) and y(t) -directly, but, 
assuming the existence of summable solutions, y(t), y(t) and va(t)s ; for 


.* This problem is treated by A. Sommerfeld, “Zur E PA Theorie der | 
Wirmeleitung,” Mathematische Annalen, Vol. 45 (1894), p. 270, by constructing the- 
Green’s function by the method of images. 
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el” ` t" f l : i 
f, va (t) dt, f ouran f ¥s(4)dé. In order to do this we must make 


changes in the equations (2. 15),, (2.16) and ae: 10 80 that they will involve 
the integrals. : 

We multiply ano (2. 15) by (4 anid integrate from t= 0 
to t= t”, thus . 


. (4.1) f egra fi thn (tal -f e (Hh (t) dt 
ara fr wya fi (t— fhe Pig, (0) at | 
The first term by a change of order of integration gives 
Lf yaleyae. 
Integrating the inne ERTA of sho last term by ee gives 
[(6— p eea S TALA 


= SA fena bar — 26) /2 (6— e)a] ay 


The-term outside the sign of integration is zero. Putting this in and changing 
the order of integration gives, in place of (4.1) 


(4. 2) rf w(t)ar— f (i — Pyta (ear. 
+f qf W(t) dt \ av’ fi [(t—ť — apy —eymenrerar 


=f CE pear —f" { fuaa} aye — ey] gPa" 
- We integrate the equation (2. 16) from £= 0 to t= 2” and in the last 


two terms integrate by parts and then change the order of integration, this 
gives ` 


4" 
(48) fi pitas f (Py at | | 
as MEEKI Ya SUON eey erar] at 
as J, a Í, HÒ at } a fo ope) [(t— EME eP cr) dt 
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t” 
——o f, pd 
Q 
Hos {f° f a h eee eoa 
6 o 


n t” 
He f l { fi, va(t)at \ (P PRP a 
| ; | 


Multiplying equation (2.17) by (t — t)™ and integrating from t= 0 
to t= ¢”, we obtain, in a manner similar to that used in deriving equation 
(4.2), l 


(4. 4) aff Í a(d} (P — 1) 97 ge" ay 
tor S HOIAN Ae f aa 
tef d T yale dt} (E! — P) eB- ay 

By putting 

4 
F(t’) = f, (1 — U) fa (t) dt’ 
V(t”) T at 2,3) 


Bev E) = [p/ (0 E eee (p = a, B) 
we can write (4.2), (4.3) and (4.4) as 


(LB) Vall”) = PU) — Va) Hal AP 
(4.6)  Va(t”) =—e Vill”) +h f "V(t Halt”, t’) dt! 


‘ i” 
a wh f V(t) Halt’, ¢) dt’ 
and 
4” 
(4. 7) f Vi(t’) Ho (t’, YAE + m Val’) 
i 
— fa (8) +x Volt”) + Í, V(t’) Helt”, P) dt. 
Equation (4.6) multiplied by v and added to equation (4.7) gives 

(4.8) V(t”) = 1/1 4 0) (2f (0°) 

Joi) Í VN Ha(t”, OAY 


i” 
HLEA) S Va aE). 
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itn (4. 6) multiplied by 7 and subtracted from c times ri 
(4.7) gives 


(4.9) Vall) mI HOES R. 
HiHat) S OE Cae 


= V.) Ha(t; Pyar) 


We have in equations (4.5),. (4.8) and (4.9) a , system’ of Volterra. . 
integral equations of the second kind with bounded. kernels. ‘Such a system 
is solvable by a process of: successive approximations that necessarily con- 
verges.* It may be pointed out that, since the kernels involved vanish 
exponentially, the process of approximation ‘converges rapidly. . 

The terms on the right-hand sides of equations (4. 5), (4.8) and (4.9) 
_are of the types shown to be absolutely continuous in Part I. and so the 
functions Vi(é), Ve(t) and V3(t) are absolutely continuous. They thus 
possess derivatives nearly everywhere and are-the integrals of these derivatives. - 
We wish to show that the functions y(t) =Vi'(t), ya(t) == Va’(t) and 
ws(t) = V; (t) satisfy the equations (2.15), (2.16) and (2.17). 

We do this by a device similar to that employed in Part I. That is we 
substitute V3 (t) for ye(t) and Vs’ (t) for ys(t) in the right- and left-hand 
‘members of equation (2.15) and call the difference between the two meutbers 
D,(t). Then multiplying by (¢”’—+#)-4 and integrating from t—0 to 
t = t”, changing order of integration and integrating by parts as was done 
to obtain equations (4.1) and (4. a) we have, 


"(i 1) Dona = rf yy (1) dt — P(t”) 


+8 f E 1 vroa menar 


t s i = t’ i 
which is zero since f A RE f V (t)dt = V(t) and 
à 0 i . 0 ‘ 
satisfy equation (4.6). Hence D,(¢) is zero almost everywhere and equation 
(2.15) is satisfied. , 
Similarly equations. (2.16) and (2. 17 ), ‘by the methods used to obtain 


equations (4.38) and (4.5), are shown to be satisfied ae everywhere in 
virtue of the equations (4.9) and (5 W): 


* See Volterra, Lecgons sur les Equations Intégrales, p. TL. - 


a 


212 Being O W. M, RUST, JR. 


PART V. ‘Exringion to GENERAL CASES. 


The method of Part IV will apply to any number of regions and to con- 
ditions which are not symmetric. The only merit of the symmetric conditions 
is that they reduce the number of conditions by half. 

The initial temperatures were taken to be constant in order to make the 
forni of equations (2.7) and (2, 9). as simple as possible. If the initial 
temperatures are not constant, the constant u, in equation (2.9) is replaced 
by the expression 


1m Pi 
A/m f Ul (x) {-% gra (wna) 9/4 Tan! 
=} 


where u,(#) is the initial temperature. This expression satisfies equation. 


(2.1) and approaches u, (2), as £ approaches zero, nearly everywhere if u (z) 


is summable.* - For varying initial temperature in the outer regions the. con- 
stant ts is replaced by an analogous expression involving u(x), the initial 


i temperature in the outer region. We can show that this solution satisfies 


the conditions of the Uniqueness Theorem B if u, (x) and u,(#) are bounded. 
The introduction of these expressions necessitates the use of equations more 
complicated than (2.8) to (2.10), but makes no essential difference in tho 
method. 

In closing I should like to acknowledge my indebtedness to Dr. @. ©. 
Evans, both for his proposal of this problem and for his timely criticisms and 
suggestions. . 


THe RIOE INSTITUTE, 
~ HOUSTON, TEXAS. 
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COMPLEMENTS OF POTENTIAL, THEOR 


By. GaprIrE G: EVANS. , 


™ l 


Introduction. Let C be a simple, closed, rectifiable plane curve, and 
_ T}, T_ the interior and exterior regions, respectively, bounded by the curve. 
Let Q be a fixed and P a variable point on C, and let v(e) be an- additive 
function of point sets é on C, defined for all sets e, measurable in the Borel 
sense, with respect to are length s of C. We are to consider the limiting 
values of potentials of a double layer, and the derivatives of potentials of a 
single layer, formed for these general mass. distributions v(e), as the point 
M at which they are given approaches Q from T, or from T_. | 
‘In order to obtain these limiting values a restriction on the nature of 

_the curve in the neighborhood of the particular point Q is unavoidable (see r 
§ 2, below). It is essentially a smoothing ‘of the curve which is necessary, 
‘rather than a smoothing of the mass distribution, as the examples which are 
to be given will show. ) 

© The codrdinates z,y of P are aiid ‘continuous functions- of 8, and 
the quantities cos (z, 8), COS (y, s) are defined almost everywhere on C, and. 
are bounded, in numerical value <1. .Moreover, irrespective of their defi- - 
nition on the remaining set of zero measure, they are summable, and the 
formulae f 


3 P, ` ig 
Tp, — MT cos (z, 5) de, o m= J, cos (y, s) ds: 
aa Py 
are valid, for any two points P,, Ps on C. 


LEMMA I. Let Pa, Pa’ ©- bean infinite sequence of points, lying ahead 
of P on O, with lim Py = P, and suppose that the direction of the ray PPx 
has a corresponding limit which makes an angle 0. with a fixed direction. 
If for some neighborhood of P (exclusive of È), measured from P in the 
positive sense on C, the direction f of Ne: curve, wherever it erista, satisfies 


* Presented in part to the American Mathematical Soudy, September, 1931, under 
the title: “The Cauchy Integral: and 'Summable ‘Boundary Values.” The part” of 
Theorem I, below, relating to u(4f), u,(4f) has been proved for surfaces in Evans 
and Miles, “Potentials of General Masses in Single and Double Layers,” American 
Journal of Mathematics, Vol. 53. (1931), Pp. 493-516, but only in the case where 
approach is along the normal to the surface. 

” t Lebesgue, Legons sur Vintégration, Paris (1928), pp. 198-201. os 

f . Sie Ady a i ‘ : x 9 1 3 
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the inequality 0< Ë < Pa with er Sor then 0 sie the inequality 
056056, - 7. .- OS, ac ted 


We take 0, = 0, and that direction as the axis of z; and we take the 
origin at P. We assume first that 6. =~«/2. We have, anasi everywhere, 


0 < cos(y, 8) < sin h: 5S1, 0 < cos 6,°< coa(z, s)< 1, for Sse 
and from the integral formulae’ given above, | 
0< Yr < SBIN Oe, a E 0 < Yr/Tx < tan Os, 


from which the truth of the Lemma is evident. 

_ Suppose finally that 7/2 <-6; S r.. We still have Ye > 0, and rore 
620. If 6-2/2 the proposition is verified. We suppose then that from 
_a-certain & we have 6 > 7/2.-. Let.s, denote the measure of the portion of. 
the arc PP, for which cos (z, 8); where it-exists, is negative. Then 


ye > sr bin fa = 0, | za | < ox | cos 6 |, ye/ | m% | > | tan 6. | = 0, 


from which the truth of the Lemma is again evident. We cannot however 
extend the proposition to the case where 6a — 0, >. A similar statement 
holds of course for approach to P along O in the positive sense. 

If we.are dealing with, say; the potential of a double layer due to an 
absolutely continuous mass fuyction—that is, a density distribuition—on-0, 
it is unnecessary to say anything about the points where a direction’ ‘of the 
curve fails to:exist; for these constitute a set of measure zero on C, and the 
integral which gives the potential is not affected by changing the doublets 
on this set. On the other hand, if we have a general distribution of mass 
as a double layer, it may evén happen that a doublet of positive mass will 
be placed at some single point of the curve where there is no tangent direc- 
tion, and the value of the potential will involve a not-zero term depending 
_ on the orientation of the doublet at this point. We must therefore, in speci- 
fying a distribution of a double layer, define an orientation of the doublet at 
every point of C—at least, at. every point where the density is infinite— 
whether or not the curve itself has a direction at that point. We do this 
by assigning an approximate direction to the curve. 

Let P be an arbitrary point of C, and Pa point nearby at a distance 
e from P in the positive sense around C; let @ be the angle made by PP” 
with a fixed z-direction. For a given «, 6 is a continuous function of P, and 
the superior and inferior limits 


| Tim he aa oka lim in te OCP) 


are functions measurable in the Borel sense on C. 
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The set of points where one of the quantities 6(P), O(P . is infinite, is 
measurable in the Borel sense, and therefore the following function i is likewise 
measurable in that sense: 


0,(P) = (1/2) [6(P) + 6(P)]—2n(P)x, -it (P), 9(P) are finite, 
n{P) an integer, chosen so that 0 = 6,(P ) < ĉr, 
—0;, if 6(P) or 8(P) is not finite. 


Similarly a limiting direction 6.(P) of PP is chosen, for approach of P’ 
to P in a positive sense along C. The function 


O(P) = (1/2) [6.(P) + 6(P)] 


is then bounded, measurable in the Borel sense, and tan 0 == dy/dz, cos @ 
== dx/ds, sin 6 =~ dy/ds, wherever these quantities exist and satisfy the con- 
dition (dx/ds)? + (dy/ds)? =1. | 
For convenience, we call the direction indicated by O(P) the direction 
of C at P, and fix the direction of the doublet at P in the customary way with 
reference to this direction. Definitions which make use of averages would 
of course also be possible, but they are not necessary here. 
Let M be a point of T, or T_, r == MP (with direction MP when angles 
are to be specified), np the direction of the normal at P, taken towards T., 
and perpendicular to the direction, as just defined, of. the curve at P. Then 
the quantities . | | 3 
- Cos $ = CoB (r, np) = cos (z, np)cos(z, r) + cos(y, np)cos(y, r) 
sin ġ == sin(r, np) = cos{r, sp) 


are everywhere defined on C, measurable in the Borel sense, and in absolute 
value == 1. The quantities | 
cos h == CO8 (F, ng), sin ¢” = sin (r, ng) l 
with a fixed Q, are defined for all P on C, are continuous, and in numerical 
value <1. : 
The four Stieltjes integrals 


(A) u(M) = f, 11 cos $ dv (ep) 
(B) us (I) = f T7! cos $ dv(ep) 
(C) u (M) — f 1 sin $ dv(ep) 


(D) u(M) = f rt sin df dv(ep) 
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are mow. all defined for M-in T, or-in T. The integrals (B) and (D) are 
given in the usual sense; those in (A) and (C) are Radon * or Daniell ł 
generalized integrals. The (A) and (C) may be regarded as potentials due 
to general mass distributions of doublets, respectively normal and tangent 
to the curve C; the integrals (B) and (D) are the derivatives in the fixed 
direction ng and perpendicular to it, oe, of a paren A mass 
distribution on C. 

‘A general mass distribution of doublets along C, whose orientation is 
determined at points of C by direction cosines which are measurable in the 
Borel sense with respect to s, may be replaced, as far as its potential is ‘con- 
cerned, by two integrals of forms (A) and (C), with different mass functions 
h (e) , v2(€) a For if H is bounded and: measurable oe the 


integral 
+ TE o 


is & fiction of bounded variation on C and determines such a distribution 
of mass. - 

In conclusion to these introductory considerations, we introduce the fol- 
lowing condition (y) with respect to the point Q. We make the convention 
that the symbol s merely denotes numerical value, except when, in conjunction 
with some other letter, it forms part of the symbol for an angle. 


(y). Gwen the ficed point Q and thé variable potnt-P, on C, there sub- 
sists Ahe inequality | { (ng, ne) | < y(s), s the arc QP, where y(s), fors > 0, 
ts œ positive, monotonic (non-decreasing) function, such that the integral 


Jf, ¥(8)/ ds = m(s) 
18 convergent. pe oe 

We have lim m (s) = 0 if lim s == Q. 

It is not necessary to assume that y(s) is continuous. Moreover, if the 
condition (y) is assumed to hold merely for points P in the neighborhood 
of Q where da/ds and dy/ds are defined in the usual way, it will hold through- 
out, with the extended definition of the direction of C, provided that we 
write + (8) = y(s + 0). For i is the statement expenses in Lemma I. 


`  * J, Radon, “ Theorie und Anwendung de absolut additiven Maizen ikinen ” 
Biteungsberichte der Akademie der Wissenschaften, Wien -(1913), p. 1295. 

tP. J. Daniell, (I) “A General Form of Integral, ” Annals of Mathematics, Vol. 
19 (1918), pp. 279 -204; (IT) “ Further peers ef the General Integral,” ibid., 
Vol. 21 (1920), pp. 203-220. l z 
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The following Tan vill be proved. 


Txxorem I. Let the condition. (y) be aiei at tthe point Q of C, and 
let v(e) have at Q a unique derivative * y (e) = A, with respect to s. Denote 
by M’ the image of M by reflexion across the tangent line at Q. Then as M 
in T, approaches Q ( A ) or as M in.T_ approaches K ( a ), in the wide 


sense,t the following ape hold 


. a | ; cos (QP, np) 
(BH) Him uh) = = nd on "©! av (or) 
| He : cos(QP, ne) 
(Ex) Bim (Ml) = rA + fA doen) 
(Es) lim (u (M) = uM) = 
(Es) lim (uM) — u (M')} = 0. 


1. Bonide on , Stieltjes aoe Although special cases of the follow- 
ing proposition are frequently used, it is convenient to have the statement in 
explicit form. The integrals are generalized Stieltjes integrals. 


Lemma II: Let f(x) be bounded and measurable in the Borel sense, and 
g1(@), Ga(x) of bounded variation, aS25 bd; then a) = 91(z) ga (2) is of ` 
bounded variation, and 


an f teuo- T f(2)o.(2) dja) + fir f(2)92(2)dgs(2). 


. The boundedness of the variation of g(z) is of course well known. It is 
a consequence of the identity | 


g (Tin) — 9 (6) =g: (Zin) {9a (i= ga(2s)} $ E (g: (zin)— g: (24) }. 


When f(z), 9:(2), ga(#) are, in addition, all continuous, (1. 1) follows . 
i pune diaty from the definition of the Riemann- Stieltjes Integral. In fact 


=f (24) {9 (2r) =- 9 (d)} = = Sf (24) 9a (ess) Glew) 
te Xf (21) Je (T1) {91 ea) 9 (24) Je 


* That is, a unique derivative with respect to Pore families; 

f Let Q be a point of O and A, a circular sector with vertex at Q, but otherwise 
contained, with its boundary, in T, (T_). Let A, be a circular sector with vertex 
at Q, but otherwise contained, with “its boundary, in the interior of A; We say: that 
Af approaches Q in the wide sanse from T; (T_) if, approaching Q, it comes and 
remains eventually within some A, ` a, | 
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: The lemma is then established by passages to the limit with .(1.1) for con- 
tinuous functions as a basis. 

For this purpose we write, gam(z) = gin (2) aan where Jala), 
(i = 1, 2), is constructed so as to have the following properties : | 


(a). gix(2) is continuous, a S g & b. 
l (b) him Ji (2) = gi(Z), asses b. 


(e) | aad — gx(ta) | 5 (23) — Ha), aS ti < za <= b, where (2) 
18 of bounded variation. 


one property (c) implies the a 
(d) g(x) is of bounded variation uniformly for all k. 


This construction can be made by a polygonal approximation. 

Consider for instance a function of bounded variation a(s) = p(z) 
— n(x) + «(a) where p(x) and-—n(z) are respectively positive and negative 
variation functions for a(s). For @m(z) we take pm(x) —nm(az), where 
pm (az) is a polygonal function, formed by joining successively with straight 
lines a finite number of points on the graph of p(s), the vertices for Pma (T) 
to be obtained by adding new ones to those of pm(z) in such a way that as 
m tends to co they eventually become dense in (a,b) and include the points 
for which z =a and z= b, and all the points of discontinuity of p(z). 
A similar construction is used for tim (2). Evidently then lim (m == ©) an(2) 
= a(x), @m(z) is continuous, and 


| am (Z2) — am (21) | S t(z2) a 


yu TE is the total variation function of a(x), namely p(z) Fat: 

Let f(z) remain continuous. Equation (1.1) holds when gi(z), ga(T) 

and g(s) are replaced respectively by gin(Z), gam(z) and gam(z). From 
_ (a), (b), (d) it follows, as a well known theorem,* that 


Lim f F()gam(0)dgin(z) = f * fl) gam (2) dga (2) 


lim mf Eee) = f f(z) dgm(2) 


where gm(z) = lim (n = ©) gnm(2) is of bounded variation, ao in m, 
and lim (m= ©) gm(%) = g(z). Also . 


= * Helly, Siteungsberichte der Akademie der Wissenschaften, Wien (1912), p. 288; 
Radon, tbid., loc. oit.; Bray, Annals of Mathematics, Vol, 20. (1919), p. 180. 
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lim af f(t) gin() dgam (7) — f fla)gile)doamle), 


as a fundamental property of the general integral. | Keowee (1.1) Shee 
when f(z) is continuous, and ga(z) | is replaced by Jam (TY 
Let now m tend to æ. We have, as above, 


lim afi P(e) dgn (2) = S. f(e) da (2) 
lim f"F(2) 9om(2)4gr(2) = f F(2)92(2) a2), 


and an extension by Daniell * of the theorem, pina to above, yields the . 
fact that 


lim f” fee)ote) dunt -=f APTT 


Consequently {E 1) holds, under the hypotheses of the lemma, provided 
that f(z) is continuous. That it is also valid when f(z) is merely. bounded 
and measurable in the Borel sense is.an immediate consequence of the yostu- 
lates which define the general integral. } 

Given a function v(x), of bounded variation, we say that it has a unique 
derivative, on regular families, at s = 0, if the corresponding function of 
plurisegments has a unique derivative, on regular families, at z =—= 0, or, what 
amounts to. the same thing, if it is continuous at «=-0, and if the corre- 
sponding additive function of point sets has such. a derivative. A pluri- 
segment r is the sum of a finite number or of a denumerable infinity of 
segments s, 3s = (x, x”), no two of the segments having interior points in 
common; the measure of a plurisegment is the sum of the measures of its 
segments. We say that »(1) corresponds to v(z) if when s is the interval 
(x, 2’), v(s) = v(x’) —y(2’). The theory. of such functions is given by 
Vitali f and Maria.g . a S 


* Daniell, loc. ott. (II), see 3(5a), p. 218. If lim (m=) a (v) =a(a), 
a<o<b and | a, (O) —a, (o,) | <= E(w) — p(o) for all v ; ey w <e, Zb, 
independently of m where (Œ) is of- bounded variation, then l 


b b- 
lim È flæ)da (0) = | f(@)da(o), 
m=O Ja Ja , 

provided that f(#) is summable with respect to £(%). 

+ Daniell, loc. ott. {I}. 

tG. Vitali, “ Analisi delle funzioni a variazione limitata, R Rendiconti del Otrcolo 
Matematico di Palermo, Vol. 46 (1922), p. 388. 

-§ A. Maria, “Functions of Plurisegments,” Transactions of the American Mathe- 
matical Society, Vol. 28 (1926), pp. 448-471. a 


v © 


a 
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A sequence of plurisegmients fi forms 8 E family a p= 0, 
with parameter of regularity kif 


4200 G TE 


where w: is the measure of the smallest segment with center z= 0 which 
contains rı The function v(r) has a unique derivative A, on regular families, 
at z= 0, if a . l l 
lim Fr) = A 
£200 meas. fi 

. for every- ae family {ra} about z = 0. 

The following lemma * will accordingly be proved if we ‘prove the corre- 
sponding theorem for additive functions of plurisegments. It. is also true - 
when stated 1 in terms of additive functions of point’ sets. 


. Lamma III. If v(x) has the unique derivative A (on regular families) - 
at x = 0, the total variation function t(x) of y(z) has the unique derwatiwe 
| A | pt £= 0; moreover the positive variation function p(x) has the unique 
derivative { | A | + A}/2, and the negative variation function —n(az) has 

the unique derivative —{|A|—A}/2, at c—=0. 


Let r; constitute a regular family of plurisegments about z= 0, with 
parameter of regularity k. We consider first 'A > 0, and show that 
lim (i == œ) p(r:)/meas. ry =. Á. 


Given rı we can find a finite plurisegment fi, composed of a finite number 
of the ti Sa of ti, which has the following ‘properties: 
meas. (a — fa) <6, 8; arbitrary, > 0, 
pri) — p(fe) <y M pane > 0, 


meas. fy i 


lim k, 
Eo w 
lnc: plr) pfs) | aai; 


R meas. ti meas. fi 
Hence it will be sufficient to show that lim p(f:) /meas. fi = A. 
Given fı we can find a finite. plurisegment f'a, F4 C fi, such that 


(2) 02 NP) = Pf) <P) +e o («> 0), 


* Proved also by my colleague H. E. sae some time ago, but not published. It 
applies of-course in n dimensions. l a 
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and if we let fi’ —=fi—j’s, fe” ‘will be a finite plurisegment, and 
| POPRA =p) alf) =G. 
Hence, by subtraction, 
(1.3): =o Paun) < nfo <—v( fi’) Par 
We take e; small, so that lim (ï= œ) «/m = 0. 
We note first that the family f” can contain no subsequence which con- 


-stitutes a regular family with respect to the intervals w that is, allow the | 
selection of a subsequence f;” such that 


lim DELH k” > 0, 
x , l J200 wł j ‘ ge 
For in this case, 
nfs) c  _v(fs") meas. f” wy gy 
meas.f; meas. f;” wj meas. fj ° wy meas. fy ` 


As j tends to œ, v(f;”)/meas. f;” approaches A, and the first term in a thè 
right-hand member of the above inequality eventually becomes < 0, and hence _ . 


— (f) meas f” 
~. | mea. f” » Oj 


uaa as 7 tends to infinity, 
iain <— AK’ +0 
which is a contradiction. : 
It follows that lim (i== 0) meas. fit w = 0, and heen that 
lim meas. f i/o; = k. Consequently - 
meas. be 
“zoo Meas. fi- 
From (1.2) we have — E | 
v(f's)_ meas. fis — Pi) c v(f's) meas. fs | a o 
meas. f; meas. fı . meas. fi ` meas. f; meas. fı © œ meas. fy’ 
‘and from (1. 4), letting ¢ tend to infinity, | | 


meas. Fi 
1.4 ——+— Á |, 
(1:4) io Meas. fi 


"= Q, 





iœ meas. fi - ~ meas. fi 


AS lim 2U) < im: pf) eP 


Hence p(r) has the unique derivative A: And from ~ 
nlr) 0 p(rs) vla) 
meas. Ti meas. Ti MEAs. Tr 


it follows that n(r) has the unique derivative zero. 
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A similar proof holds. when A < 0, but if A =0 the method must be 
slightly different, since both f’s anid fi” may now contain subsequences which 
are regular families with respect to the intervals os If fi” (F) contains 
no regular family of parameter > &/2, with respect to the intervals w, the 
entire sequence fs (fi) is a regular family with parameter = &/2 with 
respect to these intervals, and the proof. proceeds as before. On the other 
hand, if both f: and fi” contain regular families of this sort, Fy and fe” 
respectively, we show directly that Tai 

pty) wc: (), . oa nih) 22/0 
joo meas. fy kzœ Meas. fx 

from ae since A = 0, 
nlf) si lim 2) 

n ‘meas. fy k=co meas. fe 
But the entire sequence {t} is exhausted by the sequence {7} and the sequence 
{k}, since for every 1, either meas. f’;/meas. f; or meas. fi” /meas. fr = ae 
Hence for the entire sequence {+} es 

lim pfi) — lim n(fi) 2): 
j=oo Meas. fi izo Meas. fi 

In ‘order to prove that é(r) has the unique derivative | A | at z == 0, 
it is sufficient to remark that t(r) = p(r) j n(r). Thus the proof of the 
lemma is complete. 

In a Stieltjes integral, generalized or not, the function which appears 
in the -integrand, before the differential sign, must be defined for every value 
of z in the interval to be considered. Accordingiy we extend the definition. 
of y(x) and write 


(105) ` y (2) /T]ez0 = lim y(z)/z, 


admitting 4- œ as a possible value of this inferior limit.* With this ex- 
tension, the following proposition is a consequence of Lemmas II and III. 


Lemma IV. Let g(x) bea function of bounded variation, 02a, 
and t(x) tts total variation function. If g(x) has a unique derivative at. 
x= 0 (on regular families), namely g' (0) = A, then the generalized integrals 


Sf, Ix(2)/2] dg) = m (8), . KO di(z) —m(8), 0<3 <a 
are canore and 


* On account of the restriction imposed on g (w) at œ = 0, the truth of Lemma IV 
ig independent of the definition of y(0)/0, which may be arbitrary. 
"A 


f 
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(1.6) a lin m,(8) <0; lim. (2) =O. 


Sines t(z), by ini IU, has a unique derivative at com 0, it satisfies: 
the conditions for g(x), and it will be sufficient to prove the theorem for g(a). 
We suppose first that ‘A = 0, so that, choosing g(0) = 0, 


g(x) = 29(2) 


where (xz) is of bounded variation in any closed interval (8,8) with 
0 <7 <S, and | y(r) |< m 0 < 28, with Hm (8 = 0) n= 0. Without 
loss of generality we may assume g(x) to be non-decreasing and 7(z) not 
negative, since if g(x) has a zero derivative on regular families at 2—0, 
its positive and negative variation functions have also. 

The generalized integral is given as the limit* . 


“tim f’ yaa) dgl) 


where ya(z) is a sequence of functions, integrable with respect to g(z), | 
‘increasing with n, = lim ya (2) m= y(x)/z, 028, and such that for 


each n, f yn (Zz) TE exists. 


We take n > 1/8, N as the lower bound of y(x)/z in the interval 
Ce 1/n, ane write 


GS EEST 
e a 


The function ya (2) is bounded and measurable in the Borel sense, and is 
therefore integrable with respect to g(s). For z= 0, 


lim yn(z) = lim v(x) /e=y(2)/tle=0, 


and for z > 0, ya(z) — y{z)/z for n> 1/s; hence lim ya (2) = y(z)/s, : 
028. Moreover Yn (2) = Yn (2) if k >0. We ‘hays nae = TAI: 
‘With these definitions we have 


fo la)dg(z) =N E KOES TON | 
: 
=Ny(1/n)+ f, yn(2)dg(2) 


* P, J. Daniell, loc. oit. (I), p. 289. . > 


? 
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o pð 7 
SNG(1/n) + f [v(2)/7] do(a). 
- But f l j 
i Ny 1/n) Sy(1/n) - (1/n)al t/n). < w8) 
and by Lemma IT" | a we 


S., 70)/2 dala) — f y(2)dq(2) + + [y(2)/z] n(e) de 
sif yne) | + m8) | 


ew “m (3) =x mi 4 (2) jz da. Moreover, since y(2) is monotonie, an ap- 


| plication of Lemma II to f l d [y(2)(x)]| yields the identity 
1/7 : 


Soxa) =r) — fF omnes 
and IE A the inequality a 


| Ja KEJA) | < y(t 8) = = 3y (8) 


Hence 


~ 


. in ya(2)dg(2) < ms [m (8) + 4y(8)]. 


But the integral is an increasing function of n, Accordingly the integral of 
the Lemma exists; moreover from the inequality just written it approaches 
zero with 5. This is what was to be proved. 

Suppose now that A =< 0, and write 


g(2) 24 + [9(2) —sA], 


We know, as the PREH (A) of the genera intesi, that S. Ly(@) fl na 
~ exists and has the value 


J, DOUE = f, e ated) + f PENE, 


provided that both lactis of the second member of this equation exist. The 

existence of the second integral has just been demonstrated ; it approaches 

zero with 8. The first integral of the right-hand member evidently can be - 
` shown to exist by the same sort of proof, since either rA or —-2A is a non- 

decreasing function. The integral is seen to have the value poe and also 
- approaches zero yan ô. 
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In fact, we have taking for simplicity A > 0), D g 
ki y(e)d(24) =N A. Vn +f" ore de 


= Ay(1/n) +4 i eae 


—Ay(1/n) +4 CO] = cae 
| which has the limit Am(8) as n tends to œ. | 


An obvious corollary of the theorem which has. mee been demonstrated 
is the following : 


COROLLARY 1. - Let (2) be summable in the Lebesgue sense, in the- 
interval (0, a), and let it be the derivative of tts integral at t= 0. Then 
the integral 


K: $(z)y(2)/2 de 
b 48 convergent, as a Lebesgue integral, and approaches zero with 8. 


Since ie). where kis a given positive constant, is a iani F(z), 
with the properties described for y(x), we may note the following fact. 


COROLLARY 2. Lemma IV remains valid if y(x) is replaced by y(kzy, 
k const., > 0. . | 


We denote the corresponding ms (8) by ms Ca) 


2. Convergence of the integrals (A), (B).on the boundary. At the - 
position when P =Q the quotients.cos(QP,np)/QP, cos(QP, ng)/QP are | 
not defined. In, order to fix these quantities, we may for the purpose of the . 
theorems of this note assign them any values whatever, We choose more or 
less arbitrarily the value zero. 

If C has a unique tangent at Q and the E is satisfied at Q, 
there will be a neighborhood of Q on C for which the projection of an element 
‘As of arc, on the tangent line, will have a measure as near As as we please. - 
We take cotrdinates x, y with the origin at Q, and the z-axis as the direction - 
of the curve in the positive sense, at @; and choose 6 small enough so that 
if |z] <5, y(8) = 1/2. Let Cz be the connected portion of C containing Q 
for which [zp |< 8. For convenience in ‘reference we recall the following 
facts,* of which the verification iè imediate. | 

For P — (x,y) in Cy | 


E Evans and Miles, TA cit., p- 495. 
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cos (ng, mp) = 1/2, ds S fdz, s=2z 
[dy |S y(s)ds S 2y(2 |z | ) | de |; ylSelely@lel). 
(2.1) | cos(QP,.me) | Sly] /|e|S2%y(2]e]) 
- | cos(QP, np) | = | cos(QP, ng) | + | cos(QP, ne) — cos (QP, ng) | 
SH (2[e]) +1 (ne, mp) | S8y(2|e]). + | 


By means of these inequalities’ and Lemma IV we can prove at once the 
following proposition. 


Lemma V. Let.the condition (y) be aed at Q, and let rot have 
at Q a unique derivative (on regular a”, ¥(Q) =A, with respect to 8. 
Then the wmtegrals 


(2.2) g= f, [oos(QP, ne) /QPLdo(en), i of [oe (OP, ta) /QP 1A (er) 


are convergent, and 


(2.3) | = t's, tı — lim g'a 


o C'a, Cas are the mtegrals t, bı except ka ane: are extended merely 
= over the portion C — Os of O. 

In fact if we let ¢s, f:3 be the acon or extended over Cs, 
their integrands are dominated respectively by the functions 3y(2|2|)/|a|_ 
and 2y(2|2|)/|#|; and if we let t(e) be the total variation function of. 
y(e), we have the result that a. dominant integral for both s and fie is the 
following” 7 


f. [3y(22)/2] dt(0)— 3 "[y(22)/2] dts 2) = Bma(8) ` 
8 0 


- where t (s) = [t(s1) + (82) ], 81 being the arc QP and s, the arc P,Q such 
that ‘2p, == — Zp, 8, and s: being closed sets; t(x) has'a derivative at 2 = 0. 
But, since the integrands of % and £15 are both’ measurable in the Borel sense, 
and this dominant integral is convergent and approaches zero with ô, by 
Lemma IV, Corollary 2, the integrals f and fiz are both convergent and 
approach zero with §.* Thus the theorem is proved. 

l The necessity of a smoothness condition at Q, of the nature of (y), is 
‘made evident by the following example, in which C has a continuously turning 
‘tangent at Q, and v(e) has a derivative (equal to zero) a at Q, but where the 
integral ¢ is not O cere 


' * Daniell, loo, ott. (I), p. 290. 
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Take axes as before, and mark points t = 1/2, 1/8,: > -1/k,: ++. At 
the point Py (x == 1/k), draw a segment, with a le slope, such that 
its normal nz satisfies the relation cos(z, ng} = 1/ (log k)*. At the mid-point 
of the interval (Pxi1, Px) draw a segment with a slope 1/k*. The broken line 
formed of these successive segments, with alternately positive and negative 
slopes, forms a portion of C abutting on Q. It is rectifiable, and 


lim (P = Q) | <q (no, tr) | =0, 


provided that the vertices are smoothed, but the curve does not satisfy a (y) 
condition at Q. | 

We form the function v(e) by putting a mass a at each point Pr, and 
choose ax so that v(e) has a zero derivative, with respect to arc length, at Q. 
In fact, we take a, = [k (k +1) (log &)*]7. 

We have 


` ; 00 
v(8)/s S (2/8) (1/2) E ax 
k= 
where Pra is the Py of lowest index contained in s. Hence 


lim [v(s)/s] = 1- lim (r + 1) > [k(} + 1) (log &)#]* 

< lim (r+ 1) > [1/k —1/(k + 1)] [1/ (log &)*] 
eA 1.1 i a en 
pe TOALE mp faa Ca m f 
S lim [1/(log r)*] = 0. 


Since v(e) is a function of positive type it follows that the derivative on 
regular families is also zero.* 


iA 


For the integral ¢, however, we have { = fz air Os 


Qa cos(QP, np) $ k 
f a gp Wir) — B Togt “ 
a È (k 4-1) log k? 
which fails to be convergent. 
In the example just given, the point charges may be replaced by uniform 


density distributions over intervals which become amoan short as z tends to 


' *De la Vallée Poussin, Intégrales de Lebesgue, Fonctions @ensemble, Classes de 
Baire, Paris (1916), p. 60. i 
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zero. In the following example the curve is still smoother and the mass . 
distribution is uniform, but with a positive density N at s == 0; This time 
it is the integral ¢ı which fails to be convergent. 

Let A(z) be a continuous non-decreasing function of s, with A(0) = -0, 


and such that f A(z) Jx de fails to be convergent. Consider the curve C, 
symmetric about the y-axis, of which a portion near g may be represented, 
for positive z, in the form y= f A(z) de. Take N > 0 and let v(e) be 


the function of sets N meas. e == v(e), associated with the point function 
g(P m Ns; it has the constant density V. We have, if the integral {, exists, 


ts — 20 f [y/( +9)) [1 Hale)" hde >N f [s/(7 + #1 de. 
> Nf (y/z*) da, for ô small E so that z > y. 


But Ey an integration by parts - 


f pet de= [— (io) fy A(x) de]. + f malade, 


and 


Si yr de (0/8) f” A(x)de + lim EROL 


Hence the integral & is not convergent. 

The Fredholm method of treating the Dirichlet and Neumann problems 
‘is thus seen to be limited necessarily to curves which satisfy, at least almost - 
everywhere, a condition of the type of (y). The remark applies whether the 
boundary values are continuous or discontinuous. When the condition (y). 
is not satisfied, in the former case many methods are still applicable; in the 
latter, the use of the Green’s-function leads to a general class of functions 
~ in which such problems are uniquely solvable,* but the connection with — 
potentials of distributions of matter is lost, and the direct generalization. to 
three dimensions is no longer feasible, on account of the lack of regularity - 
of the Green’s function.t The condition (y) seems therefore to be a natural 
setting for the Fredholm method of ne the ah boundary value 
; problems i in three dimensions. 


*G. C. Evans, The Logarithmic Potential Discontinuous’ Dirichlet’ and Neumann 
Problems, New York (1927). - 

tJ..J. Gergen, “ Mapping. of a General. Type of Three. Dimensional Region on a 
Sphere,” American Journal of Mathematios, Vol. 52 (1930), pp. 197-224. . 
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3. Limiting values and the proof of Theorem I. The determination of 
limiting values in the wide sense- depends upon the following simple result. 
Let Q be the origin of coordinates, and M = (x,y) a point such that 
|y |/| «| = tan q where q is a given constant, O0<q<x/2 Let P, be a 
point movable on the z-axis, of z codrdinate zı, and denote MP, by rı Then 
the maximum value of the ratio QP,/MP, = | æ, |/r, is esc g. In other words, 

this ratio is hounded as M approaches Q in the wide sense: 7 


(3.1) [a |/nSeseg if [y|/z| Stang. 


Consider now the portion Ce of C about Q, where the condition (y) is 
assumed to hold. With axes as in $2, let r denote MP, as before, and let 
P, be the projection of P on the z-axis. For P in Ce, we have 


[rnn S | yp | nt <? ja |y. |a |)nt 

; — <ay(2] a |) cesc g 5 1/2 
if 8 is small enough. an | oy | tem fey | rt [1 + (r— nn) /ni > 
< 2 |z, |r. and 
(3. 2) [a l/r<2eseq | 
for all M such that | y |/ | z | = tan g, provided that ê is taken small enough, 
depending on q but not on M. . 

We note also the following inequalities, in which the same notation is 
conserved, and p, denotes the angle (rı, ng). We-have 

| r sin p — r sin pi | = | nma | | r?—n? | 

= tyr? | g,—ae| (rt) |r—n| 


<2l|yplrnt< 2 | a, | y(2 | z |) a: 


Titr 
< 4 esc? gy (2 | t |) /24. 
Similarly 


| +71 cos p’ — 1,71 cos q: | S #7 Aeey Wes A 


shiii r? | 


r r? 











S83 |y i“ 
where F is the smaller of thg two values r, T Hence 


ser laD | < 24 eset q yh? |a |)/| z |. 





heroit errs 


2 
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| gin 6 —sin ¢’ | S art 


atte gtk z | seise 
aeiaai 
r= | eos $ — 008 $" | < By(2 | ze |) ese g/l | 


Ginie eis. there is a number p > 0, such that for P in Oa we have, 5 
for ò small enough, depending on q but not on M, 


rising — r> singil, | x1 cos p’ — ry? cos i |, 
we 3) | r+ sind —7r,7* sin gi |, | cos p — ryt cos di |, 
all < py(2| a1 D/a 


Hy we ET any of iee ama a r (21), we have . 


(3.4) | fife ae(er) | < pmf), 


by Lemma ‘LV, Corollary 2. 

` On the basis of these hame consider the integral us(M) in Theorem 
I (E1), and denote by ues, uss the corresponding integrals over the eo 
Co and C— Cs respectively of C. We write — 


taj L Th dy(e) — -f a 


| with »(z1) = v(s), where 8, 18 the E of Os for which ax Tie 
We have, with W” the image of M, as in Theorem I, from (8.4), - 


| tas ( M) — üa (M) | < pm (ô) - 
| ten") — ta’) | < pms (8) 
tha (ML) tae) cam () 


so that, given «,. we have, arnai of the position of M such that 
| y/2 | = tan q, 
| 42 (IL) — ia (H) | <2 


if 5 is taken small enough so that p < e/(4ms(8))- 
We may now take M near enough to Q so that 


| wa (M) — wa (M) | < «/2, 


since these integrals are continuous as M passes through Q. ia ae 
by taking M near enough to Q, 


. | us (4) — (W) | <e 
But this is what was to be proved for (Ea) of Theorem I. © 00 00) 


e 
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The ne of Theorem I (Ea), for u (M ), is identical with that for 
ua(M) just.given. The examination of u(M) and u (M) however, requires 
a little more detail. Consider first the quantity — 


waf, 28 84 (6) = ae ae m d(e) 


where the function of bounded variation DOE kak A for the value of its 
derivative at zr== 0. We-have - 





wsa(M) = f 224 de, + fst An} 
e 400, ê +é, l 


6(M,8) being the angle subtended by the directed segment —8 Sn S3 
at M, and 


| l3 | < f i | COB ae | dt (2,) 
where ¢(2,) is a function of bounded variation with a zero derivative atz, — 0; 


ila) =ay(t.); 0S nla) om if —8S2,58; lim y= 0. , 


If |z| = 8, r1 cosg, is monotonie in —8 <= 8. Otherwise it is 
monotonic in each of the gub-intervals (— 6,2) and (2,8). We write. 


=, os re 
ELS] f rb eos dx dé(a,) | + | fF cos os dt (es) | 


8 cog ` cos & 3 cos 
l ff a $ dlr) = t(n) s — f eaaa eL, 
Now j J . x : > ` Ta A ` » a n " a ' ’ a 











| #(a,) CEt =e ey |=|2 P| Se ee g 
|S meda (S88) | <w en z | | | Se 


iassa] 
< Zya cac q -H e 


Consequently, whether. | 2 a = oy. 


LEIS m (8080 g x} 
and a E , i l 
(8.5) |ta(M) + AO(M,8) | = pm, ~ pı const., depending on. q. 
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But from (3.3) and Lemma V, 


| us (M) — ts (M) | < pm (8) 
f3(M@) < 3m, (å). 


Hence, given «, we can take 38, small. enough, espero: on g but not on M; 
provided that | y/x | = tan q, so that ` 


| ae + A(M, 8) | S €/3 
| £3 | 5 6/3. 


And since u’s(M) is continuous as M passes through Q, we can ‘als M near 
enough to Q so that 


| u(M) — w(M) — (€— Es) | Se/8. 
By taking M near enough to Q, therefore, with | y/¢ | = tan q, we have 


| w(M) + 40(M8) =t | Se. 
Similarly l l 
|u (M) + A0(M,8) —f| Se. 


Since, however, no matter what the value of ò, 


lim 6(M, 8) == + r, 
M=+Q 


. the above inequalities imply the relations (E), (E,) of Theorem I. This 
- completes the proof of the theorem. ; 


4, Potentials in the netghborhood of a verter. We may speak of a Q 
of C as a spiral point, if one of the four quantities 6,(Q), 6.(Q), 6.(9), 0-(Q); 
defined in the Introduction, as we approach Q from one direction or ‘the other 
on Q, is infinite. We say that Q, on the other hand, is.a vertex of C, if at Q 
the forward and backward directions of the curve exist in the ordinary sense, 
and if these directions are not the same and do not differ by +; in the former 
case Q is a cusp point. We denote the directions of the forward and backward 
tangents at Q by t, and ż- respectively. From these the directions of the 
interior “normals” ng, and ng- are established. The positive angle «a from 
the forward tangent t, to the backward tangent t is called the angle at the 
vertex. 

We may say that the curve satisfies a-condition (ya) at Q if the angle 
at Q is a and if, with the function y(s) as already defined, 


(4.1) | X (nga np) | < (8), P on C in + sense from Q. 
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The function v(e) has a unique forward (backward) derivative on regu- 
lar families at Q if it has no point value at Q, and if the limit is unique for 
families of sets e, on the forward (backward) branch of the curve from Q, 
regular with respect to the smallest intervals w; which contain Q and ei. 

With these definitions we may state the proposition about the convergence 
of the integral u( M), when Jf = Q, a vertex. 


Lemma V. Let the condition (ya) be satisfied at Q, and v(e) have 
unique forward and backward derivatives, A, and A. respectively, (on regular 
families) at Q. Then the integral £ converges, and 


¢ = lim Va. 
d=0 


By Cs we may understand the portion of C in the neighborhood of Q 
whose projections on t, and t. have measures 5, and 8. respectively, both < ô. 
- Similarly (3.3) applies, where the angle q is the lower bound of the 

. value of the smallest absolute angle which QM makes with the directions 
t, or é, and ng, or tg. is used according as P is forward or backward from Q. 


We are thus led to a useful theorem. Let. Min T, or in T- approach Q. | 


in such a way that QM approaches a limiting direction which makes gn 
angle 6 with t, the angle 8 being positive, O < 8 < a, if M is in T, and 
negative, a—2r < 8 < 0, if M is in T.. 


Tueorem I. If C satisfies (ya) at Q and v(e) has unique forward and 
backward derwatwes, A, and A respectwely (on regular families) at Q, then 


(42) lim =u (M) = (8 Ær)A + (a—8—r)A + t 
A special case of this theorem is the following corollary : 
COROLLARY. If A, = A. =A SE 

(4.3) lim u( M) == (a—2r)A+ lim u(M) — 2A + £, 

M=Q+ M=Q- , 
and the limits extst in the wide sense. 


5. Extensions and applications. The methods used in this paper permit 
the extension of the results without serious difficulty to three dimensions. 
Thus in both two and three dimensions they constitute a natural medium for 
the setting of the Fredholm method. In fact, in the case where the (y) 
condition is satisfied uniformly for all points Q of C and »(e) is absolutely 
continuous—which includes as a special case the continuous boundary value 
conditions—the Fredholm theory may be established. more oyatma tca and 
just as simply as for boundaries of class O”. 
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_. . There is also an immediate ee to the Cauchy integral extended 
over the boundary O. If this integral is written in terms öf a peace 
function f + tg, summable (L) on C, for points, M in T,, 


= 5 w(z) = f(t) PUU dt, 
= is € t— z 
a necessary and sufficient condition that w (2) take on the kes f(t) + ig(t) 
in the wide sense, almost everywhere, or in fact; on a set of positive measure, 
on C, is that w(z) vanish identically for z outside C>- This result depends - 
on.the uniqueness theorem of Riesz and Lusin and Priwaloff,* and is estab-. 
lished immediately by writing w(z) im terms of integrals of the form u(M ) 
and use( M), M = z, and applying Theorem I above. In obtaining this result 
there is thus involved an extension of the. method of Fichtenholz +. for the’ 
corresponding theorem in the case of the circle. Nevertheless, the. latter 
method uses the inverse point and the special formulae related to the circle, 
and so is not directly applicable., Likewise, whereas’ in the.cage of the circle 
the class. of functions involved is obtained by explicit formulae, here, results 
must be obtained from general considerations of the class of functions given 
by integrals like u(M), u2(M) — (W). Da (y) condition is uniform, > 
this class may be. determined. . l sT 
These results will be demonstrated. in later agi 
THE RIOE eorom 
Houston, TEXAS. ' 
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*N. Luzin and J. Priw aloff, Annales scientifiques de Vhcole Normal PP 
Vol. 41 (1925), p. 158." ” 
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GENERALIZATIONS TO HIGHER DIMENSIONS OF THE CAUCHY 
INTEGRAL FORMULA. 


By D. G. Forton anp G. Y. RAINICH. 


l In the first part of the paper formulas are presented which are im- 
mediate generalizations to higher dimensions of the Cauchy integral formula 
giving the value of an analytic function in a point surrounded by a contour 
or closed hypersurface in terms of its value on the contour or hypersurface. 
Then in connection with Volterra’s theory of conjugate functions, about which 
a brief outline is given, formulas are written which are extensions of a much © 
more general nature of the Cauchy integral formula. 


IMMEDIATE GENERALIZATIONS TO HIGHER DIMENSIONS. 


1. The generalizations may be better approached from an historical 
point of view. We may start with Newton’s Law of Grayitation which says 
that the components of the gravitational field ee by a single ee 
` point are proportional to 
efi, y/s", a/v. 
Tt can be readily verified that such a field (and also a sum se any number 
of such fields) satisfies the differential equations 
(1. 1) AY eT es, X: = Y, X: = 44, Y, = Ż.} 
where X, means 0X /0z, X, means 0X /dy, etc. For this reason we call the 
set of equations (1.1) the Newtonian differential equations. It is clear that 
by setting Z == 0 we obtain a special, case in which.Y and Y are functions 
of x and y alone, and satisfy the equations 
4,+ Y,=—0, ak. 
which may be interpreted as the Cauchy-Riemann equations for the function 
. W = Y + ix. l 
Thus we see that the Newtonian equations are a generalization of the Cauchy-_. 
Riemann equations. Later we shall take up still more general cases; at 
present we want to derive a formula which bears the same relationship to 
the Newtonian equations as the Cauchy integral formula bears to the iia 
Riemann equations. 
2. We begin by ‘rewriting the Cauchy integral formula - 
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ro = = [Le 


2—t 
in a form which readily yields itself to generalization. Making t= 0 we have 
#(0) = sf f (4) dz. 


We write f(z)—= W = Y + iZ, z = z + ty, dz = de + idy and — i(de + idy). 
tman (a + ft)ds, where a and 8 are the direction cosines of the normal to the 
contour, and the formule becomes 


nko f( xt ty ea) ds, 


_ Once expressed in this manner it is easy to prove the formula. We shall i 
give the proof here because the proof in higher cases will be modelled. on 
this one. . 
The proof consists of the following two steps. 


a). The integrals vanish on a contour not E me origin because ' 
by the divergence theorem 


J [Æ (aa + By)/* + Y (Be — ay) /1*] ds 
= f (Q (Ee— Fy) /] + (8/0) (Xy + F2)/]) dA 
and the integrand of the last integral equals l 
(2/1) (8X /da + F/y) + (9/1) (0X/ðy —3F /ðs) 
+ X [8 (2/1) ðr + 3(y/1)/34y] + Y [8 (2/13) /ðy — 0 (y/1°) 432] 
which vanishes since each parenthesis is zero. 


b). It follows that the. value of the integral is the same for all contours 
around the origin; we may integrate, for instance, around a circle of radius r. 
We have in this case T/T = a, y/t = 8, which makes the first integral become 


-X (ds/r) and we know that it is independent of r, whence it is easily seen - 
that its value is 2xXo. 


8. We can now generalize the formula to the Newtonian case. By analogy 
we write: 


X= f(X mtata ,ri za ay +72 5%) A 
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ay — Be az z — fz 
tYo= f(x ye -y Srey +z aze) do 


tZ = f(z SoU +7 A pe EHA) de. 


The proof of this formula is-exactly similar to that in two dimensions. 
The integral formula in two dimensions may be considered as a limit 
of this one in three dimensions. 


4. The three integrals above may be expressed very easily in one integral. 
Let 


W=iX + jY RZ, n= iat jB + hy 
and 
M =i [0(1/r) /ox] + j [0(1/r)/0y] + k [0 (1/r)/0z]. 
Then we have 


tW = f W-n: M+ do. 


The product under the integral sign is to be understood as the product 
of quaternions.* ) 


5. The generalization to higher dimensions is obvious. For four dimen- 
sions, for exampie, we consider four functions X, Y, Z, T and set up as 
analogous to the Newtonian equations the system 


4,+ Ya + Z: + Ti =0- 
X,= Yi; Xa = li X, = T, Y; = Zs, Y,=T,, 2, = T}. 


In this case we get in the same fashion, 


X= f(X so T TA a am 


? 


pze% r EA) dr t ete. 


The proof again does not present any difficulty. 


6. For n dimensions we consider n functions Fj, and we have the system 
of equations ft 


* A, C. Dixon, Quarterly Journal, Vol. 36 (1904), pp. 283-296. Also D. Iwanenko 
and K. Nikolski, Zeitschrift für Physik, Vol. 63 (1930), p. 128. 

į For the measure of a hypersphere in » dimensions see Somerville, “ An Intro- 
duction to the Geometry of n Dimensions.” 

t Here and in what follows a Greek letter used as an index means summation 
with respect to that index. 
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a aF; /ðz; = OF ,/Bx, ee 
era ae jm 1,2,8° n): 


The. corresponding integral formula ig 


Bee Iyan, Zaty- heli — iTe 
rag PO f (P e E Nin, 





This may be considered as the immediate generalizations of the. Cauchy 
integral formula but it is possible to "pply the same Ca to a still more 
general case. 


Mors GENERAL EXTENSIONS TO HramEg DIMENSIONS. 

7. In 1889, Volterra * founded the theory of conjugate functions of 
which all the preceding cases are special cases but which contain many others. 
We adopt the integral point of view in order to show in what this generaliza- 
tion consists. The systems of functions Fi which we considered so far give 
zero integrals on contours and closed hypersurfaces, that is, for spaces of n 
dimensions on closed manifolds of 1 and n— 1 dimensions. Volterra’s gen- 
eralization consists in considering systems which eve ZETO ses on closed. 
manifolds-of rand n-— r dimensions. 

Without, going into details (which -the reader may look up'in a paper 
by F. D. Murnaghan in the Phystcal Review (1921), pp. 73-87 and in ‘his 
book Vector Analysis and the Theory of Relatwity, pp. 72-77), we mention 
the following points: 2 S o 

The functions in this case will be i. te, Which change the sign if 
two indices are interchanged, and consequently vanish when two- indices are 
identical, These functions give rise to anor system of functions Ruis: 
by means of the formulas 


F tals. = Wie: Vida 


: whee the n abae form an even permutation of the numbers 1, 2,3,: © n. 
The system lends itself to’ peer over an r-dimensional surface and 


the integral will be . - 
(7.1) Sh espa. . Pr SPrPs... Pr 
where -- xo Cos : 
*y, ‘Volterra, “ Bulle funzioni’ ‘conjugate,” Rendiconti det Lincet (4), Vol. § 


(1889), pp. 599- 611. For developments analogous to` those . présented here Bee vel 
terra’s paper in’ Rendiconti di Palermo, Vol. 3 (2989), pp. ' 260- 212: i 


t 


GENERALIZATIONS OF THE OAUOHY. INTEGRAL FORMULA. ~ 239 


` AE, diy sory day, 


aa STi | DaTip i +. y aTi, 
Aliis... 4, =| Seti, oe ES ete. |e 
Sr 1Lt,) > oa Ori, |’ 


On an'n—vr manifold. the integral will be.of the form . 


(7. 2) l A 5 f E pipa e. Par ®Prhs pe Pa-r 


where @,i,...4,, 18 similar to @4:,...4,. Using the divergence theorem 


: OF, i 4 t l OOP A i 
f tat dr = J, Pun.. T ose Giris...tratp ~ 
Lp 


and an analogous relation for the Rs, we find the following system of dif- 
ferential equations. to be equivalent to the re or the integrals (7.1) 
and (7.2): . 


. OF tig... 4 -1tp | 
k — eee == (), 
(2.3) = . 
O isei 
(7.4) ge sae: 


Making use a the e tlatonship between the F’s and the Rs we-may write 
(7. 4) a8 
OF ia. 


-i p N eee = 
(7.5) (ee Tit Beaten o 


where a primed index means that all the indices appear with the exception 
of the one primed. . . 


8. It is.clear that these equations are generalizations - of the Cauchy- 
Riemann and the Newtonian equations. Besides they contain many other — 
cases of which the simplest is that corresponding to n = 4, r= 2. The set 
of differential equations giving the vanishing of surface integrals ‘18 


OP ta/ Oa = =a 0, ARia/8t — 0. 


These equations differ only in sign before certain terms froin ‘the fundamental 
equations of electro-dynamics in free space in Maxwell’s theory. This dif- 
ference in sign is essential: for our purposes since: it: would substitute for 
integrals over a closed surface integrals over a surface extending to infinity— 
compare for the case of Maxwell's‘ equations with. ‘the article by eiuroaenes 
referred to above. 

We derived these equations ag conditions for the ani of surface 
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integrals, but they also may be shown (by applying the reasoning used’ at 
` the end of section 7) to be conditions for the vanishing of certain hypersurface 
integrals, namely, the eight integrals — 


f Firad and Í Rirardo (i= 1, 2, 3,4). 


- We may expect that for these equations the integral formula will be analo- | 
gous to the Cauchy formula; in fact, we find 


a pag T l T brga T - 
on™ Fs)o = SPs + Fy ME ey ae fa 


where a; (i == 1, 2, 3,4) are the direction cosines of the normal to the hyper- 
surface. - 


9. In the case where n is arbitrary and r= 3 we may write the integral 
in a form similar to the ones for r ==2. We get 


Oan f ( ; air : Kerby Er 
Se ae aú F Fre a, 
Pn) ( ifk)o iJk + Frys 





gm 
+ ie ame sr E Fijr aan saat) g do. 
The proof of this formula consists of two steps as in the two-dimensional case. | 


(9.1) The value of the integral is independent of the hypersurface sur- 
rounding the eee To prove this we show that - 


n 8(coef. of 1) 
‘Ox, 


—0, 


T 
şi 
ji 


Coefficient of a1, 
| =m 4  Fyy,(2,/1") 
Left Fuge (2,/1*) 
Desk oo: Byy,(a,/1*) > 
Tijk: Fasa(ai/r) — Paje(as/1™) — Fa (ay/1*) — Fizi aaj 


| (a) $ ô (coef. of a) 





‘eu bx; : 
(Tı Ein _ Zi OF iy zy Fir | te Iin N 
“Sa Nr” bay q” “On, gt 02 pl 021 . 
, ' (l£ 14, 3, k). 
(b) (21/1°) (OF 53/025 + OP irx/ dry + Fig) 
(c)* - È (Pin /t) + 83Fin/ (Æi j,k). 
(d)* 2 [8(1/r") /601] {Fanti — tF ie — s Fim — Fyn} 


(Ti j, k). 
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(e)* [OC /1") /024] yl a5u + [0 (1/1) /025] te F sow + [8 (1/1) 02k] £ii 
Lines (a) and (b) combined vanish as a result of the differential equations 
OF isip/ Ep — 0, 


Fha i! i 
— 1)? 1ł3... Vp... dy — 
(—1) gee, 


In (d) and (e) combined (L=, j, k in the next five formulas) 

> [8 (1/1*) /der] t1Fi = — (0/1) Fiz A : 
= > {[8(1/r) /821] Faye} + [0(1/2") /004] 2 P yjy = — (22/7?) Pages 
= = {[0(1/1) /der] Pam} + [8(L/r%) 02s] aay = — n (24/1) Pi 
— Tk > {[0(1/2) z1] Figi} + (6(1/2") Bary] £Fy = — n (21/1) Praja. 


Hence (c), (d) and (e) together give 
2 (Pssx/t") -F BP igg/t — (nig /e) (Sr? + 0? + zj? + ar) m 0. 
= j=1 


Therefore - 
n O(coef. of a) 


== (), 
. isl fa; 


(9.2) Since it is true that the value of the integral is the same on all 
hypersurfaces we may integrate around a hypersphere in n dimensions. Here 
T/T == a, and the integrand reduces to #4j,/r". Since the integral is in- 
dependent of r we easily obtain as its-value 


rn 
T(n) 


The same reasoning would apply to the most general case; namely, when 
both n and r are arbitrary, r < m. The integral formula in this case is 


Py (Fato f (Fant 
ES oe, Poa ERA ae ed )la, 


| a yt 


(Fitz) o- 


be Di, =k Xi Tr 
r” 





Tigts Pare ty 


This is the general formula we wanted to obtain. All the preceding 
formulas are special cases of it. 


FOURIER DEVELOPMENTS FOR CERTAIN PSEUDO- PERIODIC | 
FUNCTIONS IN TWO VARIABLES. 


By MIGUEL A. Basoco. 


1. Introduction. Jacobi,* in his investigations on the dynamics of a 
rotating rigid body, was led to the discovery of certain pseudo-periodic | 
functions which, using Hermite’s + nomenclature, belong to the class of 
doubly periodic functions of the second kind. Expressed in terms of the 
Jacobi theta functions, they have the form 


71\ aoe Palt +y) 
(1) papy (T, Y) S) , 


whėre « and y are independent complex variables, Y, = Bod.s, and. (4, B, y) 
are restricted to certain sixteen triads f out of the possible sixty-four which 
can be selected from the numbers 0, 1, 2, 3. -Hermite- and Kronecker § 
obtained the Fourier series developments of these functions; recently, these 
have been recalculated and corrected by Bell,{[ who has shown that they play 


* Jacobi, Werke, Bd. 2, pp. 291-351, 

t Hermite, “ Sur quelques applications des fonctions elliptiques,” Comptes Rendus, 
Vol. 85 (1877),. .., Vol. 94 (1882); Oeuvres, Vol. 3, p. 267; “Sur une application . 
de la théorie des fonctions doublement périodiques de seconde espèce,” Annales de 
VHoole Normale Supérieure (3), Vol. 2 (1885), p. 303; Oeuvres, Vol. 4, pp. 190 and 
199-200. l ; i 

t The series for the functions corresponding to the remaining forty-eight triads 
have not been calculated; the method due to Teixeira [see footnote f, p. 243] indicates 
why only sixteen appear in a natural manner; the remaining can not be obtained 
‘by his method. However, by multiplying each of the known Papy(2 Y) by a suitable 
Jacobian elliptic function, it is possible to obtain expansions for the forty-eight missing 
functions, altered, however, by a multiplicative factor of the second degree in the theta 
constants ,, a =.0, 2,3, From a different point of view, these functions have recently 
been studied by D. A. F. Robinson in a University of Chicago doctoral dissertation 
(1930). His results are to be published in a forthcoming number of the Proceedings 
of the Royal Sootety of Canada, Toronto. The series obtained by these methods have 
a more complex structure than those corresponding to the Papy% Y) as defined in 
equation (1). 

$ Kronecker, Monatsberiohte der Berliner Akademie (1881), pp. 1165 to 1172; 
Werke, Bd. IV, pp. 308 to 318. See also Tannery-Molk, Fonctions Hutptiques, Vol. 8, 
pp. 120-131. 

TE. T. Bell, “Arithmetical Paraphraseg, II,” Transactions of the American Mathe- 
matical Soctety, Vol. 22, No. 2 (1921), p. 207; Colloquium Publications, Vol. 7, p. 88. 
See also, Messenger of Mathematios, Vol. 49 (Bept., 1919), p. 83. 
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an all-important rôle in certain investigations in’ the theory of numbers, as 
for example, in establishing. some of :the very general formulae involving 
numerical functions: which were panned by Liouville * ‘without proof or ~ 
` indication as to their source.: . i ‘+ apa 
A systematic study of the doubly. periodic functions of ‘the second kind, 
as a class, has been made by F; Gomes. Teixeira.t ` He has given’a general 
` theory for obtaining. the trigonometric expansions of these functions. and has 
indicated, by an-example, how it-may be applied to the functions Papy(2, Y). 
He takes, ag a starting point, the function of a, ta(x -+y)/vg(x), regarding 
y temporarily as a parameter; his analysis then-leads in-a-direct manner to 
_ the series for the functions (1). 
In the present paper we obtain the arithmetized Fourier developments of 
certain functions Pap (2, y), which are related to the gapy (2, y) by the 
-identity 


T (a+ dalat y) 

(2) Oapy (T, jo Bala) te T vere y) = Oa i HOON 

In as much as the arithmetized series for the indicated factors in (2) are 
known,{ this identity may be used to. obtain arithmetical paraphrases of the 
general Liouville type. - These, as well as otHér such formulae derivable from 
the @ag,(z, y) will involve incomplete numerical - functions in two variables. 
So far as the writer is aware no expansions ‘involving incomplete numerical 
functions in mpre than ùne variable have appeared in the literature. The 
importance of such- functions may- be judged from a recent paper by 
- Uspensky,§ who by purely arithmetic methods: has established certain formulae 
of the paraphrase type which have reference to incomplete functions in three 
A variables. 
> As suggested by Teixeira’ 8 Soe mentioned. above, we begin with 
Dale + y)/0g?(x) regarding it as à function of g only; since, as will be evi- 

dent from what follows, these ‘are not doubly periodic of the second kind, 


* Liouville, “Sux quelques formules gériérales qui peuvent être utiles dans la 
théorie des nombres,” Eighteen memoirs in Journal de.Mathématiques (1858-1865). 

ł Teixeira, “Sur le, deyeloppement des fonctions. doublement, périodiques de 
seconde espèce en serie trigonometrique,” Orelle’s Journal fiir” Mathematik, Bd, 125 
(1901), pp. 301-318. 

$ E.T. Bell, “ Theta Kep Useful i in “Arithmétic,”” Messenger: ‘of M athematica, 
Vol. 54 (1924). 

$ J. V. Uspensky, Bulletin of the. American Matkemabival Society, Vol. 36 (October, 
1930), p. 743; American Journal of Mathematics, Vol. 50 (1928), No. 1. . o also 
an article by A." oppone in SUONI J ournal- T M Sikamat Oxford pe a 2, 

~ no. 7, -(Bept., 19381). 
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-. Teixeira’s method is not applicable and hence our analysis will run along 


somewhat different lines. The method * which we shall use is not limited 
in its application to the particular functions here treated, but may also be 
; applied to functions of the form #,(2 + y)/[#s(x) |", where r is an integer 
greater than unity. For r'> 2, however, the results are fairly complex.t 
As in the case of the ¢agy{z, y), our method leads to sixteen functions 
-@apy(z,y); from these, sixteen more may be obtained by permuting the 
variables z and y. Tho remaining ninety-six may be obtained from these 
thirty-two by multiplying them by suitable elliptic functions.’ In this 
connection, see note (Í), page 242. 


' 2. Group I. The functions @qg,(z,¥) appear in four groups of four 
each, such that those within a given group may be derived from any one in 
the same group by replacing the variables (z; y) in turn by (s + 7/2, y), 
(z, y +r/2) and (£ + 7/2, y 4-1/2). To obtain the expansions for the 
functions in the first group, we may begin with 

_- &(@+y) 
(3) f(z) == ~ pea) 
which, as follows from the Properes of the theta functions,] satisfies the 
relations 
ai Het =a); Hatta) 

f(r nm) = (—1)rgreef(c), [i= (—1)¥]. 
where, q = 6'*7, 0 < ampr < m, s0 that | g| <1, and n is any positive or 
negative integer, including zero. The Laurent expansion of f(x) relative to 
the pole z == 0 is readily seen to be 


(5) | A,/x* -+ 4/2 + P(a), - 


in which 42 = %,(y)/¥s? and A, = Y, (y) /#?. 

Consider a parallelogram ABCD -in the z-complex plane, composed of 
n + 1 double cells (of width 2r) above and n below the real axis. In this 
parallelogram, let the poles of the function in the r-th double cell have affixes 
ar = rrr and br= r -+ rar. From (4) and (5) it follows that in the 
neighborhood of these poles, f(z) is represented by the series 


` * See Whittaker and Watson, Modern Analysis, Fourth Edition, p. 139. - 
: t The method is theoretically applicable to functions of the form 
DAC + y) 1s/[ġg (0) Ir, 
provada s <r. 
tł We use the small theta notation of Jacobi, with his 3 replaced by #,, see Werke, : 
I, s. 501. In this notation the argument of the circular functions does not, as in some 
others, contain the factor ~. i 
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(— 1)rge tir efi 4 éit ard: a + tds fe o) 


M — ar)’ 
6) A A — 
_. (1) ratta-tiry (22 h AT AHA sat Je | 
. ( L)rqre ss (eit z — b, meg ), 
respectively. 
We now consider the ed Paton 
(7) 8) = ft. 
Within the o ABCD, this function has poles at t == z, t == r = T, 
t me dy, É = br, r = 0, 1 1, +2,--- +, +n. - (Whenever any of the poles lie 


on the boundary of ‘the ae. as is the case here, it is permissible to 
derange the mesh formed by the period cells so, that all poles may lie within.) 
The residues relative to the first two poles are the same and equal to f(z); 

from (6) and (7) it may be readily seen that the residues relative to ar and bp 
~ are, in both CABOS, . 


(— 1)rg ety] (A, + irda) cosec (ay — T) —— A, Cosec (ar — v)ctn (ar — v) ]. 


On applying Cauchy’s theorem to the function ®(¢), with ABCD as con- 
tour of integration and then allowing n to become infinite we obtain equation 
(8) below. Clearly, the integral may be replaced by four other integrals, two 
of which will cancel due to the periodicity of ®(¢), while the other two will 
tend to zero as ni tends to infinity, due to the presence of the factor q”. 
Obviously, it is the existence of such a factor as this, which makes this method 
of expansion possible. We may, thus, write © 


2 (ety) n aly) $ (= 
*92(2)A(y) Ay) ty) ré 


(8) + a 5 (— 1) rg™re**y cosec (T — rar) 


1)rg@e?#¥ cosec (a — rrr) 


o0 Ko Ta 
+ D (— 1)rgety cosee (2 -—rrr) ctn (st — rrr). 
r=% - us 


This expansion is valid for all values of z and y with the exception’ of 
‘those for which the function is not-defined. Fon arithmetical purposes, the 
expansion, as just obtained, is not useful; it is necessary to transform it into 
_ 8 Fourier series. This may be accomplished by ‘replacing each sum in (8) 
by two others in which the indices of summation range from r == 1 to r = 0, 
pairing off corresponding terms and making use of the following developments: 

3 i 
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l a B 
(9) E cosec (£ + rrr) == — 4 2 grant, (m = 1, 8,5, v,e” D 
a ‘a oo | 
(10) - " @osee (2 — rrr) = 2t X g™te™ to, 
i ta=i 
` i co 
(11) cosec (x -+ TaT) ctn (z + rrr) == -— 2 2 mgee, 
: [s e) 
. (12) cosec (2 — rar) ctn (r — rrr) ma — 2 D, mage, - 


On making the necessary reductions and applying the remarks made at 
the beginning of this section we obtain the expansions corresponding to the 
functions in the first group. They are valid for all values of y for whid the 
functions are defined and for all values of x such ai 


— I(r) < (2) < I(r), 


i. e., such that their representative points in the z-plane lie within a strip 
; ri boundaries are straight lines parallel to the axis of P and passing 
through the points z == rr and z = — rr. 

With regard to notation we point out thab the finite sums which appear 
as the coefficients of q”, refer to all the integer divisors d, 6 or t, r of r subject 
to whatever. restrictions may be indicated. We shall let n be an unrestricted 
integer greater than zero, m an odd integer > 0, a and 8 positive integers 
of the form 44 + 1 and 4k + 8, respectively; the divisor + shall always be 
odd and positive. 

Group I. 


(2n = dB, d < (2n)%, 8-— d= 1, mod 2.) 


t (z COB T 
Smule y) = OY Ora ~ gin? g eee 


(Ie) oom (G+ Boon (8— de + ini 


Bin x 


Vi(y) (1 a ee E 


_ 3 Ble ty) : 
O21 (T, y) Y: O (r) (y) 


(h): las aari +2ay)) 





Pty) an (d+8-1) /2 
FBO) AO (se reg Ee» D cos ( (8 — d)x + 2 
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Pas +y) cos T 
@ em G 2 ETEO 5 2n 
n2(2, y) d2(z)ba(y) sin? gz. —4aa 





a): (Zatoa aeaa) 
eTa Go-on) 
= D(z + y) Qn 
Psa (@ A gaa) (y) costae EA 
(Is): (3(— 1 e+9a(a-+aysin((8—a)2-+24y)) 


oo enone tt et / waste 

Pa(y) \cos a + eee (=< Ce ie 2ay))) l 
Ə. Group II. The details involved in the calculation of the expansions 

for the functions of this group are entirely similar to those in the preceding 

section and therefore will be omitted. We find that if we begin with 

f(z) =v (z + y)/22(xz) we are led to the series 


t2(@ +Y) o y (y) & l 
Sa] : (2r+1)9/4 g-i(2rth) _ 3 
i ERU Daly) el Y cosee (z —(2r -+ 1)mr/2) 
(13) =i D gO Rr A 1) ety cosec (z —(2r + 1)wr/2) 


cas > gA eiry aggac P E E 


=-00 


With the aid of the series similar to (9)—(12), the preceding expansion 
may be reduced to a Fourier series. Thus we get the following group, in 
which, i 

— $ I(r) < Iz) < $ I(r). 


Group II. 
(8 = tr, B= 3 mod 4, +r < B”.) 


a Blaty) 
Ow (2, y)— Ua" a 


(IIa): BEM (EE + os (et y 


ttn) 





ac 4 
Ta 2g (= sin = 
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7 ye Alet) 
om 7.2 AY TOY] 
Biss (2, y) == Y: Pa (r) (y) ~ 





Tst )) 


O e 


oo (T, y= P? (rty). 


Bo? (s) (y) 


(Ii) ° as Q > gh/* (x(— 1) Sate + 7) sin (: 











Eata) 
"g 7). 





; Ho( 4 l T-1)/2 ts 
+4 oe E (3-1): v cos ( 


nola, y) V FSA (y) 





A 

zat = )) 

Foly) - ( AF (= )) 
4—0 5 gb — 1) (t+) /4 E ; 

B Bo (y) =a 2 ( ) BI 9 T+ ry 

4, Group ITI. The functions of the first two groups have the period 2r 
while those in the next two have the period v. Hence, the appropriate auxiliary | 
function (t) to be used in connection with these last groups is 


(IL): =— 2 Z (E1) AE r) cos (! 


in place of (7 ). Also, the contour of ceca is modified so that the width 
of the parallelogram ABCD in § 2, is v, i. e., the width of a period cell. - | Pro- 
ceeding as before, if we let f(z) be ® (z -+ i) /#*(z), we are led to the series 


2 Bo (x zi y) 
Po" (z)9s(y) 


; Muy) S rei | 2r+1 NA N oe 
(15) “AA 2 (1) gO etary cin (2 —(2r -+ 1)xr/2) 


+ 3 (- R 1)” qD (2r - Ljet ery etn (z —(2r -J~ 1) wr/2) 
r=-O . 
o0 7 
+4 2 S 1) rH gO tery coge (z —(2r + 1) mr/2f = 


The reduction of this expression to a Fourier series can be carried out 
with the aid of the following expansions: 
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(16) ~ ctn (z — Tarr ) mt [1 + 2 qn game], i 

G7) ` _ ca(z+ rrr) =—i [1 + 2 2 germ etme], 
(48) | | cosec* (g — rar) == — 4 > ag gains, 

ay E cosec® (z -+ far) =—4 Snee gamie, 


‘Ta the following series the variable z is restricted so that 
— $I (mr) < I(2) < ais 
Group fil, 
(a = tr, a= 1 mod 4, r< ah.. m= 1 mod 2, (—1/m) = (— 1) rvs) . 


Boo: (T, y) = V? ORLY ~ 23) (—1/m) mg" sin my 


HEEE (— 1/0) (+4) sin(a) 











(III) : r 
an 
+43 0"(3 (Vreo (Hey) h. 
B (2y) E aS (— t/m) mgr sin my 
| FEZ GM (E (ECE tr) sine iy )) 
(Ili): y a . 
Hazen (2 1) 9/4 coa ou (E. z- ay ) e 
as (7, Yo 2 ako 2> com cos my 
+25 g bersall teto) 
(IIL) : - 


2 Ys (y) 2 5 gris gin my 


3 (y) . 
Hez (Zante to) } 








— 
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| , Do R 
Boma (z, y)— Ot EE =e > q/m cos my 


+25 (E (AE r) ops G 





eta) 
Eata). 


5. Group IV. If we let f(z) be Pelz -+ y)/® ae and proceed as in 
the preceding section we are led to the expansion 


(IITs) : 


-p | EE sin mg 


HER (B (1) gin (EE 





P(T -+ y) te oe ss 
o E Ei iN Sc Tent g-ttry 
Y, ETET NET am 1) rq" etts ctn (a2 — rrr) 


(20) . . F pi (— 1)qt*e-?*rv cosec? (2 — rrr) 


=. ye 2 (— 1) raei cin (2 — MS 


Using (16) to (19) in connection with (20) we obtain the expansions in 
Group IV. Here the variable x is restricted by the condition 


—I (nr) <1 (2) <I (xr). 


Group IV. 
(n = db, ô — d==0 mod 2, d < n.) 


| lsty) _ 1 = i 
®o10 (z, y)= = 3 TAU ania #2 (— 1) "ng" COB Any 


— 48 (E (1A 48) cos ((8—d)e + 24) ) 


Yoly) 


(1Va): a l , 
-++ ay. f cine +23) (— 1) "gq" sin 2ny 


+459" (E(—1)tsin ((0—a)2 + 2y) ) }. 
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, 


Valz +y) 1 - 
Reece 2 tS ic = wt Ti 
©s20 (7, Y) = F: BR) 2 4 $, (— 1) *ng™ cos 2ny 


—4 Ze (E(—1) (a 8) cos ( (8d) 2+ 24y) ) 











(IV>): om 
— { ton 2—2 3 (1g sin 2ny 
—4 Ep (Z(—1) Asin ((6— az + 2a) ) $. 
Osis (z, ya 7 MOEN = an z —4 Z ng" COB RNY 
— 4$ g” (= (d +8) cos ((8—d)x + 2dy) ) 
(IV) ` 
4- ary f ctn z + 2 g™ sin 2ny 
+45" (Zain ((8—d)a + 2dy)) $» 
Oozs (T, y) = V? REDT = —4 S ng” COs Pny 
—4 Zar (E(—1)%94(d +8) cos ((8—d)e + 2dy) ) 
(IVa): 


2 (¥) f 3: 
A t — 2 » R 
ra an x > g” sin 2ny 





— 4S gr (z (— 1) 0/2 gin ((8—-d)z + 2ay) ) } ; 


6. In-the preceding expansions, some of the terms are multiplied by 
expressions of the form #4(y)/¥a(y) ; the arithmetized series for these are 
well known * and we list them here for the sake of completeness. 


(21) Fy <4 Ber (Tain dy), (n= tr), 
(22) Fa) —ciny +4 Eq" (Zein day), (nod, 


* See, for example Bell’s “ Theta Expansions Useful in Arithmetic,” loo. ott., p. 169. 
Also, certain reduction formulae in his paper in the Giornale di Matematiohe, Vol. 61 
(1923), pp. 213-228, will be found useful. 


ROR MIGUEL A. BASOCO. 





(23) F matey + 4B et (E 1) sin Bay), 
. i a (n = dB), 
(24) ag) a (~D (E sintiy),  (n=t). 


‘Expansions (21) and (24) are valid for — $ I (rr) <I (y) <4 Hesh while 
(22) and (23) aré valid for — I (rr) <I(y) <I (at). 


When these are introduced into our expansions the coefficients of the 


general power of q, will then be a finite sum ranging over the solutions of 
certain quaternary quadratic porns: 


v. In Co we may point ọut that our formulae will yield expan- 
sions for certain. doubly periodic functions of the third kind. Thus, if we 
put z = y in, say, (IIs) and apply the transformation of the second order, 
we obtain an expansion for i| (z), (2) 9, (x) /0?(z)]. Lf we let g= — Y, 
` we obtain series for functions of the form 0’,°,/0,7(z)0.(z). Again, if we 
put y == 0, wherever it is permissible, as in (JI.), we get series for functions 


of the type ¥19,%5[0,() /8o%(x)]. With regard.to the last two: cases just ` 


mentioned, it should, perhaps, be stated that the method of the present paper, 
when applied to functions involving a single variable, does not differ in essence 
from the method given by Appell’s theory *.of-the decomposition of doubly 


periodic functions of the third kind with more poles than zeros. For, as is ` 


shown by the writer elsewhere,t it is possible, by the method here indicated, 
to derive Appell’s fundamental function and his formula of decomposition for 
this type of function. . 

Finally, the writer EEE i E TTA his indebtedness to Professor 
E. T. Bell for his suggestion to the effect that the functions here treated might 
lead, when expanded into the series here given, to incomplete functions in 
more than one variable. y 


Te UNIVERSITY OF NEBRASKA, 


'* Appell; Annales Scientifiques dé Hoole Nate Bupériouro, Vols. 1, 2, 3; 5, 
series 3, 1884-1888, 
+ Acta Mathématica, Vol. 57 (1931), pp. 95-100. 
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SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS BY MEANS 
OF HYPERVARIABLES.. 


ii P. W. Keronum. 


1. .Introductton. The simplicity and elegance of the fact that the 
analytic functions of an ordinary complex variable constitute a general solution 
of Laplace’s equation in two variables, have induced many. attempts to obtain 
a similar general solution of Laplace’s equation in three or more variables. ~ 
B. Peirce * described a hypervariable which he thought would succeed. But 
-Bechk-Widmanstetter + proved that no hypervariable of three units can be 
‘used. Whittaker t by generalizing in another direction succeeded in obtaining 
a general solution by means of an integral. His work was extended by — 
Bateman.§ An interesting general solution of Laplace’s equation in four 
variables was obtained by Nicolesco.]] 

The writer | has obtained a hypervariable associated with : an algèbra 
containing an infinity of units such that the totality of analytie functions 
_ (4. e., as in ordinary complex: variables, functions expressible as power series 
or functions possessing unique derivatives) constitutes a general solution of 
_Laplace’s equation in ne dimensions. The hypervariable is defined as 
follows: | 
w = 261 + £6 + yer 


where @.1, ĉo, €, are three of an infinite set of units wose a table 
may be defined by putting 


Go = Í, on = į” ain na, En == 4" COB NG, 
fe. g., Og Og = 4? sin 4a - cos 3a = fi? sin Ta — fisina = $6_,— ea | - 


It should be noticed that although w contains only three units, functions of w 
= will in general contain more than three units. For exemple 


* Linear Associative Algebra, p. 124. 

. t Monatshefte für Mathematik und Physik, Vol. 23 (1912), p. 257. | 

t Mathematische Annalen, Vol. ‘57 (1902), P. 333; Whittaker and Watson, 
Modern Analysts, p. 388. 

§ Proceedings of the London Mathematical Sooiety, Ser. 2, Vol. 1 (1904), p. 461. 

T Oomptes Rendus, Vol. 185 (1927), p. 442. See also Hedrick and Ingold, 
Transactions of the American Mathematical Society, Vol..27 (1925), p. 561. 

| American Journal of Mathematics, Vol. 51 (1929), p. 179.. The first equation 
rin Section 3 should read f(w). = Zf, (a, Y, B)€,.. Similar equations in the middle of 
~ p. 182 and at the bottom of p. 183 should read f (+) = Efe; - 
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w= $ (2a? — y? — 27) eo + Reyer + aze -+ $(y? — 2) es + y2e-s 


Functions other than polynomials will in general contain an infinity of units. 
In all cases the coefficients of the units satisfy Laplace’s equation. 

The formal relation between this solution and Whittaker’s is somewhat 
` like the relation, between Fourier series and Fourier integrals, but the view- 
points are quite different. In the two dimensional case the real and imaginary 
parts of powers of a complex variable form the circular harmonics. In an 
analogous way, if | 


w = 2 fa (T, Y, 2) ey, 


the functions f; are proportional to the solid spherical harmonics. For 
example, in the above expression for w? the coefficients of the e’s are the solid 
spherical harmonics of order 2 except for constant factors. In fact this is 
perhaps the most natural and direct approach to the subject of spherical 
harmonics. Formally this result is already known and: has been used as the 
basis of elementary expositions of the subject.* | 

In the present paper it is intended to make a further aad more general - 
study of the relations between linear partial differential equations with con- 
stant coefficients and hypervariables. In sections 3 and 4 it will be shown 
that to every such equation there is associated a linear associative and com-. 
mutative algebra. Some properties of these algebras will be determined. In 
section 5 a hypervariable is found which gives a general solution of Airy’s 
equation. Section 6 gives the hypervariables for Laplace’s equation in n 
variables, including the wave equation as a special case. Section 7 contains 
an application to simultaneous partial differential equations. 


2. Form of the general solution of a diferential equation. Consider 
the homogeneous partial differential equation with constant coefficients: 


P (8/021, 8/0%2,- + + 0/0a%)-U = 0 


where P is a homogeneous polynomial of degree r and with either real or 
ordinary complex coefficients. (Any equation with constant coefficients in n 
variables may be written as a homogeneous equation in n -+ 1 variables.) + 

' By an appropriate shift of origin, U may be expanded in a power series 
IN Tı, %2,° ‘ * Enf uniformly and absolutely convergent in some region. In 


* See the article on Spherical Harmonics in the Nncyolopedia Britanntoa. 
+ Bateman, ibid., p. 455. 


+ We consider only analytic solutions. For equations of the Laplace type all - 


solutions must be analytic. 
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order to have an explicit expression for the number of terms of degree m in 
this series, we define 


m 


qı(m) = l, gn(m) = 2 qm (8), 
g=0 
for n = 2,3,---3; m==0,1:---. Then there will be gn(m) terms of the 


power series of degree m. Let the homogeneous polynomial of degree m con- 
tained in the power series be denoted by Am. Because the differential equation 
is homogeneous, hm must itself be a solution. Operating on hm by P gives a ` 
homogeneous polynomial gm of degree m—r for m Zr. gm will contain 
qa{m — r) linearly independent terms. For A» to be a solution, that is, for 
P> hm to vanish identically, the coefficients of gm must vanish, thus giving as 
many linear equations on the coefficients of hm. It can be shown that these 
equations are linearly independent. (If m<_r there are no such equations, 
so we put gn(s) = 0 if s< 0.) 

Hence there will be gn(m) — qn{m— r) (which we will denote by t) 
linearly independent homogeneous polynomials of degree m which satisfy the 
-equation P: U =m 0, and every homogeneous polynomial of degree m which is 
a solutton of this equation may be expressed linearly in terms of such a funda- 
mental set.* Furthermore, any set of t linearly independent solutions, Umi, 
which are homogeneous polynomials of degree m can be used as such a funda- 
mental set, and 

oO t ; 

> > Cmittmi 

m=0 4=1 
is a general solution in the neighborhood of the origin, the ¢’s being arbitrary 
constants. . 


3. Algebra associated with the general solution of a differential equation. 
Consider the hypervariable 


w = È; Tjej 
j= 
where the e’s are numbers in a commutative and associative algebra, as yet 
undefined. Then for m =r, 
P (8/021, 8/002,° > ` 0/0a_) > W” = [m]/ (m — r) !] w™*P (e, 62, * + en). 


Hence w™, and all analytic functions (expressible by power series) of w, will 
satisfy the diferential equation identically if and only if 


(1) P(é1, €2,° * * @n) —0 
This fundamental algebraic equation will be called the aucttiary equation. 


* Bateman, tbid. 
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. We are thus led to a study of the Jinear algebras. formed by using 
€1,€2,' * * 8n a8 generators and having the following properties. : It is under- 
stood that the algebra will be. taken. over the same field of numbers as the 
coefficients of the differential equation. | i 


(a) Associative and commutative. 
(b) @1, 62° ` ` en satisfy (1). 
(C) €1, é2,°-* * en shall be the only generators, i. e., every number of ae 
algebra is a polynomial or formal power series in 61, €2,° ` ` ên. 
(d) There shall be no other relations between the generators independent 
of (a) and (b). 


- We now wish to find a set of untts for the algebra. Let us first consider 
the special case of a first order differential equation. -Then the auxiliary 
equation will be of the first degree, and a linear relation will hold between 
the numbers ¢;,° : *é;.. In other words these generators are not all inde- 
pendent and only n — 1 of them can be taken as units of the algebra. Sup- 
pose: we pick é:,: ' © €n- as units. (Any other set of n— 1 linearly inde- 
pendent combinations of the numbers ¢:,- > * e» would evidently serve as well). 
Then all the products of the units e,- * - és. disregarding order of multi- 
plication, are linearly independent and can be taken as additional units of 
the algebra. For example, there will be n(n —1)/2 units of degree 2 in the 
generators, €1°, 6:€:, etc. We thus get an, infinite set of units, and at the same 
time the multiplication table is defined. It is seen that the units fall into 
groups according to their degree in the generators. Multiplication of a unit 
in a group corresponding to degree p in the generators by one of degree s 
gives a unit of degree p + s in the generators. 

For the general case of a differential equation of any order the situation 
is more complicated. The generators will themselves be: linearly independent 
but some of their products will not be. Fhe quantities 61% 6,%- +- en%™%, where 
Èa; = m, are all linearly independent if m < r. Hence these quantities may ` 
all be taken as independent units, there being qa(m) of them for each m < r. 
For m = r, (b) gives qa(m — r) relations for each m between these quantities: 
ane in any case we can choose foreach m, t quantities of the form ` 
6,163: - - ey as independent units of the algebra (t having the same value 
as in Sec. 2). We denote these units by mi. 

Now if we write w™ in terms of the units so defined, we a 


m3, fmi (1, Ta “Ta) émi `  (m=0,1,:: Dn 


It is easily shown that the coefficients of the units, fm; are linearly inde- 
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pendent. They will also satisfy the differential equation P- U = 0, since w” 
satisfies the equation identically, by virtue of (1). Hence they may be taken 
as a fundamental set of solutions of degree m. Therefore 


> : fmi Omis 


where the C’s are arbitrary constants, is a general solution of the diferential. 
equation, valid near the origin. But this is just the expansion of (1 —w)* 
with the e’s replaced by arbitrary constants. There follows the theorem: 

If w is defined by conditions (a) ; (b), (c) and (d), any solution of the 
equation P- U =0 may be expressed as (1—w)* (or any other particular 
function of w whose expansion in powers of w contains all powers and with 
real coeficients) with the units replaced by suitable constants. 


It is evident that the method can be extended at once to a system of 
equations in one dependent variable. Eq. 1 will be replaced by several equa- 
tions, and the number of independent units of a particular degree in the 
generators will be correspondingly reduced. The method may also be extended 
to systems in more than one dependent variable. 

As a simple example of the method in this section, we may consider the 
first order equation Pa: 
Ow /0z + 20w/by — w/z = 0. 

-The auxiliary equation is 
i 8, + 2e — e = 0. l 
Taking e, and e as independent units, es is thus expressed in terms of them, 
and the hypervariable becomes 
w= (T + 2) + (y + 22) 63. 

Following our general theorem we consider the series 2", Since every pro~- — 
duct of e, and 6, is linearly independent.of the others, and is thus a unit, 
when the units are all replaced by arbitrary constants there is obtained merely’ 
a general power series in the variables x T z and y a 22. Hence we obtain 
the usual general solution o 

F(z + 8, y +2) 
where F is an arbitrary analytic function. It is-easily seen that for every 
first order equation the solution is expressible in a similar se 

As a second example, consider the equation 

Pw /totyiz == 0. 
_. The auxiliary aui 18 616265 == =O, . Hence all products of order 8. or more 


— 
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including all three generators are zero. The algebra is the direct sum * of. 
three subalgebras, whose units are the various producta of e, and la, &1 and és, 
and of ea and es respectively, all these products being independent. Forming 
a power series in w, we see that no terms involving 2, y, and z will appear, 
but every term involving any two of them will be present. We are thus led 
to the usual solution 
P,(a,y) + Faly, z) + File, 2) 
where Fi, F2, Fs are arbitrary analytic functions. 
Whenever the differential equation is such that the auxiliary equation 

bas two different real factors, the algebra will be the direct sum of two cor- 
- responding subalgebras, and the general solution will be the sum of two 
arbitrary functions of the separate hypervariables. If a factor is repeated 
there will be corresponding nilpotent elements in the algebra. ) 


4, Special forms of the algebra associated with a differential equation. 
If we exclude differential equations of the form 


(8"/8c, ITa - ÔL) © U — 0, 


it will be possible to replace one of the generators by the mi 1 in the aux- 
iliary equation without reducing its degree. Suppose this can be done with e1. 
We impose the same conditions (a), (b), (c), and (d) on the algebra, there 
being in this case, of course, only n — 1 generators ĉa, €s," © ' én. Hence we 
have the same algebra as before with n replaced by n— 1. But w” will now 
depend not only on the units for which the sum of the exponents of the 
generators is m, but on all the units for which the sum is less than or equal 
to m, thus: i 


m 8 l ` l ' 
wm = 2 2 fmgi (Tis Zas * * En) Cyt, (m= 0,1,2, °°), 


where $= dn-1(7) — Qaa (j —r). Therefore for each m there will be ¢ func- 

tions fmyi, all linearly independent. Hence the functions fmj;; may be taken — 

as a fundamental set of solutions of ere m of P: U =Q. 
Therefore 


xO 

2 > > fmi C nti 

m=0 j=0 {21 
where the C’s are arbttrary constants, wa general solution of the diferential 
equation, valid near the origin. 


For example, consider the equation 
Pu/dcdy — Pu/dy? = 0. 


* Dickson, Algebras and Their Arithmetics, p. 33. 
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The auxiliary equation is 
6163 — ey" wx (), 


e, cannot be taken as the principal unit 1, because in that case the equation 
e, — 1 = 0 is of degree one while the auxiliary equation is of degree two. 
On the other hand if ¢;-is replaced by 1, we get 82 — 6z” =a 0, as the equation 
to be satisfied by e}. The hypervariable is 


Ww == T -f Yeo. 
The algebra is finite, containing only the two units 1 and ez. On forming w™, 


w” = o™ + | (x -+- y)” — o™ | 62. 


From the above theorem the general solution is thus obtained in the form 


u = f(z) + g(x +y) —9(2) 


which can, of course, be condensed into the form 


u = F(s) + g(s +y) 
where f, g and F are arbitrary analytic functions. 

For the equations which will be treated in the succeeding sections it is 
possible to transform the algebra so that the square of each unit has a com- 
ponent in the direction of the principal unit e; = 1, but no product of two ` 
different units involves ¢,. In this case, for any power series in w, if 


Am == 2 5 Amyilsi and if eji? = Yjiĉ -++ re 
then j 
> Am = > = 2 > Amjifmiryji —b 
Hence the real part (the coefficient of the principal unit e1), of a power series 
im w is a general solution of the diferential equation, valid near'the origin. 

Thus far we have considered only the formal connection between the 
general solution of a differential equation and its algebra. The theoretical 
value of the ordinary complex variable z in the case of Laplace’s equation in 
two variables lies in the theorem that any solution of the equation is the real 
part of some analytic function of z. 

The proof consists in showing that to every function u which satisfies 
Laplace’s equation there corresponds a function v such that u and v satisty 
the Cauchy-Riemann equations. The equations which correspond to the 
Cauchy-Riemann equations for a hypervariable (that is, which express the 
condition for a unique differential coefficient) were first obtained by Scheffers.* 


* Leipsiger Berichte, Vol. 45 (1893), p. 828. 
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For an algebra with an infinity of units the Scheffers equations are also. 
infinite in number, and it is difficult to.treat such general cases. But in ` 


special cases, in. particular those cases considered in the succeeding sections, 
it is possible to prove as in complex variables, that given any solution of a 
differential equation, other solutions can be determined which satisfy the 


Scheffers equations of the corresponding hypervariable, bass thus form an ` 


analytic function of the hypervariable. ~ 


t 


5. Applications to particular equations. From the vena definition of 


t we-see that it is independent of m if and only if there are two independent 
variables. When ¢ is a function of m the number of coefficients fms, for w™ 
increases with m, and the algebra will contain an infinity of units.. Thus, 


for two independent variables there is a finite algebra, but for more than ‘two. 


independent variables there is an infinity of units. 


Laplace’s equation in two variables is a very special equation because t. 


is 2 and the number of units equals the number of variables. The number 
of units can equal the number of variables ony in the case of a second order 
equation in two variables. ' 

_ For Laplace’s equation in three variables, t = 2m +1. The correspond- 
ing hypervariable has already been defined above. : | 


For Atry’s fundamental equation of elasticity, namely . G 
(P/a + 8/3"): U = 0, 
tis 4. The variable ` T Í 
w =z F yes where 6 = 1 -p 2, [i= (—1)4], 
. has units satisfying the conditions of the last section. This algebra con- 
taining the four units e, == 1; 63 = i, 6s, 64 == ies, is the simplest complex 
nilpotent algebra, since the square of es — i vanishes. Calling this nilpotent 
oe E, the hypervariable may be written = 
| dei Tip gies gi 
where z is an ordinary complex variable. Then 
l , w” == g” -+ my E , 
and f(w) =f (2) + yf (2) E 
= f(z) — yf (2)i + yf (Zee l 
-and the se part of f(w), that is, the real part of f(z) plus the imaginary 


part of yf (z), is the general solution of the differential equation. The 
Scheffers equations are obtained by writing a 
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fw) =j $ fat + fals + fates, 
the Ps being functions of a and y, and finding the eaten that there exist 
a function f (w) such that 
df = F (w) dw 

for all values of dw. The equations are 

af /dy = Ofs/Ox,  Ofs/ðy = Of,/8a — 26f.,/4e, 

Of./dy — Of ,/0a, OF /Oy = Of o/dx + 20f;/02. 
On elimination between these equations, it is seen that the functions hy, fz; 
fs, fs satisfy Airy’s equation, and conversely it is easily shown that given 
any solution f; of Airy’s equation, functions fe, fs, and f, can be determined 


so that the Scheffers equations are satisfied. Hence the real part, fı, of an 
arbitrary analytic function of w forms a general solution of Atry’s equation. 


6. Laplace’s equation in n variables, Let 


n g? 
n = > az? ’ 
ga OD; 
where Tı, 2, * ` ` Zn are ordinary complex variables. The hypervariable con- 


nected with the equation As: U = 0 is x, + 122, and for A'U =Q is 
Tı -+- iT COS Q 4- 125 SIN Q, 


where cos « and sing are units. Thus to pass from the case n = 2 to n = 3 
we have substituted the hypervariable æ, cos æ +- zs sina for a. We shall 
show that this is true in general, so that the hypervariable for A,: U = 0 
(the wave equation) is . 


w = 2, + i£ CO8 Q + ttz sin a cos B + ta, sin asin 8, ete. 


It will be shown that any solution of A,-U =Q is the scalar part (ordinary 
complex coefficient of the principal unit 1) of some analytic function of the 
corresponding hypervariable. 

For values of n larger than 3 the Scheffers equations become too com- 
plicated to integrate directly, so the proof will be effected by a process of 
induction. For simplicity of notation the induction will only be carried 
from: n == 3 to n == 4, but it will be seen that the method is general. 


Let w= Ta cos B + T4 sin £, 


We first transform w by writing cos 8 and sin 8 as exponentials. This means 
only a linear transformation of the units of the algebra: 
4 ` 
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w = 198 4 yet ee o, 
where . 
Qu saat Ey e 124, Pay) cmt Dig +404. 
‘Transforming the differential. equation gives 


Ay: U = (A, + age Used Ue 
Let 
` F(a) = Š F(u, v) eXtB. 


The necessary and sufficient condition that F(o’) be analytic, is that the 
Scheffers equations for w: ; 
(2) ie = PFs == Fh, 
where . 
F (w N= E Pau, 

should be satisfied. 

Now consider any two solutions foo(%, Ley u,v) and for(21, Tau, V) of 
the equation A’,;7=0. Calling Fe= fœ, a set of functions fo can be 
determined in terms of foo and fo. which will at the same time ‘be solutions 
of A.: U= 0 and also satisfy equations (2). 

To pie this,. consider the equations for k == 2: 


(83) Of on /Ou = Boo, /Ov, 

(4) | Ffo2/Oe.* -+ O*fo2/ Ox" + OF og/duby = 0. 
Puerennating (3) and substituting in -(4) gives 

(5). O° fo2/Ox" + 3° fos/ 0ra" + 8° foo/ Ov" =Q. 


(3) and (5) are equivalent to (8) and (4). Now foz eee by (3) 
leaves foo (a1, Ze, Uo, V) arbitrary, uo being a particular value of u. But since 
_ (5) contains no u derivatives, if it is satisfied for a particular value of u, 
SAY Uo, then it will be satisfied for all values of u. Hence if foo(21, Ta, Uo, V) 
is determined by means of (5), fos and its z, derivative still being arbitrary 
for T, = 2) and u = Up, foz thus found will satisfy (3) and (5) identically. 
We may thus determine sutcessively the functions fo in terms of foo and 
for. In each case fox and its z, derivative are arbitrary at zı = 25 and u == ty 
for k > 0, and at tı = Z1 and » = vo for k < 0. l 
Hence 


+ oO F ; 
folti, Ta, w) == 2 for (a, Ta, th, v) ektB 
-0 ; 


will be an analytic function of 21, Te, arid o”. Now we have > 
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(6) Pfo/0r? = E (PfaxAder*) 8, 


and a similar relation (7) with respect to Ze Since the derivative of an 
analytic function of w is itself analytic, from (2) 


(8) Pfad = S(O fon/ buv) oP. | 
Adding (6), (7) and (8), since fo, are solutions of A4: U = 0, 
of of By" + Pfo/8£ + Pfo/bu™ 


The problem has thus been reduced one stage. We already. know that 
given an analytic function fo(%1, £2, w a) satisfying this equation there can be 
found functions fm stich that È fme™'* is an analytic function of 


Tı + tx, cos a + to’ sin a.* © 


It has thus been proved that any function foo(21, T2, t, v). which, satisfies 
A’4: U = 0 is the scalar part of somè analytic function f(w’) of 


w / — g, + iz, cos a + iu sin ae + iv sin as 4B, 


- Now suppose Foo(Z1, Z2; Ta, z4) is any solution of Ay: U = 0. tence 
T, and z, in terms of u and v we get a function foo(Z1, Ta, u, v) which satisfies 
A,’:U =0. By the above theorem this function will be the scalar part of a 
function f(w’). If f(w’) and w are transformed by writing u and v in terms 
of zs and z, and changing the exponentials back to sines and cosines,’ we 
obtain w and F(w). The scalar part remains unchanged under this trans- _ 
formation, so that Foo will be the scalar part of F(w). Hence we obtain the | 
final theorem that any solution of A,: U = 0 is the scalar part of some analytic . 
function of w. This is, of course, the wave oe with Tı = tt. For the 
ordinary form of the wave equation: ; 


— PU/OP = 0, _ 
the hypervariable ts . ie. 
) l w = -t+ Tıl10 -}- G +- T3811 


where the double aaa of units e;; has a multiplication table determined 
by the relations 


; ~ cos sy 098 7: 
t a gin sin 1P. 


For example, 


* This was of course proved only for the case where w’ waa real or complex. But 
- the proof depends only on the fact that the functions are analytic, so the results 
may be generalized at once to any hypervariable to”, 
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05-46-21 = Sin a sin 48 sin 2a cos f 
= $ (cos æ sin 58 -+ cos a sin 88 — cos 3a sin 58 —- cos 3a sin 1 3B) 
= +. (€15 -+ €y-3 ~~~ Ëg- —— Êg- 3). 


Also, w? = (t + $2? + 402? + 42”) $ DTibEr0 
+ (4m? — {2a — $23?) 620 + $ (227 — T°) Coe 
-4 FLalslo-2 F Wrote + Plgtl1-1 — $LaTgt22 
+ %L20_21 -F 240%30-2-1 F ( — T -+ Tg’) Cage 


Hach of the coefficients of the units satisfies the wave equation. ‘These coeffi- 
cients and the coefficients for ‘the higher powers are natural generalizations of 
spherical harmonics to the four dimenstonal space of special relativity in which 
distance is given by the formula 


s? s ¿$? — a Ma — gar —— Ta. 


In a similar way we can generalize spherical harmonics to n dimensions. 


Y. Simultaneous partial diferential equations. The two conjugate func- _. 


tions of the analytic function of the ordinary complex variable z constitute a 
general solution of the Cauchy-Riemann equations. If the real part of f(z) 
is taken as ‘the z component and the imaginary part as the negiitive of the y - 
component of a vector field, the Cauchy-Riemann equations express the Sern 
that the curl and divergence of the field vanishes. ' 

In three dimensions the condition that the curl and divergence ofa T 
field ma gives the following linear equations on the ne components 
-@, B and y.* 


Oy/dy = 08/02, 08/02 = bay Oy, 

baz == by/dx, da/dx +- 0B /dy + dy/dz = 0. 
In physics these equations play a rôle intermediate between the Cauchy- 
Riemann and Maxwell’s equations. 

If wis the previously defined eta belonging to Depas 8 equa- 
tion in three variables, and if f(w) == 3 fxex is any analytic function of w; 
then a general solution of the pour equations on a, B and y ts Panime by 
putting i 
(9) o a == fo, p——f./2, yf a/ 2. 


That is, for any three functions a, -8 and y satisfying these four equations, 
functions fs can be found sanai (9) and such that X fxey is an —_ 
function of w. 


~_ 
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* See Hanni, Téhoku Mathematical Journal, Vol. 5 ( 1914), p. 145. 


A REMAINDER FOR THE EULER-MACLAURIN SUMMATION 
FORMULA IN TWO INDEPENDENT VARIABLES.* 


By Wruttaa DowELL BATEN. 


The object of this article is to develop a remainder for the Kuler-Mac- 
Laurin summation formula in two independent variables. The first part 
defines and develops Bernoulli product polynomials -for two independent 
variables. The second part gives a derivation of Euler-MacLaurin summa- 
tion formula for two variables by employing certain properties of the poly- 
nomials obtained in the first part. A remainder is developed in terms of 
definite integrals and in terms of derivatives. 

Conditions for convergence are given when the summation extends to 
infinity for both variables. 

Krause studied this problem and developed a remainder for this summa- 
tion formula in two variables for functions which can be expressed in a 
Taylor series. It appears that he was not satisfied with the applicability of 
his remainder term. The remainder given in this article is much less com- 
plicated and more practical than that obtained by Krause.t The remainder 
for the summation formula for two variables is not as simple as that given 
by Steffensen for one variable.] 


1. Bernoulli product polynomials. Let Bm, „(z,y) be a polynomial in 
two independent variables z and y such that 


(1) AzhyBra(Z,y) = mney, and 
(2) De® Dy! Binn(&, y) = m (i) nj) Bmins (ZY) $ 


where Ag and Ay represent finite differences, Dz’ represents the s-th derivative 

with respect to z, and the first subscript of B denotes the degree of the 

polynomial in s while the second denotes the degree of the polynomial in y. 
By Taylor’s theorem 


* Presented to the Society December 31, 1930, at Cleveland. 

t Krause, “Uber Bernoullische Zahlen und Funktionen im Gebiete der Funktionen 
zweler verdinderlichen Grossen,” Berichte über die Verhandlungen der Kömiglich 
Sächsischen Gesellschaft der Wissenschaften eu Leipeig, Vol. 55-56 (1903), pp. 39-62. 

ł Steffensen, Interpolation, pp. 119-138. 

§m(r) = m(m—-1) (m—2)-. -- (m—r + 1) = (m! )/(m— r)!. 
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Bun (€ + h, y + p) Bun(z, y+ hDeBmn (2, y)+ LD Bma(, y) 
-+ (1/2) (MDe?Bmn (2, y) + 2hkDsDyBmn (2; y) 
+ k*DyBmn(t,4)) 
as ae mus, A 


= SE (1j) (1/4 ae De Dy Bman (2, Y). 
' $=0 40 


if 


- By property (2) 
Bale thy ee Sina 3 (") ( ) htk’ Bm-i,n- (2, y). 
o à i=0 
By writing m — t for i and n — j for 7 the above becomes 
Cm Baal thut = SS (2) (8) MBa, ji 
By use of (3) for h and k equal to 1 and. he (1) 
Bua(z + 1, y+ 1)— Bale +, y)— Bn ala, y+ 1)+ Ban(s, yy 


n- S S m ; 
= oa ) ¢ ) B; (2, es AzAyBm, MEA y) = meas mng tye, 
È 4=0 
à ` 
i i - S m 
(4) > S( ) ( J B; (2, y) ans mng” ty n-i 
à i20 | 


For various values of m and n thèse polynomials eee 


`e Boo(2, y) = 1, : 
By,o(2; y) Se ani 1/2, Bo, (2, y) aoe ae 1/2, 
B, (2, y) = zy — 2/2 —y/2 + 1/4, 
(5) | Baa (T, Y) = g’y -— TY — 27/2 A r/R -+ y/6 — 1/12, l 
Bia (2, y) = ay? — sy — 9?/2 + y/2 + 2/6 — 1/12, poe 


B3, (z, y) = 2 — z + 1/6, . Bo a(z, Y) = 4Y — y + 1/6, 
Baa (2, y) = zy? — vy t — ay + ay + 02/6 + a /6 — 2/6 —y/6 + - 1/86, 
Ete. 


From the above polynomials it. is seen that 


‘Bia (2, y) == By o(s, y) Bia y)» 


where + and j run from 0 to 2. This is evident for any- i and j from (1) 
and (2) since z and y are independent. This shows that these polynomials 
for two variables z and y are the products of Bernoulli polynomials for the 
single variables. Bi,o(z,y) is a Bernoulli polynomial in the single variable z 
while Bo,j(z,y) is a Bernoulli polynomial in the single variable y. The 
polynomials in the two variables will be called Bernoulli product polynomials. 
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The values of the product polynomials for s == y = 0 will be called 
Bernoulli product numbers, and will be represented by the symbol ` 


Brn 


where m and n take various values. These Bernoulli product numbers may 
be obtained from equations 5 by substitution of zero for z and y. But they 
may be treated independently by use of (4) for cmy=0 ag 


Basis a 7 (o) Basbas © awd: 


jz0 i0 \F 


This may be written in a symbolical form as _ 


(Bat 1) Ba Bri ah 


after the expansion the exponents of the first brackets -are changed to the 
first subscript of the B’s, while the exponents of the second brackets are 
. changed to the second subscript of the B’s. 

Bernoulli product polynomials may be expressed explicitly by Bernoulli 
product numbers by substituting in (3), x = y == 0, and then setting h == g 
and k==y. This becomes 


Baal y) = 5 $ (") ¢ ) Bi gaty, | 


jz0 i0 Nt 


\ 


This may be written symbolically as 
Bnn(2,y) = (2 + B)™(y + B)". 


These Bernoulli product polynomials are not the same as the Bernoulli 
polynomials in two variables defined by Appell,* or the Bernoulli functions 
in the region of two independent variables developed by Krause,f or the 
double Bernoulli polynomials treated by Barnes.t The product numbers are 
not thé same as the Bernoulli, numbers in the region of two independent. 
variables treated by Krause or the Bernoulli double numbers defined by 
Barnes. These differ from the Bernoulli polynomials in two variables men- 
tioned by Nérlund.§ . : | 


* P. Appell, “Sur les functions de Bernoulli à deux variables,” Arohtw der Mathe- 
matth und Physick (3), Vol. 4 (1902), pp. 292-3, l 

+ Krause, “ Über Bernoullische Zahlen und Funktionen im Gebiete der TúnktHonen 
zweier veriinderlichen Grossen,” Berichte über die, Verhandlungen der Königlich 
Sächsischen Gesellschaft der Wissenschaften zu Leipzig, , Vol. 55- 56 (1803), pp. 39-82. 

t Barnes, “The Theory of the Double Gamma Functions,” Philosophical Trans- 
actions, London, 196 A (1901), pp. 271-278, 

$ Nérlund, “ Mémoire sur les polynomials de- Bernoulli,” Acta Mathematica, Vol. > 


43, p. 121. 
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2. Euler -MacLaurin Summation Formula in two Variables. Let 
Ban (2, y) be'a periodic function of period 1 with respect to z and y such 
that Bmn(z,y) is identical with Bma(z,y)/min! for 0Sa2<1 and 
04< 1. This function is determined for all values of z and y, by having 
to satisfy the conditions 


Bm nl(z, y) E y)/mint for OS2<1 and OSy<1, 

Bm nla + 1,4 -+ 1) = Bm n (T, ¥) for all z and all y. 
If m or n is not equal to 1, Bun(x,¥) is continuous for all 2 and for all y. 
But when m or n is equal to 1 this periodic function becomes discontinuous 
at the points (r,s), where r and s are integers. Bawa, y) is continuous 
in æ if m is not equal to 1 and continuous in y if n is not equal to 1. Hence 


De Dy Bun(2, y) = Bmsny(t,y), for m—i,n—j>0. 


Hence Bmn(«,¥) possesses continuous differential coefficients of œ and of y 
of all orders up to m — 2 for z and up to n—2 for y, while the differential - 
coefficients of order m — 1 for z and n— 1 for y are discontinuous at the 
points (r,s), where r and s are integers, and-also for the points where either 
ror s ig an integer. Yet Bni(z, y) has continuous derivatives of all orders 
up to m—2 in z, while B, n(z, y) has continuous derivatives of all orders 
up to n— 2 in y. 
Consider the double integral 


Loi TA 3 
ome f f Bnn(® —t, Y — k) fmn(2 + t, y + k) di dk, 
ĝ ($) 


where the m in the subscript of the function f represents the m-th derivative 
with respect to t and the n in the subscript of f means the n-th derivative 
of f with respect to k. f is a continuous function in æ and y and possesses 
continuous derivatives of all orders in z and y, which are integrable. 
Integrate by parts with respect to t and then with respect to k 


Rmn = Bun(®, Y) AzAyfm-i,n-1 (2, y) + Pains + Eman, 
where 


ads i } : 
Penna na f Bm,n-1 (8, ue k) Nofms,n-1(2, y+ k) dk. 


By repeating this for Rmin Emam etc., 


+» 


Rm,n — 2 Bon(®, F) AsAyfoin1 (2; y) + 2 Pon- +- Ban 


Pana = Binns (O, Y) AgAyfma,n-2 (z, y) + Paaa 
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By continuing this process for the P’s 
ag ae ) 
Pra = 2 Buma (@, Y) AsAyfm, s-1(2, Y) + Pm, 
a= 


l na : 
Pa f, : Bna (©, ¥ —k) Aafa- (2, y + F) dk. 


Now it is assumed that 
(62), CSS 


From the nature of Bann and Baan, Bic = Bao i Bix As Boi(9, Y — k) 
is discontinuous for k == Y, Pm,ı can be written in the form 


Pma = (Bno) ( S BaO t — hofni ty +E) db 
J; J, Bo. (©, Y— k + 1) Asfa- (2, y + k) dk), 
whence, as Boi(%,y) = y — 1/2 for OS y< 1, | 
Pima = (Bom) {— | kastasi (ay +b) dk 
+ (4-1/2) f Bsfaa(ey + )dk + f° Safes (ay +) ak) 


=(Bw,1) {— Aafns,0(Z, Y + ¥) + Bo,1(®, P) AzsAyfms,0(% Y) 
ij im m-1,0 (2, k) dk}. | 


Therefore 
m © MO nel u . 
x Poona = 2 2 Be, (©, Y) AsAyfo,s-1(2, Y) 
OZR ue m wi 
— $ Boo (®, ¥)Aafoi0(T, Y + k) + 2 Boo | Acfm-s0(%, &) dk, 
m = y 
if Aes 
aoe f f Bin(®—t,¥—k)fin(a + t, y + k)dt dk 
o0 
1 mm . 
mf Bin(©—6, Y) Bafana (e+ t y) dt + Bary 
ss i : 
— B,.(®, Y) J B,o(@®— t, Y) Afuna (2 + t, y)dt + Baws 


— (Bon (9, Y) ) {— Ayfo,n-1 (x F ©, y) a3 Bı, (@, ¥) AaAyfon-1 (T, y) 


orl 7 
+ J Ayfon- (t, Y) dt} + Bana 
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= — Bon (9, Y) Ayfon- (2 + O, y) + Brn(®, Y) AsAsfoni (2Y) 
= : w+ 
+ Brn(@,¥) f” Aafonalt NBE Rima 


~ Therefore 


R n = — 2 Ba, (9, P) Afos le + O, ji > Bs (0, E) AsAyfo,s-1(2 Y] 


+È Bon) S7 fasliy Eeo yE) | 
 —Bio(0,¥)Acfoolzy + O— fH stoi fn (0 +0, b)di 


— Ba ESCOLES SFC Bat dk, 
: y ¥ i . 
after a, ,-is treated similarly to Pm, , Therefore 


m,n = $ > By. (, Y) AsAyfes,e-1 (2; j= 3 Bro (8, ¥) Aafr-s, (2, y+¥) 


we] 8=1 


— $ Bys(0,0)Asfaus(e HOE È Balot) S Afele) 


zi 


+È Balon) fA a- S Keyt a 


yi e+l “ytl mc. | $ 
- [etornat [7 | HG Wat de + fe+ ey +). 


Find the sum from z=0 to w— 1 and then from y=0 to L—1, 
This becomes after transposing f(x + ®, y+) and Emn | 


(6) $ 2 f(z +0, +) ee > > Bos (®, Pjesa 1 
"— È B08) S Taio 
Rice 2 Boa (9, Y) f” fenola y)dy] 
S > S Bo,o(®, E) foi, (T, y T k)] 
. wl FO. ~ : 
+3 È Bos (®, Y) fossa (a + ®, nI 
L-i pw p= s 
+S ("Hoyt a+ f Iet et) 


; : -f fite, Dawa S * 3, Bnn ! 
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Apply the Euler- -MacLaurin summation formula for a single variable 
to the summations 


L-1 . E Ea : . -l L 
> fo-ro(z, Y +- ¥) | 21 : > fos- (£ + ®, y) | ? 
y=0 oO: o=() 0 


L-i 7° s 10-1, L 
2 Í, f(t,y + ©) dt,, 2 J, f(® +z, k) dk ; 


these summations become 
F È Bel Yfel y tN] -Š 5e, wf fenole A 
+3 > Boa (0, forlz y)] 1 
-5 Bun, P — k) foan (z, k) dk] ’ 
wÍ on... L z 
a > Bo.e(®, ¥) fosr(z + ©, y) | Liron f" + eat; y) dt) 
a= =i f 7 0 E. a : 0 d? | 
+E EB, %forerly)] H 
-Š s Bn (0—1 v) fnea(t, pd] : 
$ ae 7G, oaf ib edt dk +$ Bol, Hf fo.s-1 (t, y) at] 
— f A T f + a(t k) di dk, 
S f fetonas f" J feaa 3 hale) F holta] 


=f" Bn,o(®—t, yf fmol k)dk dt. 

eee these single summations in the double summation. in, (8) for 
L-1 . a 
= Serart it becomes | 
¥=0 g0 - l 
L-1 w-1. ` L wo. - 
2 Se+@y tv" f f(t, k) dt di 
y0 s0 

ES S, B., (9, V)fenea(t9)) 1, 


v=] azi 


+ 5 Byo(0, F) E fo-10(2, k) dk] 
. , 1 ; 0 ; 0 
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no +90 L 
t2 Bos (0, ¥) f foer(t,y) dtl 
-5 , Ponle, t — k)forn(2, k) ae | - 
-5 f Bas (@—t, ST a(t, y) at], 


7” J Bon (O, Y — k) i "fon (ty k)dt dk 

0 0 
; Oo. L f L-1 -i 
-f Bmo(@—t,¥) | fmo(t, k) dk di =S Sink 
. 0 0 y0 we) 


x-1 im} w-i 1 1 
S E RnS z J, Bn nl(O— t ¥—k)fnn(e + t y +) dt dk 
v0 #0 y=0 2-0 


= > y+i 
Pe | Binn(® —t,¥—k)fmn(t, k) at dhe 


K f” Bnn(©— t, Y —F)fmn (t, k) dt dh. 

0 +70 
L-1 w-1 | 

The remainder term is not >) D Rmx» but consists of the last five terms 
0 2-0 


Im1 wel 
in the expression for $ Si f(z- 0,y +Y). 
y-0 #=0 . 
If the function f, for which the sum is desired, is a polynomial in g 
andy the remainder terms are zero for large enough values of m and n. 
Let ® and Y both be equal to zero, then 


Iml w-1 L pw a ma l oe 
S Ef) f f FG bat de+ SE SBesforer(y)) ] 
y0 o0 , 0 0 s=1 t=] 0 0 
M . L w = ” ad 
+E Bao f fo-1,0 (2, kjaki +È Bos f fo,a-a(t, yal 
m ae ' wv 
-Š f, vn(0, k)foin(T, k) dk] 
n w l f L 
—> f Bua (t, O) fms- (f y) at] 
_ f "Baa (0, k) f "salt Wat ak 
-f BaS Tal k) dk dt 
L WD un ` 
= Sy So Bawls P fnnt, E) dt di 
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This is the Euler-MacLaurin Summation Formula for two variables. 
By using A.tBor,o(0, 0) = Baro (t, 0) + Bar, and 


A.:A.4Ber,26(0, 0) = Bar, as (t, k) — Bar, 2a (0, k) — Bar, 2s (t, 0) + Ber,28, 


the above becomes 
=i w-1 L 40 g-1 r-i _ wo DL 
D Efe f fo ieedit SY Brorufeosoualsy)] ] 
0 s=0 0 /0 u=1 wl 0 8 
ž-1l _ © D r-i L 
+ Bralea y) | | -+ > Bovrfev-1,0(2, y) | ] 
u=1 0 ø u=1 0 0 
a wok r-l _ L w 
=f By, 1f0,0(2, u L T S Bano f f2v-1,0 (z, k) dk) 
t=1 U 
— L w 8-1 _ w L 
+ Bro f foo(a tyak] ZBan f fasws(ty) de] 
2 4D L r-i Doz Z to 
te Bog Í foo(ts y)dt] — F J, Ber Ax Bo,sefzo,2s (2, k) dk] 


s-1 L. = w 
=a Dee Ta uÂ, Ba ofar, 24-1 (t, y) dt -f By oå.4Bo,2afo.22 (x, k) dk] 
0 


«=l 


à ea L L z 40 
_ f” BosAtBar oforo (t, y) dt] — f Mial f fossa (ty k) dt] dk 
0 i 0 
10 Es g L L wD 
_ f Keel f haeata f f Ber. safar. sa (£, k) dt dk. 
G 7 0 uv [$] 


By using the first theorem of the mean since A.:Ber,o is always positive, 
or does not change its sign, | 


4D mes = L 2D n is L 
J f Bo 1A.tBor,of2r,o (t, y) Hl Tere for.o(9, y) f Bo,14.+B2r,0(0, 0) al 
0 f 


ta K 
=w: farolg y) f. BordsBer.o(0, 0)at 
sem a E y), (0 = g = w), 
since Bor,o(t, 0) is symmetrical to (1/2, 0) and hence 
1 L 
f, Beolbyat] = 
0 0 


Using this idea for the integrals involving the A’s, the above becomes 


Lel 10~1 


L w 8-1 r-i . u L 
S Sfer) =f SIGE SBemferer(Gy)] ] 
=0 æ=0 0 Q l u=} ti 0 o0 


wane 
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r-l u L : w ae L Ww 
+3 Broo f fovr0(e kjak] + Buo f fle, kdb] 
v=], l 0 0 0 : 0 
“get n v, - Lb ¢-1.. i w L 
To Bo, on f fo,2u-1 (t, y) dt] +- > By rufo, 2u-1 (2, y) | ] l 
i “=i 0 0 uel j l Qa 90 
r-i uma ' L w pa w L 
+S Bsv,rfe0-1,0 (T, y) | ] + Bafo, (T, y)] ] 
v=] 0o oO . , ` 0 90 
ner w L aa S : w 
-4+ Bon Í. fo.o(t, y) dan pre 2 Bawal . fev-1,28 (a, qo) l 
a a-l L = w 
— 2 Bar aw $ for, 29-1 (Dus a ig Bigb f fo,2e (z, px) l 


= L = 
n = Bor sw f far o (Ge, y)] — Boga D i fo,ze (Qs, fs) N 


— Bar ow . far o (ġa, Be) mf Lew: Bosal Ge fe); 


where l 
Egu L, 0SpS, 
SgS L, 0S 7S w. 
Let Fy 3(2,y) — fi-r,9-1(2, Y), 


where the first subscript represents differentiation. with respect to z and the 
second represents differentiation with respect to y. By nang this relation, 
ney 6 becomes 


aes 0 0 v0.70 g 0 
SES Bas (t,0)Pmat.e(t, y)dt] , 
0 “0 4 


; n w i L ' 
—È f Boalt 0) Pma (t vat] , 
a=0 v0 0 


-= which makes the writing of the formula simplier. | : 
If L and w approach infinity, sufficient conditions for the validity of 


i (ss OO 
this summation formula can be given. If $ Sf(e¢+0,y+¥) and 
‘ v0 e0 . 


[e9] oo ~ i 
f f f(t, k)dt dk converge and if frt.1(w, L) D zero as w and L ` 

o Jo 
approach infinity (v = 1,2," - a) (8 = 1,2,---,n), then 


È Sjie+oy+o= f SMe wadtde + & Š Bafe 0) 


o , +3 Bus fo fo-s.o(0, k) dk + È Bo fc fos- (t, me 
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m po- | 
— >, f Bon (0, k) fo-rn(0, k)dk 
v1 J0 l 
on 00 
= f Br,o(t, 0) fm.e-a(t, 0) dd 
a=1 rs] 
ay alee ee) 
= f Bea(0, K). f fon (t, k) di dk 
0 0 


OO oO 
-f Bolt 0) f fin.o(t, k) dle dt 
0 8) 


co OO _ l ba Gey 
asi f f Bmn(t, k) fmn(t, k) dt dk, 
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THE CELESTIAL SPHERE. 


By F. MORLEY. 


1. The Celestial Sphere. 


We are witnessing the arithmetizing of the physical universe as it now 
| appears. The process is, on a grand scale, similar to the E of 
space as it then appeared by Descartes and others. 

The merger of Destartes-for a plane is effected when we prove that 
there is a one-to-one correspondence between numbers z and the points of . 
the plane. The numbers are of course the unrestricted numbers of algebra, 
usually called complex. 

By an inversion from an aii point, we have the numbers z attached 
to the points of a sphere Q, which we regard as lying in a euclidean space. 

In terms of radius r, longitude 6, and colatitude ¢, we may take 


r == 2r cot (4/2) exp 06. 
We now consider the interior of Q only.: The are of a circle | 


~ to Q is named by the end-points x and y on Q, or collectively by a quadratic g 


whose zeros are x and y. The handling of arcs is then the handling of quad- 
raties, 91, (a° ° l 


2. The Theory of fae’ 


Two ordered quadratics have a Jacobian fı: and a bilinear invariant qis. 
They have then an absolute covariant jis/qis. The vanishing of qıa says that 
the two pairs of zeros are harmonic, whence the arcs intersect at right angles, 
or are normal. The Jacobian j1: is then the common normal of qı and qz. 

For 4 points of Q we have three pairs of arcs, and three common normals. 
The theory of the quartic shows that these three quadratics g, are themselves 
normal and meet at a point at right angles. 

For any three quadratics we have as in Salmon’s Higher Algebra the 
relation or syzygy 


aah 


q Q Qs 0 
dir l di2 - fis qı 
dar daz qas a 
qar ` Qaz das Ga 


1 
au () 
* 
, 
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This is familiar (for real numbers) as the equation of a conic, say 


a az? t- by? + of teyact Dose + Bay — 0 
or (4/fgh —1/P a? + + (2/f + 9/9 + 2fh)? = 0. 


That is, quadratics fall into sets of Dar three determining a fourth, such that 
Ags? H Aaga? t Asqs? ae ede? = 0, 


fort any value of the variable. Now Mg? + aga? = — 0 is four points giving 
a pair of arcs normal to the common normal of qı and qa, juz But then 
also Aaga? + Aga? == 0 is the same four points giving a different pair of arcs 
normal to fs. By the theory of four points the arcs 71; and jg, are normal. 

The. set of four ares is then such that the common normals jis, Jos are 
normal, Jes, jie are: normal, and jour joa are normal. This configuration | 
-of 10 arcs, each normal to three others, is in the restricted domain of 
real numbers the Descartes configuration.. l 

-= There is between any seven quadratics 


GS a2? + Bit + ys 
a quadric relation 


o(a Bè y? Bays yai api ge? | 0, 


and we ask the meaning of the 6-rowed condition on six quadratics 
' | a? B?? ye" Bey: tes a;b; | = 0. 


In terms of the zeros it is the symmetric two-to-two or biquadratic corre- 
spondence, or involution. In the restricted domain it is familiar as Pascal’s 
theorem when the ‘six points a, Bi, ys are on a given conic, and the theory 
built on this theorem by Steiner, Plticker, Kirkman, Cayley, Salmon, Veronese, 
Cremona and Richmond is immediately available. When the six points are ~ 
not given as on a conic (that is when each qi is not a square) the theory in - 
the restricted domain is that of Poncelet polygons. 

In the present theory Pascal’s theorem takes the form: 

Let there be 6 arcs gi in a biquadratic involution, ~ 


(az)? (ay)? + A(s — y)’. 


Ordering them say as 1 2 3 4 5 6, we have three pairs of common normals 
Jis, Jase These three pairs have three common normals. These three have 
themselves a common normal. Cp. Klein, Mathematische Annalen, Vol. 22; . 
Works, Vol. 1, p. 406. 
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If this apren for one ordering, it holds for all the -60 orderings. 
We have the 60 Pascal arcs. 


It may be mentioned that the Kirkman are for the above ordering is 
jrs/Qus + 129/423 + Js4/ da4 -+ 14s/ qas + 1s6/ qse -+ Jo1/ 1 


There is a cubic relation between any 11 quadratics namely 
| ayes - -a2By- - ` abiyi’ A -që | = 0. 


If qu is arbitrary then we have 10 quadratics in a three-to-three or 
bicubic involution. And if also qıo is arbitrary, we have the fact that eight 
arcs determine a ninth, the relation being a mutual one. 


3. The EKucltdean Case. 


l There is now -the interesting case when the universe 2 expands. We 

make the radius of the sphere Q infinite. The arcs become lines of a 
euclidean space. The somewhat difficult subject of lines in a euclidean ‘space, _ 
(see for instance Study, Geometrie der Dynamen and Blaschke, Diferential 
Geometrie, Vol. 1, p. 264), so viewed is merely the humane theory of quad- 
ratics (under homographies). For example the a of 10 arcs 
becomes the Petersen-Morley configuration. 


o 
ON THE CONFIGURATION OF THE NINE BASE POINTS OF A 
PENCIL OF EQUIANHARMONIC CUBICS. 


By J. YERUSHLALMY. z 


1. In a paper published in this Journal,t we proposed to show that 
every pencil of equianharmonic cubics is contained in a net of such cubics 
through 6 of the 9 base-points of the pencil, and that, these 6 points form 
the vertices of two in-circumscribed triangles in a cubic ¢ which are three-fold 
perspective from the vertices of a third in-circumscribed triangle in the same 
cubic. However, the proof given there is incomplete. The purpose of this 
note is to complete the proof and to show that the 9 base points of a pencil 
of equianharmonic cubics divide into 3 triples t, 4, k such that through any 

~_ two triples +, 7 there passes a cubic x in which they form the vertices of two 
in-circumscribed triangles three-fold perspective from the vertices of a third 
in-circumscribed triangle in dy. Thus through any two triples there passes 
a net of equianharmonic cubics. | 


2. The reasoning used in P was the following. The plane a of the pencil 
was mapped into a double plane m by means of a net of cubics on 7 of the 
9 base-points. The branch-curve in ~ is 4 ae the equation: of which was 
proved by Chisini J to be | 


= (845/852) ps — $ (Op3/Or,)? wx (), 
We considered the cubic surface | 
E= (Pps /dx5”) T + 24 (0hs/ bs) 2; + $3 =0, 


which, when projected from the point O = (0,0,0,1) on it upon the plane r 
(La ~~ 0), gives fy==0 as branch curve. The (1—2) correspondence A 
between « and r and the (1— 2) correspondence B between Fs and r defines 
a (1—1) correspondence D between Fs and a which sends the sections of F's 
by the planes on O into the net of cubics on the original 7 base-points. We 
' showed that Fs contains a net of equinaharmonic: plane sections and that 


* National Research Fellow. 
+“ Construction of Pencils of Equianharmonic Cubics,” American Journal of 
~~ Mathematics, Vol. 53 (1931), pp. 319-332. . This paper will be referred to in the sequel 
f by the letter P. 
t Chisini, “Sui fasci di cubiche a AA costante,” Rendiconti del Circolo Mate- f 
matico di Palermo, Vol. 41 (1816). 
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_ it admits a cyclic homology I; of period 3 into itself. By a mapping C of F, 
into-a the homology Ta has as image a biquadratic transformation T“ cyclic 
of period 3 having the fundamental points of the dirèct and inverse trans- . 
formation coincident, and from this follows the conclusion. 

The weak point in the proof is that we assumed that the ( TE 1)- 
‘correspondence D between Fs and æ ig necessarily a Clebsch mapping C of 
F, on « by means of which the plane sections of F; go into cubics on 6 of 
the 7 base-points of the net. This would be so if and only if the 
double- ene 

d pa Pea/ It — 0, 


o 


which is the image of the point O on Fs in the mapping B, would: correspond 
in the mapping A to one of the 7 base-points i in &:- If, however, this double- - 
tangent corresponds to a cubic degenerating into a conic on five of the base- ` 
points and a line. on the. other two base-points, then the correspondence D 
is such that either the point O.-goes by it into. the line and the .cubic fs cut 
out on Fs by the tangent plane at O goes into the conic or vice versa. It'is - 
easily verified that in the first case D is a mapping M of Fs unto « by means 
of which the plane sections of F, go into quartics on the 7 base-points -` 


. (12 27 81 42 Bt 61 7), 


pai in the second case D is a mapping N sending the plaie sections of Fs 
into quintics on the 7 base-points 


(1? 2? 3? 4? 5° 697?) x 


In both these mappings the net of cubics cut out on Fe by the planes on O 
go into the original. net of cubics on the 7 base-points (1234567)s. 

There remains hence the possibility of the existence of three distinct 
types (c), (m), (n) of pencils of equianharmonic cubics corresponding to 
the three different mappings. We prove, however, that there is only one type 
of pencil of equianharmonic cubic, by showing that the pencils of type (c), 
i. e. those considered: in P-give rise to all the three mappings, and every pencil 
- of type (m) or (n) is also of type (c). 


3. Take a jenai of equianharmonic cubics of type a The existence 
of such pencils was proved in P also independently of the cubic surface Fs 
(loc. cit., p. 331). Let 1,2,- ,9 be the base-points of the pencil where 
(1,2,3) (4, 5,6) are the vertices of two 3-fold perspective in-cireumscribed 
triangles in a cubic ¢s, and are therefore the bee of a periodic bi- ` 
quadratic transformation T o i 

(1? 27 3? g 51 61), 
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and 7, 8, 9 form a cycle for T. Consider an equianharmonie cubic y of the 
pencil.. T leaves y invariant. Let the birational transformation of the cubic 
y, into itself affected by T be 


wee +b ae : (u.is the abelian parameter on yf, 
i | ' b a constant, ¢ = 1). 
From P, p. 329; we obtain 


~ 


A. au Ob (uy + tus); — (th + Us) + b=; eu, -F b == us 

(1) b. eus + b==— (us + us); —e(itu)tb=m; ae + bE t 

C. etla + b= (us F ta); — elus + us) b=; ty tbem, . 

or i a 
a. ety  D xm m (Ua -H Us) + on, (o are linear combinations of the ` 

(2) b. eus +b = — (us + te) + os, proi) 
~@ clef b me — (Us +F Ua) F on, 


from which w, == — eos - —— Ew]. b for ws in nite. and oe a, b, ©, 
_ we obtain l 


u, + ts + te = (e — 1)b + [0—1 — Ao /(1—#), 
or 


(3) 0 gf ty + tte = (e— 1b. 
Similarly it can be shown that. 


(a) tap u+ usm ef(e—1)b ` (b) tr- ue + t= (e+ 2)b 
(4) (c) u= eu, — b (d) tis =eu, + eb 
(e) Ua = u r eb i (f) Us = eth, + eb. 


Consider now a biquadratic transformation S with fundamental points at 
` (T 2% 3*7? 879%). The fundamental points of the inverse transformation 
S* will generally be some other 6 points (1o? 2o? 30? Yo% 80! Not). S sends the 
cubics on 1, 2, 3, 7, 8,9 into the cubics.on 1o, 2o, 30 Yo, 80 9o. It sends y into 
some cubic Wo. : 
The homoloidal net ¥ on 1, 2, 3, 7, 8, 9 cuts out ¢ on ya g . But since 

by 4a and 4b 
| th +t uy = Gp. i 

Pt -F the T tp) = 2(e+ moe 
and hence - 


wat wk tf 2 E tu ft) 8, 


" the sum of the abelian parameter at a set of thé ga? ‘is equivalent to — 3b. 
an if we transform any set of 3 points a, b,c on a line by. a transformation 
: w = 2u—b we obtain : 
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Wa m= etua — b; Wr = em —b; Wo em —d, 
from which i 
Wa + Wo +F o= e (Ua + Ur + uo) — 3b. 
But since 
Ug F uy + Uy == 0 
Wa t ws + wm= 3b. O 


Hence y transforms the g,° cut out on y by the lines of the plane into 
the gs* cut out on it by the quartics of 3’. Therefore, the product 7S is a 
birational transformation of y into yo sending the gs? cut out on y by the 
lines of the plane into the gs? cut out on yo by the'lines of the plane.’ Hence 
. ¥8 is involved by a collineation » between y and yo. The collineation sends 
the points 1, 2, 3, 7, 8,9 into the points 1p 2» 8o 7o 8) 9. To prove this take 
for example the point 1. ¥ sends it into the point eu, — b, which by 4b 
and 4f, is the sixth point of intersection of y with the conic: (1, 3, 7, 8,9) 
‘and this point goes by S into one of the points le, 2, 3o, say lo. In the same 
way it is easily seen that à sends 2 into 2, ete. Multiplying A by’ S~ we 
obtain the birational transformation y which is evidently a biquadratic trans- 
formation sending wy into itself and having the fundamental points of the 
direct and inverse transformation coincident which is sufficient to prove the 
existence of a net of equianharmonic cubics on 1, 2,3,7,8,9. A similar 
reasoning shows that there exists'a net of equianharmonic cubics also on 
4,5, 6, 7, 8, 9. ‘There are therefore defined two other cubics $2 and ¢1 such 
that each one of them has two triples as vertices of two in-circumscribed 
triangles 3-fold perspective from the vertices of a third in-circumscribed 
triangle in it. Each of the three cubics ¢; passes through the cusps of the 
6 cuspidal cubics of the pencil (Pp. 332). 

There obviously can be no more than 3 nets of equianharmonic cubics 
on these points. For if there were a fourth it would define another cubic ¢ 
which would have with one of the 3 cubics ¢; more than 9 points in common 
since it would also have to pass through-the cusps and have two inscribed _ 
triangles with vertices among the 9 base-points. 


4. The division of the 9 base-points into 3 triples shows that a pencil 
of type (c) gives rise also to the mappings M and N. For we can select 7 
of the 9 base-points in 2 essentially distinct ways: either they contain 2 triples 
and one point of the third triple, or they consist of one riple and of two points 
of each of the remaining 2 triples. If we map a on ~ by means of cubics ` 
on 7 points containing 2 triples, then the double tangent d of f,==0 corte-- 
sponding to O on Fa will be the image of the seventh base-points and the _ 


` 
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correspondence D between F, and a is a Clebsch mapping C. If, however, 
the seven points contain only 1 triple, then the double tangent d is necessarily 
the image of a cubic composed of;a conic on 5 of the 7 points and a line 
on the other 2 points. Then, if i in the mapping of F, on a, we let O corre- 
spond to the line and the cubic fs L to the conic, we obtain the mapping M, 
and if we let O correspond to the conic and fs to the line, we obtain the. 
mapping N. 


5. To complete the proof given in P, we must show now that every 
_ pencil of type (m) is also of type (c). Take such a pencil. Let 1,2,---,9 
be its base-points. In the mapping M between F, and æ the plane-sections 
of Fa go into the quartics 


(1? 2? 3 41 Bt 6 7), 


. and the line (12) is the image of the point O. It can be shown that the 
homology T of Fs is mapped by M into a Cremona transformation T; of 
order 7 with 8 fundamental points, 7 of which coincide for T, and Tr”. The 
homoloidal nets are the following: 


3: (18 2! 81 4? 54 67 78 91), 
3 : (1498 38 42 53 6? 72 81), 


Knowing the configuration of the 27 lines on F, (they distribute in 9 triples, 
each triple is in a plane and the three lines concur at a point on the cubic ¢), 
we can deduce the fundamental curves of 77: 


(a) 1—> (1221314251678), —> (172? 3141 51 6 7291), > 1 
(b) 2— (1227334 52617 81), —> (1222456791), —> 2? 


(c) 3—> (13), —> (112731 4° 516171), 3 

(d) 4> (12435), = (12467), —> 4 

(5) (e) 5 (12536), -> (12547), > 5 
(£) 6> (12634), —> (12657): —> 6 

(g) 7—> (17248449 5' 6171), > (27), —>¥ 

(h) 8—> <“ 9 —> (12), —> 8 

(j) 9> (12), > 8 > 9, 


The transformation, T leaves invariant each- cubic of the original pencil. 
Take a cubic y of this pencil and let the birational pee onan of ¥ into 
itself involved by T; be 


y: W = eeu + b. 
From 6c, g, h, j, we obtain 


l l : 
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ets + b = — (th +s), — (tty + r) + b = try 


i 
ata bm (uhu), el hte) D= 
from which l l i ` 
T) a. Us = h + eb b. Ur == eu, — eb 
C. Ug =E — eU, — elg + b d. ty E= — eu — Pua — êb. 


Consider now a biquadratic transformation 7, with fundamental points . 
at (1? 7} 81 2? 3297). The fundamental points of T will be | 


(Le To? 8,9 Ro 3t 90). 


| The transformation T, sends y into yo The quartics g: (12 72 81 2? 37.97), . 
cut out on ya gs’. But since by (7) : 


thy F ur F tg == (I — ec), + e(e—1) ua + (1—e)b, 
2 (tea F Us F Uo) = 2e(1 — e)un + 2(1— 2) ug + 2e(1 —)d, 


and hence -E pai _ F 
thy F Ur F Us + 2 (ta + ts + to) =— Beu + Bug — 3D, 


it follows that the sum of the abelian parameter at a set of the g? is equal 
to du, — 8u: + 3b. It is easily seen that the birational transformation _ 


Fi W == eu -+ eu, —u, + &b 


of y into itself sends the g,” of the line sections into the ga? cut out, by ©. 
Therefore yT, is involved by a collineation à sending y into wo. A sends the ` 
` points 1, 7, 8,2,3,9 into the points 1o, Yo 80, 20) 30, 9o For, the point 1 for ` 
„example, goes by y into the point 2u, — uz + eb which by (7) is the sixth 
intersection of ¥ ‘with the conie (17239) which goes by 7, into one of 
the points lo, os 8o, say lo, and in the same way 2 goes into 2, ete. The 
product AT,* gives y which is evidently a biquadratic transformation having 
the fundamental points of the direct and inverse transformation coincident, 
and hence there is a net of equianharmonic cubics on (178239) from which 
follows that every pencil of type (m) is also of type (c). E 
“Since in the mapping M the net of equianharmonic sections of Fa go 
_ into equianharmonic quartics we conclude also that on 7 of, the 9 base-points 
of a pencil of equianharmonic cubics containing only one triple there is a. 
net of a elliptic quartics. 


‘THE SYMMETRIC (n, n)CORRESPONDENCE AND SOME 
| GEOMETRIC APPLICATIONS. 


By ARNOLD EMOH. 


I. INTRODUCTION. 


Two parameters A and a shall respectively determine two re 
entities of the same kind uniquely.. For example, the values of either AOp 
may determine the tangents of a conic,: or. the planes of a. pencil, or the 
osculating planes of a space cubic, or the quadrics of a pencil, ete. We then 
can set up an algebraic relation between A and u as the variables and study 
the properties of this’ relation. To these correspond in the geometric. asso- 
ciation of A and y» definite geometric properties which by this method are 

_often obtained in a surprisingly simple manner when compared with the 
arduous synthetic labors. necessary to obtain the same result. This will be 
apparent in the applications to the Schur sextic with œt inscribed penta- 
hedrons. This interesting ‘space curve has received very little attention in. 
the literature and deserves detailed study. The same is true of the Liiroth 
- quartic with its oo inscribed pentalaterals and its connection with the Schur 
sextic and’ the- attached octavic ruled surface. 


IL Tm SYMMETRIO (n, n) -CORRESPONDENOE. 


Although. there is nothing essentially new in the algebraic. exposition 
of this correspondence,” I shall give here a short account which will be needed ` 
subsequently. 

Let A+ a = g, Ap=y, Der a polynomial of degree n in & an y 
(1) o È (z, y) = 0. 


Lia 


represents such a correspondence. It depends. sidan on n(n + 3) con- 
stants and represents 'a general n-ic in the (2, y)-plane and is therefore of 
genus $(n— 1) (n—2). In the (A, #)-plane it is a curve of order 2n with 
the infinite points of the A- and p-axis as n-fold points, whose genus is 
3 (2n— 1) (2n-—2) —n(n—1) = (n—1)*. - Geometrically, the corre- 
spondence between A and p may. be obtained as follows; Associate A and p 


* See A. B. Coble, kj Multiple Binary Forms with Closure fa a American 
Journal of Mathematics, Vol. 43 (1921); pp. 1-19. : 
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as parameters with-the tangents of a fixed conic K. In the plane of K 
choose a general n-ic O» as given by (1). From every point of Ca draw the 
two tangents to K and denote their parameters by A and »; then the algebraic 
relation between these parameters is precisely of the symmetric (n, n)-type. 
. From this follows 


THEOREM 1. The pairs (A, p) =(p,A) of the symmetric (n, n)-corre- 
' spondence are in birational correspondence with the points of a Cn of genus 
$(n—1)(n—2). There exists a (1, 2)-correspondence between Cn and Con. 
To every point of Cr correspond two points of Css which are symmetric with 
respect to the line A — u == 0 in the (A, »)-plane. 

In case of a “complete symmetry,” as I define it, it must be true that 
for a generic value of }==A,, we obtain n values for m, p = Àa, Àn © * Amey 
such that every couple (A == Ai, u = Ax); (i, k=1,2, -n+ 1; isk), 
is also a pair of corresponding values (à, p), or a solution of (1). Geo- 
metrically these values determine two pencils of parallel lines 


A= Ar, Ae, t y Ane; . P= Àn Ag * ty Am 


which intersect in (n + 1)? points; or, omitting the points on Amp Â, 
in n(n + 1) points of the curve Cin. These form n(n + 1) symmetric 
pairs (A u); (#,A) with respect to the line A — u= 0. Each of these pairs 
determines one of the 4n (n -+ 3) constants of (1). Thus there are n(n + 3) 
— ġn(n -+ 1) =n left to be determined, which can be done by the series of 
new couples (A, p) = (Ans, Ane); (Amis Anis)>° © +> (Anat, Asner). Since the 
Cen passes through the above n(n +1) points it must necessarily have the 
form, after compounding it with A—»—0, and the line at infinity, 


@) a= HT ADP) + TE Ha) GOGH) =O, 


in which P and Q are of degree n+ 1. But since Co» has the infinite points 
of the à- and w-axig as n-fold points, P and Q must be polynomials of degree 
n+ 1 ind and » alone, respectively, so that each can be resolved into n T 1 


linear factors 
"  BA+2 2n+2 
P=b Il e—a) Q=a ÎI aa). 


As (2) must vanish identically, for A =` H there must be b == — a, so that 
the relation is finally 


l f n+ Anta n+l 2R+2 
(3) it (A—As) IT (u—as) — I (aa) IE (A— u) 0. 
4=44+2 4=1 f=nt+1 
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After division by A— p and cancellation of Au"? this becomes the com- 
pletely symmetric (n,n)-correspondence. Choosing 


n+1 2n+2 
JI (u—Ai)/ IL (a— ài) =k 
{=i 4=nt+2 


as a parameter, (3) appears as an involution of order n -+ 1 on the line À, 
so that “complete symmetry” is equivalent with the tnvolutorial property. 
(3) may be considered as the product of the two projective involutorial 
pencils, with ¢ as a parameter: 


i Qe ab U1 Oe ee. 


iant? 
n+l Dut? 
IL (a— au) +t II (u— A) = 0. 
4=1 g 4=n+3 


For every value-of ¢ we obtained two pencils of n-}+-1 parallel lines each, 
which intersect in n(n 4-1) points of the curve Cox. Thus, there are œt 
such sets. The result may be stated as 


THEOREM 2. The symmetrical wmwvolutorial (n, n)-correspondence be- 
tween A and p is completely determined by two involutorial sets of 4n(n + 1) 
couples (A,p) each. If the correspondence contains one tnvolutorial set, 
then it contains œt such sets. One tnvolutortal set and n other couples 
(Ania, Ag) (t= n -+ 3,- > +, 2n +2), determine the correspondence completely. 


Ill. Tar PARAMETERS A, p ASSOCIATED WITH THE TANGENTS OF A 
Cxiass-Conic. 


1. The tnvolutorial (n,n)-correspondence. Again let 
(4) (a, y) = 0, T= À + h, y == Ap, 


represent such a correspondence, and A the parameter which for every value 
determines a tangent 


(5) | aa? +bA+c~0 


of a class-conic K, in which a, b, c are linear forms of a plane (4) =(a1, t2, 2s). 
Such a tangent is likewise 


(6) ap” + bp + c= 0. 


For every couple (A, p) satisfying (4), (5) and (6) represent two tangents 
of K which intersect in a point P of a certain curve. To find the equation 
of this curve, A and » must be eliminated between (4), (5), (6). For this 


4 
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purpose subtract (5) from (6) and divide’ the result by A— p. This gives 
ac +- b==0. Again multiply’ (5) and (6) by x° and à? respectively, subtract 
- and divide by A—y, which gives by 7 cz = 0. Solving the two resulting 
equations, we get z == — b/a, y = c/a, which on substitution in, (4) give an 
“equation of degree n in Tı, Tz, Ta, representing a curve Ca of order n. As | 
there ‘are two tangents (A), (») from every point. of On. to K, the n-ic is . 
evidently in birational relation with the pairs’ (A, a) = (p à) or with the 
n-ic R(x, y) in the (z, y)-plane. The genus of On is therefore 4(n—1) (n—2). 
Moreover every tangent (A) determines an involutorial (n + 1)-lateral which 
is inscribed to the ae i. e., whose in(n +1) points of intersection lie on Cy. 
Hence i 


TuroREM 3. The involutorial (n, n)-correspondence determines a curve 
of order n of genus 4(n—1)(n—2) with œt completely inscribed (n -+ 1)- 
laterals, whose sides touch a fixed conic. For n= 2,3,4, we have the fol- 
lowing well-known ‘results: | 


2 Triangles inscribed and circumscribed to two conics respectwely. For 
n= 2, the involutorial correspondence determines a conic Ce to which, are 
inscribed col triangles whose sides touch a given conic K. 


3. Complete quadrilaterals inscribed ana cubic. The cage n =m 3 leads 
to an elliptic cubice Ca with o° quadrilaterals circumscribed to a conic with 
their vertices on the fixed cubic. The result may be stated differently as 


_ THEOREM 4. Two sectuples of vertices formed by each of two distinct l 
quadrilaterals circumscribed to a fixed conic determine a plane cubic uniquely. 
There are œt- quadrilaterals inscribed to the cubic and Er ueeri ed to 


_ the conte. 


4: The Liiroth ETA When n = 4, we ine: a quartic of genus 3 with 
œ! completely inscribed pentalaterals whose sides envelope a fixed conic. 
-This- quartic was found by Litroth* in connection. with the study of the 
Clebsch quartic,} which is characterized by the existence of an apolar conic, 
. or its representability by the sum of the squares of five linear forms. These 
represent in every case the five sides of a pentalateral whose ten, vertices 
generate the Liiroth quartic. 


wes Einige Eigenschaften einer gewissen Gattung von Curven vierter er 
. Mathematische Annalen, Vol. 1 (1869),-pp. 37-53. 

t“ Ueber Curven vierter Ordnung,” Orelle’s Journal far Falne und angewandte 
Mathematik, Vol. 69 (1861), pp: 125- 145. - 3 
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Pona of this and a similar, sort have alsọ been investigato ina- 
different connection by W. F. Meyer. s a 


IV. THE INVOLUTORIAL (n,n) -Connesronpancit ON A DEVELOPABLE CuBIO. 


1. General case. Assume a ‘fixed developable cubic surface D with ' the 
likewise -rational cubic edge of regression T. and its tangents t. D is of 
order 4; i.e, through every generic line in space there pass four tangents 
t of T, and every t is the intersection of two ici ak close planes of D.. 
This surface may be represented in the form 


mo. = at DA + eA H d= 0, 


-in which a, b, c, d are linear forms in 93(21, Te, Ts, %). For every value of A, 
(7) is one of the planes (7) of D: Likewise 


- (8) ap? + bp? Hot d=0 


-is such a plane. The parameters A and p are now subjected to the involutorial 
relation expressed by (1), respectively (3). . Every couple (A, p) satisfying 
this relation determines two planes of D which intersect in a generatrix g. 
of a certain ruled surface G, whose equation is again obtained by eliminating 
A and p between (1), (7) and (8). Setting, as before, A+ p = g, àp = Y, 
then by punple manipulations of (7 ) and (8) the equations result: 


. (9) a(z? — y) Hbr + e= 0, 
(10) by? + czy + d(z*—y) =0, 


_ The elimination gives first an equation of degree 4nx=n-2-+-2°2. Now 
(9) and (10) are satisfied by z == —- c/b, y == 2? = (c/b)*, which solution 
does not satisfy (1). As a consequence the result of the elimination is 
reduced by 2n, so that for the order of the ruled surface Œ proper, the 
number 2n is obtained. A generic plane (A,) determines an involutorial 
group of n+ 1 planes (ài), (Az)>° °°, (Am1) on D, so that on each of 
these, the remaining. n cut out on n-lateral with $'n(n— 1) points of 
intersection. In each of these planes there are no. other points in which 
two planes of the involutorial set are concurrent. The points of the 
'n-lateral in (As), a8 Ar varies, describe therefore a space curve Cm of order 
 m==4n(n—1). Any two planes of the (n + 1)-edron intersect in a gen- 
eratrix g of G, and g is cut by n— 1 planes of the involutorial group and 
becomes thus an (n — 1)-fold secant of the space curve. Moreover through 


* Apolarität und rationale Ourven (1883). 
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every point of Cm there are three (n — 1)-fold.secants, so that Om is a triple 
curve of G. A plane (A). of D cuts G in n lines g and a residual Ca to which 
| the n-lateral (g) is inscribed. A generic plane p cuts @ in a Caw which at 
the m = $n(n—1) intersections of Cm with p has triple‘ pone The genus . 
of Cen is therefore. ` 


"mam f(2n— 1) (2n—2) — 3: n(n —1) = F(n—~1) (n—2). 


Both Ca and Cn are on the same ruled surface @ and hence birationally 
related, so that Ca has also the genus ~, and is therefore without singularities. 
The genus o of Om is easily found from the projection Cm of Cm from one 
of its generic points upon a generic plane. Cm has the order $n(n—1) —1 
and has three (n —— 2)-fold points arising from the three (n — 1) -told secants 
of Cm through the center of projection. Thus l 


om tL dn(n—1) —2] [ dn(n—1) —3] — 3: $ (n—2) (n—3), 
which reduces to 
o = 1/8(n* — In? — Zin? + 70n — 48). 


A plane (A) = (à) of D and an infinitely close plane (X’,) intersect | 
-in a tangent ¢ of T, the curve of regression of D. The remaining planes of 
the involutorial group determined by (A1), cut (M) in the n generatrices 
Ja, Jax" °°) Q9nu- These cut ¢ in n points Pa, Past * +, Pai. which are on G 
as well as on D. Likewise to (A’1) correspond n planes which cut (A1) 

in n generatrices 92, 9's," °°, 9’nu Which are infinitely close to gz, Js,°‘°; 
gnai, respectively, and which cut tin n points P'a, P's - : s P'ns1, in the same 
order infinitely close to Pa, Pass’ ©, Pai. Hence ¢ touches G in n points 
PaPa“ E aE The plane (A;) cuts G in Ja Js’ °°, Jm and a residual 
- Ca. This curve cuts ¢ in n points which are precisely the points Pa Pa’ ~, 
Paix, 80 that these are the points of tangency of (A) with G. From this 
follows that D as a surface of order 4 touches G along a curve of order 4n, 

which counted twice is the een intersection of D and G. In conclusion 
we have 


TuHeorem 6. The in(n-+1) lines of intersection g of the planes of a 
group of n -+ 1 planes corresponding to the groups of an tnvolutorial (n, n)-" 
correspondence on a cubic surface D of class 3 generate a ruled surface G 
of order 2n with a space curve Cm of order m==4n(n—1) and genus 
$ (nt — 2n° — 21n? + TOn — 48) as a triple curve. Every generatria of G 
is an (n —1)-fold secant of Cm. Every plane of D cuts G in n generatrices 
and a residual Ca. The residual n intersections of these generatrices with Cn 
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are collinear on a line t which is a'tangent of the cubic of regression of D. 
The latter surface is a complete contact surface of G and touches G along 
a curve of order 4n. 


2. A sertic ones with a ‘space cubic as a triple curve. This sutface G 
is obtained for n = 3 and was first investigated by E. Weyr * and also by 
the author ł as an example of a more general class of surfaces. 

The preceding theorem 5 for this case may be stated in a form found 
. by A. Hurwitz f in a remarkable study on problems of closure: 


THEOREM 6. The sight faces of any two tetrahedrons inscribed in a 
space cubic are osculating planes of another space cubic. Both curves are 
related suchwise that there are œ* such tetrahedrons with the same property. 
Every point of the first curve ts a verter of just .one of these tetrahedrons. 


The two curves are Cm = C, of genus co ==0, and T. Each face of a 
. tetrahedron inscribed to C, and circumscribed to T cuts G in three genera- 
trices g and a residual elliptic cubic Oa == Cs. The g’s cut Cs in three residual 
points which are collinear on a tangent t of r. D touches Œ along a curve 
of order 12. 


3. The Schur sexttc. In 1881 F. Schur published a paper on curves 
and surfaces generated by collinear forms (Grundgebilde) in which,” among’ 
other interesting results, he found a space sextic with remarkable properties. 
This is the curve Cn == Os of genus o = 3, when n == 4 in the involution on 
- the developable surface D of class 3. The five planes of an involutorial group 
form a pentahedron completely inscribed in the Cs; i.e., its 10 edges are 
trisecants and through each of the 10 vertices pass three trisecants. On 
accopnt of the importance of this curve it is perhaps not superfluous to 
restate the general results for this particular case in the form of ) 


THEOREM 7. Among the space sexttcs Os of genus 3 there exists a class 
in which every curve admits of œ inscribed pentahedrons. The edges of 
these pentahedrons generate for every curve Ce a ruled surface G of order 8 
with Ce as a triple curve. If a Ce has one inscribed pentalateral, then it has 
an infinite number. . The faces of the pentahedrons envelope a developable - 


*“ Ueber Flichen sechsten Grades mit einer dreifachen cubischen Curve,” Wiener 
Mtizungsberiohte, Vol. 85 (1882), pp. 513-5265. 

` 4“ Ueber eine besondere Klasse von algebraischen Flächen,” Commentarii: Mathe- 
' matici Helvetioi, Vol. 2 (1930), pp. 99-115. 

t“ Ueber unendlich-vieldeutige geometrische Aufgaben, insbesondere über Schlies- 
sungsprobleme, ” Mathematisohe Annalen, Vol. 15 (1878), pp. 8-165. 
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surface D of class 3 and order 4 with a cubic curve of regression T. D isa 
contact surface of G. Every face of an inscribed pentahedron cuts G in a_ 
quadrilateral (g) and a restdual quartic Ca. The sides of (g) cut C4 in four- 
residual points, collinear on a tangent t of T, so that (g) and t form an in- 
scribed pentalateral of Cy. These residual curves are therefore Lüroth guar 
tics. The manifold of Schur sextics is œ”. 


The concluding statement may easily be verified. Two arbitrary planes 
(Ar) and (A’,).of D cut every Ca of the class. With (A:) we can associate 
four other planes of D to form a pentahedron A; likewise with (A’1) another 
distinct set of four planes of D forms a second pentahedron A’. The two A 

-and A” determine a Schur sextic uniquely and may be chosen in 0*-.co* == œ? 
_ ways. On the other hand D is determined by six-generic planes (A). But 
on.a given D six. planes may be chosen in o° ways. The manifold of D’s 
is therefore 0%- œ° == co, and consequently the manifold of Schur sextics 
œ- cot = œ, It will be remembered that it is œ% for the general sextic 

of genus 3. . 


4, The Schur sextic as a locus of vertices of cones. In Schur’s paper 
can also be found the proof that the sextic discussed above is also a “ Kegel- 
spitzenkurve,” i.e., the locus of vertices of cones in a certain net of quadrics, - 
‘or the Jacobian curve of this net. Now the manifold of such Jacobian curves 
is co*!, Putting the condition on such a curve that it shall lie on a six-point. 
- of a quadrilateral diminishes the manifold by 1, so that the manifold of these 
Jacobian curves is 0%*°, the same as that of the Schur sextics. 

The fact that the Schur sextic is the Jacobian curve of a net of quadrics 
may easily be verified by the following proof which may be given in outline. 
‘Take any of the inscribed pentahedrons of a Ce. It contains’5 tetrahedrons. 
On each face of such a tetrahedron there lies a quadrilateral of trisecants 
with a diagonal triangle. Thus on each of the tetrahedrons there are 12 
points which lie on a quadric Q, and every inscribed pentahedron determines 
5 quadrics which may be shown to be linearly independent and. form a linear 


four dimensional system > aiQ; = 0, with respect to which the pairs of 


vertices of every ET of trisecants are apolar. Two such systems 
of quadrics based on two distinct inscribed pentalaterals haye a net of quadrics 
in common, whose fundamental curve in the involutorial cubic transformation 
determined by the net is identical with the Schur sextic. Thus 


. THEOREM 8. The Jacobian curve of a net of quadrics is a Schur seatic - 
when tt is on the sis points of a plane quadrilateral. 


A HYPERSURFACE OF ORDER 2" IN r-SPACE. 
By B. C. Wong. 


1. The equation 
(1) . PA + Tgh ae ‘ch Php = 0, 


when rationalized, is of degree 2"> and therefore represents a hypersurface 
V2" of order 2" in r-space. If r== 2 and 3, we have a conic and a Steiner’s 
quartic surface respectively. In this paper we propose to study the hyper- 
surface for r > 3. We shall first obtain the different multiple varieties on 
the hypersurface, then give a few general remarks concerning its 3-space and 
plane sections. We shall, finally, consider its representation upon a hyper- 
plane. 


k 2. For the purpose of obtaining the different multiple varieties on V2", 
we find it convenient to group all the terms in the left-hand member of (1) 
into y groups. Letting the k-th group contain ¢ terms, we write the equation 
in the form 


ty te ts ty 
(2) È, Ty^ E Dit, E X Dt atarts oes TA tates. ..ttyarty = O 
1 1 1 1 
where 
(3) ti + t-t: th=r+), 
: ; 
or > db, — 0 
1 
tr 
where Py T > Ue ates oe bby tye 
1 


3. Consider one of the (t -—— 1)-spaces, St,-1, of the coördinate simplex, 
A,, and let its equations be given by all the r -+ 1— t xs not contained 
in equal to zero. This Ss- is tangent to V?"" along a V oe 2r-truply. 
The equations of this a. of contact are the r+1—% equations just 
mentioned and ®y == 0. The nature of T is identical with that of V377 
for r = tg — 1. By allowing tx to take on successively the values 2, 3, 4,:°-:,7, 
we find that the hypersurface is touched, respectively, by each of the (*3*) 
edges of A, in 27? coincident points, by each of the ("7 ) planes of Ar 
along 2" coincident conics, by each of the Ca) 3-spaces of A, along 274 
coincident Steiner’s quartic surfaces, : --, by each of the r+ 1 hyperplane 
faces of A, along a V2"™. 
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4. 7 ow ras y a 
(4). $, = 0, ined (+, y= (0) 
represent v hypersurfaces 


2t,-1 alri Se t 2ty-1 
A s TE Vee 


r-1 r-i 


respectively. The hypersurface ae given by s= 0 is the locus of the 
oo fe-3 S41 2,’8 all passing through the Sr, of A, whose equations are obtained 
by equating to zero all the & 2’s contained in 4 and meeting the opposite 
. S11 of A, in the points of the variety kea of contact between ae and | 
Vie The equations (4) taken simultaneously represent a V2ii*ts".-. “yar 
== Ver" which ‘is the variety of intersection of the v o and is 
the locus of the oo7*** S,_,’s incident with all the varieties of contact © 


V3 Ve ar ER patra, 


t1? ty-2 


This variety yore ig of multiplicity 2"* on. Pa Ag the r+ 1 terms in : 
the left-hand member of (1), can be grouped eer v groups as indicated 
in (2) in A 


= (11) > (r+ 1)1/(hlh! N 


‘ways for all integral. values of the #s greater than unity and atini 
relation (3), there are N 2”7-fold varieties of dimension r— vy and order 
grr on vers, constituting a composite 2”’*-fold variety of dimension r—r 
and order 


= (8r /y1) E (r+ 1) 1/(t bl seh) 


5. For a given of waite of v, the N 2”-+1-fold peg are of different 
types, depending on the values of the és. Ofcourse, for: y = 1, we have V2"". 
itself. For y= 2, we find that the entire composite double variety on’ yara 
is of order M = 2r- (2 -—r— 2) and is composed of N = or—_r—2 ruled 
. varieties all of order 2". These component varieties are distributed as- 
follows: For t, or t: == 2, we have (S) = (1) (r—2)-dimensional cones 
of order r— 3 each having for vertex the point where an edge of A, touches 
Ver, and standing on the V?"" of contact in the opposite S;-2 of Ar. ~ Bimi- 
larly, for ¢, or t: = 3, we nae (ey. = (ea) R each of which has 
for generators the lines incident with the conie of ‘contact in a plane of Ar 
and the eats of contact in the opposite Sra of Ar. Continuing in this, 
manner. by i assigning all possible values to b, tg satisfying the relation 
t + t =r 1, we shall soon have: obtained all the double varieties on the 
hypersurface vee 
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6. We may proceed in a simildr manner for the. other values of +, but 

_ we ghall be content with an illustration. For r= 5, the ‘double variety A 
of order 100 on V4!* is composed of N = 25 V;"s of which 15-are 3-dimen- 

- sional cones each having its vertex'or an edge of A, and standing on the ` 
— Steiner’s quartic surface of contact in the opposite S,-of As and 10 are 
ruled quartic varieties each being the locus of the œ" lines incident with ` 
the two conics of contact lying in opposite planes of As. When v= 3, 
team tg =m fg = 2, Ve® has 15 quadruplè planes each being determined by the 
points of contact on non-adjacent edges. of the codrdinate ‘simplex. 


Y; On the composite double variety on ya is a ‘pinch variety which 
is of dimension r— 3 and order 2**r(r +1) ane is composite, being com- 
posed of the (") Vey ’s along which the 87-28 of Ar are tangent to Va‘t 
doubly. Thus, the Steiner's quartic surface has six pinch points and tthe 
V,’ in S, has 10 pinch conics. 


`~ 


8. On the a oe y3"? there are numerous other multiple varieties 
whose multiplicities are not powers of 2. We shall here indicate a simple 
method by means of which these varieties may be obtained in any given case. 
Returning to the equation, (1), of the hypersurface, we find that-the signs 
in its left-hand member may be ‘combined in 2° ways. Then, the left-hand 
member of the equation, after it is rationalized, is the product of the 2° ` 
factors each with a different combination of signs. Now any point whose 
coérdinates make q of these-2" factors vanish is a q-fold point on the hyper- 
surface. This method also enables us | to find the or -fold varieties already: 
mentioned above. 


9. As an illustration, consider the vt in 8, It has 10 double quadric 
cones K?”;; whose equations are 


. “ob 
et Dji Met Dyl ones ots (v—w)?: oF 


[i j, k, 1, m=1, 2,-- +, 8]. The right-hand members of these equations 
make the two factors ` l 


Trh — pA +. oy Er — Emh, TAA m DJA — ry + 21% -H Lm" 
_ vanish. Now let v= and we have . 
Ti | fy! Gee: Tii tm mit ut w : (u— w)? : w? 


which are the E of 10 conics O%ij, each being common to the R. 
K?’ ijs - K* jks Ky, and tying } in the paie Ti == Zy = — Te == 0, As the coördinates; 
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' of the points on these conics make the three factors 


— pp -4 TrA -4 0,8 — DPA — Em, r — ih + ah m — an. 
Tih + gh — trh — prh — Im’ = 


equal to zero, the conics are triple curves on V,°. Now putting w == + 2u, . 
we obtain five points whose codrdinate (1: 1:1: 1: 4) make the four 
factors 


+. m — pA Saine CA —~ p 4- Lm ô, = g^ -+ rj — Dp — 1,7 F Em ^, 
— Pih am 9B oh ay m yh E Bm, O — ey yh —~ ry +L 7h A- E 


vanish. These points are, therefore, quadruple points on the hypersurface Fa”. 


10. From what has been said concerning the singular varieties on the 
hypersurface en it is not difficult to describe the singularities on any of 
its sections. In aeaa the surface, F?"", iw which a general S, meets it 
contains a composite double curve consisting of 2" r—2 components all 
of order 2°*. Of these component curves r(r-+-1)/2 are plane curves. 
Denote these by Ce . They are the intersections of the given S; and the 
r(r-+1)/2 (r—2%)-dimensional double cones of order 27- on V2". They 
are all of deficiency 275 (r — 6) + 1, having 27-"(2r-2? — r) nodes. Each of 
these nodes is the common node. of three curves Oa Co aes. and is 
a quadruple point on F°", There are in all 


Mv = (28/31) B (r +1)! til te! t! 


such quadruple points where t, + te -+ 7%, == f T 1. Now any three curves 
cv, OF , Cia which do not have a node in common meet in 2° points 


Sn ihe line een to their planes. These points are triple points on F*™ . 
and there are in all r(r°— 1)2"-8/6 [r > 3] such triple points. | 


11. A general plane section, c?"", of V2"" has 27*(2"—1r—2) nodes 
and r-+ 1 r-fold tangents. Hach of the latter is the intersection of the plane 
of c?™ and an Sr of Arn As each r-fold tangent counts as r(r—i)/2 
double tangents, c°? has 27 7(2"%r? — dr + 8) —r(r?-—1)/2 double tan- 
gents besides. The curve c*” is of class 2**r and is of deficiency 
Qr-8(r—4) + 1, 


12. All the previous results can be readily obtained from the following 
representation of the hypersurface upon a hyperplane Er- Let Y1, ¥2,°° 3 Yra 
‘be the homogeneous point codrdinates of R,.. where 


Yı Ya t: t F Yra = 
and let the equation 
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(5) Uy,” UY?” a e rai ea = 0 


define an oof-system | Q | of (r — 2)-dimensional quadric varieties in Rr- 
Taking the members of | Q | as fundamental varieties, we can represent the 
hypersurface o upon Rr, the formulas of representation being 


. CEROT. Be Gp as Get 
©. Ue: > Tra = Yi” i Yz : Y r+ 


If we eliminate the ys from these equations, the result is equation (1). 
Hach of the (r— 2)-spaces y; taken doubly is a member of | Q |. 


13. By means of this representation we see that the hypersurface we 
are studying is of order 2"! as any —-1 general quadric varieties of |Q | 
intersect in 2’ points. We now show that it is of class 7. Consider the 
Jacobian varieties J‘) » Jt oe ew os all of order 7, of any r— 1 linear 
of t_systems of | Q i. "They all pass h — 1 times through each of the ("7 ) 
Sya1’8 in which the r- 1 S,..’8 : yi intersect h by h. Thus, each of the 
a S,_3’8 in which the s intersect two by two, each of the (3) Sr-g’8 ID 
which the y’s intersect three by three, - - -, each of the a) lines in which 
the ys intersect r— 2 by 7—32, and finally, each of the (2) points in 
which the ys intersect r-~1 by r—1 are simple, double,---, (r—3)-fold, 
and (*—2)-fold, respectively, on all the Jacobian varieties. Any two of 


rege f ‘ af © i 1 2 
these varieties, say J Œ, J., intersect in a V (2) besides the (77>) Sr-s’s men- 


tioned above. Now this vO intersects any third one, say J), in a rG) 


besides the (73+) double ae s also mentioned above. Continuing in this 
manner, we find that the number of free points common to all the r— 1 
Jacobian varieties is (eas) ==1, Hence, the class of V? is r. 


14. Of course, this fact can be easily derived from the equation of the 
hypersurface. Or, it may be seen from the fact that a general pencil of 
quadric varieties of | Q | contains r conic varieties. Any general hyperplane 
Sr-ı with the equation 


Uy Dy + Uat et + H Urra = 0 


pa-l 


meets V2" in a Ve which corresponds to a quadric variety Q of |Q |. 
r- will be a tangent hyperplane if Q is singular. The discriminant of 
equation (5) equated to zero, is, after dividing by Wuz’ ` * Urs, 


1/in + I/F $ Lur = 0. 
This is the equation of oe in hyperplane codrdinates. Interpreting u; as 


`y 


r-1 
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point coördinates of Sr, we can regard this equation as representing a hyper- 
surface Vr, of order r and class 2⁄1, reciprocal to ya. Vr has on it 
¢ +1 (r—1)-fold points, (3) (r— 2)-fold lines joining the (r— 1)-fold | 
points two by two, (F) (r—3)-fold planes joining the (r— 1)-fold points 
three by three, > s (i) simple S,-28 joining the (r—1)-fold points 
` r— i by r—1. 


15. Itis evident that V", is representable upon Rr. by means of the 

r-ic varieties of the type J™, J@,---. Attention is here called to the ~ 
involutorial r-ic transformation in 8, effected by means of r hyperquadric . 
surfaces. To a point P we make correspond the point P” of intersection of _ 
its polar hyperplanes with. respect to them. ` If P (or P) describes an Sra’ 
or in particular Rr, then P” (or P) describes an r-ic hypersurface. This 
hypersurface will be the V", reciprocal to V3" if the r hyperquadric sur- 
faces have a self-polar simplex, Ar, in common. The intersection of A, and 
Rr; is the configuration, A’,, formed by the r+ 1 (r—2}-spaces y;. The. 
quartic varieties in Er-ı coresponding to the o7 hyperplane sections of V", 
pass through the C) (r — 3)-spaces of A’, and form an coo "-system, The 
` Jacobian variety of a general linear œ7*-family of this system is of order 
r(r—1) but it is composed of the r 4- 1 (r-—~2)-spaces y; each taken r— 2 
times and a quadric variety whose equation is of the form (5). r-—1 such 
Jacobian varieties yield r—1 quadric varieties having 27 points in common, 
and, thus, we are led back to the pErennen of the hypersurface V3" 
_ upon Era. 


16. If we take all the ames of the 90 +D r-D/2 system of (r—2)- 
dimensional quadric varieties in R;-, for fundamental varieties of representa- ` 
tion, we can set up a one-to-one correspondence between the points of_an 
. (r —1)-dimensional variety of order 27 * in an S¢r4a)(r1y/a and the points of ` 
l Rri. The projection upon an S, of this variety from a general S(ptw4)/g 10 
Scrsa)¢r-49/2 88 center of projection is-the- oe 7 we are investigating. 


_ 17. A general plane section c?"* of V?"" has for image the curve C?"~ 
in which r— 2 general quadric varieties of the system | Q | in Rra intersect. 
. If G*"* is projected on to an Sz, the projection will have 27 (2r-2 — r -+ 1) 
apparent double points. Hence C?"* is of deficiency 27*(r—4) -4-1 and, 
therefore, c?"~ is of deficiency 2"*(r— 4) + 1 as has already been mentioned. 
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TWO INVOLUTORIAL TRANSFORMATIONS, OF ORDERS 11 AND 
9, ASSOCIATED WITH NULL RECIPROCITIES. 


x By VIRGIL SNYDER AND Hazer E. SCHOONMAKER. 


1. Statement of the problem. An interesting transformation may be 
defined as follows: Take four mutually skew lines a; in space and a fixed 
point A not lying on any of them. Any plane through A cuts these lines 
in four points Ay. Then there exists in that plane a point O such that the 
lines OA, OA; are projective with five given lines of a pencil. If the plane 
is allowed to describe the bundle A, the point O will describe a cubic surface * 
passing through A and containing the four lines aj. This cubic surface is 
uniquely fixed. The analytic procedure will show that the converse is true. 
Hence we now have a (1,1) correspondence between the points of a cubic 

~ surface and the planes of a bundle through a ae on it such that each point 
hes in.its corresponding plane. ` 

A (1,1) correspondence between two spaces such that the points of one 
space correspond to the planes of the other, each point lying in its corre- 
sponding plane, is called a null reciprocity. Montesano f has shown that 
such a transformation can be considered as the product of a birational trans- 
formation and a correlation, and that every birational transformation can 
be obtained as the product of a null reciprocity and a correlation. 

The transformation described above is not good for all space. It wil. - 
become so if, instead of keeping ‘A fixed, we let A describe a line u. We then — 
obtain a pencil of cubic surfaces y + aĝ = 0, 

Any point P in space uniquely fixes a cubic of the pencil and a otk A 
on u. The line AP meets the cubic associated with A in the point P, image. 
of P. This transformation is involutorial. 


2. The parameters of the five lines OA;. Following analytically the 
steps outlined above, we first get the an of the five lines OA;. Let 
the four skew lines be 


| (ty == T3 == 0, Tı + T2 -F T4 = 0; ‘Qg =E= T4 = 0, Tı — Ta + Ty = 0; 
lg = Ta — T4 = 0, arreuso Oy = Tg — 22, = 0, 20, + Le +- Ly = Q. 


* Proved by Sturm, “Ueber correlative oder reciproke Bündel,” Mathematische 
Annalen, Vol. 12 (1877), § 38. 

t“ Sulle reciprocità birazionali nulle dello spazio,” Rendiconti della reale Ac- 
cademia dei Lincei, Vol. 4 (1888), pp. 583-590. 
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Let A= (0,0,a,1) be any point on w==2,—0, Ts = 0. Then any plane 
ca A is 
SE C0, F Cela + Ceg —~ ACgt, = 0. 


The plane r = 0 meets a; in the points A, Ay. Let O.= (41, Y2; Ya, Y4) and 
consider the codrdinates of any point on OA;. Cut these lines by the plane 
zı == z. This will give five points on the line r == 0, 212s. Denote these 
points by Bi. For lack of space we omit the codrdinates of these points. 
The coordinates of any point on the line r == 0, zı == zs can be expressed 
linearly in terms of those of B, B, Then for a properly chosen # and k, 
hB + kB, = By. If we take B for (1,0), By for (0,1), and put h/k—= M 
for the parameter of B; and hence of OAj, then by solving the proper g 
tions we find these perenietets to be 


Cı (Y1 + Y2 — Ya tyt a -+ Yz + Ys Eyt Cats 
Ye — Yı F Ya — Yo 
Ca (Ys — 241 — Ya — Ya) F Ca (Y1 + Ye + Ya) +0043 (a — 1) 
ayı + aY + AY, — Yı — Y2 — Ys 
oa (2y: + ye + 2y4)— ca (4y + 442 + 444 — ys) + caya (a — 1) 
7 441 — 2041 — Ya -F Ya + Ys — ayy 


Àz = 
A; = 


y= 


3. Equations of the pencil of cubic surfaces. Let à be the cross-ration 
of the first three and fourth lines; and A’ the cross-ratio of the first three 
and’ fifth lines. Then A==As/Az, A = àa/à Substituting the values of Ai. 
and remembering that O lies in m — 0, we see that O satisfies the following 
equations 

C141 F C22 + Cahy = 0, 
l Cipa -+ Caba -F Cabs _— 0, 
yı + C22 + cs (Ys — aya) = 0, 


liars a; are functions of (y) and A obtained by simplifying À = Xg/Ag, and 

Bı are functions of (y) and X. Again we omit numerical details. For these 
equations to have a solution the determinant must vanish. Hence A= (0 
is the locus of 0. This determinant reduces to 


\(—2y:—4y2— ys) Hyt tyy tb 3y. Ys(—4rtYa—Ys) +44 (341 +3y2-+3y,) 
N (Byt tya + eys)—8y1—4ya + Ya—b ye Ya(—yrtyr—ys) PY 4(— by —6y2— 8 ys By) 


jg A(2y.-+-4y2+-2y4) +Y Ys Y¥3(—titYye2—Ya) +y (3y1+3y1+3y14) i 
N (Ayr Rye Bye) Hayy Ys(—yrtyr ys) tya (by —6 y+ Bye 64) 


—y + =O. 7 
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4. The complete intersection of two surfaces of the pencil. The percit 
y +- að = 0 contains A but not u, the locus of A, and it contains the four 
skew lines. Since the surfaces are cubics and contain four skew lines, they 
must contain their transversals, which are found to be 


b = 7, = Q, Tı = Q0; to == 3t + Xp = 0, RE, + Vo + t4 0. 


These may be obtained by building the quadric surface containing ai, dz, ds 
and finding the points in which it is cut by as. The lines of the other regulus 
passing through these two points are the desired transversals. These lines 
do not meet w. 

The residual intersection of any two cubics of the pencil is a space cubic 
curve Cs, pP == 0 and of rank 4, meeting each a; in two points, t; in no points, 
and u in two points. If we find the points in which u meets y = 0 and 0 = 0 
we find that u is a bisecant of cs. The other properties of cs can be obtained 
by examining the map of a cubic surface. 


5. The equations of the transformation. Any point on AP has coördi- 
nates of the form 


py = ot, py 2 == Oo, py 3 =a gm TY, py s = Ys -F Or. 


The line AP meets F; ==0 in the point P’, image of P. We wish to de- 
termine ø and r so that (y) lies on Fs. Substituting the above values in 
the expression for Fs, we obtain 


Fee=O(y)y(y’) —o(y)a(y’) =9. 


Expanding by Taylor’s series and recalling that A and (y) are on the surface, 
we find that 
i o = Wy) b2 (Y, Y, 0) — Ö(y)y (y y, 0), 
T wy) 0i (Y, Y, Q) Oly) Waly, y, 0), 


where 6; is the i-th polar of A as to 0, etc. More explicit values of o and r 
are rather complicated and we omit them here. 


6. Order of the transformation and multiplicity of the fundamental 
curves. It is seen that o is of order 10 and r of order 8, hence the trans- 
formation is of order 11. Also o is cubic in y and @ is quadratic in these 
quantities. It follows that the intersections of y = 0, 0 = 0, namely, 4az, 
2t;, Cz are triple on the surfaces of the web. If A is any point on u= 0, 
it is found that the codrdinates of A satisfy o = 0, r = 0 and the first partial 
derivatives vanish for this point. Moreover, 
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Pyr 
a = V4) Spi oo oe oe yið ne v4 ) ‘nin | a 
Hence the surfaces o == 0 a T= 0 have contact along a double line and . 
this line is triple on. the surfaces of the web. 

In addition to these curves there are twenty parasitic lines. Hight of 
them, denoted by pm, meet wu, ai, aj, dx; four, denoted by q, meet u, cs and 
the two transversals; and eight, denoted by gs, meet u, Cs, ai, and ¢. To 
-obtain p4, for example, consider the F,-containing ai, az, and’ ds, and the 
points in which it is met by u. Through each of these-points is a line 
meeting a1, dz, ds. Now consider the Fe containing tı, te and u. This is met 
by cs in four points not on u. Through each of these is a line q. If we cut 
the pencil of cubics by a plane through a; and ¢; the residual is a line. For 
one cubic surface this line passes through the point: in which u meets the 
plane as well as through the point in which cs meets the plane. 

All these lines meet u. Let K be the point in which one of them g 
meets u. The cubic surface of the pencil belonging to K contains g, and by © 
the transformation any point of g is transformed into the whole line g and 
into nothing else. Hence each of these lines is a simple fundamental line 
of the second kind. | 


y. Images of the fundamental curves. It is obvious that the image of 
u =Q is o= 0, and that any plane through u is invariant. Hence in any 
such plane m we have an involution. The plane 7 contains u and seven points 
4A;, 27), Osi, the other two points Cs,2, and Cas in which cs meets the plane > 
being on u. The surface r==0 is the surface of invariant points and its 
section by 7 is Cg: 44:727';0",,. Hence the involution in the plane is of 
the Geiser type. In this involution A: ~ Cs: A4?3Aj27%Co,1.. If we revolve 
the plane about u,. the Geiser involution will generate our space involution 
and hence the image of a; is Ai: M4 BALACA . Similarly ty ~ Ty: 4ayty?tycgus. 
Since cs has two points on u its image is Te: 4u3tjcs u’. ` Each of -these 
surfaces contain some of the parasitic lines. 


8. Conclusion. We find then that the transformation is given by 
§yo~ Si A Aa erty Cs ugSpitq8g ix. 
The jacobian is composed of 
| Aj or A473 ax2tyc,u8044G 43, 
l Tj: 4a,tj7txc,udg4gis, 
N Ts: 4.a,2t;c,"u*4q89 43, 
Oyo: 40492t;2 cg *u8pi4q8Gis, - 
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conjugates, of ai, fj, ca and u. The na of invariant. points is 


T: 4a; Rte Uz8 p14989 35. 


t 


, This Jı contains two independênt linear parameters A, y hence there 

are really defined œ? transformations. Any two distinct elements (A,A), 
(A7, A”) generate an infinite discontinuous group of Cremona transforma- 
tions, each if which contains the fundamental elements u, 4m, 2t;; the 
residual space cubics form a congruence having u and 4a; for bisecants which 
has been studied by Godeaux* and by J. de Vries.} 


9. The second transformation. Another interesting transformation may 
be defined as follows: Take the lines u and 4a; as before. A plane « through © 
u meets each a in Ai. A point P in @ defines a cross-ratio A determined by 
the four ordered lines PA;. The locus of P as à remains constant and «` 
turns about u is a quartic surface F,: u*4a;. In its equation, à appears 
linearly, hence as A varies, a pencil of quartic surfaces F, == y +9 —0 is 
_ defined. By the-method above we obtain 


Y = T (Ta — Ts + Ba) (ty +- 222 — Ta + 2a) 

+ Titz [ (Tz a— ts + 324) (T -+ 2ra + Ta) 
+- (— 24, + Ta — 2ra + Bay) (21 + 223 — T -+ 2a,) | 
-+ zi? (— 2a, + Te — Bry +- 324) (T1 + 3t: + T4), 

O= zè (bwr + 2ra + 224) (Vr, — Pre + Las — 3ra) 
+ zita [ (4r: + 2r: + 224) (F %1— T: + a) 
+. (4a, + 22a — Tg + 404) (Ra. — Te + Rts — 324) 
-+ ay? (4a, + 22a — T3 + 424) (21+ trt T4). 


Now take a second line uv not meeting any of the given ones nor lying on 
any surface of the pencil. A point (y) determines a surface of the pencil 
F,(y). The transversal of u, w through (y) meets 2’s(y) im one residual 
point (y’). The transformation. y ~ y’ is birational and involutorial. 

Let u’ be the line zı — £, = 0, Z: — 2ta = 0. The plane determined 


by u and. (y) meets w’ in U’ == (2y1, 2ya, ya, 21). Any ae on the line <- 


U’(y) has codrdinates of the form 
pty = (a + 21) ys, pta — (o + 2r)¥2, pls = Ys F Ya, ple = oY + ae 
and 


Fi(y) =e) iy) oy CU NEKE = 0, 


* “Sur une congruence linéo-linéaire de cubiques gauches, Bulletins de la Classe 
des Sciences, Académie Royale de Belgique, 1809, p. 631. 
+ The congruence of twisted cubics that cut five lines twice,” Proceedings Konin- 
klğke Akademie van Wetenscappen te Amaterdam, Vol. 31 (1928), pp. 454-458. 
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For the point (y) on this line we have 


tome — 2 [O(g y) —¥(y) og, 9) 1, 
o == 0(y)y (4) — 0 (g) (y), T - 


wherein (7) = U’, and y (Ẹ, y) is the polar of U” as to the qi coefficients 
of x17, Baite, Z,* in y, ete. 


10. The fundamental elements. The transformation is of order 9. In 
o == 0, u appears to order 6, and in r = 0, to order 5. Since r is multiplied 
by Yı O Yo in each equation of the transformation the conjugates of the 
planes of space contain uê. 

From the definition of the transformation, every plane through u remains 
invariant. In each plane of this pencil the transformation is perspective’ 
Jonquières, of order 3, having U” for double point and 4A; for simple funda- 
mental points. Every conic of the pencil A,- - - A, ts transformed into itself 
except-that one passing through U” which has the point U” for its conjugate. 
Hence u” is double on Jy. The locus of this conic as « turns about td is e = 0. 

The line a; is simple on J, since the conjugate of any point A; on it 
is the line U’A;. The locus of this line is the quadric uwa; == Hj. 

- The lines meeting uaaa, = pa etc. are basis lines of the pencil of 
-quartics, since u is a double line. The plane wp; meets w in T”. Three 
points A; lie on p; and '4; does not. Consider any point (y) in this plane. 
The line joining it to Ay meets p; in a point which determines A, and the | 
line T’(y) meets pı in its conjugate (y’). ‘Thus the conjugate of p; is the 
plane upi. For one value of A, the line (y)Az passes through T’. These lines 
are parasitic, or simple fundamental lines of the second kind. 

Finally, consider the transversals of u, w, ai, Q = qù. The plane u, 
giz meets u’ in Qon ga, hence each line qix is a simple fundamental line of 
the second kind. This completes the configuration ‘of fundamental elements. 
The conjugate of u is o + 2r=0, and + = 0 is the locus of invariant points. 
The surfaces o==(Q, and r==0 touch each other along the line u. Every 
. plane through w’ is invariant; in each plane is a perspective Jonquières 
In: U%4As8Qx. | 

The table of characteristics has the form 


8, o~ Spt. uu *4ai8pil2qiz8t,, 
um Us: wu *4a8pi12qn8ti, 
um Us: uĉw4a;8p:12qix8t;, 
aio Hai : uw a6qixets, 
Ppi œ ti: upili, 
Ja Ua 4Ha Sri 


f 


SOME PROPERTIES OF THE FUNDAMENTAL CURVES OF A 
BIRATIONAL TRANSFORMATION IN SPACE. 


By Manian M. Torrey. 


Given a web of homaloidal surfaces | | in space (z), homogeneous of 
degree n in 2%, T2, Ts, Ta, and forming a, regular system, that is, one having 
no fixed tangent planes at any isolated fundamental point, or at any point 
of a fundamental curve. A (1,1) correspondence is defined between spaces 
(x) and (y) by the equations 


Yrs Yo: Ys i Yam pi: hoi Ps: os, 
Ti i Bei Za i Bere fi | Ya i We i Wa, 


-where the ys are homogeneous of degree m in 41, Ye, Ys, Ya, and also form 


a regular system. To a line of (2) corresponds a curve C’, in (y), and to a 
line of (y) corresponds a curve Cm in (s). Suppose the web | ¢]| has a 
fundamental curve u of the first kind, order v, multiplicity k. Then it is 
known * that if all surfaces of the web tangent to a fixed plane ~ at a point 
P of u are considered, they form a net which corresponds to a bundle of 
planes in (y), with vertex at a point F’. As m turns about the line through P 
tangent to u, the point F” generates a curve vp of order k, which is the image 
of P, and as P moves along u, vp generates a surface of degree equal to the 
number of variable points in which any Cm meets u. Every plane through P 
corresponds to a y passing simply through the curve ve.t The planar neigh- 
borhood r of P corresponds to the spatial neighborhood of P’. 

The object of the present discussion is to study this correspondence of 
directions at P and F’ in more detail. It will be shown that a direction 
l at P in r corresponds to a planar neighborhood at P’ in 7’1, a plane through 
the line tangent to vp at F’: as 1 rotates about P in =, a’; revolves about ~ 
the tangent to vp. A direction at P’ in mw’; determines a point in the second 
neighborhood of P on a curve Cm tangent to lat P: stated a little differently, 


*D. Montesano, “Su la teoria generale delle corrispondenze birazionali fra i 
punti dello spazio,” Atti della R. Accademia di Napoli, Ser. .2, Vol. 17 (1027), 
No. 8, p. 4. 

7 L. Godeaux, “Sur les courbes fondamentales des transformations birationelles 
de Vespace,” Bulletins de V Académie royale de Belgique, Ser. 5, Vol. 15 (1929), pp. 
317-318. 
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any Cm tangent to l corresponds to a line of m'i; the osculating plane of Cm 

at P corresponds to a surface‘tangent to n'i at P, and eee. the line B 

corresponding to. Om for an inflexional tangent. 
It is clear first that the surface y corresponding to 7, which may be- 


. called yr, has a double point at. P”, for since every curve Cm which is the 


' Intersection of two surfaces of the net has one more intersection with ~ than. 
with any other plane through. P, all lines through P” have one more inter- | 
section with yr than with other y’s containing vp. Hence any pencil of' 

planes with axis ? through P in zw corresponds to a pencil of surfaces through 
vp, all having a fixed tangent plane at P’, namely mı, which passes through 
the line tangent to vp. As 7? rotates about P, remaining in ~, the plane rı 
changes position, coe containing the tangent to vp at P. ` 

There are œt pencils of surfaces ¢ tangent to r at P, each having its 
curve of intersection. Cm tangent to l at P. - The condition for this is that - 
every plane through l should cut two surfaces of the pencil defining Cm in 
two plane curves, which in addition to having k-fold points at P, and the. - 
contact along one branch which determines the net, have .contact of the 
second order along this branch, that is, in terms of cartesian codrdinates, have 
equal second derivatives at P. This is a linear condition on the parameters 
of the net, reducing the net to a pencil. Furthermore the condition varies 
with the particular value imposed on the “second derivative, giving 00+ such - 
pencils. 

_ Every plane through I cuts such a Cm in two TA at P, and one Jii 
through 7, the osculating plane of Cm, meets it in three points at P. In 
space (y), therefore, every surface tangent to 7’; touches the line corre- 
sponding to such a Cm, so that this line must be in the plane ~a’. One 
surface tangent to r’: at.P’, the one corresponding to the osculating plane 
of Cm, has this line for its inflexional tangent. 

For an accurate pievas of this relationship between ik lines of wt aa 
the surfaces y tangent to mı, -note first that each line of m through P corre- 
sponds to a composite curve in (y) made up of vp and a variable curve O’n-«, 
~ these two curves intersecting at P’. A generic plane through P% meets this 
composite curve in two points at P”; any plane of the pencil with axis tangent 
to vp meets the curve in three points at P”; .the plane tangent to both vp 
and O's» meets the curve in four points at P’. Hence any line-of m through 
P meets a general. surface of the net tangent to m in k + 1 points at P, and 
a surface corresponding to a plane through the tangent to vp in k + 2 points. 
That is, such a surface has two sheets tangent to m, or if vp is a straight 
line so that u is simple, a surface corresponding to a plane through up has. - 
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a double: point at P, since in this’ case sath a surface must belong to every 
net defined bya fixed ‘tangent plane at P.’ Furthermore the surface which 
corresponds to the plane x; tangent to both vp and-C’n», is met by the 


` corresponding J in k + 3 points at P, that i is, such an } must be an infléxional 
‘tangent for one of the sheets of this surface tangent to 7, or in the case 


when u is simple, T must be tangent to the ‘surface. 

. Now consider the curves Cm tangent:-to a See l of m and corre- ` 
sponding ‘to the lines of 7’; through P”: All such curves lie on ‘the surface 
corresponding to n'n which may be. called ‘di. - Any curve osculating a par- 
ticular plane « of the pencil-through 7 must have three consecutive points in 
the plane a at P, and these points must also be on ¢:. Since ¢: has two 
sheets tangent to r, there are two curves on which the points can approach-P, 


_ Temaining in @ and on @:, and one of these curves osculates J, since one 


- sheet of pı osculates 7. Hence two. Cm osculate each « one osculating J, and 


the other osculating the second branch tangent to J of the section of ¢: by a. 

If another Cm osculated this plane, it would have two points consecutive 
to P in common: with one of the above curves (Cm). But two Cm can intersect ; 
in only one variable point. 

The Cm osculating | osculates every plane er l. Hence each plane 
a through Z is osculated by two and only two curves Cm through P, one 
peculiar to «, and one osculating every plane through 7. It foHows that one 
line of +’: is an inflexional-tangent for every surface of the pencil tangent 


to mr ; this line is also tangent to the proper image of l, a C’nz. The second 


inflexional tangent in 7’; varies with the surface of the pencil. ` 

-When & equals one, a similar argument shows that there is only one 
curve Cm osculating each plane through J, since only one branch of the 
section of $: by a plane through / is tangent to 1. This curve varies with 
the plane through /. The pencil of surfaces in (y) tangent to a; has one 
variable inflexional tangent at P*, the other being the line vp. 

Hence there is a (1,1) correspondence between directions at P in r, 
and planar neighborhoods at F” defined by the planes passing through the 


tangent to: vp, and there is a (1,1) correspondence between neighborhoods ' 


of the second order at P defined by the-osculating planes ‘of ‘curves -Om 
tangent to the same line of m, and directions at P i in. the. ad E 


. planar neighborhood. 


_ Now suppose the | ¢ | have a fundamental curve of-the second kind, u, 
order v, multiplicity kv, which eeror ts to a fundamental curve of the 
second kind.» on the. web | y |, order x, multiplicity kv, where k is a.positive 
meee Then if the enone is imposed that some surfaces of the web 


308 - | ‘MARIAN M. TORREY, 


in (x) be tangent at P, a point of u, to an arbitrary plane m, through the’ 
. tangent line to u, a net of surfaces results all tangent at P to rm, and tok—1 
other planes ma’ *', mre and these k planes form an involution, any one 
determining the other k— 1.* Furthermore the net so determined has k 
fixed.tangent planes at every point of u. This.net corresponds to a bundle 
of planes with vertex at a point of v, say P”. As the set of k planes through 
P varies, the point P’ generates v. A similar situation exists for nets |y | 
tangent to a fixed plane at a point of v. All y tangent to one fixed plane. 
at a point of v are tangent to k——1 others, and as the set of k planes varies, 
the point remaining fixed, the vertex of the corresponding bundle of pee 
in (x) generates the curve u, l 
. At a generic point P of u, determine a net |¢ | tangent at P ta Tı. 


This fixes a set of planes mı, m2, ` © *, 7%, whose equations are 
, 
2 ayz — 0; (i= 1,2, k). 
=1 


Call the vertex of the corresponding bundle of planes in (y) P’, and consider 
the particular set of Æ planes through the tangent to v at P” which determines 
the point P of u. It will be shown that the planes m,y ° *, mx, can be paired ` 
uniquely with the k planes at P’ in such a way that directions in m at P’ 
correspond to directions in 7’; at P’,-and vice versa. In other words, what- 
ever the value of k, any tangent plane to u uniquely determines a tangent 
plane to v, such that the two planar neighborhoods. correspond in the trans- 
formation. It follows that as P varies on u, the net | ¢ | being fixed, P’ 
remains fixed, and the k planes ~i, corresponding to the planes tangent to 
|| at P, generate the pencil whose axis is the tangent to v at P’. The 
spatial neighborhood of P” is thus shown to correspond to + planar neigh- 
‘borhoods defined by the tangent planes to the fixed net | ¢ |. at points of u. 
The plane 7, is tangent to all surfaces of the net | ¢| corresponding 
to the bundle of planes, vertex P^. Hence any line / in m, through P meets — 
any surface of the net in ky +- 1 points at P. The curve C'a corresponding 
to such a line is composite. One component is a curve (’n+’, the proper 
image of J, and the other is the curve v counted k times.* -Since / meets 
any surface of the net in n— ky -——1 variable points, C’n-ev meets every — 
plane of the bundle at P’. It must now be shown that all C’ss» cotre- 
* D. Montesano, “Sulla teoria generale delle corrispondenze birazionali dello 
spazio,” R. Accademia det Lincei Atti. Rendiconti, Ser. 5, Vol. 30 (1921), pp. 447-451. 


PROPERTIES OF FUNDAMENTAL OURVES. l 309 


sponding to lines of m, and therefore lying on the. surface >> ayy; = 0, 
are tangent to one and only one of the k planes through P’. j 

The line Z meets a generic plane of (z) in one variable point, and a 
generic plane of the bundle, vertex: P, at P. The curve C’n+. meets any Ņ 
of the web in one variable point, and in kv fixed points at P’. It must 
therefore meet any surface of the net corresponding to the bundle of planes, 
vertex P, in ky’ +1 points at P’. This can happen only if it is tangent 
at P’ to one of the planes tangent to the net |y |. It cannot be tangent 
to more than one, for if tangent to i of the k planes, C’n2 would have 
kv’--+4 points of intersection at P with every surface of the net, which 
would mean i points of intersection at P for l and every plane of the bundle. 
Furthermore, as 1 varies in mı, turning about P, O’ns varies continuously, 
always passing through P’, so that it is not possible to have some of these 
C’,«v tangent to one of the k planes 7’; at P’, and others tangent to another. 
Call the plane to which these 0’, 2.’ are tangent 7’:, and let its equation’ be 

4 


2 OE = Í, 


Since it has been shown that C'nev has two intersections at P” with ee l 
l must have kv’ + 2 intersections at P with the surface corresponding to 71, 
namely p> bipi = 0, and since Pis any line of 7, the section of this surface 
by m ve a ky’ -+ 2-fold point at P. l o 
Iti is. shown i in a similar’: way that the section of the surface > aj = 0 


by =’, has a ky -+ 2-fold point at P”, while the section of any ce surface 
of the net by 7’, has a kvy-+-1-fold point.at P’. For a line F through P” 
in. x’; corresponds to a curve Cm» which passes through P and is tangent 
to one of the k common tangent: planes of the net 4 |. That this plane 


ig T: is evident Po the fact that Y meets a oe on X ai = 0, which is 


composed of v taken k times and the proper image es in two consecutive 
‘oints at P”. Hence the curve Cm, the complete’ image of V, meets.1, the 
image of O's, in two consecutive points. at P, so that $l is a line in the plane 
tangent to u and Cm-xv, the components of Cm. But J is any line through P 


in n= Qij zi ang hence Cmt is tangent to Ti The remainder of 


the argument is identical.. 
` Furthermore the correspondence must be unique. For suppose lines of 
y . 
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a second ee mz in (x) corresponded to C's which also were tangent 
to the plane ~’. Then lines in the plane «^, would correspond to curves ` 
Cay tangent to both m, and rz, ‘and this has been shown to be impossible. - 
Hence wz is paired with another of the k planes in ty) which we call m'e 
Proceeding thus, the Xk planes in (y) can be named r^i, m'a,’ °°, mi 

= We now consider whether there is a A between directions 
through P in m, and directions through P” in wy. Take a pencil of planes 
“in the bundle, vertex P, with axis in ri ; 


> cyz +2 = Qizi = 0, 

sl 

where Ð cyz; = 0 is satisfied by the codrdinates of P. In (y) space the 
-corresponding pencil of surfaces has the equation 


“ 


$ cipy FH AÀ $ lijp = 0, 
j=i , Jsi 


all members of the pencil being tangent to the planes tgo ', mre Take 
„a section of this pencil by the plane w’;. A pencil of plane curves results 
with a kv + 1-fold pout at P”. All tangents to this. pencil at P’ are fixed, 


since the section of > ais; == 0 by z’; has been shown to have a ky + 2-fold 


point at F’, and TAR this equation has vanishing derivatives of. order 
_kv-+-1. This was to have been expected, since the curve of intersection of 
surfaces of the pencil has, in addition to the fundamental curve v, ky-fold 
for the system, two other branches through F” tangent to mı, namely a curve 
vı consecutive to v, and the curve C’szv, the proper image of a line of ri 
through P. This means that surfaces of a pencil in (y) corresponding to ~ 
planes of a pencil with axis in wi, have contact of the first order at P” along 
the sheets tangent to mi, me't tsm- Tiny’ ome and contact of the 
second order at P’ along the sheets tangent to m't The necessary though 
not sufficient condition for such contact is that the kv + 1 inflexional tan- 
gents to the surfaces at P” in n’, shall be fixed for the pencil. kv —1 
. tangents coincide with the tangent line to v, leaving two fixed directions 
in mı distinct from this line. A section of this pencil of surfaces by any 
other plane x’; will not give fixed tangents at P” in that plane, and any pencil 
of planes with axis not in m4, corresponds to a pencil of surfaces which does 
not have fixed tangents at P’ in m'i. 


 *E, Pascal, Repertorium der Höheren Mathematik, Vol. Us» p. 654. 
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Similarly if the sindi of planes in- (y) is 3 considered, and a pencil 
of the bundle determined with axis in mi, a pencil of curves is found in m - 
with two fixed tangents at P distinct from the tangent to u. However it 
_cannot be said that the direction in ~’; given by the axis of the pencil ‘of 
planes corresponds to the directions! given by the two fixed inflexional tangents 
in +; of the corresponding pencil of surfaces. The correspondence in direc- 
tions at P and P’ in the planes mı and: a’; must be considered in two ways. 
One approaches P in ~; either along a curve Cmr; image of a line V of wx, 
or along the tangent l to that curve. These two directions, apparently one, 
give different approaches in x’; to P”. If P is- approached along Om-xv, P” is 
approached along a line / of a; which is one of the inflexional tangents 
of the pencil of surfaces whose curve of intersection, C”»-xv', corresponds to 1. 
If P is approached along l, P’ is approached along Cnv, which is not in - 
general tangent to ¥. 

If neither u nor v is a straight line, there are two curves Cmsv tangent 
to each l of a, and two curves C’w-xv tangent to each Y of ny. However, 
if one of the fundamental curves, say v, is a straight line, there is only one 
curve Cmay tangent to each 1, but two curves. (’»+ tangent to each 1’; 
if both u and v are straight lines, there is one Om-xv tangent to each 1, and 
one C’,2v tangent to each V. | 

A simple example of a fundamental curve of the second kind for which 
k = 2 is given by Miss Hudson.* u and-v are both straight lines, and the 
transformation, a cubic involution, is defined by the equations 

Ba i yt y i Ba = HY? | Yas” | YoY? | Y Ya 
v is the line ys = y4 = 0. The system is not perfectly regular, since it has 
fixed tangent planes at the points (1,0,0,0) and (0,1,0,0), but these 
points may be avoided. As all known transformations which have funda- 
mental curves of the second kind with k > 1 are products of transformations 
for which k = 1, so in this case the cubic is the product of the two quadratics 
Tı i La | Ta | Vy ZıZs | Lakes Za? i Zala, 
Zy i Zot Zy | Z4 == Yiya | Yon | YsYa | Ys". 
' Consider a point on v, (é,7,0,0). If the condition is imposed that 
at this point the plane my; = y, shall be tangent to the web 


ayy’ + byays + Ysy + dys*ys — 0, 


* H. Hudson, Cremona Transformations in Plane and Space, Cambridge University 
Press (1927). 
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a second tangent plane is fixed, namely mys == — Ys, and the eee 
a == — 9b /ém? is imposed on a and b. Hence the web becomes the net. 


b (a? — Em yoys?) ae Yaa? + Ys Y — 0, 


which corresponds to the bundle of planes with vertex at (ém?, n, 0,0). 
Similarly if we take the web of surfaces in Ah the tangent planes at 
(m°, 7, 0,0) are given by the- equation 


‘byt? -+ UEM L : kaian 0. 


‘If one tangent ` plane is taken as s= mz, the other’ is determined as 
Ts == — MT, and a == —yb/é, so that the web: Ís again reduced to a net 


b (N2124 — fraz?) + cast? + day? t,=0, 


. which corresponds to the bundle of planes with vertex at (é,7,0,0). Any 
‘line through (é, n,0,0) in the.plane mys ==y, of (y) has for image, in 
addition to the line zs == 2, = 0 counted ‘twice, a line through (ém?,,0,0) 
in the plane zs == mz,. This property of the transformation was noted by 
Miss Hudson in another connection.* In this simple case the ‘curve Omsy‘ 
‘referred to above is a straight line; hence the problem of distinguishing 
between the direction at P in 7 as defined by ve and by the tangent to 
. Cmxv does not erise.. 

A simple non-involutorial: anom where u and v are not both 
straight lines can. be obtained by applying a quadratic transformation to the 
above cubic. Thus if we combine 


1 i Vel Uy t Le em 2yZe7  ZeS_" : Zaa” EAA 
with >: Zi | Za I Za: z =g : Yag : yag =f, 


where. g is free and - f quadratic in-¥:,° °°, Y«, and in addition f—0 ig 
satisfied by the coérdinates (0,0,0,1), there results a quintic 


T, | Ta | Ta | T= yf? : © Ya¥s*g yP : Ys gf 


‘with the double conic Ys = i = 0 inina of the second kind. The 
plane g = 0 cannot in this case be chosen as y. == 0,. since that gives contact 
conditions all’ along the fundamental curve in (z) space. In any case, the 
web has fixed tangent planes at the points y: == y, = f = 0 and yı = Yi = f 
== 0 which are distinct from (0,0,0,1), and at the points y, == g = f — 0, 
~ and these points must be avoided in applying the theory. 


* H. Hudson, ‘loo, oit., p. 271. 
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It is easily seen that the inverse of the quintic is a sextic transformation 
which has. the four-fold. line zs = £, == 0, image of the fundamental curve 

p=f=0 

If a tangent pláne wi is ea at a N P of the conic Ya = f = 0, there 
is determined a tangent plane 7’; ata point P” of the line z, == g, —0. 
A line 7 in m- through P corresponds to a curve C, tangent to a, at P”. 
A curve of the system tangent to I at P corresponds to a line in #4, which 
is an inflexional tangent common to the pencil of surfaces defining the O's 
above, but this inflexional tangent of the surfaces is not tangent to O's: 
‘in other words, the line J and the curve tangent to J define a common direction 
at P, but their images define two distinct directions at P”. 

The essential difference between.the two cases arises from the fact that 
tangency to a fixed plane at a point P of a fundamental curve of the second 
„kind entails tangency at every point of the curve, while for fundamental - 
curves of the first kind this is not true. Hence there is contact of the second . 
- order for. certain pencils of surfaces if P is on a fundamental curve of the 
second kind, and contact of the first order if the curve is of the first kind; 
hence also one, or at most two, curves of the system tangent to each line 
through P if u is of the second kind, and œ* curves of the system tangent — 
to each line through P if u is of the first kind. 


ON SURFACES POSSESSING A NET OF PLANE ISOTHERMALLY- 
CONJUGATE CURVES.* | 


By C. A. NELSON. 


1. Introduction. Let y™® = y® (u,v), 2 =2® (u,v), (k= 1,2, 8, 4) 
be the homogeneous codrdinates of the two focal surfaces Sy, S-—which we 
assume to be distinct—of any congruence, T, of lines. Let u and v be the 
parameters of those curves on Sy and Ss along which the developables of 
the congruence touch the focal surfaces. Then the congruence may be 
characterized, projectively, by a completely integrable system of partai dif- 
ferential equations of the form 


7 Yo == Mz, Za == NY, 
(D) : Yuu = ay + bz + Cyu + dev, 
Zov = WY F bz + C Yu + Wer, 


in which the coefficients are analytic functione of u and v and the subscripts _ - 
denote differention.t 
The integrability conditions. of system (D) are 


c = fu X = fo, b = — do — dfo, Cm —— C'u — C'fus mn — d= fur, 
Muy + dov + dfev + dofo — fumy = ma +- db’, 
(I) now + Cuu + Cfuu + C'ufa— fono = a -+ nb’, 
Mun F- MNu = ty + fymn + ed, 
Mn -+ 2mNy = by + fomn + be, 


where f may be any analytic function of u and v. 
The form of the a (D) is unchanged by the group of trans- 
formations 


(T) y =A (u)j, z=p(v)ž% ü= ¢(u), T= 4(v), 


A, m @ and y being arbitrary functions. Although the form of (D) is 
unaltered, the coefficients themselves are changed. Among the combinations ) 
of these coefficients which are relatively invariant we cite 


* Presented to the Society, December 27, 1928. 

tHE. J. Wilezynski, “Sur la théorie générale des congruences,” M émoires publiés 
par la Olasse des Sciences de VAoadémie Royale de Belgique, Deuxième serie, tome 3 
(1911). This memoir will be referred to as the Brussels Paper. 
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(1.1) c,d, m, AEE of eee log d), PEE Ce eg m). 


ae dudv 


Three of the covariants are 
(1.2) p= Yyu—(mu/m)y, o= zo —(n/n)z, e= pu —(8/8u) log m'p. 


The covariant o, when z is replaced by z%, defines the minus. first 
Laplace transform of Se. The surfaces So and Se are the focal surfaces of 
the minus first transform of I. Similarly, Sp and Se are the focal surfaces 
of the plus first transform of T. 

If we wish to concentrate upon the focal surface S, rather than upon 
the congruence T, we obtain a characterizing system of equations by elimi- 
nating z from (D). The result is 


om (d/m) You + fuyu — (d/m) (fo + m/m + dv/d) Yo + ay, 
(Y) 
== (mu/M) You -+ mny. 


The parametric curves upon Sy, form a conjugate system. When it 
happens that this system has equal invariants and consists entirely of plane 
curves, the surface Sy is greatly restricted. It is the purpose of this paper 
- to investigate the implications of these restrictions. 


2. Analytic formulation. It is well known that if the u = const. curves 
are plane the envelope of the tangents to these curves is developable or 
degenerate. The invariantive condition for this is * 


(2. 1) | c= 0, 

Similarly, the v = const. curves are plane if, and only if, 

(2.2) d =0. 

Finally, the conjugate system has equal invariants when, and only when, 
(2.3) (0?/dudv) log m = 0.t 


It should be remarked that the above conditions are also necessary and ` 
sufficient for a plane isothermally-conjugate net on Sy.{ 


* Brussels Paper, p. 28. G. M. Green, “ Projective Differential Geometry of One- 
parameter Families of Space Curves, and Conjugate Nets on a Curved Surface,” 
American Journal of Mathematics, Vol. 37 (1916), p. 236. 

+ E. J.: Wilezynski, “The General Theory of Congruences,” Transactions of the 
American Mathematical Sootety, Vol. 16 (1915), p. 319. This paper will be cited as 
Congruence Paper. . 

tł Congruence Paper, p. 322. 
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_ A comparison of the conditions (2.1), -(2.2), (2.3) with (1.1) in- 
dicates that they may be replaced by 
(2. 4) c=, (@/ðuðv)logd=0, (37/ðuðv) log m = 0. 
` We shall assume throughout that d=£0, m0. Geometrically this 
means that the surface Sy is neither developable nor degenerate.* 
Since no transformation (T) disturbs the form of (D). we seek a-trans- 
formation that will simplify the conditions (2.4). Now t 
(2.5) m = (u/d)(1/o)m, d= (u/d) (¥/$u") d, 
so that if we write, from (2. 4), dam (u): V (v) and m = Ua) Vi(v) 
_ the transformation for which 
Ty p=1/(VV)*, u= (U/0:)*, Yom (V:/V)* 
reduces both m and d to unity. Having made this transformation the con-` 
ditions (2.4) may be replaced by i 
(2.6) > em 0, dem=l | 
-The most general transformation not violating (2.6) is given by | 
(2.7) seh, p=kika be yo = ks, 


where kı, ka are constants. 
_ The above values for c’, d, m greatly simplify the integrability conditions.” 
They become 


(2.8) cafe Ë= fo j C=O, n= fur, D — fo — a, 
(2.9) tev — fony = nb’, ny = ao + fun, Bry == by + fon. 


The expressions (2.6) and (2.8) give all of the coefficients of (D) in terms 
of a, f, and their derivatives. ‘The expressions (2. 9) represent conditions . 
upon these two coefficients. Eliminating b’ and n from (2.9) we obtain . 


(2. 10) Qo = funuo — fufucs Ay fofuo—fucv, Guo = furt. 


We may sum up the results in the theorem: Let a non-developable, non- 
degenerate surface Sy be referred to a conjugate system of plane curves with 
equal invarianis. Then the congruence of tangents to the u mm constant curves 
may be characterized, projecttvely, by- 


. * Brussela Paper, p. 28. 
tł Brussels Paper, pp. 20, 23. 
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l Yo = %, | Zu = furl, f 
(A) = a = ay — foz + faa + 20, 
o = (foo — 4) 2 F foto, 

where a, f satisfy the conditions (2. 10). . 

3. An alternate form for (2.10). We introduce the quantities 
(3. 1) | h = Ta hı = fuv — (8 /dudv) log fuv- | 
Solving the first two equations of (2.10) for fuw and bifterantiating, 
we find 


= (38.2) fawio = tw HP, F fu(fofoo— TTA 
(3. 3) l furs —=— Gun +f? + folas'-+ hak 


whence h*A, has the two expressions 


hPh, = — auto + fuo (fre — üg; O 

: = — Ayn + fuv (Que zz fuy). 
Using the first form : 

; (R°hai)u = fuhPhy. 

Similarly, the second gives 

(h7hi) > = foh?ha, 

whence i i 

h*h, = kef, 


with k an arbitrary constant. Since 454 0—unless hh, = 0, a special case 
we return to later—a transformation (T) can be found 1a will reduce & 
to unity and not violate the conditions (2.7). 

“From the first and last of (2.10) we find . 


(8.4) a = fuunv/fuv — fufuuv/fuo — Tuu. 
Eliminating o trom the first two | 
(3. 5) o [fuu + foo (fa + f)/2}w0—= 0. 
‘The conditions (3. 4), e 5) and 
(3. 6) a | h*h, = ef 


are e equivalent to (2. io): 
4. A aa of (X). -We turn now to the yaam (Y) which becomes 


(4.1) ; Yuu = Yov + fuyu — foyo + ay, 
Yur = fuot 
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and proceed to obtain the general integral of yuv = fwy. This equation has 


equal invariants 
. (4. 2) ° h == k = fuv. 


Its first taie transform has the invariants 
(4. 3) hy ai -— (6?/dudv) log fur, kı = h, 
while, for the second transform, 
(4.4) ha == (f — log h'ħi)uv, ka = hy. 
A glance at (3. 6) shows that ha = 0, so that according to the general 
theory,* the general solution of yuo == fusy is 


(4. 5) y=—au + fu’ + U” Hay + fY + VV", 
in which U and V are arbitrary functions of u alone and v alone, respectively. 
The primes denote differentiation. 

This value of y must also satisfy the first equation in (4.1). Direct 
substitution gives 

“ON A (fus — fu? — 2a) U” 
(4. 6) + (fuuu Ei fufuu p Qu) U” -+ (— Guu + Gyn + Qufu aiia duty + a*) U 
= VY 4 (fo — fo? + 20) V” 
+ (fow — fefoo + dv) V” + (avo — Guu — aofo + Qufu + a?) V. 
The coefficients of U” and V” are functions are functions of u alone and v alone, 
respectively, as (2.10) shows. Define 
(4. T) Uo = fuu — fa? — 2a, 2Vo = for — fo + 2a. 
Then equate the two expressions (3.2), (3.3). We find 
(4.8) Guu + los — fulu — feli = 0 
so that the coefficient of U—and also of V—may be written indifferently 
T ER PARAN -+ lufu -|- a’, Rvp se Zito -4 af. 


Differentiate the first form with respect to v, whence (2.10) shows the 
result to be zero. Similarly, the derivative of the second form with respect 
to u is zero. Thus the coefficient of U is a constant k and the condition 
(4.6) becomes 


(4.9) UY 420.0" + UU’ + kU = VY 4 20,0" + WV’ + KT. 


* Darboux, Théorie Générale des Surfaces, t. 2, Chap. 2. 
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Differentiating we find 


(4. 10) UY + 20,0" + 30%,0” + (0% +k)’ = 0, 
(4. 11) VN eR Vea a Ge) a0, 


both of which are self-adjoint ordinary differential equations. 

We summarize our results: The homogeneous point coordinates of the 
most general, non-degenerate, non-developable surface Sy referred to a con- 
jugate net of plane curves with equal invariants are given by 


y” = e au, + fuU -+ U”: + ayi -H foV"s -t Vi, (4 — L 2, 3, 4), 
where a and f are solutions of (2.10) and Ui, V; satisfy (4.9). 


5. Integration of (4.10). The equation (4.10) is of odd order and 
is also self-adjoint. Darboux has shown * that such an equation can always 
be expressed in the form 


(5. 1) f [(d/du)g(U)} = 90, 
where, in the present instance, 


j= AU + AT: + AU”, 
g == pU + mU’ + uU”, 


and are adjoint expressions, that is, 


(5. 2) 


(5. 3) E = À paoe Aa ~t- re”; #i = — Ai -+ RN 2; Hp: == Àz. 


We desire to identify the equations (5.1) and (4.10). Comparison of 
coefficients of UY indicates that we may take Às == p: = 1. Whence from 


(5.3), m =— à, and p == A— A Direct calculation gives 


(5.4) f [(d/du)g(U) | = UY + (2A — 40", — àt) U” 
R =A ERA” 
ABN a T ON E ee O 
H [A SAT AA — a”) FAQ — a”) ] D. 


From the coefficients of U”, U”, U’, 

(5.5) Uo = A— 2Ny— A1?/2, k =(A— X1)? H BA 1) H RA (A — 0)” 
Replace Uy by 

(5. 6) Uo == k — (d?/du*?) log U, —4(Us/U1)? 


* Théorie des Surfaces, t. 2, p. 134. 
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' where U, is a new function of u. Finally, choose: 
(5.7) A= Us/U,, À= kh T log U,/du?, 


whence 
on FU) = (HBL log Uhh) U + (0/0:)U + U", 
(5.29. P(T) =e — (0/0) 0. | 


Darboux gives another form that is more useful in the sequel. We write 


f(U) = (1/a) (d/du) (1/8) (d/du) af - U, 
g (U) = aß (d/du) (1/8) (d/du) (U/a). 


Differentiating out and identifying with (5.2%) we find E 


(5. 8) 


B/B = U's/Ur— 2a, d" — (U's/Us) a + kha = 0. 


Therefore the self-adjoint equation (4.10) may be written j in the form (5. 1) 
with f and g given by (5.8) and 7 


: (5.9) . B= U,/at, 
(5. 10) a” — (UU) + kha ma 0. 


~ We may write down B five independent integrals of ¢4. 10). 
They are © 


U, = Q, pA K- 


uma f pu fF ner aia wo 


_ where each integral includes those that follow. The integrals are to be 
regarded as having a common fixed, lower limit tuo and a common variable 
upper limit u. 

In a similar fashion we write five independent integrals of (4.11). 


v = y, war tte Vs = fsa SZ: 
SSES E or feof BSH Som 


(5. 13) 8 = Vif, Vo= k^ — P log V/d — $ (V/V), 
(5. 14) yY” — (V/V) ¥ + kay = 0, 


with corresponding conventions with respect to the integrals. 


(5.11) 


(5.12) 


where 
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A pair us, v;, when substituted in (4.5), will give a solution oi (Y) 
provided 


(5. 15) ìà F(u) = (v), 


in which F (U) is a notation for the left member of (4.9) and G(V) for 
the right member. We verify that i 


F(u )=0, F(u) = 0, F(u) — K“, d a L i: 


Ui 
Ka P= Su 2 TELERA aa de + 1a, 


with similar resulta for G(v;). We need merely to replace a, Un u by 
y, Vi, v. F(u) and F(u) are constants for their derivatives are zero. Hence 


F (us) = @'()/Ui (uo), F (tts) = 1/a (uo). 
In order that í l i 


(5. 17) F(us) = G(r) | (i= 1, 2, 3, 4, 5), 
we agree. that a (us) = U, (uo), a (uo) == y (vo) = 1, y (vo) = Vi (vo). Hence 
(5. 10) may be written in the equivalent form 


a /T + Wf (a/U,)du = 1. | 


These five pairs (u4, vi) give five solutions y‘” which, of course, cannot 

- be independent. We select four pairs so as to obtain four linearly independent 

y? from (4.5). The following may be used 

(5. 18) Uy <3 241, ts = Us, ; 4 mm Uas t an SUs, 

Vy == Vis Ve == Vg 4- khv, Ug === U4, Us == U6 + V5. 

In fact, F(t) = G(0;), (1 = 1,2,3,4) and the determinant 
yoo, Yu, Yo, y | 


is not identically zero. ‘This latter fact may be verified most conveniently 
by using the particular solution 
(5.19) a = — 4/ (uP — 1°), f= log 2/(u? — v?)?. 


with which we may use 


~ 


(5. 20) m0, sea 1, : 


whence «=u +1. In this case the above determinant has the value 
8/ (u? s= o) l ` 
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The closing phrase in the theorem at the end of paragraph 4 should now 
be amended to read “and U; == ü; Vi-=%,” where w and % are given by 
the expressions (5.18), (5.11), ahd (5.12). 


6. Eaceptional case hı = 0, hs~0. ea Liouville equation hy = 0 has 
for its general solution 
(6. 1) f —log 20’yV“o/U1V1 (Uo + Vo)?, 


where the U’s and V’s are arbitrary functions of u alone and v alone, re- 
spectiyely. From the integrability conditions (2.10) the value of dws may 
be computed from either of the first two conditions. Then the third gives 


a = # log U,/bu? + (U',/U1)-(8/ou) log 20%) Vo/ (Uo + Vo)’, 
or 
Q == — ĝ? log aie — (V/s) (8/dv) log 20V Uo + Vo)’, 


whence, equating, 
(6.2) [U (20V) /U: (Uo + nikes [V's (20% 0¥"0)/V1 (Gor Vo) Jo 
Hence there exists a function ¢(1, v) such that 

$o = U (20V) /U (Uo + Vo)*, pu = — — V7 (20%) / V(U. T vo 
Integrating the first and substituting the resale in the second, we obtain ` 


(6.3)  d*log U,/du* +(U’1/U1) [Uc’/U"» — U'o/ (Ue + Vo) ] 
— U"s(U9 + Vo) /2U"5 — V'i V”o/ V (Uo T Vo) = 0. 


In the same way the integration of the second gives 


(6.4) dlog Vi/dv® +(V4/V1) [V/V — V'o/ (Uo + Vo)] 
-| V'2(Uo -4- Vo) /2 Vo — UU’/U: (Uo + Vo). Te 0. | 


In these equations Us, Vz are arbitrary functions ere through oO in- 
tegrations. From (6.2), (6.3), (6.4) 


14/U') =m V'2/ V'a = constant = k, 
whence 
U: = kUo + hg, Vom kV + 2h, + ks, 
and i ; . 
$ = — U’ (2U) /U1 (Uo + Vo) + V0 + ks, 
or $ = V2 Vo) / V(U. + Vo) + Vo + 2k + ks. 


By equating these two expressions for ¢ we find 
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(6.5) 2% U's /U4 — kU,” + 2k,0 5 
= = — RV Vi Vi — kV 0? — 2k: Vo — constant = — hp. 
Differentiating with respect to u and dividing by 2U” 
@ log U,/du? + U’,0,"/U,0", — kU, + ki = 0. 
In a similar manner 
d log Vi/du® + ViVo” / ViVo + kV + kı =O. 
The value of a may now be written, using the last three equations, 
(6. 6) (Uo + Voja = kU Vo + kx (Uo— Vo) + keo. 


We have thus obtained the formulas for the functions a and f. They 
are given by (6.6) and (6.1). The values of U,, Vi which enter therein 
are found from (6.5). The arbitraries thus consist of Uo, Vo and five 
constants. 

Let us now investigate the problem of integrating the system (Y). 
Since the Laplace invariant Ay of the second equation is zero, the general 
integral is 


(6.7) yom (ha/h) U + U + (h/h) V + V’, 
in which U, V are arbitrary functions of u alone and v alone. Direct sub- 
stitution in the first equation gives 
(6. 8) U” +-(U%4/U1) U” + [2{Uo, u} — @ log U,/du*] U’ 
+ [{Uo,u}’ + 2(01/01) (Uo, u} + a log U,/du?| U 
we V (V/V) V” + [2 (V0, v} — d log Vi/dv?] V’ 

+ [{Vo, vo}! + 2(V4/V1) {Vo v} + d log V:/dv*] F, 
where we use the familiar notation {Uo, u} for the Schwarzian derivative of 
U. with respect to u. Differentiating with respect to u 
(6.9) UN +-(U%/U3)U" + 2{Uo, u}U" + [8{Uo, U} + 2(0%/U1) (Uo, u}] U 

+ [{ Uo, uh" + (UU) {Uo u}’] = 0, 
since 


(U:/U1) {Uo, UY -+ 2(d? log U,/du*) {Uo, u} + dt log U:/dut = 0. 


There is a similar equation for the function FV. 
Although the equation (6.9) is not self-adjoint it may be written in 
the form 


(6.9) (1/U,) (d/du) Uo (d/du) (1/Ue) (d/du) (1/0) (d/du) UnU — 0. 
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- Hence four linearly independent solutions are ` 
(6.10) u= 1/U%c, t2— Uo/U"0, tg = U0? /2U"o, 


% = S 
tl, = th f (us/ U1) du — ur f (tig/U,) du + tis f (u/U,) du. 
Wo To Wo 
Similarly, we may use j 
(6. 11) Yy == 1/V"o, Ug = — V/V’ o Us = Vo2/2V, = Eas 


u= f (vo/Vi)dv—va f raS (v./V:) ao, | 


-as a set of linearly independent solutions of the V-equation corresponding 
to (6.9). 

Call the left member of (6.8) F(U) and the right member G(V). Then 
F (w) = k, F (ug) == hy, F (us) = — ke/2, ` F (u,) = 1/U: (u), 
Gv) = —k, G(v)=—k,  G(vs)— kz/2, bci a 
the Ws entering through (6.6). 

In order to obtain four linearly EPET yo that will be solutions 
of the equations (4..1) we select pairs of linear expressions 1, T4 of us and vi, 
a acai such that F (ü) == G(%;) while the determinant 


| You, yu, Yo, yo | 0), 
the y‘? being computed from (6.7). To accomplish this we take K 


(6.12) 


ty == Uy + lUa = v ue Vey . 
(6. 13) Üg = Ug ++ agus, - Ug == Va + Gas, £ 
k lig "= Us -} Agtla, -Da == Vg F Agta > Oa 
hy == Uy + Agile, Vs == Va + Gye,” 
where. T 


(6. 14) Q -+ a, = — k/k, aa F- aa — Aha as = a. kas 0, u+ as 
Hence 

yO = —4/ (U. + Vo) + 2k (UT) — Vo) /k: (U T Vas 

y? = — 2? (U. — Vo) / (Uo + Vo) + 4k:UoVo/ks(Uo + Fo), 





(8) m 9 £ Us Uo — Uo — Vo 
y? 0TA + Vo) +h (ga SF a os 
: ) wVs FT, Tga) Tgi 





C4): jaun ae a “tr . 
y as mtf taw) DE Jui: am 
{ ToVo Uy 
ik do) + ee” net Ny ee ) 
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- The above denai is not identically zero for it does not = 
when a@—0. 
_ We turn now to some er considerations. From (1.2) 


` (6.16) em you — (hu/hi) yus, o= zo— (h/h) 
so that | : l 
(6.17) ` a=e—ay— (fu —hu/h)ys + (fo — ho/h)z. 
By direct computation | 


oy = 0, Og = (fo — Av/h)o, 
c= 0, eu = (fu — hu/h)es 
from which we see that the developables Ss and Sp reduce to cones whose 


vertices are the fixed points Po and Pe, respectivély. Ordinarily these vertices 
do not coincide. The relation (6.17)- shows this to be the case only if 


a==0, fu — ħu/h = 0, ` fo — hy/h = 0 


(6. 18) 


— 
which conditions are equivalent to the single one 


(6.19) eee. 


The surfaces for which a = 0 have been studied elsewhere:* We note 
that the formulas (6.15) are still valid. We merely allow k, kı, ka to ap- 
proach zero in such a way that k/k, and k/k approach zero. In this case 
the cones reduce to coincident quadric cones. In fact, | 


2) =e 4V’ (Uo + Vo)3,- 29 == AUV o/ Ue +y 

2) = 2U tV’ (Uo + Yo), A 
while l i 

D = 40 (Uo + Yo)’, p® =— 4U Vo/ (Uo + Vo)’, 

D em 20’ Vo2?/ (Uo + Vo), 


whence both z and p“ satisfy 
(6. 20) Says —~ T = 0, 
which is a quadric cone with vertex at (0, 0, 0, 1). 


| It should be noted that these coördinates refer to an tay eio 7 
of reference.. To find the equation of the cone referred to the local tetra- 


* Lane, “ Conjugate Systems with Indeterminate Axis Curves,” American Journal 
of Mathematics, Vol. 43 (1921), p. 52. The totality of surfaces possessing conjugate 
systems with indeterminate axis curves forms, to be sure, a larger class than those 
we are considering here. | = 


8 
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hedron whose vertices are Py, Pe, Pp, Po we express the derivatives of 2 in 
terms of y, z, p, c. Those which we need are 


Zy = fuy, o lui =T fuuvy + furp, 
Zyv = fuvey + fuv2, Zop == (fov + fe”) z -+ fos. 


Placing these values in the ẹxpansion 


(6. 21) Z = 2 + ty: Aut zy: Av 
+ $ (Zuu AU? + ey: AUAU + ayy Av?) F: - 
= 21Y + 222 + Zep + £20 
we have | | 
Zi = fuv AU + (fusn/2) Au? + fuw' AuAv +: y, 
(6. 22) Z2—=l+::., 
Zs = (fuo/2)Au* + °°: 


In each of the above expressions the omitted terms are of higher order than 
those given. 

Since the vertex of the cone is at (0,0,0,1) and the tangent planes av 
(0,1,0,0) and (0,0,1,0) are zs = 0 and z= 0, respectively, the equation l 
must be of the form 
(6. 23) Y? — 2Ayoys = 0. 


- To determine A we insert the values of z in (6. 93) | and demand mha all 
terms of the second order in Au and Av disappear. Hence 


“~ 


A= fuv JE 20V’ / (Uo + Vo) > 


7. Exceptional Case h = fux = 0. When fus = 0, the integrability con- 
ditions (I) give l 


(7.1) = f=U. + Vo, | a = constant == g. 

The general solution of the second equation of (Y) is 

(7. 2) y=U +V, 

w E in the first gives 

(7.3) U” — UU — aU = V” — VV” + aV = constant. 


For a moment we turn to geometrical considerations. ‘The fundamental 
equations (A) show that. i 


Zu = 0, . Zw = (foo — a) z + fore, 
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so that the developable S, becomes a straight line. Similarly, for Sp. These 
two lines do not meet in general. In‘fact, any point on the line Ls is given by 


a Yow F Yo 
while an aii point of Lp is i the form 
(7.5) pu -F Ap = You F AYu = Yoo + (A HTa) yu — Voyo + ay. 
For intersection all second sides en of the matrix 

( 1 0 `> x 2) 

1 At+t+U, —V% «a 

must vanish. Consequently, | 

am 0, es k = — V, 


~and we may say that a necessary and sufficient condition for the lines Lz; 
Lp to meet is that a = a =Q. 


Now for the ETR ONA of the enon a 3). Differentiation with 
respect to u yields 


(7.6) _ U” — Uo g” — (OW HaT = 
` Replace the arbitrary function Uo by >- 
(7. 7) Ua — U0" — aU,/U",, 1) 


so that U = U, is a particular integral of (7.6). Then make the usual 
transformation U’ = U’,0 .and integrate. - In this way we find three in- 
* dependent integrals of (7.6) to be | 


N 


(7.8) mm, =U, m= 0s fo (U2/U's)du— f (U.02/0",) de, 


where 
(7.9) Us == exp [— a f (0/0) 


In the same manner, three independent miep of the equation in F, 
corresponding to (7.6), are 


(7.10) 41, m= Vs n= Vs f. (V/V) 0 — fo (V:V/V's) dw, 
in which 
iy VeVi Lav, Vie a ef (V/V) dv]. 
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Now if the left member of (7.3) be denoted by a 


P(n) =a, Phin) 0, F(us) — va “Su y falu» = = Val) 
We may suppose U,(tu)) = i Similarly, - s, ae. ts 


-a 


G(v,) = a, G{v2) — 0, GG: =o 
The following combinations of w; and vı give. the four solutions yh 


yD ex Uy + tia Aua + vy — avg = 2+ U, -+ a(us— vs), 
(ragy VO Tta t ats + oi F te — avs = 2 + Va Halin — ve), 
l y mm a Vg n mUa P u 


* U: “UU: 
(¢ aaeoa -}- == = — 
y i a ý Us Í. U’ ii #0 US = 


(° Ya 2, 0° Vas 
yS dv Wag oP dv, 


which are linearly independent as may be verified by computing the value of | 


| yoo", Yu, yo? yO | when « = 0.. 


The finite equations of the lines Ls and L may be found by substitnting 


_the expressions (7.12) in (1.2) and eliminating the functions U1, Fa. . The 
results are, respectively, 


(7. 13) Ti -F A, = tı — Ta + Tg = 0, Ta — OL, — Ty — Tr — Ty = Ô, 


If a =a (0 the lines meet in the oa (0, 0,0, a In the contrary case 


there is no point pf intersection. . 


if 


—, 
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A TERNARY ANALOGUE OF ABELIAN GROUPS. 
By D. H. Leman. 


Introduction. A class K with an operation called multiplication applied 
to patrs of elements of K is an abstract group provided certain postulates are 
satisiied. Unfortunately the name group does not suggest the binary char- 
acter of multiplication. The entities with which this note is concerned are 
similar to groups, the class K being subjected to a ternary operation however. 
For want of a more descriptive name we have called them tripleres. The 
need for their consideration arose in an attempt to obtain solutions of a pair 
of functional equations, but their investigation would seem justified by in- 
trinsic interest especially when compared with Abelian groups. 

The system of postulates on which we base our investigation is modelled 
after Hurwitz’s + system for Abelian groups, and accordingly differs some- 
what from the definitions of a group found in most treatises on group theory. 
In this way we reduce the proofs of several theorems to a minimum and have 
at the same time a more perfect system from a strictly logical point of view. 
The role that Abelian groups play in this theory is described in §3. The 
rest of the paper deals with finite triplexes and concepts analogous to the 
fundamental notions of the theory of Abelian groups such as order and in- 
verse of an element, sub-group, cyclic group, quotient group, etc. Two notions 
however are conspicuous by their absence, the unit and the basis. Other facts 
such as the existence of triplexes with no subtriplex stand out as being 
different from what one might expect from the theory of Abelian groups. 


1. Definition of a Tripler. A class K with an operation - between triplets 
of elements is called a triplex if the following postulates hold. 


- Postulate I, (a'b+c):d-e=md:(a-b+c):é¢== d'e: (abc) 
—.(a'b-d)-c-e==(a:b-e)-c: d= (a-c:d):b-e 
—(a-c:6):b-d=—=(a-d-e):b-c=(b-c:d)-a-e 
== (b-c-e)-a-d=(b-d-¢)-a-om(c-d-e)-a-b 


provided a, b, c, d, e, and all the expressions in which these letters are in- 
volved in the above, belong to K. 


Postulate II. If a, b, c, belong to K, there is an element z of K such 
that a-b-rt—e, 


* National Research Fellow. 
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The number of elements in K is called the order of the triplex and is speci- 
fied when necessary by adding one of the postulates: 


Postulate TIL. K contains 1 n elements. 


Postulate III}. K contains infinitely many elements. 
According as III, or III; holds, the triplex is called finite or infinite. We 
proceed to deduce 5 fundamental theorems from Postulates I and IJ. 


| THEOREM 1. If dı, Ga, ds, and one of the sis expressions obtained from . 
01° d2’ as by permuting the letters, belong to K, then these SiE expressions 
are equal. 


Proof. Suppose for definiteness that Ay ` le’ ds belongs to K. Choose 21, 
so that s` đs' Tı == a. In Postulate I set a == d = s, b = 6 = ly, C= Tr 
The first two equalities of Postulate I become 


ee a Oa ` By me Aa * Bs ` 


Next choose xa so that a,‘a3-%:—==-ds. In Postulate I set oo 6 == thy 
b = d = ts, C= z}. Then we have, since &,'as'a, is now in K 


da * Og ` Oy = ls ` Qg * by == dg h * Oe. 
Finally choose zs so that a,°d,°%,—@, and set a = d == .m, b == 6 = G3, 
c == s, Then since a3: d,°d: belongs to K, we have i 
Gs ` Qi ` Og = Qi ` Og * Ag mm O° Qa ` lg - 
pee theorem. =" 


_ 


Definition I. a-b-c-d- e = (a- bc): is e. 


THEOREM 2. If the letters a, b, c, d, e, and their combinations appearing ` 
in Postulate I belong to K, then a:b'c'd:e is unaltered by permuting the 
letters. 


Proof. Consider the 10 expressions obtained by striking out the ex- 
pressions d' (a: b-c):e and d-e- (a:b: oy from the list of Postulate IJ. 
They are all of the form ` 


(a la ° a3) ` Aa’ Os = y ' Ag’ Os’ Oy * Os. 


In each of these 10 expressions we may, by Theorem 1, permute the letters 
in the parenthesis and interchange-the two letters outside the -parenthesis. 
We obtain 120 equal expressions no two of which involve the. 6 letters exactly 
in the same order. Applying Definition 18 we obtain all the 5! permutations ; 
of a: b: c'd'e. These expressions are equal; hence the theorem. i . 


i t 
N 
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THeorEmM 3. If a, b,c belong to K, then-a:b-c belongs to K. 
Proof. We may choose elements T, Y, z, and w so-that 
a=b:0 t, =w cy; =y Cg E= Ow. 
Then by Theorem yo | | 
amy Coy Cac we (acy) won we, Be 
But z =a- cw =b: è- z- c w= (zwc) b: o=a:b: c Thus a-b'cis 
equal to an element z of K. Hence the theorem. 


THEOREM 4. The element z of Postulate II 1s unique. 


Proof. Suppose the theorem. is false. Iti is then possible to find two 
distinct elements zı and z: of K so that 


c =a- b-t =a bta 
Let y be so chosen thàt A ==@°2,'y. Then 
| c=a:b'm—=a'b- at y= (a:b-a)-a:y—c-a-y. 
Now let z be chosen so that tı =a: D z.- Then 
Tı = 0: 2'0 =0'3' C'A: Ymm A T'Y = Ta. 
But this is impossible since s: and z: are distinct, 
_ Treorem 5. If a:b-2,—a-b- a, then tion ty, 
Proof. . This is in fact another statement of Theorem 4. 
2. Denu Elements. 


THEOREM 6. If aand b are any elements of K, then the solution z of 
a'b:z= b depends on a alone. l 


Proof. Let c be an element of E. Then since a'b: peal we have 
a: (a-b s) C= a:b c=a:b' (ae'r). 


Hence by Theorem 5, c =a: c: Thus z does not depend on b. 
We write z = # and call a’ the element associated with a. By Theorem 4, 
a’ is unique. Obviously (a’)’—a. Also if a and a’ both occur in an ex- 


pression with - they may bp nee 


_ THEOREM 7. dc bed d= (a- b o: 


Proof. Let a:b- 7 — z, and (a: v: o = f3 ai let d i any element 
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in K. Then a: b-c-d'rı =d = (a: b- c)’ d'z: Hence by Theorem 5, 
Tı == Ta, which is the theorem. 


3. Abelian Grins: Given a class K and an operation ', applied to. 
pairs of elements under which K is an Abelian group, then it follows that K © 
is. also a triplex under the operation - applied to triplets of elements. In 
fact such a class satisfies Postulates J and ZI. Im such a case the triplex 
is‘ called the extension of the group. Obviously every Abelian group has 
only one extension. However some triplexes are the extensions of more than 
one Abelian group. For example we may take for K the class of all positive 
and negative rational numbers (0 excepted). The two groups under the 
two operations 

a-b=ab and a:b——ab 


when extended give the same triplex since in both cases a'b- c= abc. It is 
possible to choose a class K and an operation - which when applied to pairs | 
of elements does not give an Abelian group but nevertheless when - is applied 
to triplets we obtain a triplex. Consider for example the class K of all positive ` 
and negative odd integers. Under the operation a:b = 4a + b, the class K © 
is not a group since there is no closure property. Under the operation 
&:b':c=—a +b +c however, K is a triplex. Some triplexes are not the 
extension of any Abelian group. The simplest example of such a triplex 
is the following. Let the class K consist of two elements a and b. „The 
operation : is defined by the following table. ; 


a'a:a=b a-a-b—=a-b'a—b-a-a—a 
b:'b:b=a a-b'b=b:a:b—bd:b:a=—b. 


Then K is a triplex under -. But it is impossible to interpret a'a, a'b, | 
and 6:06 in a consistent way. To give a concrete example of such a triplex 
set a = t, b = — t and a-d- c = abe. l 


THEOREM 8. If a triples contains an element e equal to its own associate 
e, then the triplex is an extension of an Abelian group of which'e ts the unit. 


Proof. .For every pair (a,b) of elements of K there is a unique third - 
element defined by a: b-e-==c. We may capies this fact by writing a'b =c 
‘and this notation is consistent because . 


(a:b) PE ee E ee 


Applying - to pairs -of elements of K, we obtain an Abelian group of which 
as we have just seen, the triplex is an extension. Moreover 


fet 
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(eRe a eal 4, 
Hence e is the unit of the group. This proves the theorem. 


THEOREM 9. If a triples is the extenston of exactly r distinct Abelian 
groups, then the class K contains evactly r distinct elements e, €,° °°, €r 
such that each ts equal to tts associate. In fact these elements-are the units 
of the r groups. 

Proof. Let Gy be the v-th group. (v == 1,2, © ,7) and let ev be its unit. 
Let us symbolize its operation by (ab)». Then since a'b- c= (a(be)v)» 
we have for b = c¢ = & 

i‘ ty" Ey == (a(evev) vy) v = (dey) » cal | 
But a: ev: ev =a, hence by Theorem 5, e = ey. Suppose that these e’s are 
not all distinct, so that ea = ep, then 
(ab), =a: b: e == ((ad)rex)a = ( (4b) per) = (ab). 

But this is impossible since a and b are quite arbitrary, and Ga and Gu are, 
distinct. Hence the es are distinct. Since a group contains only one unit 
it follows from Theorem 8 that our triplex contains not more than r distinct 
elements each equal to its own associate. 


4, Finite Tripleces. In what follows we suppose that Postulate ZII 
holds so that the triplex is of a finite order n. 
THeorem 10. If the order n of a triplex is odd then the triples ts an 


extension of an Abelian group. 


Proof. With every element a of K we can associate a’. Since n is odd 
at least one element is its own associate. Hence the theorem follows from 
Theorem 8. 


5. The Degree. Consider any element a and its “ powers.” 
(1) 4, a'aca=a, aaa, :: 
Since the order of the triplex is finite this sequence of powers of a contains 
a finite number of distinct elements. Let 
gq?) a gt a g (k < l< m). 
Then we have l 
a: a: geht =m cy ttl « g2(i-k) +1 . som (L° Ql" gq? ttt, 


Hence by Theorem 5, 


q m= Qe Clk) +1 _. qae m-k) +l, 


Hence the sequence (1) contains two powers of a equal to a. If 
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then it follows in the same- way that a= a?o, Hence the set-of all 
numbers r -for which ar! — a ig a module and coincides with all. integer _ 
multiples of an integer « Hence we have 


THEOREM 11. For each element a there exists an integer « such that 
git! —= g?h1 if and only tf k=l (mod a). 

The number « is called the degree of a. 

THEOREM 12. a’ = a**" where a ts the degres of a. 

Proof. Let b-be an arbitrary element and consider the expression 

a-a: (a:b: a) =a b: a mea a:b. | 
_ ‘Hence b=a-b-a**", and a" is the unique element ‘associated with a. 
Moreover a and a’ are of the same degree. 

6. Sub-Tripléx. Let T be a triplex defined by a class K and an opera-_ 
tion: . If there is a triplex T, defined by a sub-class of K and the same 
operation - , T, is called a gub-triplex of T. For example, the elements 
a, aë, ač, > > +, a®*1 form, under - , a sub-triplex, provided, of course, a <n. 

‘Let us, Ua, Us, ‘++, Ur, be any sub-triplex T, of T. Consider tm and 
~ the following sequences 
(2) A’ Um" U4, A Unita, A? Um Us, ` * y A Um’ Ur 
(3) iMag, OS Meg tay, thaws eae » btm’ Ur 
. where a and b belong to K. If any term of (2) is equal to any ER of (3), 
then (2) and (8) are identical except for order. To shòw this suppose that 
Q’ Um’ Ui = bUm’ uj; Now u; has an associate -among the ws since they 
form a triplex. Hence Ea 

A thm? (Ui Wj’ Ug) = b > Um Uj Uy Ug = Dm” ty. 

Let k run from 1 tor. Then by Postulate IZ and Theorem 5 the expression 


(ui Wy" tx) runs. over all the ws without repetition. Hence (2) is some 
permutation of (3). | 


In (2) let a run over all the elements of K. From the resulting sequences 
_ let us save only those that are distinct and reject one of any pair of sequences 
which differ only in order. We are left then with a table of the form 
| Gy" Um th Gy itm? il, °° Oy Um' Ur 

(4) Gig * thm’ Uy Og*Um* te ` ` ` lz’ tm‘ tr - 


la’ Um’ Un. As‘ Um ` tle e.^ 6 'e Os * Um Ur 


ie 
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whose elements are distinct. In fact two equal elements could not be in 
different lines by the above reasoning, nor could they be in the same line 
since this would force two ws to be equal by Theorem 5. Let b be any 
element of K, then there is an element a for which 


bD = Q Um th. 
Either a is one of the a; (i = 1,2, --,s) chosen above or else it was dis- 
carded in forming the table (4) because b had already occurred in the table. 
In either case 6 occurs in (4) and only once, since the elements of (4) are 
distinct. In short the elements of (4) are the elements of K. We have then 


THEOREM 13. The order of a sub-triplez is a proper divisor of the order 
of the triplez. 


As an immediate consequence of this theorem we have 


COROLLARY 1. The degree of any element of a triplex is a divisor of 
the order ‘of the triples. 


COROLLARY 2. If ats any element of a triplex of order n, then a+ =a. 
Y. The Quotient Triplex. Let us return to the table (4) and discuss 
more of its properties. 


THEOREM 14. Let 1, 7, and k be any integers Ss—n/r. Then the 
set of r elements 


(5) Qi’ Ay* Apt Um * Ut ({—=1,2,---,7) 


is, in some order, a line of the table (4). 


Proof. Write a = qi ' Qj dx. Suppose a- Um t lies in the v-th line 
of (4). Then we can write 


Q: Um U, = Gy ` Um ` Ur | (l=Axr). 
If now up is any u, the corresponding member of (5) can be written 


Q’ Um Up =O: Um’ (Up: W1’ U1) = (Q` Um’ th) Up us 
= ly ` Um ` (U) Up’ W1) = ly ` Um Ue 


hence &'Um'up is also in the v-th line of the table and the theorem follows 


at once. 


THEOREM 15. If all the elements of any line of the table (4) be re- 
placed by their associates, the result is a A DAERA so o the elements o one 
of the lines of the table. 


_ 
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Proof. Let us replace the elements of the v-th line by their associates. 
Let the first element av’ um'uı have its associate in the A-th line so that 
(Qv* Um: UL) = A) ' Um’ to Then the associate.of any element in the »th 
line can be written 
| (av' tim * tt)’ me Vy Wm Up ee Wm Wp Wa’ a 
mr (Gy * Um’ U) Wp’ Us = Ay Um (Uw * Wp’ ua) 
m L * Um * Uy. 
Hence the associate lies also in the A-th line. From this the theorem follows. 
It becomes convenient to introduce a notation for the lines of the table 


(4). Accordingly we shall mean by J; the i-th line or any permutation of its. 
elements. We also define the result of operating by - on triplets of lines - 


as follows 
Ly ly e le =m lm, 


where bm is the line in which the element a;-a;°a% occurs. We further 
designate by V: the line containing the associates of the elements of u, and 
call either line the associate of the other. To show that this notation is 
proper we prove 


THEOREM 16. If I, ts any line of (4), then l` Yi- hom lp, 


Proof. Let V; =l. Then L- Vi Te li: y is the line in which a: Qj ` Ak 
occurs. But a; is the associate of some element of l. Hence we may write 


Qj == (Q` Um: Up)” = Oy Wm Up. 


} 


` Therefore the line in question is that in which the element 


Ui Um Up ak = OK Wm’ Up Um’ Un = Oe Un? (Um Um Up) 


occurs. But vm: tum’ u’p is some u, so that this element occurs in the k-th 


line and no other. Hence the theorem. We are now able to prove 


THEOREM 17. Under the operation - defined above the set of V's is a 
tripler. 


Proof. It is obvious that Postulate I is satisfied. As for Postulate IJ 
. consider l;, l; and & as given. Then the — Ly” + Uy” + Uy = de ig such that 


Uy Ty Ty mmm dy Vi (l Vy Te) Uy Uy em hy 


Hence Postulate TI is satisfied and the theorem follows. 
It is clear that this triplex of lines is actually independent of the choice 
of a; (t= 1,2,8,---,s). In fact some other choice would only permite 


~~ 


` © È TERNARY ANALOGUE OF ABELIAN GROUPS. 337 


the elements of some of the lines. Furthermore the Ps themselves do not 
actually depend on um for the same reason. Hence this triplex is uniquely 
determined by T and Tı and corresponds to the quotient group G/H of Q 
and its sub-group H. 


THEOREM 18. The quotient triplex is an extension of an Abelian group. 


Proof. The element w, must occur in the table (4). In fact there is 
a line ¢, which is made up of all the r elements of the sub-triplex 1. 
Moreover ap is an element of T, as is also ay® Hence ln: ly: ip = lp, 80 
that lu = lp, and by Theorem 8 the quotient triplex is an extension of an 
Abelian group. 

8. Cyclic Tripleces. We proceed to give a few theorems concerning 
triplexes of a simple type. A triplex which consists of the distinct (odd) 
powers of a single element is called cyclic. In other words, a triplex is 
cyclic if and only if it contains an element whose degree is the order of the 
triplex. Such a triplex is simply isomorphic with the set of distinct odd 
powers of a primitive n-th root of unity, with the operation - as multiplication, 
or the set of odd integers =n under addition modulo n. From either of 
these points of view the following theorems are easily established. 


THEOREM 19. The order of any sub-triplea of a cycle triplex contains 
exactly the same power of 2 as does the order of the treplea. 


THEOREM 20. -The sub-trvplexes of a cyclic triplex are cyclte. 


- THEOREM 21. All cyclic triplezes of a fixed order n are simply iso- 
morphic. ; 


 Tuuormar 22. If n ts the degree of an element a of a cyclic triplex of 
order n, then the degree of b == a” (w odd) ts n/(n,w). 


THEOREM 23. A cyclic triplex of order n contains exactly ¢(2n) ele- 
ments of degree n. 


Here ¢ is the totient function. More generally we have 


THEOREMA 24. If n= d 8 is any factorization of the order n of a cyclic 
triplex in which 8 is odd, then there are exactly (2d) elements of the triplex 
of degree d. 


THEOREM 25. No cyclic triples of even order is an extension of a group. 


Proof. In fact the unit element of such a group would constitute a sub- 
triplex of order 1. This is impossible by Theorem 19. 
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THEOREM 26. If the order of a ayo triplex is a power of 2, then the 
triplex.has no sub-triplezes. 


Proof. The existence of such a gub-triplex would contradict Theorem 19. ` 


As a converse of this theorem we have 


~ 


THEOREM 27. If a triples T. has no sub-triplex, then T is cyclic, and 


its order n ts a power of 2. 


Proof. The degree of any element of T cannot be less than n, since 
otherwise we would have a sub-triplex of T. Hence T is cyclic. By Theorem 


._ 82 it follows that n must be prime to all odd numbers. That is, n is a 


power of 2. 


9. Haamples. We conclude with two simple examples of triplexes: The 


complete multiplication table of a triplex of order n is a cubical matrix of n° 
elements. On account of the symmetry of a:b-c however, only one-sixth 
of this matrix need be ene But it is more convenient to form a plane table 
as follows 


Example 1: 
a=a:a:b=a¢:d=b:b:b-—b-c-c=—b-d-d 
b=a'a°a°=4:'b-bmma-c-c=b-c'd—a'd-d 
Cum G'd=aad:b:c=b:'b-d=c:c'd=—dd-d 
d=aa-a-c==@°b-d—b-b-c—c-c-c—c'd-d, 

This triplex may also be described by | 


a’ == Q, C = c,. ada C= C'C' 6. 


Each letter is of degree 2 and d =b, and ¢.—d. This triplex contains 


two cyclic sub-triplexes namely (a,b) and (c,d) both ef which are simply 


isomorphic with the two letter triplex of §3. The quotient triplex of each, 


is the extension of two Abelian groups and may be described by 


h =h h hæ hhh 
by = li: hi: ls = ha: la be 
Example 2: 
aMe= a, This is a cyclic triplex of 6 letters. It contains only one sub- 
triplex namely (a, a°). The quotient triplex is described by 
la at h F, — ls, la” = la. 
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ON THE ASYMPTOTIC REPARTITION OF THE VALUES OF © 
REAL ALMOST PERIODIC FUNCTIONS. 


By AUREL WINTNER. 


In a previous paper * upon bounded matrices representing,t in the sense 
of Frobenius, the groups {. corresponding to the almost periodic functions of 
Bohr | there is introduced the repartition function (“inverse function in 
the large”) of a real almost periodic function. The presentation of the 
repartition function there given depends to some extent upon the theory of 
almost periodic matrices set forth in that paper. The aim of the present 
note is a more direct treatment which avoids any connection with the theory 
of matrices—The methods are also valid for various generalizations | of the 
notion of the almost-periodicity which are, however, for simplicity not treated 

a in the present note. 

Let f denote a real almost periodic function of the real argument t and 

m the largest, M the smallest number for which 


(1) .  mSf)SM, —a<t<4+o. 
ao [f St] 

denote the set of the points ¢ for which 

(2) [FS Ele: —TSt<T and f(#)Sé 


where é is any real number and T any positive number. The function ** 


* A, Wintner, “Diophantische Approximationen und Hermitesche Matrizen,” 
Mathematische Zeitschrift, Vol. 30 (1929), pp. 290-319. . 

t These ideas have been inaugurated by O. Toeplitz, “Theorie der L-Formen,” 
Afathomatische Annalen, Vol. 70 (1911), p. 353; “Ueber das Wachstum der Potenz- 
reihen in ihrem Konvergenzkreise, I,” Alathematisohe Zeitschrift, Vol. ne (1922), p. 195, 
and a not yet published paper on ordinary Dirichlet series. l 

t The abstract groups represented by the matrices which correspond to the limiting 
periodic (grenzperiodisch) subclass § of the class of the almost periodic functions have 
been studied recently by H. Schwerdtfeger, “ Fastzyklische Gruppen,” Goettinger Naoh- 
riohten, 1931, pp. 43-48. 

` $ H. Bohr, “ Grenzperiodische Funktionen,” Aota Mathematica, Vol. 52 (1928), 
pp. 127-133. Of. Q. D. Birkhoff, “On the Periodic Motions of Dynamical Systems,” 
Aota Mathematica, Vol. 50 (1927), pp. 395-397. 

TH. Bohr, “ Zur Theorie der i aa aa Funktionen. I,” Acta Mathematica, 
Vol. 46 (1925), pp. 29-127. 

[| Cf. H. Bohr, “Ueber die EE fastperiodischer Funktionen,” 

` Mathematische Annalen, Vol. 100 (1928), pp. 357-3686. 
** We denote by mes P the measure of the point set P, 
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(3) pr(£) — (1/22) . mes [f £ Ele 


can be interpreted as yielding the relative frequency of the inequality f(t) S <é 
in the range —T SiS T. In other words the difference 


(4) ` pr(ņn) —pr(€) where »>€ 


represents the geometrie probability that the number f lies in the strip 
E< fS x provided —T StS T. The difference (4) is, according to (2) 
and (3), never negative, i.e. pr(é) is, for -any fixed value of 7’, a monotone 
function of € for which we have, according to (1), (2), and’ (3), 


(5) pr(é) =0 for — œ EA E E 
where 
Mp «= Min F) 2 = a mr =m, 
-TStST 


6 
(6) My «= max f(t) = hm Mr= M. 
~TstsT T=+00 ; 


- Since f(t) is almost periodic and therefore continuous it follows from the ` 


definitions (1), (2), and (3) that the interval mr éS Mr contains no 
subinterval in which pr(¢) would be constant (this statement is simply the 
translation of the theorems of Bolzano and Weierstrass in the language of 
the repartition functions p). On the other hand the function pr(é) may 
have some ahmed points (which may even lie everywhere dense in the 
interval mr S = Mr); this is, for instance, the case if the almost periodic 
function f(t) is constant in some subintervals of the interval — T StS T.— 


Since f(t) is continuous it is also integrable in the sense of Lebesgue in any ` 


finite interval — T £ t S T ; the function, (3) of é is obviously nothing more 
than the measure function (Massfunktion) of Lebesgue, belonging to the 
function f(t) in the interval —T’S¢ST. It therefore follows, according 


`, to the theorems of Lebesgue * concerning the connection of his integral notion 
a. With: that. of Stieltjes, that, 


Sy aan (lama y% pi emor) 
1. e. eee 
@) GAT) f eiod f e0 de 


ier Z any constant (real or pomp) which does not lie in the real segment 
G Schlitz”) mp SS 2 5 Mr. 


* H. Lebesgue, “Sur Vintégrale de Stieltjes et sur les operations functionelles 
linéaires,” Comptes Rendus, Vol. 150 (1910), pp. 88-88. 
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The results of the paper mentioned in the introduction which are in- 
dependent of the theory of matrices concern:an analogous repartition theory. _ 
belonging to the full definition domain — œ < t< -+ œ of the almost 

` periodic function f(t), i.e. the (asymptotic) behaviour of the relatwe fre- 
quencies or probabilities in the large: T = + œ. We shall write 


: T D. 
(9) plg) = lim (1/27) [9 (t)ai 


provided this Hadamard average exists which is yeas the case if g is 
almost periodic and therefore if g == f" where n == 0, 1,2, - -.—The results 
are as follows: 


> 


L. ANRE exists a monotone non-decreasing function p(&) for which 


(10) fede) =a o l aLa) 


und the solution p(£) of (10) is uniquely determined if one normalizes it, 
| for instance, by placing . 


(11) p(—%)—=0; — p(é) =p(E+0), ere ee 


i.e. the Hambirger momentum problem belonging to the sequences {a(f")} 
is solvable and well-determined.(déterminé).—This uniquely determined 
function p(&) obviously possesses the usual statistical properties of a reparti- 
tion function; from (10) and (9) there follows, for instance, 


- +00 
af) a(t) =1— f dole 
i.e. the total probability is equal to unity. 


II. The monotone function p(é) which is uniquely determined by tts 
formal properties (10) and (11) ts effectively the asymptotic repartition 
function of the almost periodic function f(t). In a more precise manner 
we have | l 


(12) p(£) — lim (1/27) .mes [f £ é]x, ie. p(€) = lim pa(€) 


for all continuity points of the function p(€) which is monotone and has 
therefore at most a countable set of discontinuity points——From (5), (6), 
and (12) there obviously follows 


ve p(€) =0 for — a errr ees freee 


Ill. The function p(é) (which may_have discontinuity points) cannot 
9 _ | i 
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be constant in an interval acée<cPim<aorBbB<<M [ef. (1)]. This 
is the asymptotic refinement of the Bolzano-Weierstrass theorems mentioned 
above. 

In the special case where the almost periodic function f(t) is pertodic 
and has the period r it is clear that 


aN) pr(£) = lim pr(é) =p (£) 


for all é where T denotes as before a continuous parameter. In other words 
in the special case of periodic functions the limit (12) exists even if € is a 
discontinuity point of the asymptotic repartition function p(€). In the paper 
mentioned in the introduction I was not able to show that the limit (12) 
also exists for the discontinuity points of the asymptotic repartition func- 
tion p(€) of any almost periodic function. Since that time it has been shown 
by Bohr* that not the apparatus applied by myself was at fault: but that 
the limit (12) does not necessarily exist for an almost periodic function in 
the discontinuity points of its asymptotic repartition function. Since th 


theory of the Stieltjes transforms used by myself is accordingly the natural 


method + the present note applies, without modifications, for the demonstra- 
tion of IT the same apparatus-—One can start with the following theorem 
which follows readily from classical general results of Stieltjes and Helly f: 
Let oe(&) be a sheaf of functions of the variable é defined for 
—o << + co and for all positive values of the parameter x of the sheaf. 
Suppose that oz(€) is, for any fixed value of x, a monotone function of £: 


and that there exist two constants, c and C, independent of z, for which 
(14b) o2(€) == 0 for — œ CE<candos(f)=1lforC<c&EC+o; , 


suppose finally that there exists a, domain § in the plane of the complex 
variable z in such a manner that the limit 


(14c) lim ie — é) * des (é) 


T=4+O00 -00 


* H. Bohr, “ Kleinere Beitraege zur Theorie der fastperiodischen Funktionen. IT,” 
Det Kgl. Danske Videnskabernes Selskab. Meddelelser, Vol. 10, Nr. 10, 1930. 
i + It is known that the Stieltjes-Helly theory is never able to yield any information 
at the discontinuity points of the limit function. _ 


t Cf., for instance, A. Wintner, Spekiraltheorie der unendlichen Matrizen, Leipzig, 


1929, Chap. II. 

§ By a domain we understand for simplicity a two-dimensional domain which does 
not contain any point of the real segment oSz3C so that the integral cee the 
sign lim in (l4¢) obviously has a sanie; ef. (l4b). 
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exists for all points z of this domain. Then there exists in the range 
— © << -+ œ% one and only one function o(é) for which 


(14a) o(€) == o (+ 0) 
for all values of € and 
(148) o(é) = lim os(é) 


for all continuity points of this function o(¢é) which is monotone (and has 
therefore at most a countable set of discontinuity points) ; furthermore, the 
function o(€), uniquely determined by (14a) and (148), has the property that 


(4y) im f (a= dost) — f (2—86) 


for all values of z which do not lie in the segment c = z < C; finally we have 
[cf. (14b), (148) | 


(148) o(f)s=0 for — œ < £< c and off) =1 for O < £< -+ œ 
so that 


: +00 C+0 
(14e) f = f 
-00 o-0 


in all occurring Stieltjes integrals. 
Now if we put 


(15) cem Call, ¢=7, son: C) 


then condition (14a) is fulfilled inasmuch as the difference (4) is never 
negative. Condition (14b) is satisfied according to (5) and (6). Fimally 
if z denotes any number which does not lie in the segment m =z S M of 
the z-plane then g(t) == (z—f(t)) is, according to (1), an almost periodic 
function so that expression (8) approaches for T = + œ the Hadamard 
average (9): 

+00 
(15c) lim f (e— 8) dor(£) =a — f>). 
All three conditions (14a), (14b), (14c) are accordingly satisfied.—The proof 
of I, II, and III (p. 341) proceeds now as follows. 


Proof of I. On denoting by e(é) the function o(€) which is uniquely 
defined by (14a) and (148) equations (14y), (15e), and (15) yield 


(16) {87 &(®) =A) 
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for all values of z which do not lie in the segment m2 M and ertor 
certainly for all values of z which do not lie in the circle i z| SR where | 


Ga o R=|m|, RZ|X]. 
Since the series | 
(2— f(t)? — = wml (f(E))* 
is, T to (1) and (17), atori convergent with respect to t for 
any fixed value of z. for which | z| > R, we have - 
(8) a(@—f))= $ amaf) for [a] >R . 


From (14e), (15), and (17) there follows in an analogous manner 


(19) f e07 dp (£) -5m e do ($) for |z| > Re 


On introducing (18) and (19) in (16) and comparing the coefficients one 
obtains the momentum equations (10) the solution p() == a (£) of which | 
fulfill, according to (14a) and (148), the conditions (11). In order to 
finish the proof of I we show that the solution p(€) found before is unique. 
The solution p(€) of (10) and (11) is, ‘according to Carleman,* certainly 
unique if 


(20) E Š pis Ilé) a E P 


Equation (20) is an obvious consequence of (14e). In fact, we have for any à 
number r which is larger than, | c | and | C | : 

o< fe" apie) a Eh dol) < S dp(é) = 
which clearly is sufficient for (20). 


Proof of II. Equation (12) and (18) follow, by virtue of (15), from 
(148) and (148), respectively. 


Proof of II. The function f(t) is, by supposition, almost seriodic, 


a! Carleman, “ Sur les séries asymptotiques,’ Comptes Rendus, Vol. 174 (1922), 
. pp. 1627-1530, and “ Sur les functions quasi-analytiques,” Wissenschaftliche Vortraege, 
gehalten am 5. Kongress der Skandinavischen Mathematiker, eee 1923, PP. 
186-187. 
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i.e. it is continuous in every point of the range — œ < t < + œ and has 
the a that, there exists, for any, fixed « > 0, a sequence, 


3 la (e )» l (ey, Ty (e); . h (e), EE 


of numbers ly = klo and a number K = K (e), independent of v, for which 


(21) O<bule)—b(e) <E) (v0, EL 2, -*) 
lim (e) =+ o, lim Iy(e) =— o 

and | | | | 

(22) HEEMI <e for =e <tc tm, | 


| (ve=0, +1, +2,: °°). 
Let =a. be any inner point of the range m< ELM of f(t). Then there 
exists a number to for which 
(23) l f (to) mms Qe 


After « and to are fixed one can determine, by virtue of the continuity of f(t), 
for any sufficiently small ô > 0 a number r = 7(8) > 0 for which 


(24) IFE —a| <8. if to—r(8) < t< t+ rh), 


inasmuch as @ is an inner point (m < a< M). Conditions (22), (23), 
and (24) yield 


(25) [FŒ + W(8)) —f (to) | <28 for to—r(8) < t< t +7(8), 


(ser Tas, a; 


According to (25) and (21) it is clearly * impossible that the limit (12) 
should be a constant function of € in the vicinity of the point == a. 

It is not possible to obtain further results for the asymptotic repartition 
function of the most general real-valued almost-periodic function. However, 
in the important special. case where the frequencies of the. almost-periodic 
functions are linearly-independent, the method of momentums applied above 
leads to more refined and explicit results. Cf. a paper to appear in the 
Mathematische Zettschrift. . 
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h Analogous considerátions have often been used by Bohr; ‘ef., for instance, Acta 


_ Mathematica, Vol. 45 (1925), p. 55. 


ON A GENERALIZATION OF THE LAGRANGE-GAUSS 
MODULAR ALGORITHM. 


By AUREL WINTNER. 


Introduction. In the present note the iteration process 


(1) an=? (an + bn), bn = (anba)*; + (n= 0,1,2,° °°), 
: Qo == ag `> 0, bo =b >00 


of the arithmetical-geometrical mean whiena ig the Landen transformation rule 

of the elliptic modular functions and has furnished the base of the Gaussian 

theory of elliptic functions will be generalized as follows: ‘an should be not 

2" (an + bn) but E E 
Ones = (2 (aP + Ba?) ) YP 


where p is any positive number which may be-even irrational. 
First it will be shown that both limits 


lim fin, limbs | 


aia 


exist ‘ae have a common value which will be denoted by Mp (a, b) inasmuch 
as it is a function of a, b, and p.- The value of M; (a, b) which rene to (1) 
is known. to be 


(PY) (ab) ee OP (a cost g + BF sint g) dB]. 


The more general limit Mp(a, b) for which I have not found an analogous 
explicit representation is also a “ mean valne ” contained in the interval (a,b)._, 
The limit Mp(a,b) is then studied as a function of the exponent p. Finally 
the asymptotic behavior of Mp (a, b) for lim (b/a) == 0 is established: There 
is obtained a direct generalization of the fundamental. result of Gauss according 
to which 

i”) o a M, (a, b) log (40/6), ae)? 


and which may be Me from the hypergeometric differentia equeuien of 
Legendre: 


mth B= th, - y= 1 


. defining the periods of the complete elliptic integral (1’). It is, however, 
not certain that there exists a hypergeometric differential equation (with more 


general indices a, B, Yy for which the generalized. -process (p > 0) could PEN. 
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an analogous explicit Grenzkreiguniformisierung. —The considerations neces- 
sary in the case p > 0 are in some points more complicated than those fur- 
nishing the classical testy (p= 1): 


The uainc of the gener alized Gaussian mean, If A and æ are positive 
numbers then we understand by ‘Ag the real branch of the Power A” so. that 
A’ > 0.—First we show that if 


(2) ans = (2 (dn? + Dn?) )/?, Dns — (Anbu) 4; (n == 0, 1,2, > -) 


dipsa . 
(z7) > 4 — a> 0, bo =b >00 


then an and 6, approach a common limit 


(3) 7 nA Mp (a, b) =m lim dy = lim by. 
Since a, and bn are for a= b independent of n we may suppose that 
(4) | E a=}. i l 
We show that Mp (a, b) lies, for all values of a, b, and p, between a and b: 
(4). min (a,b) < Mp(a,b) <,max-(a, b). 
Since the algorithm (2) is homogeneous we have 
(5) AMp (a,b) = Mp (A0, Ab); A> 0). 
The function Mp(a,b) fulfills, according to (2) and (3), the functional . 
equation 
(6) Mp (a, b) == Mp( [2 (a + be) J7, (ab)*) - 
which is, of course, a characteristic property of the limit (3). 

= First we deduce from (2) the identities 


(7) > 2 (Pa + bn) = (Ap + bat)? l 
(8) £ (dns? — bn”) == (On? — brh)? 


the second of which may be written in thé form | 
(9) 4 (aPns1— DPnan) è (x? — Dn?) = (an? + By?!) (anl? — By?!) : (Paes F Bonus). 
On het (9) with (7) ‘one obtains | i 

TR ama — bma) € (an? — BaP) = (aP — bal?) i (anth J bnt), 


so that 
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; | 2 (Onur — Dna): (dn? — By?) | ie aa 


1. 6. i | Pasi — bPa | <T | dn? — dy? | ; 
hence, according to (2), i 5 
(10) | Gn? — By? | < 2 | ap be | 


Furthermore there follows from (8), (£), (2) and (2) the inequality `> 
B l lnr P — ba? > 0, | 
1. e, by virtue of p > 0, simply | l 

(11a) i Ana > Dari; E (n =m 0, 1, 2,- é -) 
80 that, according to (2), 


(11b) . On "= (27 (nat -+ Pass) ) 3/2 < (Iaa -4 Wrst) Je. == Üni 
and 


(ile) Beg = (tny Ona) > (bas bnar) H m= bns 
On collecting (lia), (11b) and (11c) we obtain the inequalities 
| (11) a On < Onur < One < On; . l (n= 1, 2,- i =) 


according to which both sequences ` 
| Gy, Ag," * *; ; by, bat + > 


are monotone and bounded so that the limits lim a», lim by necessarily exist. 
The more precise statement (3) is an obvious consequence of (10). Since, 
according to (2) and (4°), | | 

a, = (2 (a? + be) )P < max (a,b), 
(11d) ; 
bı == (ab) > min (a,b) 
we have, according to (11), 
(11’) mit (a,b) < an < ba < max (a, b). 
From (11), (11’) and (3) there results the inequality (4). 

Continuity of the function Mp. We now show that Mp(a,b) is a con- 
tinuous function of the pair (a,b). It follows readily from (5) that it is 
sufficient to prove the continuity of Mp (1, b) which is a function of the single 
variable. b and may be represented, according to (3), by the everywhere . 
.(b > 0) convergent series 


(12) by + > (Dash 
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The terms of this series are, according to (2), (2’), (11) and (11’), positive 
continuous functions of b alone (a = 1). From our inequalities there ob- 
viously follows the uniform convergence of (12) in ary finite range 


ie 0< b < const. 


On using complex arguments a,b it would be easy to pe that Mp(a, b) 
is not only continuous but also analytic. 


The mean Mp(a,b) as a function of p. If a and b have fixed values 
then the numbers (2) are functions of p only, say 


An = (p), On = ba (p) 
In order to show that . 


(18) dnp) < anle) for p<osn>1 | 
and a 


we notice the well-known inequality . 
(15) (21 (A? + Be) ) e < (23(Ae 4 Be)" for p<o | 
which is valid for any pair of positive numbers A, B, provided A =B. Yor 


A =å, B =b 
we obtain from (15) 


(13°) ai(p) < a(o) 
and from (11d) there follows f 
(14°) l - bi(p) = bx (co). 


Since (p) is, according to (11), different from bı(p) we may apply in- | 
. equality (e for 
A == a, (p), naa 

and obtain . . 

~ da(p) = (2 (a (p). + b1(p)?) P < (2 (ai (p)% + b1(p)7)™%, 
hence, according to (13’) and (14), 

aa(p) < (25 (m fo) bi (0))) Y7, 

1. € . 
(13a) a2(p) < a(o). 
Since, according to (2), 
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ba(p) = (axle) s(0))% bale) = (a9(0) bale) )% 
we have, from (13” ) and (147), | | | o 
(14a) ba(p) < balo). 


| Inequalities (13) and (14) accordingly hold for n—=2. On proceeding in 
this manner we obtain that (13) and (14) are generally valid. . 
There follows now from (13), (14) and (3) that Mp(a, b) is a monotone 
function of p. -Since Mp(a, b) is, according to (4), a bounded function of p 
we conclude that the limits 5 l 


(16) Mo (a, b) — a Mp (a,b), Moo (4, b) = a Mp (a, b) 


exrst. ee 
The. retrograde Legendre ‘chain of the A modult for the 
means Mp.’ We now suppose [cf. (4 )} that 


(17). a>b(> 0) 
and put 
(18) l C == (a3? — GIP) — Co 


and in a more general manner ` 


(19) eum (ax? 428) a; ates 
We have then from (2’), (17), (11) and (1) : 
(20) 0 < bn < bnn < anmi < ln; (n= 0, 1,2,° +») 
and from (19) | l 
From (19) and (8) there Picus ; 
(BRYA nas #P mm A anai? — Dmpa?P) == (An? — baf)? 

Í, e. | ; | = 

(23) . Cna = (27 (an? — Bn?) )¥P, 


On substituting the values ( a in the following formulae [which regult ior 
(2) and (28) 

(287) . ama = (27 (ag + bPa) ) P, n = (2- 1 (Pays — Pays) m i a 
one obtains after an easy reduction the identities _ . 

(24) Ona? = RI (Anl + BaP), Caah! = 2-1 (age? — bpl) 

according to which eS 

(25) amia? F CnaP = ap, 
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Furthermore, we have from (19) 
Gy 2 == An?P — bp? — (Gn? + bn?) (An? — bah), 


so that, according to (2) and (23), 


(26) Cn?P = ADP rar 
There follows finally from (2) and (23) the relation 
(27) Pny + Ony = On’. 


Since, according to (27) and (26), - 
Ona = 248 [R (ant + CoP) JV, Ons == RYP [ (dm Cn) 
the functional equations (5) and (6) yield | 
Mp (Gn-1; Cnt) == 2'/? Mp (dn, Cn) 
so that, according to (2’) and (18), 


(28) Mp (a,c) = 2™P Mp (an, On) 5 (n=0,1,2,° °°). 

On the other hand, from (2) and (6) there follows simply - | 

(29) Mp (a, b) = Mp (dx, bn) ; O o (a=018 o) 
Since all numbers An, On, Cn are positive, we may put . l 

(30) hin = 2°" log (27/? da/ tn) 3 | (n= 0, 1, 2, = ) 

so that [ef. (18)] | 

(30°) hy = log (2/*/[1 — (b/a)*?]??) 


where we take the real branch of the logarithm. Since, from (26), 
(26°) 1/Cni = 2°% Ones / Cn” 
equation (30) yields 


hn = 25DA Jog (24 dnya/Onan) = 2°? log [ (2° an1 /Cn)?] 
i.e. TE 
(31) Ii hy = an log (27/°.dni/Cn), 


so that, by virtue of (80), 


(81) RO feny — hy =a 2 log (any/An); m= aa, 


On solving the recursion formula (31) by complète induction one obtains 
the explicit representation 


à n-i 
` (82) RDR a = hot D 2" log (am/4m) 
m=i 


which assures the existence of the limit 
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(33) ` A= if or” h, == ho y $ om ii (Qniz/Om) 
n=00 
inasmuch as . 
0 < lim am~ lim amu, so that lm ig (Gmi1/Om) = 0. 
m=O ™M=CO m=O 

On‘solving the recursion formulae (24) and (25) by complete induction 
and taking the limit for n = Gauss has obtained, in his case p = 1, the 
power development of the elliptic theta functions. ) 


The asymptotic behavior of Mp(1,x) for limx==0. We may now write 
equation (28), by means of the homogeneity property (5), in the form 
(34) 2% = [Mp(I, n/n) : Mp(0/tq, 6/4]? | 
and substitute the identities (30) and 154) in the limiting relation (83) 
obtaining 
(85) A= lim {[Mp(1, ¢n/an) : Mp(4/an, c/n) log (2° anfon) }: 

Since we have, by virtue of (3) and the continuity of the function Mp, 
. lim Mp (@/dn, €/an) = Mp(@/Mp (a, b), ¢/Mp (a, b) ) 

ie [of (5)] OS 

(36) lim Mp(4/tn, 6/an) = Mp(a, 0) : Mp(a, b) 


g0 that the relation (35) is equivalent with 
(37) [Mp (m, b): Mp(a, c) J” A = lim ([Mp(1, en/n) J? log (2% Gn/ Cn) } 


where, according to (3), (4), and (19), 
lim Cy == 0, lim as —M(a, b) > 0... 


n=00 


-Since the ratio cx/d, may ale, EETA to (8), ~ and (19), any suffi- 
ciently small: positive value we may write 


Pp = lim {Mp(1, e) [log (2%/ e+) ]»} 


where e is a continuous independent variable. This relation imines the 
order of vanishing of the function Mp(1,x) ofi the independent variable x for 


. lm«=-+ 0. The numerical value of the number pp is known only for 


p = 1, viz. 
Pı = r /2 
[EEI] 
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ON THE DISTRIBUTIONS OF CERTAIN STATISTICS.* 
| By ALLEN T. CRAIG. | 


Introduction. It is the purpose of this paper to present certain: general 
theories on the distributions of such statistics as the arithmetic mean, har- 
monic mean, geometric mean, median, quartile, decile and range of samples 
of n items selected at random from a rather arbitrary universe. We shall 
also develop, without appeal to n-dimensional géometry the distribution of 
the Pearson x”. Exact distributions ‘are known only for a few statistics 
and these in-case the sampled universes are of special types. For a normal 
parent population, the distribution of the means of samples of. n was prob- 
ably known to Gauss, while Czuber t seems first to have obtained the dis- 
tribution of the sum of the squares of the deviations of the n items of the 
sample from the sample mean. Czuber’s derivation was closely related to 
that of Helmert f who dealt with the distribution of sums of squares of 
deviations from a fixed point. These results of Helmert and Czuber were 
apparently unknown to Student § who found the distributions of the standard 
deviation and of the ratio of the deviation of the mean of the sample from 
the population mean to the standard deviation of the sample in case the 
parent population is normal. Student’s results, somewhat empirically ob- 
tained, were later verified by Karl Pearson.{[ By geometrical methods, R. A. 
Fisher also verified Student’s distribution and obtained the distributions of 
the correlation coefficient,|| the correlation ratio,** the regression coefticient,** 
the partial correlation coefficient tt and the multiple correlation coefficient TI 


* Presented to the Society, December 31, 1930. 
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§ Student, “The Probable Error of a Mean,” Biometrika, Vol. 6 (1908), pp. 1-25. 

TK. Pearson, “Standard Deviations of Small Samples,” Biometrika, Vol. 10 
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IR. A. Fisher, “ Frequency Distribution of the Values of the Correlation Coeff- 
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++ R. A. Fisher, “ The Distribution of the Partial Correlation Coefficient,” Meiran, 
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for normal universes. Much of Fisher’s work has been given analytic treat- 


ment- by Romanovsky.* ‘With the exception of the’ arithmetic mean, very 
little is known regarding the exact distributions of statistics obtained from 


samples taken from non-normal universes. Church + has shown that arith- 
metic means of samples of n items drawn from a universe represented by a 

Pearson Type III curve are distributed in accordance with a curve of the same 
type. This result was later found by Irwin f ‘and ©. C. Craig.§ In the same 
paper, Irwin gave the distribution of arithmetic means of samples of n from 
a rectangular universe, a result obtained simultaneously by Hall.f Both 
Irwin’s and Hall’s work on the rectangular universe was considerably antedatéd 
by Laplace.|j-and Rietz,** who gave the distribution of the sums of n items 


from this type of universe. Irwin ++ later extended his method of integral 


equations to obtain the distributions of means.of samples of n items drawn 
from universes represented by Types I and VII of the Pearson system of 
frequency curves. Baker {f has treated the distributions of the arithmetic 
mean and standard deviation for certain non-homogeneous populations and 
in a later paper §§ extended the method to a universe which can be represented 
by a finite number of terms of a (anami par er series. : 


1: The pond function. In iie present paper, we shall ae 


stand a probability function f(a) of a real variable x to be, for all values of 
a on-a range X, a single-valued, non-negative, continuous function with 


*V. Romanovsky, “On the Moments of Standard Deviations, ete,” Metron, 
Vol. 5 (1926), Part 4, pp. 3-45; “On the Criteria That Two Given Samples Belong 
to the Same Normal Population,” Metron, Vol. 7 (1928), Part 3,-pp. 3-46; “On the 
Distribution of the Regression Coefigtent, ote,” Bulletin de VAcadémis.des Sciences 
de VU. R. 8. 8. (1926). 

+A. E. R. Church, “On the Means and Squared Standard Deviations, ete.” 
Biometrika, Vol. 18 (1926), pp. 321-304. 


tJ. O. Irwin, “On the Frequency Distributions of Means, ete,” Biometrika, i 


Vol. 19 (1927), pp. 225-239. 


$ 0. C. Craig, “Sampling When the Parent Population is of Pearson’s Type aa ka 


Biometrika, Vol. 21 (1929), pp. 287-289. 


-TP.-Hall, “The Distribution of Means for Samples pf Bize N, ete,” Biometrika, È 


Vol. 19 (1927), pp. 240-245. 


|| Laplace, Théorie Analytique des Probabilités, Troisieme Ed., (1820), pp. 257-263. 


*t H. L. Rietz, “On a Certain Law of Probability of Laplace, ” Proceedings of thè 
International Mathematical Congress at Toronto (1924), ‘pp. 795-789. f 

tt J. O. Irwin, “On the Frequency Distributions of Means, ete., ” Metron, Vol. 8 
(1930), pp. 51-106, 

tł G. A. Baker, “ Random Sampling from Non-Homogeneous Populations,” Metron, 
Vol. 8 (1980), pp. 67-87. 

$$ G. A. Baker, “ Distribution of the i ete,” Annala of Mathematical Statis- 
tios, Vol. 1 11030), pp. 199-204. 
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b = 
. Í, f(z)dz = 1. Then f f (x) da is the probability that a value of v selected 


at random lies in interval (a,b) where a and b are in X anda<b; and 
f(v) dz is, to within infinitesimals of order higher than that of dz, the one: 
bility that a value of x selected at random lies in the interval (v, s + dz). 
It will prove convenient to classify probability functions according as X is 
the range (— œ, œ), (0, ©), or (0,4), A> 0. In accord with this classifi- 
cation, and by adopting the language of Bachelier * to some extent, we shall 
refer to probability functions as of the first, second, and third kinds 
respectively. 
2. The distribution of the arithmetic mean. 


THEOREM I.t Let f(x) be the probabitty function of a variable x. Let 
F'(y) be that of the sum y = St, where ti (1 —=1,2,° - cn) are n independent 
values of x. If f(x) ù @ probability function of the first kind, F(y) 1 a 
probability function of the first kind, and 


co Aco ee) 
D ra= fo fof fai) 
~ f(tni) f(y — ti —-+ ` + — tna) dtn: * dta. 
Moreover, the probability function pı (Ë) of = y/n is a probability function 
of the first kind and 
(1’) fi(t) = nl (nz). 


yrdy 
Proof. By the definition of F(y), f P(t)dt is the probability that y 
y 


lies in the interval (y, y + Ay). For y assigned, it is clear that ti, ta, © *, tn 
may be chosen arbitrarily from X whereas t, must be selected with certainty 
from the interval (y — t —: ° staat, Y + Ay — lhs —' ` + ta) in order 
that the sum may lie in the interval (y, y + Ay). The probability of the joint 
occurrence of these events is then the product of the probabilities of the sepa- 
rate occurrences integrated over the prescribed intervals. Hence, 


S” Pan- f° fs f [ORES GY. ‘f (ty) tn * -dh 


Integrate both members of the equation and denote the primitive of a function 
by writing a bar over it. We have , 


* L. Bachelier, Oaloul des Probabilités, p. 155. 

t Ci. R. von Mises, “ Fundamentalsiitze der Wahrscheinlichkeitsregnung,” Mathe- 
matische Zettschrift, Vol. 4 (1919), pp. 20, 21, 77. Also C. V. L. Charlier, “ Con- 
tributions to the Mathematical Theory of Statistics,” Arkiv for Matematik, Astronomi 
Goh Fysik, Bd. 8, No. 4 (1912), pp. 7-9. 


356 l ` ALLEN T. CRAIG. 


+ 


tutaro f" fc > fa): Fea) 
x L(y + Ay — t — tr) — Fly > h — ++ — tea) ] dtn ++ dty 


Next, divide both members by Ay and pass to the limit as Ay approaches zero. 
‘This establishes the main part of the theorem. Since F(y)dy is, to within 
Infinitesimals of higher order, the probability that a value of y chosen at 
random. lies in the interval (y, y + dy), the ee of variable y = nz yields 
the probability function #F (nē) of Z. 

If f(x) is a probability function of the second kind, it is clear that for y 
‘assigned, we may choose ¢, arbitrarily from the interval (0, y); ¢ from the 


interval (0,y—ti); `- > and tn from the interval (0, y — tı —- ` -— tis). 


R t, must be selected with certainty from the interval 
(y = De — bni Y + Ay— ~t,— "+ ina) 


in order that the sum may lie in the interval (y, y+ Ay). Accordingly, for 
a a function of the second kind, (1) takes the form a 


aD r= fi f- a P Fes) . 


x fly—t—- : ‘— tni) dis ` i ' dt, | 


while (1’) is unaltered. 

We find it convenient to uan the case of a probability function of Be 
third kind in-more detail. Let us suppose f(a) to be defined for values of x 
on the range (0,a). We shall first exhibit F(y) for sums of n— 2, 3, 4 
| values. The limits of integration’ may be easily verified. In this manner we’ 
avoid & lengthy exposition for sums ofn values. We have for n = 2," 


(2) Fy) fe FEH — td | @SyS0), 


=f KEDHU E ii 


for n = 3,ł 


(8) ES SRU h)didis (05950), 


-[S f J Jv Jerone toda, 


(aSyS ea), 


* Of. Czuber, loc. oit., 69. Also K. Mayr, “ Wahrscheinlichkeitsfunktionen und 
p- yr 


ihre Anwendungen,” Monatshefte für Mathematik und Physik, Band 30 ie P. 20. 
t Czuber, loo. œit., p. 73. l , 


a tes 


A. 
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= f° [Edi — bt) ddl, 


(2a S y S 3a) ; 


for n = 4, 
Y vti *Y-tita 

(1.4) Fly)— f f f Olu, ty tes ts)diedtedhh, (0SySa) 
0 0 0 

where O(y, tr, te, ts) = f(t: )F (ta) f (te) Fly — tr — ta — ts) 


Dies ee es ree re" 
0 0 YoO-fy-ts 0 ~ty Q 


a tet Le bots 
+f f f i @(y, ty, te, ts) dtgdtedt,, 
ya JO 0 l 


F (aS yS 2a), 


y-3g 4 a a yra-dy G 
“LS Sf Ste Se JS 
Go Fan ty Yra~ty-te = ZO. t ~ty~ty 


i a G y-tirta 
J f f f |e, h, ta, tp) digdtedty, 
_ a y-2a y-a-t, 0 


(2a Sy Z 3a). 


The results of extending the forms of expressions of #(y) in terms of 
integrals, which we have obtained for n = 2, 3,4, to higher values of n now 
becomes fairly obvious. For example, with sums of k values, F'(y) is defined 


on (0,a) by a (k —1)-fold integral; on (a, 2a) by the sum of ae 


(4 —1)-fold integrals; and in general on [ra,(r-+-1)a] by the sum of 
( k - 1 ) such integrals. With this in mind and by employing the following 


_ abbreviated notations 


O(y, ti, +, buna) = F (ti) f (te) > ° yee ‘— tha); 
Tij = Y — U — t — . '— by, 
Yo ih y-t tar... Eng l ` 
FI O (y, ty’ ° *s n-i) dtni' °° dh 
0 0 0 
(EE Sota testes oat 
we readily see that for sums of n values 
0.8) Fey) (8282. A 
05754), 
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= Tir © Tina l ) 
j 0 Tin- 


E o Tir Tins G e) P So 


0 ` Tın- Q 


4 #6 Tir imal Toa-s a 
l 0 Tina 0 0. 


. T | (20% 431. Tos ae 


0 0 2,0 0 
Tiol Toz Poia 
+ C Ta 0 0 ) 


a T To, Bo E pir 
T ( o Ea 0 pi oy ty, tn-1) din-i st dt. 
i | (aS y S 2a), 
=| (F T0 e a Torna . a ) . ; 
0 Cons Ty n-2 
Lao Tar ane, Tamal . p u 
m lage vet en l 
i Ta,n—4 , Ti,n-2 , 


P ax T3 - Lene G- Tina Tins Q- ) 
0 Tens 0 0 Tin- 


» 
* 


° 


i G Tall Lig Ti ,n-3 G ) 


O O z0 $ 0 Ti,n-a 
te tak Qa Taiz CO Tın- 2 ) 
0 Lay 0 l 0 Tin- 


pE am ) 
T20 0 f 0 - Tins 


de (Ge Tai _ Fans A a - 
0 Tan- Tins 0 , 
Ta ta Tai Torn- Tamat “ee 
0 Tins 0 Li,n-8 0 
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a (z= V1 a Tais a Tin- & aa) _ á 
0 0 Za 0 0 Ls ns 0 
a Fa Q Tiz a a Tiı,n 4 D 
0 Tgi 0 l 0 l Tin-8 0 
am ( L141 er Ti n- Q = 
To Ô 0 _ Tim- 0 
+. 
` Ten 2 A Tog , Lo,n-2 
T ( T21 Tiz 0 0 ) 
ae (° Tı l Tog i a ane 
Leo 0 Tiz 0 0 l 
aa g T i 
+ ( ae E ) | Oy, ts, tTa tn_1) din-1 — dty, 


Lao Viz Ô 
: (2a y S 8a), 


a a 


rest . . 
Ta-1,0 Tn-2,1 ~ Din-2 


) @(y, bay oie s tn) din ME dts, 
[(n—1)as y = na]. 
As in er preceding cases, the distribution function of the arithmetic 
mean <== y/n is obtained from that of y by means of (17). 
As applications of the foregoing theorems, we shall now find in as simple 
algebraic form: as possible the distribution functions of the sums and arithme- 


tic means of n items drawn from various types of. simple non-normal parent 
populations. 


1. Consider [ie e . (02220) 


This is a very special case of the theory, and as reference has been made in 
the introduction to the distribution function of sums of n items drawn from 
this type of universe, we shall not take the space to give the results. - 


2, Consider 7 f(x) = (k/oje, (05 z< o). 
By (1.1), F (y) = [k'y /o" (n — 1) I] ese 
and 1(Z) = [ (kn) "z/o (n — 1) lJe”se, (0S 5< o). 


= 8. Consider f(z) = ka hgs,  (0S2e<-«), 
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which is the distribution of the squares of items distributed normally * about 
their expected value in the population. The distribution of sums of n items 
drawn from this population will then be of special interest as it is the dis- 
tribution of the Pearson x”. Again, by (1.1) we have 


FW) = Ei J g Í, eta) (e/t) 
kf (y — t — ta —* + — tea) OW dipa- -© dh, 
tı jtt +s tag 
— rk"g/? f ( dt, /t,*) f (dts/to#) > f, (dina/ n2) 
m Qrkne-v/2 Í ° (dt,/t4) Je h dtii) | 
(ts) (dt s/t). 


“When integrating with respect to tna, s==3,4,---,2—1, make the trans- 
formation 
pee [Cy ee e i bean) Jing le, 


‘The integral considered becomes 


ieie en 


where i: w(z)dz exists. Accordingly, we find 
F(y) = Tay??? gvi? 


and i 
br (F) = hye? gnal, (0=Z< w). . 
4. Consider . . . s 
f(z) = (k/o) eel’ (— œ <z< o). 
For n= 2, 
$i (Ë) = (2k*/o*) (o + 2 | z] ) e*lel/o, (— 0 << æ). 
For 7) om 3, 1 


pa (Ë) = (9%8/20°) (0? + 3o | Z | + 3é)etlel/e,  (— o <#< 0). 
For n = 4, 
ha (£) == (2h*/B04) (150% + 600% | z | oe 980d? + 64 | Z? | ) elle, 
(— œ <i< 0). 
*H. L. Rietz, “ Frequency Distributions Obtained by Certain Transformations of > 


Normally Distributed Variables,” Annals of Mathematics, Second Series, Vol. 28 
(1921-22), p. 284. 
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5. Consider 


f(z) = 42/a?, (0S 2<a/2), 
== (4/a?) (a—z), (a/2 Sr Sa): 

For n = 2, 
pı (Z) = (28/3 lat) a, (0<#<a/4), 


— (24/3 | at) (— 482% + 4800? — 120% + a?), (a/4S%S 0/2), 
= (24/31 at) (487° — 96az? + 60e?%— 110°), (4/2 5 25 30/4), 
= (28/31 at) (—# + 30a? — 30°F + aè), (80/4 3S a). 


It is interesting to note that f(s) represents the distribution of means of 
samples of two and that ¢,(#) represents the distribution of means of samples 
of four for a rectangular parent distribution. 


' 6. Consider 


f(z) = 20/0’, (02a). 
For n=2, - 
,(£) == (2°/8a*) È$, (0 S 2S 4/2), 
m (2*/3a*) (— 22° + 3a?z — a5), (a/2 SS a). 
For n = 3, 
o1(Z) == (3°/5a°) 55, | i (0 = Z S 4/3), 


== (3/5a°) (— 16275 + 270a?a* — 180a? + 450s — 4a"), 
(a/3 = =< 20/3), 
== (39/5a°) (94° — 30a*# + 20a%# + Satz — 4a’), 
(24/3 S Sa). 


2. The distribution of the harmonic mean. Let f(x) be the probability 
function of x. It is well known * that the probability function of x == 1/z is 
F(x) == (1/2) f(1/2’) provided 1/z is continuous on the interval on which 
f(z) is defined. By use of the theorems on probability functions for sums, 
we may find h(y’), the probability function of y == X 1; where Y; are inde- 
pendent values of 2’. The change of variable y = y/n yields y(y), the 
probability function of the reciprocal of the harmonic mean of samples drawn 
from the universe represented by f(x). The harmonic mean # = 1/y then 
has for its probability function ~ 


(2) pal) = (1/8) y (1/2). 


*E. L. Dodd, “The Frequency Law of a Function of One Variable,” Bulletin 
of the American Mathematical Society, Vol. 31 (1925), p. 28. Also, “ The Frequency 
Law of a Function of Variables With Given Frequency Laws,” Annals of Mathematics, 
Second Series, Vol. 27 (1925-26), p. 18; K. Mayr, loo. ott., p. 20. 
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As an example, let us consider 


f(s) = 2a/2?, ©, (aSz 22a). 
We find -E 
P(v’)=2a, (1/2aS £ S i/a). 
For n == 2, i 
h(y) me 4a (y —1/a), `> > (1/a S y = 3/24), 
== 4a? (2/a — y), . (8/2a S y 5 2/a), 
yhy) = 16a?(y— 1/2a), - (1/2a S y S 3/40), 
== l6 (1/a— y), (8/4a S y S 1/4), 
and Ea 
$a(Z) = (1602/#) (1/a— 1/5), ` (a SS 4a/3), ` 
= (16a?/z*) (1/2 — 1/2a), ` (44/3 S ES 2a). 
For n= 3, ~ 
b2(Z) = (3941 0° /2) (1/28? — 1/aé + 1/2a?), (a Sž S 64/5), 
= (4! a8/z%) (— 9/2? + 27/20 — 39/847), °  (6a/5 SF 8a/2), 
= (394! a8 /B) (1/28? — 1/208 + 1/8a*),” (30/2 S È S 2a). 
Also conde: l l 
| He) = 1a, alas 
For n == 2, i 
$a(2) — [2/a?] [ (4/2) log(z/ [2a — z]) + oi /2(20—) 4/2 
(aX#S 44/3), 


= [2/a*] [(4/2) log (4a—4/é) —a/ (4—2) + a], 
; — (4a/ 82 2a). 
The Per ae of the geometric mean. . = 


l THEOREM II. Let f(x) be the probability function of the variable x and 
let F(y) be the probability function of the variable product y =U ty where t; 


(1=1,2,:::,n) are n independent values of x. If f(z) is a probability | | 


function F the second kind, F(y) is a probability function of the second 
kind and 


(3) r=" f> J Hee att 
din- dty. 


Moreover, the probabtlity function ds t of z Zz = WD) 1/n 43 a da i func- | ; 
ton aE the second kind and - l 


(3°) dls) = = nF (2r). a” = 
Proof. For y / assigned, we may select ti, ta © +, tas arbitrarily from 
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~. 


the interval (0, 0). But ta must be selected with certainty from the interval 
[y/ (6> + + ta), (y tAy)/ (tit + ter) ] in order that the product may lie 
‘in (y, y + Ay). We then have | 


E Hat fof Tron Hen)dtes dls 


EO i fo f(t) - Ftna) l 


X FL E Ay) (h e ter) — F [g/h i tea) I} dinat dae 
Lf we assume the validity of the i 


f (tte =. tc ta) +r Ce “iad test 
- the theorem is proved. . 
If f(z) is a probability function of the third kind, we establish in a pre- 


cisely similar manner that the probability function F (y) of ki product of n 
independent values of the variable © 18 


OEE CN 
(3.1) F(y)= N mn is. a fe f(t) © F(t) F [y/ (hs + te) 


(at... tas) tis + baa 
dia © dh. 
‘Clearly, the distribution of geometric means is given by (83°). E 
Inasmuch as the geometric mean of n numbers is well-defined only when 
all of the numbers are positive, this completes our theory of the distribution 
of this average. As an example, consider 


l f(z) — 1/a, o (Q0S2Sa). 
For n= 2, i, i 
a — (44/02) log (0/2), l (052 Sa). 
For n = 8, i 
- ġa (2) = (2%22/2a°) [log (a/a) 1”, (0E Sa). 


4. The distributions of the median,” quartile and decile. In a paper 
by Rider,+ the distribution of the medians‘`of samples of 2m -+ 1 items is 
given in the case of a rectangular parent distribution. We shall extend the 
theory to a.more general distribution. 

- Suppose a variable to obey a law of rabei given by f(z). For the 


* Cf. Dodd, “ Functions of Measurements under General Laws of Error,” Skan- 
Ginavish Aktuarietidskrift (1922), p. 150. 

t P. R. Rider, “On the Distribution of the Ratio of Mean to Standard Deviation 
in Small. Samples from Non-Normal Universes,” Biometrika, Vol. 21 (1029); PP. 
eee 
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present we shall assume f(z) to be of the third kind. Let a sample consisting ` 
of n==2m +1 (m an integer) values of z with median value é be drawn. 
~ We propose to determine the law of probability of é: The probability that m 


£ ” 
of the 2m -+ 1 items lie in the interval (0, ¢€) is pre +) Lf fdt | ‘ 
3 0 ; 
The probability that m of the remaining m--1 items lie in the interval 


(& a) is - T *) I in f(t) at |" Finally, the probability that the remain- 


m 

. ing item lies in (£, ë + dé) is f ($) dé. We have thus established the following | 

THrorem III. Let f(z). be the probability function of the variable x 

and let $s(€) be the probability function of the median £ of samples of 

ne=okm-+1. If f(x) is a probability function of the third kind, $4(€) ts a 
probability function of the third kind and. 


(4) a) = Lem vinyl fra] S roa]. 


If f(z) is a probability function of the first or second kind, ¢,(&) remains 
unchanged except that the limits of integration are — œ, é and é, oo respec- 

. tively for a function of the first kind and 0, é and é, œ respectively for a . 
function of the second kind. | 


The probability function of the lower quartile y of samples of n=4m +1 ` : 


drawn from a universe represented by f(z) where f Á is of the second kind, 
is clearly 


(4.1) s(n) = C(4m + 1) ym (3m) | f roa] [f yoay fo). 


Similar forms of ¢5(7) hold for probability functions of the first and third 
kinds. It is obvious that the distribution of any statistic which is defined as 
that value of the variate which exceeds, and is exceeded by, specified numbers 
of items of the sample, may be determined in this manner. For example, we 
may find the distribution of the upper quartile or of any decile. 

Ezamples. -Consider 


f(t) = (k/o) elele, (— o <zr< 0). 
Then . Po ~ 
pı (E) = [ (2m +. 1) !/(m! \? R (1/0) mD El (2 — ollm, 
| | Bo aa (— œ << w). 
Consider f(z) = (2/a8)s, (OS2Sa). 
Then: | | eh 


palé) = E(2m +1) 1/(m!1)*] (2/2) pmi (aa gm (0S <a). 
Consider f(z) =e", (0S r< o). 


` 
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Then ~~ | . f 
palé) = [(2m + 1) 1/(m! ed rim, (0SE< 3). 
Consider * - - f(e) = Ta, l (ti a). 
Then. | : a 


bul) = [(2m 11 /(mi)*] + (1a gR a g), (05E a). 
It is interesting to compare the variances of these exact distributions of 
médians with the variances given by the usual formula f om? == 1/4N4y* where 
N is the number in the sample and y is the ordinate of the probability (not — 
frequency) function of the population at the population median. For the 
population represented by f(x) = 1/a, om? == a?/4(2m + 3). By the usual - 
formula, on? = “/4 (2m +1). For the population represented by f(s) 
= 2¢/a*, we have l 
i a aœ [ (2m i: 1) 176 gim 
2° (mi [m3]? 
while by the ordinary formula om? == a?/8 (2m + 1). It is easy to verify 
that the limit of Í 


Sint = 


[(@m +1) 12m 
(mi )*[(4m + 3) 1]? 
is 1/2 as m becomes infinite. 


5. The distribution of the range. ` In their investigation of test criteria, 
Neyman and Pearson f found, for a rectangular universe, that the ranges of 
samples of n items are distributed according to a Pearson Type I curve. In 
this connection, we shall establish the slightly more general 


Tuxorem IV. Let f(x) be the probability function of the variable x 
and let pa( W) be the probability function of the range W of samples of n 
items. If f(x) isa probability function of the third kind, ou w a proba- 
bility function of the third kind and’ © 


(6) (W) = n(n—1) f(z) f(@—W) n[ S Joi, ae. 


= Proof. Consider à W assigned within an interval. (W, W + AW). The 
largest item of the sample must be at least as large as W. If vis this largest 
item, then in order that the range W.may lie in the interval (W, W+ AW), | 
it is necessary that the smallest item lie in Ges W— AW, s— W). The 
remaining n— 2 items must lie in the interval (z — W, s). If we consider 


* Rider, loo. oit., p. 137. l 

+H. L. Rietz, Mathematical Statistics (1927), p. 135. 

tJ. Neyman and E. S. Pearson, “On the Use and Interpretation of Certain Test 
Criteria,” Biometrika, Vol. 20 (1928), p. 210. 
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all possible arrangements and denote by fos sW aw the probability, for s 


assigned to the interval (z, < -+ dz), that W les in the interval (W, W + AW), 
we have 


O annen f pue] ow (Tho 


whence 


TT ple)ae J” Heyfte— Wie 


Now z may take all ae fiom W to a. Hence, the probability function. - 


of W i 18 

S a ' g “wy m3 
(W) =n(n—1) f f(x) f(2—W) LJ foa | dx 
For the probability functions of the first and second kinds, we find 


(7) = n(n—1) f° fete—W) Lf fore Jis, 


pW) =n) f oem] f jas Ja 
respectively. 

If a sample consists of two items, the standard deviation ; is som 4 | t — t: |. 
or s= 44W. We may, accordingly, obtain the probability function ¢:(8) of 
the standard deviation of samples of two drawn from an arbitrary universe by 
setting n = 2 in the above forms of ga(W) and by making the transformation 
= W = Rs, dW ma 3ds. 


Examples. Consider * 


and 


f(z) = 1/a, - 0SrS a). 
We find OO aA 
de( W) = L a 1)/ar]W"-2(1 — W/a), OSW Sa), 
and _ 
$: (s) = (4/a*) (a — 2s), i (0 5 s8 S a/2) 
~ Consider Ka l l 
f(z) ere, ` oo oo (0S s< 0). 
We find a i o d 
pel W) == (n—1) 62 ¥(e¥ — 1)", (0S W< œ), 
ind or 
r (8Y = Be, . (0S8 < w). 


THE UNIVERSITY OF IOWA. 


* Neyman and Pearson, loo. oit., p. 210; Rider, loo. oit., p. 141. 


Wg 


A CERTAIN TRANSFORMATION ON ‘METRIC SPACES. 
By G. T. WHYBUBN. 


i 


1. Ina study of compact locally.connected continua Mazurkiewicz + has 
defined what amounts to a transformation on compact metric spaces K which 
-ig effected by changing all distances p(z,y) in K into distances p*(z,y) 
where p* (x, y) is the greatest lower bound of the aggregate of numbers [8(C) ], 
where C is any continuum in K containing «-+ y and 8(C) is the diameter 
of C. Now if-we.alter this definition merely by allowing C to be any con: 
nected set in K containing z -+ y, it is clear that the transformation will 
not be altered as applied to compact spaces K. However, in this form: it is 
applicable to spaces which are not compact; and in particular, when applied 
to metric spaces Af which are connected and locally connected, it turns out 
that, even though in this case the minimum diameter *(z,¥) is not neces- 
sarily effectively attained in the sense that there actually exist a connected — 
set C such that 8(C’) = p*(z,y), nevertheless many important properties, 
including most of those found by Mazurkiewicz and Urysohn in the compact 
cases, are readily deducible.- The present paper is devoted to the development: 
of. this transformation to such spaces M and to the application of the result- 
found to the interestirig-case of a plane region. 
It will be shown, among other results, that if we call this transformation 
T, then T is a homeomorphism whose inverse is uniformly continuous and 
which leaves diameters of connected sets invariant.’ Thus Property 8 is also ~ 
invariant under T. Furthermore T(M) is uniformly locally connected, and 
thus it follows that any connected, locally connected metric space M is homeo- 
. morphic with a space M which is uniformly locally connected. 
_ In §5 the results are applied to show that if R is any simply connected 
plane region having property: 8 t and with boundary B, then the boundary ” 
J of T(R) in me space obtained by ee T(E) after the manner of 


t See Fundamenta Mathematicae, Vol. 1 r020, PP. 167, 168. This same- trans- . 
formation was also studied later by Urysohn (see Verhandelingen der Koninklyke l 
Akademis van Wetenschappen te Amsterdam, Erste Bectie, Deel XIII, No. 4, 1928, 
pp. 38-42) who also considered.it only when applied to compact spaces. l 

t+ A set of points H has property S provided that for every e> 0, H is the sum 
of a finite’ number of connected sets each of diameter <e. (See Sierpinski, Funda- 
menta -Mathematicac, Vol. 1,-p. 44). “It has been ` shown by R.. L: Moore (Funda- 
-menta Hathematicae, Vol. 3,.p. 235) that a bounded plane simply connected region 
has property & if and only if its boundary is-locally connected. 

x ; -O RG? 
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the Cantor addition of the irrational numbers to the rational number system, 
is a simple closed curve; and since the inverse of T is uniformly continuous, 
it can be extended in one and only one way to give a continuous transforma- 
tion W of J into B. Furthermore, it will be shown that W is a minimal 


mapping, from the standpoint of multiplicity, of J onto B; the multiplicity 


under W of any poini p of B is equal to the numben of components of B— p 


if this number is finite and is infinite if this number is infinite. Thus, under 
the transformation W, not only does the image of a point p on J traverse . 
continuously the points of the boundary B in cyclic order, but the structure _ 


of B is accurately described by the transformation Wt 


2. The Transformation: T. We shall consider a connected and locally 
connected metric space which we denote by M.- For each pair of points x and 
y of M let p*(z,y) be the greatest lower bound of the aggregate of diameters 
[8(C) | of all connected sets C in M which contain both z and y. Now for 
each pair z, y in M, the number p*(z, y) is a finite non-negative real number. 


Obviously this is true if $(M) is finite, which we may suppose without loss - 


of generality. Even without assuming 3(M) finite, however, as Mr. ©. H. 


Harry has remarked, we may still show that every p*(z,¥) is finite by using | 


the fact that z and y can be joined in M by a finite simple chain of con- 


` - nected regions each of diameter < 1 which is thus a connected set CD z +y 


and with 6(C) =k, where k is the number of links in the chain. Also, as 
will be shown below, the numbers p*(z,y) have distance character in that 
they satisfy the distance axioms necessary to define ‘ametric space. Let M* 
denote the space whose points are exactly the points of M but in which “ dis- 
tance ” is defined by means of the above definition, i.e., the distance p(x*, y*) 
between two points «* and y* of M* is the number p*(2,4) determined in 
the above manner for the points z and y of M, where z and y are the points 


in M idéntified with the points 2* and y* respectively in M*. Thus M* is . 
the spdce obtained: from M by changing all distances p(x; y) into distances _ 
p*(z, y): If we regard this operation as a transformation T, then we have 


that T(M) = M*. We denote points of M by z, y, and corresponding 


points in M* by a*; y*,- --. Distances in each space are denoted by ‘the 
operator p. Thus: we have always 
(i) ' s ean : p* (z, y) — (2%, y*). 


We process: now to establish the following 


+ In this connection the E is nana to a result relating the sian ecu 


order of a point of a regular curve and its multiplicity under a certain transformation 


of a circle into that curve, announced by G. Ndbeling in the Wiener Akademie Angeiger, 


one 1929, No. 17. 
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3. Properties of the transformation.+ 


(1) o* (æ, y) = p(z,y); 
(2) diameters of connected sets are invariant ae T, i.e, 8(C)— (C er 


where C 1s any connected set; 

(3) the numbers p* (x,y) have distance character, i.e., p*¥(2,y) > 0, 
TY; P *(a, z) = 0; p*(x,y) pE) p* (4, 2) S p* (2, y) + p*(y, 2) ; 
thus M* is a metric space; 

(4) T is a topological transformation. Thus M* ts homeomorphic 
with M; 

(5) property S is invariant under T; 

(6) M* ts uniformly locally connected; 

(7) the inverse of T ts uniformly continuous; 

(8) tf M is uniformly locally connected, then T ts untformly continuous 
and conversely; 

(9) all spherical neighborhoods in M* are connected, i. e., for each point 
p* of M* and each r> 0, the set V-(p*) of .all points x* in M* with 
ple", p*) <r is connected. 


Proof. If CDz+y, then 8(C) = p(z, 9). Therefore, g.l. b. [8(C) ] 
= př (<, y) = p(T, y), where “g.l. b.” means “greatest lower bound,” and 
(1) is proved. 

By (1) we'have 8(C) =8(C*). Since s+yC&C CO implies p*(z, y) 
< 8(C), therefore we have 8(C*) =l. u. b. [p*(z, y)] = 8(C), where x and y 
are in C and “l.u. b.” means “least upper bound.” These two inequalities 
give 8(C) —8(C*), which is (2). 

The first two relations in (3) are corollaries to (1) and (2) respectively. 
The third results from the fact that s+ yC C is the same relation as 
y+2CC. The fourth follows from the fact that if, in general, Cab denotes 
"a connected set containing a-t- b, then any set Cay + Cys is a set Coz. For 
then since è [Cay + Cys] =8(Cey) + (Cyc), we have 


g.l. b. [8(Coe)] 5 g. 1. b. [8 (Cey)] + g l. b. [8(Cye) J, 


which is the same as p*(a, 2) S p*(z,y) + p* (4,2). i 
That the transformation T is (1—1) follows from (3). By virtue of 

the local connectivity of M it follows that when p(£n, z) — 0, also p* (2n, £) 

= p(z*,,2*)—0; and by (1) we have that p(t,,7)— 0 when p* (£n, 1)— 0. 


+ For the case of compact spaces, properties (1) and (3) were established by 
Mazurkiewicz (toc. ott.), and property (4) was established by Urysohn (loc. cit.). 
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Therefore "T and T~ are Saia i and thus T is eRe which proves ` 

(4). | ; | 
Tf M has scones 5, then for any «> 0, M = > Ci, where each Ci is - 
connected and 8(0;)<« Then since by (2), 3(C*:) == 5(C%), we have 
= C*;, where 8(C*%1) < © Thus M* has- property 8, and (5) is proved. . 


To prove (6), let « be any positive number. Take a number ô == ¢/2; 
Then if z* and y* are any two points of M* with p(z*, y*) = pf (z, y) < 8, 
by the definition of p*(z,y) there’ exists a connected set C in M containing 
x+y and with 8(C) < 2=e« Then 0* D z* + y*, and, by (2), a G 
= (C) <e Thus M* is uniformly locally connected. 

=> Property (7) follows immediately from (1). For if e is any positive’ 
number, then taking § == « we have by (1) that if z” and y* are points in M* 
with p(z*,y*) = p* (£, y) < è = e, then p(T, y) Sp*(z,y) < © 
. If M is uniformly locally connected, then for any e > 0, a.8 > 0 exists 
such that when p(z, y) <8, there exists a connected set C in M with s+ y 
CO- and 8(C) <e; thus it follows that p(c,y) <8 implies p*(z,y) 
= p(z*,y*) <e, which proves that T is uniformly continuous. If, con- 
versely, T is uniformly continuous, then for any « > 0, a è `> 0 exists such. 
~ that p(z,y) <8 implies p(2*, y*) = p*(z,y) < e; therefore, by definition. 
of p* (z, y), there exists a connected set C in. M with s+- y C C and 8(C) <<, 
which proves M uniformly locally connected. Thus (8) is established. 
Finally, (9) results from the fact that p (z*, p*).< r implies the existence . 
of a connected set C in M with z +pCC@ and 8(C)<r; this gives 
CC V,(p*), from which relation the connectivity of V,(p*) is manifest. 


4, Estension of the domain of definition of T. It has been shown by 
Hausdorff ¢ that any metric space S may be “completed” into a complete 
space (i.e. a metric space in which every fundamental sequence of points 
has a anit point) by adding points on to S corresponding to every’ funda- 
mental sequence in S which has no limit point ‘in S in a manner entirely 
el to the Cantor method of defining the irrational numbers. Suppose 
we “complete” our spaces M and M* in this way and call the resulting com- 
_ plete spaces Mo and M*,.respéctively. We shall consider here three cases. 


(a), In general since every point of M*,— M* is a limit point of M* 
and since, by property (7), T= is uniformly continuous, it follows by a well 
l known theorem that the definition of T= can be extended to include the 


t See Grundeüge der Mengenlehre, 1914, p. 315. 
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points of M*,— M* in one and only one way so that if we call the resulting 
transformation W, then W will be single valued and continuous and will be 
equal to T= on M*. The image ‘under W! of any point p of M*,— M must 
be a point of M.—M;.for if W(p) =a where z C M, then z* C M* and | 
hence z*54 p; but then M* contains a subset N* having p but not T as a 

limit point; hence, W being continuous, the subset N = W(N*) of M has z 


as a limit point, contrary to the fact that M and. M* are homeomorphic. - — 


Thus we have proved that — 
(ii) W (a _M*) CM, —M. 


(b) In case M has property 8, then by property (6), M* also has prop- 
erty 8. ‘Then since in the spaces Me and M*, respectively, M == Me and 
M* — M*, it follows + that M, and M*, have. property S. Thus Me and M*, 
are complete spaces having property. S, and hence by a theorem of ‘Hausdorff’s,} 
they must be compact. Now in this case’ it-follows that every point of Mo — M 
: must be the image under W of some point of M*,—M*. For let p be any 
point of Mo— M. Then since, as is at once clear, M + p is locally connected 
at.p, there exists in M a sequence of connected sets U1 D Us D Us =» - - such 
_ that 8(U;) —> 0 and for each n, pC Up. For each 1, choose a point z; in Uj. 


-0 ¥ $ . . r 
Then since, for each m, Sai C U4, it follows that 2*;, 7*:,- - - is a funda- 


mental sequence in M*. Hence this sequence hasa limit point q in M*e. 
The point q cannot be in M*, for the sequence zı, a'> has as its limit 
point the point p of Me — M. Thus q C M*,— M*, and as W is continuous, 
W(q) =p. Thus we have shown that W(M*, _M*) D M,— M. i virtue 
of (ii) we have, in case M has property 8, that 


(ili) © EE W(M*, — M*) = M, = M. 
Therefore W is a i valued and continuous transformation mapping M* 


t See R. L. Moore, loo, ctt. 

ł According to Hausdorff, a space is iiis bounded (total beschränkt) ronde 
it is the sum of a finite number of arbitrarily. small sets. Hausdorff’s theorem which 
we apply here states that any complete, POARI bounded space is compact. See Grund- 
güge der Mengenlehre, 1914, p. 314. 

In this connection we note the fact that since clearly the definition of T as well’ 

as properties (1), (2), (3), (5), (6), (7) have meaning and are valid whether 4f is 
locally connected or not (so long as we suppose, for convenience, that 3(M) is finite), 
it follows that etther one-of the following conditions is both necessary and sufficient 
in order that a connected metric space M have property S: (a) that the space M* 
_be totally bounded or (8) that the space H{* , be compact. In case M is compact, 
property 8 is equivalent to local connectivity, if *=M* , and this proposition reduces 
to a theorem of Urysohn (loc. ctt.). 
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onto M and M*,—-M* onto Me— M. Incidentally we ‘have proved the fol- _ 


lowing theorem: 


If M is any connected set having property S, then M is homeomorphic E 


i with a uniformly locally connected subset M* of a compact-locally connected 
continuum M*.. a, 

` (c). If M is uniformly locally connected, then by virtue of (7) and (8) 
T and T> are uniformly continuous. Consequently, T and T- can be ex- 


tended to the points of M.—-M and M*,-—M*, respectively, in a unique. 


. manner so that the resulting transformations are single valued and con- 
tinuous on M. and M*, respectively and so that their values on M and M* 


are unaltered. Also it is seen at once that under the extended transforma- — 
tions T and T= .it is true that for each point s in Me (whether z be in M 


or not), T- [7'(z)] = z, so that T~ is the true inverse of T over the com- 
pleted spaces Mo and M*,. Therefore, the extended transformation T is a 
topological transformation throwing M, into M*,, M into M*, and M,—M 


into M*,—-M*. Thus we have shown that M. and M*, are homeomorphic 


and also that Mo — M and M*,— M* arè homeomorphic. 


5. Application to plane regions. Let & be a plane connected region 


which has property S and which has a connected boundary B. Then È is a 
space M and, in the notation of this paper, we have at once that R,— R = B. 
Let J denote the set of points R*,-— R*, where R* — T(R). Then, applying 


$4, (a) and (b), we have a continuous transformation W.of R*, into Re 


-such that W = T> on R* and W(J) = B. We now proceed to show that 
(I) The set J.ts a simple closed curve. 


. First, J is compact and closed. For by $4, (b), R*, is compact; and 
if J were not closed, some point zë of R* would be a limit point of J. But 
then as W is continuous, the point + of E would be a limit point of W(J), 


contrary to the fact that W(J) == B and no point of R is a limit point of B. 


Second, J is connected. For if not, then with the aid of the Borel 
Theorem it is seen that there exists a closed (in #*,) and compact subset 
F* of R* such that R* — F* == A* + G*, where A* and G* are mutually 
‘separated and A*-J 4 0 Bt J (the bar indicates closure in f*,). 


Then FCR, R—F—A-+G, and A and G are mutually separated and — 


4A-B=-0G-B. A simple application of the Borel Theorem and of the 
arcwise connectivity property of R shows the existence of a continuum H 
in & which contains F in its interior, i.e., every point of F is an interior 


point of H. Let K be the boundary of the complementary domain D of H / 


| 
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_ which contains B. By a well known theorem, K is connected. Now since 
B contains limit points of each of the.sets A and G, it follows that D con- 
tains points z.and y of A and G respectively. - But then if cu and yv are arcs’ 


in È with su: H =u and yv: H =v, the set ru + K+ yv is a connected - 


subset of k — I containing both aland y, contrary to the fact that J” separates 
z and y in R. Therefore J is connected. l 

Finally, J is disconnected by the omission of any two of its points. For 
let a and b be any two points of J. Since by (5), R* has property S, there- 
fore t+ a and b are accessible from R*. Accordingly it follows that there’ 
exists in R*, an arc ab such that (ab)* = ab — (a + b) C R*. Then W (ab) 
is either an arc or a simple closed curve according as W(a) and W(b) are 
different or the same and (ab) = W (ab) —W(a) —W(b) CR. In either © 
case, R — (ab) = D, + Da, where D, and D- are mutually separated non- 
vacuous sets. Therefore R*— (ab)* —=D*,-+ D*, and D*, and D*, are 
mutually separated. Let Jı = D*,- J —(a + b) and Ja =— D*,-J —(a + b). 
Then clearly Jı + Jz =J — (a+ b). Furthermore, J; and Jz are non- 
. vacuous, mutually separated sets. They are non-vacuous, for there exist 
points pı and pz (not necessarily distinct) in B— W(a) — W(b) which are 
limit points of D, and Da respectively; D, and Da contain sequences of points. 
N, and N: respectively which converge to pı and pz respectively; since R*, 
. is compact, N*, and N*, each have at least one limit point qı and qa respec- 
tively: Then qı +q: CJ, and since W(g:) = pı and W(q2) = pz, we have . 
qı + q2 J — (a+ b); and since qı and q: are limit points of D*, and D*, 
respectively, we have qı C J, and qa C Je, which proves J; and Jz non-vacuous. 
Now if J, and Je are not mutually separated, it follows that there exists a 
point p in J — (a+ b) which is a limit point both of D*, and of D*,. Let 
U be a neighborhood of p with U -ab = 0. Then since, by (b), R* is uni- 
formly locally connected, it follows that there exist points z, and .z; in D*; 
and D*, respectively which can be joined by a connected subset of U- R*. 
But this is impossible because every connected set in R joining D*, and D*, 
. must contain a point of ab. Therefore Jı and Jz are mutually separated, and 
hence J is disconnected by the omission of any two of itë points. 

Thus we have shown that J is a.compact contmuum which is discon- 
nected by the omission.of any two of its points. It follows by a theorem of 
R. L. Moore f that J is a simple closed curve. 

Since B = W (J) and W is continuous, it follows that B must be ay 


tł See G. T. Whyburn, Proceedings ‘of the National Academy of Sciences, Vol. 13 
(1927), p. 650 and Fundamenta Mathematicae, Vol. 12, p. 272. 
t See Transactions of the American, Mathematical etal Vol. 21° (1920),- p.- 342;- 
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connected. Hence as a corollary to (I) we have the result of R. L. Moore’s + | 
which states that The boundary of every plane, connected, and simply con- ` 


nected region which has property 5 ts a locally connected. continuum. “Also, 
- in case R is uniformly locally connected and bounded, it will have property S 


and by-§4, (c), it follows that B and J are homeomorphic. Thus in this. 


case B is a simple closed curve, and as a second corollary to (I). we have 
R. L. Moore’s theorem f to the effect that The boundary of every bounded, 
plane, connected, and ena nae connected region is a ie closed 
curve. 
‘Now let p be any point of B. Then since W+*(p) must cut J into at 
least as many components as there are components, of Baan; it follows that 
the multiplicity m(p) of p under W, i. e:, the number of points z on J such 


that W(t) = p, is at least as great as ile number ' alp) of components of 


B—p. We shall now prove. 


= (II) If etther of the. numbers alp) and m(p) 1s pone; the aer 1S 
finite and the two are equal. 


To this end, let pi, po, Ps," © * px be any set of k-points on J such that, 
for eachi =k, W (pı) =p. There exist arcs 2*;p; such that stip, — pi C R* 
and such that for each j and rk, p [(x*), pi), (2*,,-pr)'] > d, where d is 
‘some fixed positive number independent of j and r. Then [W (2*;, ps)] are 
ares [ap] such that vip — pC R and such that no connected subset of R 
of diameter < d contains points of two'of these arcs. Let C be a circle with 


center p which is of diameter < d and which does not enclose any of the . 


points [z;]. For each i, the arc tig contains an arc zip such that z; C C and 
zıp — zı © I, where J is the interior of C. The arcs zp, Zap,’ * -zep divide 


I into exactly k regions D,, Dast + +, Dy. It follows at once that for each t, - 


p is a limit point of Dı: B (for no two of the arcs zip can, be joined in Z- E) 


and, since B is locally connected, there exists in B-an arc wip such uip—p- 


C Dy. Now no two of the sets u;p— p can lie together in the same com- 
ponent of B— p. For if say uip — p and wp — p lie together in a component 
N of B— p, then N contains an arc uru; and ute; + wep + usp: contains 
a simple closed curve L which contains segments vip and vip of uip and uyp 
respectively. But then since vıp — p C Dy, it follows that both the interior 


J 


and the exterior of L contain points of #,.contrary to the fact that Ris con- _ 


“nected and L-R==0. Therefore no two of the sets usp — p lie together in| 


+ See R. L. Moore, Fundamenta Mathematicae, Vol. 3, p. 235. 
$ See R. L. Moore, Proceedings a the National seamen of Sotences, Vol. 4 (1818), 
pp. 364-370, 
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a single component of B—p; and since there are k of the sets uip— p, it 
follows that there are at, least k components of B— p.- Thus we have shown 
that if W~ (p) contains at least’ points, B—p has at least k components. 
Hence -a(p) = m(p), and if. eithér of these’ “numbers ig finite the other is. 
` finite and the two are equal. 
‘Finally we prove. | 


(Ii) w ts riot constant on any are of J. 


To this end, let p be any point of B and let a and b be any two points. — 
of J (if two such points exist) such that W (a) = p= W(b). As shown 
. above, there exists an are ab such , that (ab)* = &b — (a + b) C R*. Then 
W (ab) is & simple closed curve with W (ab) — p = (ab) CR and R— (ab) 
= D, + Da, where Di and D, are mutually separated and D, lies within 
W(ab) and. De without W (ab). Let zë and y* be points on (ab)*. 
_ Then since z—>p and y—>p as z*—>a and y*—>b respectively, whereas 

s p* (x,y) = p (a, b), it follows that both the interior and the exterior of 


W (a, b) m contain points qı and qe respectively. of B. Since q, is not a 
limit point of D, and g: is not a limit point of D,, it follows. that if v, 
and vs are points on J such that W(11) =q; and W(v2) = qs, then’ v, must 
belong to one of the arcs of J from a to-b and vs to the other one. Hence > 
W is not constant on either of the arcs of J from a to b, for W(a)—= W(b)= p, 
whereas W(v,) == q, and W (v:) =q: and qi: A pt*qz; and from this it 
follows that W is not constant on any are of J, because a and b were any two 
points on J having the same image point in B. 

By way of recapitulation we note that since R* + J is homeomorphié 
with the unit circle plus its interior, the proofs given in this section craban 
the following 


THEOREM. If R is any plane connected region which has property S 
and has a connected boundary B, and if C denotes the unit circle and I its 
intertor, then there exists a topological transformation W of I into R which 
` can be extended to the circle C in such a way as to gwe a single valued and ` 
continuous transformation of C into B which is not constant on any arc of C ’. 
and is such that the multiplicity t under this extended transformation of 


“ {It seems very probable to the author that the correspondence set up by Cara- 
theodory (See Mathematische Annalen, ` Vol. 73, pp. 323-370) between the prime 
ends of the boundary of any bounded simply connected region and the points.on a 
circle may, in the case we are here considering, have. a same multiplicity relations 
as we have established for our transformation W. 
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any, point p of B ts equal to the number of components of B— p when this 
number is finite and is infinite. when this number is infinite. 


In conclusion we remark that, in so far as the set B itself is amaii 
we may obtain a mapping W of the circle C onto B having all the properties 
stated in the-above theorem where B is any compact locally connected con- 
tenuum containing at least one simple closed curve and every maxvmal cychc 
curve of which is a simple closed curve. For by a theorem of W. L. Ayres,t 
‘any such continaum B, whether it lie in the plane or not, is homeomorphic 
with the boundary B’ of a plane bounded region R. By a theorem of R. L. 
Moore’s | this region R has property 8. Hence we can apply our theorem 
and obtain all tho properties for B’.and thus also for B, since B and B’ are 
eo aad 


THE JOHNS HOPKINS UNIVERSITY. 


t See Ayres, Fundamenta Mathematicas, Vol. 14, p. 92. 
t See Moore, Fundamenta Mathematicae, Vol. 8, p. 232. 


_ON UPPER SEMI-CONTINUOUS DECOMPOSITIONS OF | 
COMPACT CONTINUA.* 


By W. A. WILSON. 


1. Introduction. The complexities which may occur in the structure of 
continua have naturally led to various methods of analyzing them. One of ~ 
the most natural is to decompose the given continuum into sub-continua as 
elements, which may be taken as “ points” of a new locally connected con- 
tinuum. The use of prime parts for this purpose by H. Hahn and R. L. 
Moore is well known. 

It was with the idea of finding a finer decomposition ae the writer 
invented a notion called the oscillatory set (See §9) of a continuum about 
a point,t a notion which did not come up to expectations in general on ac- 
- count of a lack of uniqueness. However, in the case of a bounded continuum 
irreducible between two points it was found that the oscillatory set is unique 
and that, if no indecomposable continua except continua of condensation are 
present, the continuum can be exhibited as a simple arc having certain 
oscillatory sets called complete as the “points.” The problem for the irre- 
ducible continuum was finally completely solved by’ C. Kuratowski,7 who 
divided the continuum into elements called tranches, which are identical with 
the complete oscillatory sets of the writer for the case mentioned above and 
are connected sets of indecomposable continua and continua of condensation 
in the more general case. 

It is the principal business of the present atid to study this same 
problem for another class of continua for which the oscillatory sets can be 
taken as unique, namely that of compact one-dimensional continua which 
have finite connectivity. The space used is metric and compact. 


2. Definitions. A decomposition of a compact continuum M into dis- 
joint sub-continua {X} is called regular if (a) M =Z [X]; (b) the de- 
composition is upper semi-continuous; and (c) Af is locally connected about 

* Presented to the Society, September, 1931. 

+ On the Oscillation of a Continuum at a Point,” Transactions of the American 
Mathematical Society, Vol. 27 (1925), pp. 429-440; “On the Structure of a Con- 


tinuum, Limited and Irreducible Between Two Points,” American Journal of Mathe- 
maties, Vol. 48 (1928), pp. 147-168. 


_ ¥“ Theorie des continus irreductibles entre deux points II,” Fundamenta Mathe- 
maticae, Vol. 10, pp. 226-275. 
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each XY. The sub-continua {X} are called elements of M, or elements of 
the decomposition. D of M. The decomposition ` M = 3 [X] is upper semi- 
continuous if, for every «e> 0, there is a 8> 0 such that X’C V(X) if 
' X- V(X) £0." The continuum M is locally connected about X, if for 
every «> 0, there is a 8>0 and a sub-continuum C of M for eo 
a(l X) CCC YV,(X). 

If D and £ are two decompositions of a Contig M, E is said to be 
finer than D if every element of E is a sub-set of some element of D and 
some element of E is a proper sub-set of an element of D. A sequence {Di} 
of decompositions of a continuum M is called descending . if each D; is. finer 
than Dis. 

If a regular Gon D is such that there is no finer regular do- 
composition, we say that the decomposition D is irreducible. The next few 
sections are devoted to a chain of theorems:showing that a compact con- 
tinuum which has any regular decomposition has an irreducible one. | 


‘3. Asa preliminary it should be noted that, if D and E aré upper semi- 
continuous decompositions of the compact continuum. Mf and £ is finer than D, 
then the decomposition Æ generates-an upper semi-continuous ees 

of at least one element X of the decomposition D. 

On the other hand, it is not true that, if D and E are regular, the 
. decomposition of the element X generated by # is necessarily regular. To- 
see this, consider the four plane sets defined as follows: 


P: ag==0, (0OSy21); l 

Q: s= 1/2, (n=1,2,; -> ); 0 Sy Sl; 

‘R: y=0, 1/2, or 1; (OS251); 
S: y= m/2", m < 2” and integral; (0 S 2S 1/2"; n = 2, 3, 4, o. 


Then M=P-+Q+#-+S8 is a.compact locally connected continuum. If . 
we take P+- Q +E as one element and the remaining points of M. as the 
` other elements, we have a regular decomposition D. If we then take the 
points of M as elements, we have a regular decomposition Æ of M which 
is finer than D. The points of the continuum P + Q + R are the elements 
into which Æ ‘decomposes it, but P + Q + R is not locally connected. 


4. THEOREM. Let {Di} be a descending sequence of decompositions of 
the compact continuum M.- For any point x of M let X, be the element 
containing x in the decomposition D, and X be the divisor of the sequence 


* The notation V,(4) signifies the set of points of A ieee etnek from x 
are less than e. Owing to the.compactness of M there is no lose in generality in 
using the same 8 for ey x, 
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{Xi}. Then M = [X] ts a decomposition D me M into- aa continua 


and D is finer than every Dj. 


Proof.. By definition of Xi md X, each point « of M lies in one = . 
only one 44; hence M == ¥ [X] is disjoint. 

Each X is the divisor of a monotone decreasing sequence of compact” 
continua {Xi}. Hence M=% [x jis a EPOE nen D of M into disjoint 
continua. 

By construction D is at least as fine as every Di Suppose that D == Di 
for some i. Since Din is finer than Di, some Xi C X; and Xii s Xi. But 


-X C Xin and so X Xj, a contradiction. Hence D is finer than every Di. 


~A 


This completes the proof. For brevity we shall say that D is the limit 
of the sequence of decompositions {Dj}. 


5. THEOREM. Let {X} be a monotone decreasing sequence of ma 
continua of a compact continuum M, let M be locally connected about each 
Xı, and X.be the divisor of the ce {Xi}. Then M is locally connected 
about X. 


Proof. bat e>0 and 7 awe ARE for some to, 
(1) l X; C V(X), l 1 > to. 


On the other hand, for’a fixed i > io, there is a 8 > 0 and a sub-continuum 
F of M such that | 
i?) Va( Xs) CFC. Va_(Xs). 


| ae XC NX, (1) and (2) show that V(X) CF C YZ), which gives 


the theorem. 


Corotnary. Let M be a compact continuum ana x be a point of M. 
Then there is a sub-set X of M irreducible with respect to the properties of 
being a continuum containing x and having M locally connected about X. 


6. Turorem. Let {Di} be a descending sequence of upper semt-con- 
tinuous decompostitons of a compact continuum and D be tts limit. Then 
D is an upper semi-continuous decomposition. . 


‘Proof. Let A be any element of D and Ad be the Ji of Di Gon 
taining A. The sequence {As} is monotone decreasing and A is its divisor. 
Take € > 0 „and a = ¢/3.' For + greater than some to, 


Fix 1. Since D; is upper semi-continuous, there is a 8 > 0 such that, 
if X, is any element of D; for which X4: Falda) #0, - 
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(2) XY Vlad). 


Now let X be an element of D such that X: Vld) = 0 and let x, be 
the element of D; containing X. Then by (1) and (2), 


bales Oude Fal Ai) CY,.(A). 
Hence D is upper semi-continuous by definition. 


lt THEOREM. Let {Di} be a descending sequence of regular decomposi- 
tions. of a compact continuum and D be tts limit. Then D is a regular 
decomposition. i 


This is an immediate consequence of 88 4, 5, and 6. 


8. THEOREM. Let M be a compact continuum. Then there ïs an irre- 
ducible regular decomposition of M, tf there ts any regular decomposition. 


Proof. Consider the hyper-space H whose elements are the sub-continua 
of M with the distance between any two, A and B, defined as the lower bound 
.of the numbers {r} such that A C V,(B) and BC V,(A). It is known that, 
when M is compact, the space H is also compact. 


- With each regular decomposition D of M, we associate a set A, in H, 
whose.“ points” are the elements {X} of D and all the sub-continua of. all 
the. elements {X}. To save words we call the set of “ points” {X} the 
frame* of H . Since the decomposition of M is upper semi-continuous, 
it is easily. seen that Hp is closed. . Conversely, a closed sub-set H, of H, 

which contains a sub-set {X} of “points” which in M are disjoint continua 
forming a regular decomposition of M and. whose remaining.“ points” are 
in M all the sub-continua of all the continua {X} will be called a D-set. 
It is easily seen that, if H p end Ha are D-sets and Hs is a proper 
partiof H,, then the regular decomposition # is finer than D; and conversely, 

Now let {Hi} be a decreasing sequence of D-sets and K be the divisor. . 
For each i a point z of M lies on a continuum X, which is a “ point” of the 
frame of Hi. If X is the divisor of the sequence {Xi}, the set of “ points” 
{X} in H constitutes a frame for K by § 7. Obviously all the sub-continua 
of the elements {X} are “points” of K. Conversely, if Y is a “ point” 
of K, it is one of every H; and so in M it is a sub-continuum of some one X; 


* Note that this set is not in general a continuum. For the decomposition of M 
is merely upper semi-continuous and the definition of distance used in defining H 
is different from that used. in treating the space of elements obiaines in an upper 
semi-continuous s aca 
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for aah t; hence F is a sub- ia ot the divor X of {Xi}. Thus, 
' K is a D-set. x 

We bee now that the property of being a D-set satisfies the conditions of 
Brouwer’s induction theorem and so H contains an irreducible D-set. But 
then the corresponding regular’ decomposition ‘of M is also irreducible. 

Remarks. The limitations of the above theorem should not be overlooked. 
Although it has been shown that for a compact continuum there is an irre- 
ducible regular decomposition, it has not been shown that there is only one, 
` nor is there any indication: as fo how the elements are to be found. As far 
as the writer knows, this problem has been solved only for special cases,— 
for example, the irreducible continuum. We now turn-to another large class 
of continua for which.a solution is at hand. 


9. Oscillatory sets. In the first article referred to in § 1 an oscillatory 
set of a compact continuum M about one of its points 2 was defined as 
follows. Let {8;} be a decreasing sequence of numbers converging to zero. 
For each ¢ let V be the set of points of M whose distances from z are less 
than ô; Let X, be a sub-continuum of M irreducible about Vi, X: a sub- 
continuum of X, irreducible about Fa, etc. Then the divisor X of the 
sequence {X;} is an oscillatory set of M about X. Obviously X is a continuum. 

In general this is not unique, but this difficulty can be avoided. for the _ 
class of one-dimensional compact continua of finite connectivity. Such con- 
tinua we call m cyclic*; if m=—=0, we call them acyclic. The principal 
thing which makes these continua easy to handle, as will appear in the 
demonstrations, is the fact that the divisor of any two sub-continua of an 
m cyclic continuum has at most m +- 1 components and therefore a relative 
inner point of both sub-continua is a relative inner point of a component 
of their divisor, | 3 


Tuzorem. Let M be an acyclic one- s-dimensional compact continuum. 
Then M has a umque oscillatory set about each of tts points {x}. 


Proof. For each §> 0 there is at least one sub-continuum Xe of M 
irreducible about Vs(z). Suppose that there were another, Ys. Then Xs: Ys 
: ig not a continuum, because Va(x) C Xs: Y s Xz. | 
“But then X3- Y has more than one component, which is a contradiction 
by the above remarks. Thus there is a unique sub-continuum of M irreducible 
about each Vs(z), and consequently the oscillatory set X is unique. 


+The number m is one less than P. Alexandroff’s connectivity number. See -his 
paper, “Über kombinatorische: Eigenschaften allgemeiner - Kurven,” M athematische 
Annalen, Vol. 98, pp. 512-554. 
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10. It seems probable that, for.a compact continuum of finite cyclic 
_ number and a given point z, there is a unique sub-continuum irreducible about 
V(x), if 8 is small enough. This would insure the “uniqueness of the 
oscillatory. set. In the absence of such a proof we introduce -the following 


notion. An oscillatory set of a ‘continuum about a point z is ee irreducible 


- if no proper sub-set is an oscillatory set about z. 


: THEOREM. Let M be an m cyclic com pact one-dimensional continuum. 
> If C and D are closed sub-sets, each of which contains an oscillatory set about 
the point z, then GD has the same property, 


Proof. Itis enough to prove this for the case that C and D are oscillatory 
sets and neither contains the other. -Then there are two descending sequences 
c of vicinities {Vi} and {Wi}, each converging to z, and two monotone de- 
creasing sequences of continua {Ci} and {D3}, irreducible about the respective 
‘vicinities {Vi}.and {W:} and converging to C and D respectively, and for 
no 4 does C; contain D; or D; contain Ci. 


Let K, be the component of Ci: D, containing v. Since Cı: Dı has a. 
finite set of components and contains either V, or W., there is an ie for 


| which K, > Va + Wi, Then Ki On: Di, contains the smaller of the vicini- 


ties Vi, and Wi, and hence K, contains a continuum £, irreducible about 


the smaller vicinity. Clearly. Ea C C, + Da. ! 

Let Ka be the component of Fa' Cis’ Di, containing z; as above “it con- 
tains Va + Wi, for some ts. Let E, be the sub-continuum of K: irreducible 
about the smaller of the vicinities Vi, and. Wi, Clearly Es C On’ Diy 
' Continuing indefinitely, we define an oscillatory set E, which is the di- 
visor of the sequence {En} and is contained in C: D. g 


- 11. THEOREM. Let M be an m. cyclic one-dimensional compact con- 
tinuum, Then for each point z there ts one and omiy one irreductble os- 
cillatory set. 


Proof.. To show the existence of an irreducible oscillatory .set it is suff- 


= cent by the. Brouwer induction theorem to show that, if {En} is a descending 


` sequence of closed sets of which each contains an oscillatory set about x and 
E is the divisor of this sequence, then Æ has the same property.. 

Let the decreasing'sequence {e;} converge to zero. Then there is some Hy; 
which we call Æ, a vicinity V, of z, and a continuum C, chosen from those 
converging to some oscillatory set about z contained in E, snch that Cy is 
irreducible, about, Vi and is.contained in V.,(Z). Likewise there i3 ‘an Ez 


following’ H,-in the sequence {En}, a vicinity Va of 2 of radius-léss than‘half 
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_ that of Vi, and a continuum. 0, ro from those converging: to some oscilla- 
tory set about.2 contained in Ez, such that C, is irreducible about V: and is 
contained in V.,(#). Obviously this process can be carried om indefinitely. , 

Let Fa = Cy. If C: C Cy, leti Fa —Ce. Clearly Cz does not contain .C; 
as a proper part, because V, m. V, and C, is irreducible about V. If Oz 
contains points not on Cy, let K, be the component of Ci - Cz which contains z. 
Then there is a sub-continium F; of K, irreducible about some Ves which 
we call Vip Then Vi, C F.C Vex(B). 

Tf FP. Cig, let Fs = Cig. If not, Fa: Cr has a component K, 
which contains a sub-continuum irreducible about some V i, Then Vi, C Fs 
C Val E). Since every % =k, a continuation of this gives an oscillatory 
set F which is the divisor of the monotone decreasing sequence {Fy} and, 
since & >0, FC E. ; 

Hence by the Brouwer Deen there is a set irreducible with respect 
to the property of containing, and therefore of being, an oscillatory set about 


x. There cannot be two such, as by He previous theorem their divisor con- 
tains an oscillatory set. : 


‘Definition. A continuum M will be called regular if it has a unique 
irreducible oscillatory set X about each point z and X is contained in every. 
oscillatory set of M about z. The continuum M in the above theorem is” 
clearly regular. Evidently X is the divisor of all the sub-continua of M 
containing z as a relative inner point. ' 


12. THEOREM. Let M be a regular compact continuum. Let the se- - 
quence {xi} of points of M converge to z, and {X,} and X be the respective 
irreducible oscillatory sets. Then X contains the upper closed limiting’ set 

P of the sequence {Z ] | 


Proof. For any e > ‘0 there'is a 8>.0 and a . sub-continuum As for 
which X + Vs(z) C Xa C V(X). For some t, Ti. lies in Fə(z) if i > ù. 
Hence some Vy(z:) C Va(z). Then the previous inclusions show . that 
Ae V(X ), which proves the theorem. 


13. THEOREM. Let M bea regular compact Jon iii; and let M be 
_ locally connected about the sub-continuum K. Then K ciniens ‘the irre- 
. ductble oscillatory set of M about each point of K. 


Proof. For each e >0 there is a..8 > 0 and ‘a sub-continuum Ka for 
which Vs(K) C Ka C V.(K). If a lies in K, Va(z) C Va(K); consequently 


, tor each ò the irreducible oscillatory set X about z is contained i in Ka Hence 
TACK. 


Goias, I F M E the above: ee and K ts the irrediicible 
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oscillatory set about some poini T, M 1s not locally connected about any proper 
sub- continuum of K containing z. 


14. Tueorem. Let M bea regular compact ene and let*K be a 
sub-continuum containing the irreducible oscillatory set of M about each of 
tis points. Then M ts locally connected about K. 


Proof. Let x be any point of K and X be its irreducible daien set. 
Then for any e > 0 there is a 8 > 0, depending on v, and a continuum Xs 
such that Vs(z) C Xa C V.(X). By the Borel theorem there is a finite 
number of the sets {Vs(x)} whose union covers K; let Ke be the union of 
the corresponding continua {Xs}. Then for some 7 >0, Va(K) C Ke 
_C Y.(K). Thus M is locally connected about K. à 


15. THEOREM. Let M be a ‘regular compact continuum, and let 
M—3[K] be a decomposition into disjoint continua, each of which is the | 
irreducible oscillatory set about some of its points and contains the trreductble~ 
oscillatory sets about all of its points. Then the decomposition is a oe 
irreducible regular decomposttion. 


Proof. By $14, M is locally connected. about each K. Let (Kı) be a 
séquence of elements, each containing a point yi, and let y, —> b, a point of K”. 
Let z; be a point about which K; is the irreducible oscillatory set. For a 
sub-sequence {Zu} ti —>a. If A is the irreducible oscillatory. set about a, 
A contains the upper closed limit of the sequence {Ki,}, by § 12, and conse- 
quently A D b. Since b also lies in K’, it follows that A C K’. As this is 
true for any convergent subsequence of the points {s:}, we see that K” con- 
tains the upper closed limit of {K,} and so the decomposition is regular. 

Now let M =. $ [L] be any other regular decomposition whatever. Any 
element K is an irreducible oscillatory set about some definite point v, 
which lies in a definite L. Then KC L by § 18. Hence the decomposition 
M—X[K] is a finer eoon than M =X [L], and is therefore 
irreducible. 


wn, 
” a 
H 
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16. THEOREM. Let M be a regular compact continuum. Then each - 
point x of M les on a set Ke saturated with respect to the property of being 
a sub-continumim of M which contains z, is the union of irreducible oscillatory 
sets, and has each pair of its points on a connected sub-set pon atog of a 
_ finite or enumerable set of irreductibla oscillatory sets. 


Proof. ‘Since the irreducible oscillatory set X about z has the property 
above described, we have only. to show the existence of a saturated set of this 
nature. As M is compact, every well-ordered increasing sequence of sub- 
continua is enumerable. Hence we need only. to show that, if -{K;} is an 
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increasing sequence of the sets n question, there. is another such set con- 
taining the union of the sequence* . 

_ - Let U be the union of the sequence {Kj}. ee if U is closed, it 
has the desired property. If U i not closed, let W be the union of U and 
all the irreducible oscillatory sets {X}, for which X: U s£0. Obviously W 
is connected. We now proceed to show that it is closed. Let {ai} be a 
sequence of points in W and 2;->a. If an-enumerable set of these points 
lies in U, a lies in W by the definition of W. Let us assume, then, that no 
zı lies in U. Then each a; lies in the irreducible oscillatory set Y; of some 
point y; and U-Y; 0. Let by be a point of U-Y;. For some partial 
sequence {y;} and {b;} converge to points y and b, respectively. By 812 
the upper closed limit of the sequence {Y;} is contained in Y, the irreducible 
oscillatory set about y. Hence-a-+-b C Y. But b lies in U and so YC W. 
This shows that a lies in W, or that W is closed. 

It remains to show that any two points a and b of W can be joined by 
an at most enumerable connected chain of irreducible oscillatory sets con-. 
tained in W. This is obvious, if a + b CU. “Suppose now that a lies in U 
and 6 in W-—U/. ‘Then a lies in some K; and b lies in an irreducible 
oscillatory set B containing a limiting point of U; that is, there is a sequence 
{a4} of points of U converging to a point of B. Now a and a lie on a 
connected sub-set C,-of U composed of an at most enumerable set of irre- 
ducible oscillatory sets, a, and a lie on a similar set Ca, etc. If we let C be 
the union of the sets {C;}, C is connected and, since B- Ë 0, so is B+ 0. 
Then B + C is the required connected set. Finally the case that both a and 
b lie in W — U. is readily deduced from this one. In the light of the first 
paragraph, this completes the proof. - | 


17. The continua defined in the previous section will be called irreducible . 
elements. It is evident that: (a) each point 2 lies on one and only one 
element K»; (b) the decomposition of M into irreducible elements is dis- 
joint; (c) each element contains the irreducible oscillatory set oi each of 
_its points. 

In conséquence of 811, an m ae compact one-dimensional continuum. . 
M is either itself an irreducible element or can be decomposed uniquely into 
irreducible elements. In the latter case it may be called separable. 


18. THEOREM. Let M be an m cyclic one-dimensional compact con- 
tinuum and be separable. Then: the decomposition of M into irreductible | 
elements is an irreducible regular decomposition and is the only one possible. 


* See F. Hausdorff, Mengenlehre, pp. 173, 174. 
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Proof. Let M ==3 [K] be the decomposition in question. This is 
locally connected by § 14. Let {Ki} be a sequence of the elements, a; be a 
point in Kj, and the sequence {a;} converge to a, point a in some element K. 
If K does not contain the upper closed limit of the sequence {K4}, there is a 
sub-sequence {Ki,} of elements, which we call {Ką}. to simplify the notation, . 
each containing a point ba, such that the sequence {bn} converges to a point b 
in some element L differing from K. 

Since M is locally connected about each dm there is fór any posi- 
tive «, which we may take less than one-third the distance between K and L, 

a 8 > 0 and continua Ks and Ls such that i 


Va(K) C KC V.(K) and Va(L) ae V.(L).. 


Obviously Ks: L3==0. On the other hand there is an no such that, if n > no, 
Kn: Kos 0 and Ky- Ls 5&0. Taking r > m+ 1, we see that Ks + 3 [Kn 
and Ls + 2 [Kn], n= n +1, no +2, °°, notr, are two sub-continu 
of M whose divisor has more than m + 1 components, a contradiction since ae 
. M is m cyclic. Hence the assumption that K does not contain the upper 
closed limit of {Kı} is false, andthe decomposition is ‘upper cone J 
„It is then regular. 3 i i 
It’ remains to show that it is ie than any other regular decomposition 
= M=3X[L]. Let a and b be points of some K lying on ‘different elements 
of the.second decomposition. By the definition of irreducible element, a and 
b lie on a connected sub-set C of K, which is- the union of an at most=nt- . 
merable set of irreducible oscillatory sets {Xi}. By § 13 ‘each of these’ os- 
cillatory sets-lies in one and only one L, which we may call Ia. Then the . 
= union of the sets {Zi} is connected. This is impossible, since they are not 
all identical and since the sets {L} ‘are mutually disjoint. 
Hence every K is a sub-set of some L. This proves the theorem. 


-19, As seen by an example in the second article referred to in g1, the | 
irreducible regular decomposition is in general effectively finer than that into 
prime parts. The continuum of irreducible elements obtained is an at most 
m cyclic continuous curve, and the notions of end-points, cut-points, etc., can 
be immediately generalized. A more detailed study requires an investigation 
of the nature of the irreducible elements themselves. 

Finally it may be remarked that the conclusions of $8 17 and 18 are also 
valid for a continuum irreducible between two points, whether or not one- 
` dimensional or m cyclic. Since Kuratowski’s decomposition of such continua 
into tranches was an irreducible regular decomposition, it follows that for 
such continua the tranche and the irreducible element are identical. 
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A COMPLETE CHARACTERIZATION OF’ PROPER: PSEUDO 
: D. CYCLIC SETS OF POINTS. = B 


By LEONARD M. BLUMENTHAL, 


1. A set 8 of aaie dente fe ne ee called “ points ” 
called a semi-meirical space provided that for each two elements p,q of 5 
there corresponds a not negative real number, called the “ distance ” between 
the points p and q, such that, denoting this number by pq, we have pq = qp, 
while pg = 0 if and only if the points p and q are identical. If for two pairs 
of points p,q; p,q we have the relation pq = p’q’ we shall say that the two 
pairs of points are congruent. A mapping of a set S upon a set S is called 
a congruent mapping if to each pair of points of S there corresponds a con- 
gruent pair of points of 8’. Finally, two sets S and 9’ are called congruent 
provided there exists a congruent mapping ‘of one upon the other. ; 

l Karl Menger has characterized the n-dimensional euclidean space Ry ` 

among general semi-metrical spaces by means of relations between the distances 
| of its points.* He has.shown that the Rn has the congruence order n + 3. 
This means that every semi-metrical space, each n + 3 points of which is 
congruent with n + 8 points of the Ra, is congruent with a subset of the Ay. 
It is further shown that each semi-metrical space. containing more than n + 3 
points, each n -+ 2 of which is congruent with n-+ 2 points of the Ry, is 
congruent with a subset'of the Ra. The notion embodied ini this important. 
result is expressed by saying that the Ra has the quast-congruence order n -+ 2. 
. Thus, if a set of points is such that each n + 2 of the points is congruent with 
n-+ 2 points of the Ra, while the whole set is not congruent with a subset of 
the Ra, the set must consist of exactly n + 3 points. Such sets are called 
pseudo-euclidean. 

Let us denote by Sy the aana sphere; that is, S is a pair of 
points, S, is a circle (the term “circle” denoting throughout ` this paper a 
curve), Sz is the surface of a sphere is three-space, etc. It has been shown 
that the space S, has the congruence order n + 3. also; but it has not the - 
quast-congruence order n+ 2. Thus, for the circle S,.the sets analogous to 


* Menger, “New Foundations of. Euclidean: Geometry,” American Journal of Mathe- 
matics, Vol. 53 (1931), pp. 721-745. In this paper, Menger has shortened and revised 
proofs that appear originally in his paper, “ eee über SE Metrik,” 
Mattematiighe Annalen, Vol. 100, p.: 113. 
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the pseudo-euclidean sets for R., which we shall call pseudo jaen sets, are 
not confined to sets of exactly, four points.* 

In this paper we plan to characterize completely those mead feik 
sets of points that contain neither a convex tripod nor a pseudo-linear quad- 
` ruple; that is to say, no four of the points contained, in the set are such that 


one point lies between each two of the three others and no non-linear quad- 


ruple of the set has all four of its triples linear. Such pseudo d-cyclic sets ` 


` will be called proper.{ 


2. We shall take as our. point of departure, the following PETN the. 


proofs of which we omit: 


Lexma 1. In order that three points pi, Pr, ps, form a d-cyclic triple ` 


(that is, be congruent to three points of a circle of length 2d) it is necessary 
and suficient that no two of the points have a distance greater than d, and 
that either the points satisfy the relation pipe + pops + Papı = 2d, or one of 
the points lies between the two others. 


Lemma 2 <A proper -pseudo eae quadruple . does not contain two . 


linear triples. 


This lemma is obtained by showing that a pseudo d-cyclic- quadruple can 


not contain exactly two linear triples, and then showing that a pseudo d-cyclic 
quadruple contains exactly three linear triples if and only if the four points 
form a convex-tripod. Further, a proper pseudo d-cyclic quadruple can not 
contain four linear triples; for in this case the quadruple is either linear or 
pseudo-linear. The quadruple cannot be pseudo-linear since, by hypothesis, 
it is proper; it cannot be linear, since it would then be d@-cyclic and not 
pseudo d-cyclic. Lemma 2, then, follows. 


Lema 8. A d-cyclic quadruple has at least two linear triples. - 


A 


From the last two lemmas, we have the theorem: 


THEOREM 1. In order that four points (Pi, Pz, Ps, P4) be d-cyclic, tt ts 
necessary and sufficient that each three of the points be d-cyclic, that the 


* The distance between two points of 8, is measured by the length of the shorter 
arc joining the two points. The length of the circle is taken as 2d, 

+ The point g is said to lie between the points p and r provided that pq + gr = pr. 
The three points are said to be linear, since an inspection of. the Heronian formula for 
the area of a triangle shows that if one point lies between two others, the three points 
are congruent to three pein of a line, Evidently, a convex tripod can not be imbedded 
in @ circle. 

t That a pseudo- Thar quadruple, with all its triples d-cyclic, may be pseudo 
d-cyclic was communicated to the writer’ by Miss Laura Klaufer, of Vienna, who 
‘attributed the remark to Mr. Franz Alt. 


oe 
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potnts do not form a conver tripod, that at least two of the triples contained 
in the four points be linear; and that in case the four points are pseudo-linear 
we have pipe = Papa = d; Pips + Pas = Pape- 


We shall prove first the following lemma. 


Leama. A proper pseudo d-cyclic quadruple has none of tts triples linear. 


Let the quadruple i, po, Ps, ps be a proper pseudo d-cyclic quadruple. 
The quadruple can not contain two linear triples according to Lemma 2. In 
order to show that it does not contain a single linear triple, we suppose that 
one triple, say pı, P2, ps, 18 the only linear triple that it contains, and we 
deduce from this a contradiction. 

Since all of the triples are d-cyclic, and the triple pı, pa; pa is linear, we 
have the relations 





Pops + PsPr) (pipe 





(1) (pipe + PPs — PaPr) (PiP2 Pops — Dar) = 9. 
(2) Pipo F PoP, + Pspy "= Rd. 
(3) Papa + PaPa F papo = Rd. 
(4) Pips T Dapa + Papı me 2d. 


Now from (2), (3), and (4) we obtain 


Pipa F Pops — psPı = 2d — 2 ( pops), 
Pipa — Pops + pspı = 2d — 2(psps), 
Pips — Pepa — Papi == — 2d + 2(psp.). 


Substituting in (1) we obtain 
(d 





Pops) (d — pips) (d — paps) == 0, | 


whence one of the three distances pops, Pips, PaPa 18 equal to d. But if the 
distance between two points is equal to d, it is evident that any d-cyclic triple 
containing these two points is linear. Thus, in any one of the three cases 
above, some triple other than the triple p1, po, ps is linear, and the contradiction 
sought is obtained. 


COROLLARY. If the quadruple Pı, Po, Pa, pa does not form a convex tripod, 
nor a pseudo-linear set, and is such that each triple is d-cyclic, and one of the 
triples is linear, then another triple is linear, and the quadruple is d-cyclic. 


3. Characterization of proper pseudo d-cyclie quadruples. Let us con- 
sider the proper pseudo d-cyclic quadruple pı, pe, Pa; ps. Since by the lemma, 
no one of the triples that the set contains is linear, but all of the triples are 
d-cyclic, we have the relations: 

12 
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(1Y pape + Papa + pops = 2d; (3) Paps + pape + papa = 2d; 
(2) l PıPa + Popa + Papi — 2d; (4) . pips + Psp, + Paps om 2d. 
Adding the ‘relations (1) and (2) and using (3) and (4) we obtain 
( Pipe papa In a similar way we get pips = pap. and Pips = paps. Bub- 
stitution of these four values in the above four relations reduces each of them 


to a single relation, a +-b + ¢ == 2d, where we have written a = pip, = Pops, 


U = Peps = Papis C == Pepi — papa Ë 


- Thus, a proper pseudo d-cyclic quadruple is seen ” have its opposite dis- 


tances equal. It is important to observe, however, that no one of the distances 
a,b,c is the sum of the other two; for in this case, the quadruple would have 
all of its triples linear, which we have seen is impossible for a proper pseudo 


'. d-cyclic quadruple. It is interesting to compare this with the analogous 


situation in the case of the R,. It is known that pseudo-linear: quadruples 
(that-is, quadruples not congruent to four points of a line, while each of the 
triples it contains is linear) have their opposite sides equal, and one of the 
sides is the sum of the other two.t Pseudo-linear quadruples, however, may 
be imibedded in a circle; but not necessarily in a circle of metrical diameter d. 

- We have, then, established the following theorem completely char acterizing 
proper pseudo d-cyclic quadruples: 


THEOREM. A, proper pseudo d-cyclic quadruple is characterized by the 


` fact that its opposite distances are equal, that no one of these distances is equal 
to the sum. of the other two, and that the sum of three of the distances, no two 
of which are opposite, is equal to the length of the circle. 


COROLLARY l. There is a double infinity of proper pseudo d-cyclt 
quadruples. l 


COROLLARY 2. A pseudo d-cyclic~ quadruple has no two potnts with a 
distance equal to d; 4. ¢., no two points are diametral. > 


4, . Characterization of proper pseudo d-cycltc quintuples. The funda- 
mental theorem for these quintuples is proved by the aid of the following two 
lemmas: 3 


~~ 4 


* These relations might be obtained also by considering the four equations in the — 


six distances determined by the four points. The matrix of the coefficients is seen to 


_ be of rank four, and hence there is a double infinity of solutions of the set. The above 


- relations are valid if the hypothesis is weakened to exclude only . sets Sua l 


convex tripods. 


‘| Menger, “Untersuchungen über allgemeine Metrik,” | Mathematische Annalen, ` 


Vol. 100 (1928), p. 127. 
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Lemma 1. “A proper pseudo d-cyclic quintuple does not contain any 
_dametrical points.* 


„Suppose that two of the points, say p, and Ps, contained in the proper 
pseudo d-cyclic quintuple Pı, Pa, Ps, Pa, Ps are diametral. Then pips = d, and 
we have the relations 


(1) ~ Pipe Si P2Ps == d; Pips -- Paps = d; Pips + PsPs = d. 


Now, since the circle has-the congruence order four, at least one of the quad-. 
ruples contained in the five points is pseudo d-cyclic. By corollary 2 of section 
3, this quadruple does not contain both p, and ps. We may assume the labelling 
so that the quadruple po, ps, ps, ps is pseudo d-cyclic. Since the set of five 
points is, by hypothesis, a proper set, the pseudo d-cyclic quadruple Do, Day Day Ds 
is proper, and we may apply to it the fundamental theorem of section 3. 
We have 


5 Peps == PPs; PPs == PsPs;5 Paps == Paps. 


Writing paps == 4, PPs == b, pop, œ C, we have a + b -+ c = 2d. 

Substituting in the relations (1) we obtain pipe = d— b; pips = d — c; 
Dip, = d — a, and all of the ten distances determined by the five points are 
expressed in terms of a, b, and c. 

Consider, now, the quadruple Pı, Pz, ps, p We observe that the point p, 
lies between each patr of the other three points; that is, the four points form 
a convex tripod. Then the five points 1, Pz, Ps, Ps, Po are seen to be, contrary 
to the hypothesis, an improper pseudo d-cyclic set. Hence, the assumption 
that a pair of points contained in the five points is diametral is seen to lead 
to a contradiction, angl the lemma is proved.f 


LEMMA 2. A proper pseudo d-cyclic quintuple does not contain a linear 
triple. 


To establish this lemma, we assume that-some triple contained in the 
quintuple is linear, and we show that.this assumption leads to a contradiction. | 
Suppose, then, that the triple pı, pe, pa is linear.[ ‘Then the two quadruples . 
containing this triple, namely, pi, po, Pa, Ps and pr, Pe, Ps, Ps, ave d-cyclic, by 


* This lemma can be proved under the weaker hypothesis that the set contains 
no convex tripods. © , 

t It is not true, however, that a pseudo d-cyclic quintuple that does not contain 
any diametral points is necessarily proper. In the latter part of this section, an example 
is given of an improper pseudo d-cyclic quintuple without diametral points. 

t It is sufficient, of course, to obtain the contradiction in this case since the same 
proof will hold, mutatis mutandis, if some other triple should be chosen linear. 
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the corollary in section 2, and hence each contains a second linear triple. - 
‘We may select pi, po, pa in the first quadruple, and Pı, Pz, ps in the second 
quadruple to be linear. Then the quadruple pı, pe, ps, ps is evidently d-cyclic. 

This leaves two quadruples to be examined: namely, Pi, ps, Pas ps and 
P2, Ps) Ds, Ps» We show now that one of these quadruples is d-cyclic; for, 


suppose that both quadruples are pseudo d-cyclic. Then, if we denote by `- 


Pi, Pi, pe any one of the triples contained in these two quadruples, we have, 


(a) pips + pipe + Pepi — 2d, 


and using the results of section 3, we have the relations 


Pipa ™ Paps = P2Ps; 
(b) PaPa = Paps = Papas 
Pips = PaPa = Papo 


But since the three triples Pı, Pas Ps) Pu Pes Pa; Pi Pas Po are linear, we have 


(PaPe F PaPa — PsPr) (PiP2 — PaPs + Papi) (P1P2 — Paps — Pafr) == 0, < 
(pips + Paps — pups) (pips — pape + paps) (pipe — Papa — papi) == O, 
(pipa + PPs ~~ PsP1) (pips —~ Deeps 4- Psp) (pipe —~ PaPs — PsP) == 0. 


Upon substituting from the relations (b) the above three relations yield 


. Papa =— 2 (pips) == 2 (pips) == 2 (papa) = 2 (pepe) = 2 (pips). l 
Thus, from (b), the distance pips is equal to the double of any one of.the 
other nine distances determined by the five points. Substituting in any one 
of the relations (a) we see that each of these nine distances is equal to 24/3, 
and hence pips is equal to 4d/3: But this is impossible, since the points pı 
and p,-are congruent to two points of a circle of length 2d and hence their 
distance can not exceed d. 

We have thus shown that one of the quadruples Pi, Pas Pe ps; Day Day Pas Pos 
is d-cyclic (since the contrary assumption has heen seen to lead to a contra- 
diction), and hence contains at least two linear triples. If the triple ps, Pa, ps, 
common to both quadruples, is linear, then the contradiction sought is ob- 
tained, for in this case both quadruples would be d-cyclic, and hence all. five 
quadruples contained in the five points would be d-cyclic. But the circle has 
the congruence order four, and hence if all the quadruples formed from the 
five points are d-cyclic, the five pee are themselves d-cyclic, and not pseudo 
d-cyclic, as supposed. 

Let us ‘select, then, another triple, say Pa Pa ps to be linear.* Then the 


* If either of the remaining triples Pi, Pa, Ps OF Pu Pas Pı i8 chosen linear, a contra- 
diction due to the presence of diametral points is obtained in a similar manner. 
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quadruple Pı, Ps, Pa Ps 18 d-cyclic, and hence contains at least one other linear 
triple. Since we have already investigated the case in which the triple pa, ps, ps 
ig linear, we suppose that one of the triples pi, ps, Pa; Pis Ps) Ps is linear. If 
the first of these triples is linear, then the quadruple py, Po, Pa; Pa has three of 
its triples linear, while if the second triple is linear, the quadruple 71, po, Ps; Ps 
has three of its triples linear. Now if either of the two remaining fourth triples, 
namely, 2, Pas Ps and fo, Pa, Ps, is linear, then the quadruple po, ps, Pas Ps 18 
d-cyclic and, as we have seen above, all the quadruples are d-cyclic, and the 
contradiction is obtained. We suppose, then, that neither of these two triples 
is linear, and we show that this is also impossible; for if a quadruple is 
d-cyclic and has three of its triples linear, while its fourth triple is not linear, 
then the quadruple must have two diametral points.* Hence either the quad- 
ruple Pi, Pas Pas ps or the quadruple Pı, Pe; ps, pe has two diametral points, 
which is impossible, since by lemma 1 the quintuple, being proper, does not 
contain two diametral points. 

Thus, the assumption that a proper pseudo E quintuple contains a 
linear triple is seen to lead to a contradiction, and the lemma is proved. 

We are now in a position to prove the fundamental theorem for proper 
pseudo d-cyclic sets containing exactly five points. This theorem we state as 
follows: 


Fundamental Theorem for proper pseudo d-cyclic quintuples. A proper 
pseudo d-cyclie quintuple 1s equilateral; that ts, each two pairs of tts points 
are congruent. | | 


By lemma 2 we know that the set does not contain any linear triple.{ 
Therefore, each of the five quadruples contained in the five points is a proper 
pseudo d-cyclic quadruple. Applying the theorem of section 3 to each of these 
five quadruples, we obtain immediately that all of the ten distances determined 
by the five points are equal, and an inspection of the relation satisfied by each 
of the ten d-cyclic triples shows that each distance is equal to 24/3. Hence, 
the theorem is proved. 


Remark 1. We note, again, that the above theorem was proved for pseudo 
d-cyclic quintuples not containing a convex tripod nor a pseudo-linear quad- 


* To prove this it is necessary to examine twenty-seven cases obtained by consid- 
ering the possible ways in which the three triples can be linear. 

+ A similar method yields the desired contradiction in case the quadruple pa, pz, P» Ds 
is chosen as containing a linear triple. 

¢ Evidently, this is necessary for the validity of the theorem, for since the line 
does not contnin an equilateral triangle, if one of the triples is linear, the three points 
forming the triple can not be equilateral. 
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tuple; that is, for proper pseudo d-cyclic quintuples. The following table . 
furnishes an example of a pseudo d-cyclic quintuple that is not equilateral, 
_but.the set is not proper, since it contains convex tripods: 


Pi Pe Ps Ps | Ps 


pı = “A/3 d/3 ` d/3 24/3 ` 
ps d/3 24/8 -24/3 4/3 
Ps d/3 24/3 — 2d/3 d/3 
De d/3 2d/3 24/3 4/3 


Ps 24/3 af. d/3 a3. 


where the number appearing at the intersection of the i-th row and j-th 
column is the distance pip;. It is easily verified that each three of the five 
points is d-cyclic, but the quadruple ‘pi, Pz, ps, pa is seen to form a convex 
tripod, and is therefore not d-cyclic. Then, a forttort, the five points are not 
d-cyclic, and are hence, pseudo d-cyclic. The triple pe, ps, pa is the ony non- 
linear d-cyclic triple contained in the five points. ` 


` Remark 2. A necessary and sufficient ‘condition that a-pseudo d-cyclic 
quintuple contain a linear triple is that the set contain a conves tripod, ora ’ 
pseudo-linear quadruple. 


` The sufficiency of the condition ‘is evident, for if the set contains a convex 
‘tripod, then three of its triples are linear, and if it contains a pseudo-linear 
quadruple then four of its triples are linear... The necessity of the condition is 
seen to follow from the results just obtained, for if a pseudo d-cyclic quintuple 
contains `a linear triple, the quintuple can not be proper (since by the theorem, 
if it were proper it would be equilateral, and hence would not contain a linear 
triple). Hence the set is improper; that is, it contains a convex tripod, or 
a pseudo-linear quadruple: - 


5. Proper pseudo d-cyclic seis of n points. We are now in a position 
to prove by induction the fundamental theorem characterizing proper pseudo 
a-cyehe sets Convalning more than four points. We state the theorem: 


. THEOREM. A proper re d- cyclic set containing more than four points i 
18 equilateral. 


We have proved the theorem for the case n == 5. Let us assume that the 
theorem is true for nk, k > 4. We show that this implies the nee of 
the theorem for n==k-+-1. ` 

_ Consider, then, a’ proper pseudo d-cyclic set of &+ 1 somi At least 
one of the sets of k points contained in these k +- 1 points is pseudo d-cyclic; 


< 
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for if every set- of k eine Cani the k +1 R is d-cyclic, then, since 
k > 4, every set of four points contained in the k+ 1 points is, a fortiori, À 
d-cyclic. But since the circle has the congruence order four, it would follow 
that the set of k + 1 points is d-cyclic, and not pseudo d-cyclic as assumed 
in the hypothesis. We may so label the k + 1 points that the set — | 


l Po Day Pas’ ` `y Pk-1) Pe - 


is pseudo d-cyclic. Since the set of & + 1 points is proper, the above pseudo 
d-cyclic set is also proper, and hence, by hypothesis, this set is equilateral, with 
each of the (REUE — me distances determined -Dy these k points equal : 
to 24/3. 

We now show that the set of k J 1 points must contain at least one other- 
pseudo d-cyelic set of k points. os establish this, we Upp ORE that 


Pis Pa, Pay" ° “9 Dk-1) Pr 


“is the only pseudo d-cyclic set contained: in. the k + 1 points. ` Then -the 
remaining k sets of k points into which the k + 1 points of the set can be . 
arranged are all d-cyclic, and hence all of the quadruples contained in these 
k sets are d-cyclic. Now these k sets may be obtained by omitting, in turn, — 
from the k+ 1 points one of the points of the set pi, Pa’ °°, Per, pre The 
k sets go obtained may be ordered by agreeing to call the t-th set that set in 
which the point p; does not appear, (¢—=1,---+,%). Then all of the quad- 
ruples contained’ in the pseudo d-cyclic set Pı, Pa’ ` *, prt, Pe that are inde- 
pendent of pr are contained in the i-th one of these k sets. Thus every quad- 
ruple that can be formed from the k points pı, po,* * *, M1, Px is to be found 
in one of the & d-cyclic sets, and hence is itself d-cyclic. But this is impossible, 
for if every quadruple contained in the set pı, po," © `, Pr- Pe is d-cycle, then 
the set is d-cyclic, and not pseudo d-cyclic as was supposed. Therefore, at least 
one other set of k points contained in the k + 1 points of our set is pseudo 
d-cyclic. 

To fix the ideas, let us suppose, that the other pseudo d-cyclic set whose 
existence we have demonstrated above is the set p2, Pa °°, Dr, Pes» . (TË some 
other set is pseudo d-cyclic, the argument is, of course, entirely similar.) | 
Then this set being proper is, by hypothesis, equilateral, and each of. the dis-- 
tances determined by the k points is equal to 24/3. But we have already seen 
that each of the distances determined by the points pi, P` * *, Pe-1y Pe 18 equal 
to 24/3. Hence, of the (1/2)k(k-+1) distances determined by the k + 1 
points all are seen to be equal to 24/3 with the exception of the distance 
PıPznı; Which does not enter into these two sets.. _ 
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To determine this distance, consider any triple containing pıpx+, say the 
_ triple pi, Pa, Pene It is clear that this triple is not linear, for if it is linear, 
_ we have - | 


(Pia + DaPerr — Pipen) (PaP: — Papers + papers) | 
XK (Pips — Popes — PiPerr) = 0 
and upon substituting for Dips and eM. their equal, 24/3, we obtain . 
Piper, == 42/3, which is impossible. Hence the triple is not linear, and we have 
Pips + Popes + Di Pers = 2d, o 


. from which it is immediate that p:pr = 2d/3.. Thus each distance has been 
shown equal to 24/3, and hence the set is equilateral. 


CoROLLARY 1. A proper pseudo. d-cyclic set of n points does not contain - 
- any linear triple. l 


` . COROLLARY 2. A necessary and sufficient condition that a pseudo d-cyclic ` 
set of n points (n = 4) contains a linear triple ts that the set be improper. 


COROLLARY 8. A proper pseudo d-cyclic set of n points does not contain 
any diametral potnts. | 


THe Riog INSTITUTE, 


ON SUBSETS OF A CONTINUOUS CURVE WHICH LIE ON AN 
ARC OF THE CONTINUOUS CURVE.* 


By Epwin W. MILLER 


Introduction. In 1919 R. L. Moore and J. R. Kline gave the following 
Theorem : + 


If M ts a closed and bounded plane point set, in order that M be a subset 
of an arc (of the plane) it is necessary and suffictent that the following two 
conditions be satisfied: 

1. Every component of M is an arc or a pont. 

2. No interior point of an arc-component, t, of M ts a limit pont of 
M—t. | 


As the plane is a particular example of a continuous curve,t the problem 
considered by Moore and Kline appears as a special case of the following gen- 
eral problem : 


If § is a continuous curve in n-dimensional Euclidian space, En, and M 
is a closed and bounded subset of S, what conditions are necessary and suff- 
cient that Jf be a subset of an arc of S? 


It is with this problem that the present paper is chiefly concerned. The 
restriction that M be closed is not a vital one, as any set M is a subset of an 
arc if and only if the same is true of its closure M. 

Part J is given over to a study of the Moore-Kline conditions, which are 
of exceptional interest because of their purely internal character; that is to 
say, these conditions may be defined without reference to the imbedding space. 
As the proof of the above mentioned theorem of Moore and Kline makes use 
of properties of Fa which are not properties of Ea(n > 2) a different pro- 
cedure from that pursued by Moore and Kline is adopted to obtain the result 
that the Moore-Kline theorem still holds if M is any bounded and closed 
subset of Ea(n > 2). 

In Part II a theorem is given which reduces the general problem for 
any continuous curve in En to the following problem: If a and b are two 


* The chief results of Part I of this paper were presented under separate title to 
the American Mathematical Society on November 30, 1928. Part IL was presented to 
the Society on April 30, 1930. 

t Annals of Mathematics, Vol. 20 (18919), pp. 218-223. 

t Throughout this paper the term “continuous curve” is used to mean a locally 
connected (connected im kleinen) continuum. 
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‘points of a cyclicly connected * continuous. curve J, and M is a doka subset 
‘of 9S, under what conditions is M a subset of an arc in S whose end points | 
are a and b? This problem remains unsolved ag far as the present paper is. 
concerned. However, with the aid of the above mentioned theorem complete — 
solutions of the Hyer are obbemed for a important classes of con- 


' tinuous curves. 


I. 


THEOREM 1. In Hy(n > 2) in o1 der that the closed and bounded set M 
be a subset of an arc tt is necessary and sufficient that 


1. Hach component of M ts either an arc or a point. ` 


2. If tw an ha HONEN of M, then no interior point of t is a limit 
point of M —t. | | 


Pr ‘oof. “The conditions are evidently necessary. 


. They are also sufficient. L. W. Cohen has shown ¢ that any set Mi in a 
‘separable metric space is homeomorphic with a subset of the linear continuum 
‘if and only if four conditions are satisfied, two of which conditions are the 
conditions given above, and the remaining two of which are: 

3.° If p is a point-component of M then dim,M = 0; f and 

4. Jf @ is an end point of an arc-component ¢ of M then dim 
(M — t -+ a)=0. 

It will be shown-that for a dosd and jai set M in En (the par- 
ticular separable metric space here considered) condition (3) is satisfied and 
that (4) follows from (2). In fact, let F be a closed and bounded set in En, 
K a component of F, e any positive number and H the set of all -points of F 
which are at a distance = e from K. The set H, as is readily shown, is 
closed. It follows from a theorem of Miss Anna Mullikin 8 that # is the sum 
of two mutually exclusive closed sets F, and Fe such that F, D K and 
FD H. If K is a single point we have the result that a closed set in Es is 
0-dimensional at any one of its point-components, Thus: (3) is at once seen 
to be satisfied. From (2) it follows that if t is any arc-component of M and 
a and b. are the end points of t, then M —t-+a-'b isa closed set. The 
point æ is ey a point-component of M —tta + b. PEE —t- 


fa’ 


- * A continuous curve 8 is oy connected if every two powt of 8 lie on some 
simple closed curve which is a subset of &.. 


t Fundamenta Mathematioae, Vol. 14 (1928), pp. 281-303. . 
ł For definitions of dimension, see Menger, Dimensionstheorie (Leipzig, 1928). 
$ Transactions of the American Mathematical Society, Vol. 24 (1922), pp. 144-162. 
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+a+tb)=0. But dima(M—t TOET b) dim (MU — i +a). Thus AS) 
is also satisfied. The set M, then, is homeomorphic with some subset Mf of 
the linear continuum. Since M is closed and bounded, M i is a subset of some 
linear interval I. Let a be the first point of M on I and b the last point: of M 
on J, and consider the interval (å, p). Let us arrange the open intervals com- 
plementary to M in a sequence (ã;, b;). It will be shown that corresponding 
to every t there is an arc N; in En whose end points, a; and b;, are the porsi 


`of M which PER, to d; and bi, and which is- such that Wes M+ IN i 


Lis an arc from a to b, the points of M corresponding tod and b. 
For this purpose we-shall extend the following 


Theorem of J. R. Kline: * ‘In En (n= = 2).if Hts the sum of a countable 
infinity of closed sets Mi, such that no M; — En, and no Mi disconnects i 
domain, then if D is a domain, D—D-H is arc-wrse connected. 


THEOREM A. Under the conditions of the above theorem tf a and b are 
any two points of D, there, is an arc ab such that ab —a—b C D—D-H. 


Proof. If ae D-H, then a is a‘limit point of D— D-H. In fact, since 
the closeù set W: 54 En, and disconnects no domain of Fa, it is easily shown 
to be nowhere dense. Hence H is of the first category of Baire, so that a is 
a limit point of D—-D-H. We can evidently find a sequence of distinct 

points {an} such that lim a, = a, and such that the sphere © 


is a sub-domain of D. By te above theorem of Kline, In — Sn: H contains 


i i ad ` . . 
AN ATC nänn. The point set a -+ > anänn is-evidently a continuous curve 
i n=1 : 


à: oO 
containing a and. a. ‘There is, then, an are maca + È; Ondine (R. L. 


` Moore){. Evidently, except for the point a, the arc (hd a D— D-H. From 
this result Theorem A follows readily. 

Now, the set T consisting of all .point- components of M together with 
the end points of all arc-components is clearly a closed, totally disconnected 
.set. Furthermore, as Cohen shows,{ the arc-components of M are countable. 


. * Bulletin of the American ilathematical Society, Vol. 23 (1817), pp. 290-292. 
The conditions here imposed on H are.those given by R. L. Wilder, ibid., Vol. 23 © 
- (1927), p. 388. : 
t See, for instance, R. L. Moore, Bulletin of the American Mathematical Poi 
Vol, 23 (1917), pp. 233-238. 
t Loo. oit. ` 
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‘As any closed totally disconnected set is 0- dimensional and any arc is 1- 
dimensional,* M is the sum of a countable family of closed sets each of 


dimension < 1. The set M = 7 + 3 M,. Urysohn has shown + that'a closed 
: {1i . 


- set of dimension £ n— 2 disconnects no domain of Ea. Since we are here 
concerned with E,(n = 3), neither T nor any one of the arc-components M; 
disconnects any domain of F». Evidently neither T nor any one of the sets 
-M,—FH,. Hence the conditions of Theorem A are satisfied. Thus, if 
S, == $(a,,2d(a,,'b,)) there is an are N, from a, to b, such that 


 Nı—a— b C8 — 8 H. 
The set M -+ N, satisfies the conditions. of Theorem A.. Thus, if 
| Ss = 8 (da, 2d (ae, ba) ) 
there is an are Ny, from as to bz such that 
N: — a, —b; C 8, — 82° (H+ Mi). 


1 nel . ` 

In general, the set M -+ $ N; satisfies the conditions of Theorem A. Hence 
{= 

if Sa == S (an, Zd (an, bn) ) there is an arc Nn from an to b» such that 


5 EE, EN E Ge: EE (M+ 3.4). 
? ; {=1 


It will now be shown that W a +S N; isan are. 
q=1 


As M is a closed bounded set the mapping of M on to M is uniformly 

‘continuous. Since the intervals (än, ba) do not overlap and all lie on a finite 
interval, lima d(G, On) == 0. It follows that limn d(an, bn) —0. Therefore ` 
lim, diam (Sn) == 0 and as Nn C Sn, lim, diam(N,) —0. Now let p be a 
limit point of W. If pis a limit point of M then peW. If p is'a limit point 


of > Ni, it either belongs to a particular Ni and therefore to W, or else it is . | 


a Limit point of a set of points only a ‘finite number of which belong to any 
given Nı. In this case, since lima diam(V,) = 0,.it is a limit point of the 
end points of the arcs Ny. But the end points of N, are points of M. Thus 
W is closed. , 
It W is not connected it is the sum of two mutually exclusive non-vacuous 
closed sets Q, and Qa. Not all the points of M belong to Q, (for example) 


a, Mt pte 
at 


_ *See Menger, loc. cit. l 
l t Fundamenta Mathematicae, Vol. 8 (1926), p. 311. 
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for then we would have Q: = r _ Let us put, then, M: Q =W and. 
M- Q; == M”. The'set M == W + H” where M’-and M” are both closed non- 
vacuous sets. This separation of M determines a separation of M into two 
mutually exclusive closed non-vacuous sets W” and M”. Let p be- any point 
of W. As p is nota limit point of M”, and as there is at least one point of 
M” either to the left of ò or to the right,—say to the right, there will be a 
first point @ of the closed set M” to the right of p.. Since @ is not a limit 
point of M” and since there is at least one point of J” to the left of ĝ, viz. 
p—there is a last point p” of the closed set Af” to the left of 7. Now’ and ĝ 
are the end points of an interval complementary to M. Therefore there is 
an arc‘ N, whose end points are p’ and q. Hence p + qCqQ:, or else 
p +q C Qa It follows that F + ġ C H or else # -+ GCM”. This is in 
contradiction with the way in which p’ and ĝ were chosen. : 

| We now show that W—p is not connected if W— (a +b) D p. 


Case 1. The point p belongs to M. 

Let W — p = Wi + W2, where W, consists of all points x of M such 
that Z is to the left of p, together with all points s of W which are interior 
points of arcs N; such that a, and b; are not to the right of ji; and where 
W, = (W—p)—W;. The set W, 540 since W, Da, and W,540 since 
Wb. Now, let qieWi. There exists a sphere S(q.,d) such that 
S(q1,d)-M-W.—=0 since the only limit point of the points of M to the 
right of p which is not a point of this set is the point p. Since 
lim; diam (N3) = 0, there is a positive integer r such that if t >r, then 
diam (N;) < d/2.` Hence if i > r, and if N; C W: + p, then S (qi, 8/2): Ni ` 
== 0. Let F consist of all points z such that zeN, where i & r. The set F 
is closed and F: q, ==0. Since q, is neither a limit point of M- W, nor of 


We ÈN, it is not a limit point of Ws. Similarly no point of Ws is a limit. 
4=1 
point of W,: 


Case 2. pis nota point of M. 
: Then p is a point of some V iy—8ay Ny. If a 4a, and bss b, then 
‘a and by determine separations: W — ax == WO + W, and W— by 
= Ww 4 W,% in virtue of the result of Case 1. Denote by agp the arc 
_of Np from a to p and by pb» the arc of Nz from p to by, and put W — p 
me K, 4- Ka; where Kı = (Wi, + ap —p) and K: = (pbs — p + Wa). 
Since K, C W,®» it contains no limit point of W,®%. It evidently contains 
no limit point of pbs — p. Since Ka C W it contains no limit point of — 
W,. It evidently contains no limit point of axp — p. Thus W — p is the 
sum of two mutually separated sets. In case a = a or br== b, we can effect 
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a a of W-—-p ina similar tashiga; This concludes the ae that 
W is an are. 

From Theorem 1 and the Moore-Kline theorem we have at once the 
folowing 


' COROLLARY: If M C En and En C Em, where En and Em are Euclidian 
spaces of n and m dimensions, then if M is a subset of an arc in Em tt is also 
a subset of an arc in En. 


THEOREM 2. If M is a closed and bounded subset of a (connected) 
; domain D of En, and if M satisfies the conditions of Moore and Kline, then 
there ts an arc A such that M C A C.D. 


Proof. By Theorem 1 there is an arc A’ in E, which contains M. If 
qe’: D, and Ce is the component of A’: D determined by q, only a finite 
number of distinct components Cg can contain of M.. For suppose there 
is an infinity of such components — Ci, Oz,: © +,Cn,° > +, and let aneCn ` M. 
The points a, are all distinct, and since M is bounded, the set [an] has at 
least one limit point, p. Since M is closed, peM and therefore peD. The 
component Op is evidently a closed, half-closed or open are, t.* 

_ If ¢ is a closed arc then evidently A’C D. If ¢ is a half-closed arc | 
denote £ + both its end points by ¢’. That end: point a of t which belongs 
to ¢ is evidently an end point of the arc A’. In this case, then, p is either an 
end point of A’ or an inner point of f. But, clearly, then, since A’ is an arc, 
p is not a limit point of A’ t and therefore not of [an]. Finally, if ¢ 1s 
an open arc, and ¥ denotes ¢ + its end points, then p is an inner point of t’, 
“But then, p is not a limit point of A’ —?’, and therefore is not a limit point 
of [an]. “Hence only a finite number of components Cy of A’: D contain 
points of Af. Since M is a closed subset of D it is apparent that each Cg ` 
contains a closed sub-arc containing all the points of M-Cy. Thus there 
exists- a finite number i ne exclusive arcs Ay,°-*Am such that 


MC $ A,CD. It is an easy ia of the Wilder accessibility 1 


theorem ł that in Æ the finite set of arcs S A, is contained in an arc of D. 


For EF, with n > 2 successive application of Theorem A leads to a like result. 


Tsrorm 8. If Dwa domain of En, and M is a closed bounded subset 


“* An are is said to be closed if it contains both end points; half-closed if it contains 
just one end point, and open if it contains neither end point. 
+R. L.: Wilder, Fundamenta Mathematicas, Vol. 7 (1923), pp. 340-377. 
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of D oka satisfies the Moore-Kline conditions, and if pı and ps are distinct 
points of M, then there is an are Mp such that M C. pp+C D if and only if. 

(1) m and Da are point-components of M; or ; 

(2) p and p: are end points of distinct arc-components t and te ‘of M 
such that p, ts not a limit point of M ——t, and p, ts.not a limit point of 
M — iz; or 
(8) one of the points p, Pa 13 a aa component of M and the other is 
| an end point of an arc-component t of M, and is not a limit point of M—t. 


Proof. Since no.interior point òf an-arc-component t of M can be an end 
point of an are which contains M, and since the same is true of an end point 
of an are-component ¢ of M which is a limit point of Jf — t, the conditions ° 
are at once seen to be necessary. 

We now show that the conditions are also sufficient. By Theorem 2 er 
is an arc A such that WC ACD. We may suppose that the end points a, 
and as of A are points of M. Let us first assume that neither a, nor de is 
Pı OF Pa, and consider the case n= 2. On the basis of well-known results it 
is easy to show that there exists a simple-closed curve J such that if [ is the 
interior of J, then J-+ICD and ACJ. If either ‘py OF pz ig an end point 
of an arc-component t of M and is not a limit point of M — t, or else is a | 
point-component of M and is not a limit point of.M from both sides on A, 
the simple closed curve J evidently contains an are A’ which contains M and 
has one of the two points, pı and ps,—let us say, pı, as an end point. If both 
of the points p, and pz are point-components of M and limit points of M from 
both sides on A, we shall construct an are A” which contains Af and has p: 
as one of its end points as follows: We may evidently suppose that the order 
of the points a1, Pı, Pe, and dz is di, Pı, Po, da. Let us choose two sequences 
of sub-ares of A complementary to M, with end ae En and Yn and L'n ain 
Y'n respectively, so that 


E CA E A 


and such that lim 2’, = lim y’, = lih 2 = lim yy — P. 
There is an arc &,, from 2”; to z, such that a, — rı —z, CI. The are 
a, forms with the sub-are 2’;2, of A a simple closed curve J, whose interior 
ICI. There is an arc o’, from y: to yı such that g'i — ya — yi Ch. 
The are a’, forms with the sub-are yay” 1 of- A a simple closed curve J”, whose 
interior J’, C L. 

We proceed in this way to construct arcs a, from 2’, ” Ti, X'y from ys 
to Y2, 4; from 2’, to £a, and so on. Now, it is possible to choose the arcs as 
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and o, so that lim diam (an) = lim diam (n) ==0. In fact, let, us prove the 
following 


Lumara. If æ and y are two points of a simple closed curve J, whose 
interior ts I, and sy ts ervther arc of J from x to y, then there extsts an arc a 
from x to y such that a—s— yC I, and diam(a) < dtam(ay) +, where 
ets a preasstgned positive number. 


Proof. Let D denote the set of points of J at a distance < «/2 from the 
are zy. It is easily shown that D' is an open and connected subset of J. The 
points z and y lie on the boundary of D and neither belongs to any continuum 
of condensation of the boundary. Hence, by the Wilder accessibility theorem, . 
gz arid y are both accessible from D. It follows at once that there is an are g 
in I from x to y such that diam (a) < diam(ay) + e 

We will suppose, then, that the arcs a, and a'a are chosen so that 
lim diam (an) == lim diam(@’,) = 0. Then the point set A’, consisting of the 
arC Yıpzd of A, that are zide of J which does not contain pı, the arcs a, and 
Xn, and the sub-arcs Gans and Y/nd’nu of A (n= 1,2,---) is, as can easily 
be shown, an arc from p: to y, which contains M and lies in D. 

An argument which is only a slight modification of the one given above 
suffices to show that starting with the arc A’ we can construct an are A” ot 
D which contains M and has p, and p: as its end points. This completes the 
proof for the case n = 2. | 

For the case n > 2, our procedure is similar. By Theorem A, the end 
points of the are A are accessible from D. There.is then a simple closed curve 
J such that AC JCD. As in the case n == 2, we are reduced to the sup- 
position that p, is a point-component of M which is a limit point of M frora 
both sides on A. We choose two sequences of sub-arcs of A complementary 
to M as before, and construct arcs a, and g'n, all mutually exclusive, such that 
lim diam(a,) = lim diam (a) =0. That there exist two such sequences of 
arcs Xn and Yn is readily seen to be a consequence of Theorem A. The rest 
of the proof runs parallel to the proof for the case n = 2. 

It is natural, in this connection, to consider the problem of determining — 
conditions under which a closed point set M in En is a subset of a ray or an 
open curve.* 


THEOREM 4. A closed set M in En 18 a subset of a ray if and only tf the 
two following conditions are satisfied: 
1. Hether (a) the components of M are all arcs and points, or (b) the 


* For definitions of these, see R. L. Moore, Transactions of the American Mathe- 
+ matical Society, Vol. 21 (1920), p. 347. 
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components of M area ns ray and a bounded collection op arcs and points; l 
and 
(2) No interior pori of an arc- or cai component, t, is a limit point 
or Ai — t, ; 

The conditions are aiat hecessary. Their sufficiency i8 proved ag 
follows: Suppose, first, tbat 1(a) and 2 hold. Let pn — M, and let 
S = 5 (p, d) be such that S: M —0. If 8 is taken as the sphere of inversion, 


the set M maps into a set A?’ C.S. By familiar properties of the trans- 
. formation of inversion, the set W + p is closed and satisfies the Moore-Kline 


7 


conditions. The point p is a‘point-component of Mf’? + p. Thus, by Theorem 


3 there is an are which contains A” + p, lies in 8, and has p as one of its end 


points. The transform of this are is a ray which contains I. 

If 1(b) and 2 hold, M’ + p is again a set satisfying the Moore-Kline 
conditions. In this case p is an end point of an arc-component t of Al’ -+p | 
and is not a limit point of (M7? + p)— t. Again, Theorem 3 gives us the 
existence of an are in S which contains Af’? + p and has p as one end point. . 
The transform of this arc is a ray which contains M. 

It is here to be noted that G. T. Whyburn has given conditions which 
are necessary and sufficient that a closed set in E, be a subset of an open - 


_eurve.*  Whyburn’s proof depends upon the Moore-Kline theorem. Using 


Theorem 1 of this paper in place of the Moore-Kline theorem, the result can 
be extended to Eiyn(n > 2). 
pe ‘TL. 


In the first part of this section it will be shown that the Moore-Kline 
conditions ‘constitute a solution of the problem of this paper only for a rather 
limited- class of continuous curves. 


THrorm 6. If Sisa Ae closed sel; and tf every one of its bounded 
closed subsets which satisfies the Moore-~Kline conditions ts a subset of an arc 


_ in S, then S is either the whole plane or a simple continuous curve. 


- Proof. To abbreviate we will use the expression “a set E” to mean 
any bounded closed subset of S which satisfies the Moore-Kline conditions. 


Since any pair of points of S is a set E, 8 is arc-wise connected and 
therefore connected. Since S is closed, it is a continuum. SJ is, in fact, a 
continuous curve. .For if 8 is not a continuous curve, then in virtue of a 


i Peunewotionsg of the American Mathematical Society, Vol. 29 (1927), pp. 740-754; 
Theorem: 5. 
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theorem of R. L. Wilder’s * there is a point p of S and a circular neighborhood 
K of p such that p is'a sequential limit point of a set of points [pa] of S each 
a which lies in a different quasi-component of S: K. Evidently, p + Sin 

a set F, and if ¢ were.an are of 8 AOE it, there would be in 8: K 


a`'sub-arc t of t such'thkat t 0 p+ > pn(k 21). This, of course, contra- 


dicts the fact that no two points pr md p; lie in the same component of S- K, 
and consequently S is a continuous curve. 


It will now be shown that S is either the whole plane or else a-simple 
. continuous curve. Let us suppose, first, that S contains no simple closed . 
curve. If S contained a point p which separated S into three mutually 


separated sets, 81, S2, and Ss, then if pyeS; (1 = 1, 2, 3), the set 2 pi would 


he a set Æ which is elcarly not a subset of any are in S. Henes, rO d 
p of S separates S into more than two components. 


If S is bounded, it has at least two non-cut points, qu and q2.¢ Let é 
be an are of S from gı to qa If t548, there is a component C of.S—t 
which has—since S is an acyclic continuous curve—a unique limit point qs 
in t. The set S-—— qs, as is easily shown, would consist of three mutually 
separated sets. We have seen that this is impossible. Hence, if S is bounded, 
it is an arc. i 

- Let us now suppose that § is unbounded and -that it contains a non-cut 
point, øp. The point p is the end point of a ray.r of S.t If r=£9,-the 
unique limit point in r of a component C of S—r would break up S into 
three mutually separated sets. Hence if S is unbounded and contains a‘non- 
cut point, it is. a Tay. : 

Let us suppose, finally, that S is unbounded and is disconnected hy, each 
one of its points. Thus if peg, the set S — p consists of two mutually sepa- 
rated connected sets, S, and S. The point p is a non-cut point of Si + p 
(1 = 1,2), and by the argument just employed Si + p is a ray ri, so that 
S =r, + ra ig an open curve. | 

Now, let us suppose that S does contain a simple closed curve, J. Then ` 
S is eyclicly connected. For, suppose not. Then J determines a maximal — 


———s 


* Proceedings of the National Academy of Sciences, Vol. 15 (1929), pp. 614-621; 
Theorem 1. 

fS. Mazurkiewicz, Fundamenta Mathematicae, Vol. 2 (1921), pp. 119-130. 

$C. Kuratowski, Pundamenta Afathem@ticac, Vol.-8 (1922), pp. 59-64. 


SUBSETS OF A CONTINUOUS CURVE. 407 


cyclic curve * N of S such that NS. If C is any component of S — N 
then C has just one limit point, z, in N.* If a and b are two points of N, 
then, since N is cyclicly connected, there is an arc t in N from a to b one 
of whose interior points is œ.} If yeC, the set t+ y is a set E, but it not 
a subset of any arc in 8S. Hence § is cyclicly connected. 

Since S is a plane cyclicly connected continuous curve, the boundary of 
any domain complementary to S is either a simple closed curve or an open 
eurve.t If 84 E., there is at least one domain complementary to J. 


Case 1. There is a domain D complementary to S whose boundary is 
a simple closed curve, J, of 8. 

It is easily shown that D is either the exterior or the interior of J. Let 
us suppose that D is the interior of J. (The argument is essentially the 
same if D is the exterior of J.) If J 5&8, there is a component C of S—J 
which lies in the exterior of J. Since S is cyclicly connected, C has at least 
two limit points in J. Using the Wilder accessibility theorem, it follows that 
there exists an arc æ whose end points &, and az lie on J and which is such 
that «—a,—d,CC. Let aya, be that one of the two arcs of J from a; to az 
which forms with « a simple closed curve whose interior lies exterior to J. 
Now let reJ — @a: and let a’, and a’, be points of aia. such that a <a’; 
<@2<d,. Then the E-set «+ aa’; + a82 +r is clearly a subset of no 
arc in 8. Thus J ==9. 


Case 2. There is no domain complementary to S whose boundary is a 
simple closed curve. We shall show that, under our supposition that § con- 
tains a simple closed curve, this case is impossible. . 
= Let, D be any domain complementary to S. The boundary, B, of D is 
an open curve. Since © contains a simple closed curve, B38. There is, 
then, a component C of §— B. In the same way as in Case 1, we prove 
the existence of an arc œ whose end points, a and as, are points of B, and 
which is such that & — @, — a, C S—B. Let reB — at and let a’; and a’, 
be points of @,@, such that a, <a; <a’, < ds. As D must be identical 
with that domain of the plane complementary to B which does not contain 
%-—- ty — a, it is clear that the E-set a + aa, + aot.-+7 is a subset of 
no arc in S. Thus, Case 2 has been shown to be impossible. 


on 


* Q. T. Whyburn, Proceedings of the National Academy of Sctences, Vol. 13 (1927), 
pp. 31-38. 

t W. L. Ayres, Bulletin de l Académie Polonaise dea Sciences et des Lettres (1928); 
Theorem 3. 
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THEOREM 6. If S ts a closed set in a space En, and is of dimension -l 
in at least one of. its points, and if every bounded closed subset of S which 
satisfies the Moore-Kline conditions 13-4 subset of an arc in S, then S ts a 
ee continuous curve. 


Proof. As in the proof of the previous theorem, let us use the expression _ 
“a set E” to mean any bounded closed subset of-S which satisfies the Moore- 
Kline conditions. As established in the previous theorem, 9 is a continuous 
curve, and if § contains no simple closed curve it is. either an arc, & Yay, 
“or an open curve; and if S does contain a simple closed curve it is cyclicly 
connected. l 
We suppose, then, that g is ey aui and denote by p a point 
in which § is 1-dimensional. The point p lies on some simple closed curve 
J-of S. Now if J 5S, there is a component Œ of S—J. The component 
' C has at least two limit points in J, since S is cyclicly connected. It follows 
that there is an arc in S which is a subset of S—-J except for one of its 
end points g which is a point of J distinct from p. Let > be a sphere whose 
‘center is p and which is so small that g does not lie in È or on its boundary.. 
. Since § is 1-dimensional in p there is a vicinity V of p such that VC > 
and such that B, the boundary of V in S, is totally disconnected. As B -+p 
is a closed totally disconnected set and therefore a set E, it is a subset of 
an arc A of 8. Now A cannot contain all the points of S outside V, for 
the point q lies outside V and is the junction point of three ares which lie 
outside V. Therefore, there 1s a point h outside V which is not a point of A. 
If Cy is the component of S— A which A determines, then Ca cannot have p 
` as a limit point since p lies inside V, and h outside, and A contains the > 
boundary B of V in S. Er 


Now, there must be an arc-in Ca from h to one of the end ai A, OF as, 
say, @,—of A, for otherwise the- E-set A -+h is a subset of no are in BS. 
Since § is cyclicly connected, Ca has another limit point in A. Let r be the 
last limit point of Ca on A in the order from a to az. The point r is arc-wise 
. accessible from Cy. For let a,r be the arc of A from a, to r, and let {ra} be 
a sequence of points in Ca such that limr,=r. The set ar + [ra] is an 
E-set and therefore a subset of an arc in 8. Clearly, this arc contains an arc 
from ‘a point ra to r which lies in Cy except for r. Thus r is accessible from Ch. 
‘Let ¢, and t, be mutually exclusive arcs of S, where a, is an end point of th, 
and r is an end point of t, and where (ti — a) + (tr—r) C Cy. The 
point r must be as, for suppose not. Then the point set tı + ar -+ tr + dy 
is a set E, but is clearly not a subset of any arc in S. Hence r == dy. 
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If there were a component Cw of = A distinct from Ca, the point set 
t+ ar + ty + w would be an E-set which is clearly not a subset of any arc 
YS. Thus Cy‘is the only component of S— A, so that S == A + Cy. Since 
a, and a, are both accessible from On, there is an arc L from a, to aa such 
that L —a,— a, C Cy. Now, p is ‘an interior point of ‘A and is not a limit 
point of C». Therefore there is a whole, arc zıpz: of A, no point of which is 
a limit point of Ca, and where the order on A of the points a, 21, p, Za and 
Gy i8 G1, Tı, P, Ta, dy. Let a,x, and Tsaa be the arcs of A from a, to zı and 
from £ to da, respectively. Suppose now that Ca — Ca: L0 and let. 
gC, — Ch: L. The point set a2, + L + usr, + s is a set E, but is a subset 
of no arc in 8. Hence Cx = Cx: L so that g is the simple closed curve L + A. 
We have shown, then, that if S contains a simple closed curve, S-is a simple . 
closed curve. This completes the proof of the theorem. 

It is not apparent that in three dimensions the closed sets for which’ 
the Moore-Kline theorem is true fall into any easily classified category. For - 
` instance, besides the topological plane and sphere, and the simple continuous 
curves, the theorem is true in three dimensions for such sets as the cube 


together with its interior, any closed two-dimensional manifold, and various” . 


continua made up of combinations of closed manifolds. l 
We shall now' consider the general problem of determining when a given 
closed subset M of a continuous curve J lies on an arc of 8. 


THEOREM 7. If 8 ts a bounded continuous curve, and M. a closed subset 
of S which is not a subset of any one maximal cyclic curve of 8, then M isa 
subset of an arc in 8 kl and only if the following three conditions are satisfied: 


(1) If Cwa cyclic element * of S, at most two components of S—C 
contain a point of M. 


(2) If O is a mazimal cyclic curve of S, and K, and Ka are distinct 
components of S—C such that Kı: M540 (i= 1,2), and such that a, the 
unique limit point of K, in C is distinct from as, the unique limit point of Ka 
in- C, then there ts an arc tin C. from a, to ag such that M-O Ct. 


_ (3) If C is a masimal cyclic curve of 8, and K is the only component of 
5 — C such that K: M 0, and a is the unique limit point of K in C, then 
there exists an. arc t in O with a as one end oe and such that C-M Ct. 


Proof. The conditions are sufficient. 


*See G. T. Whyburn, American Journal of Mathematics, Vol. 50 ( 1928), Pp. 
167-194. ` , 


410 “EDWIN W. MILLER. 


Let -W be the arc-curve S(M).* The set W is a continuous curve * 
consisting of a certain collection of cyclic elements of S, and the cyclic ele- ` 
ments of W. are cyclic elements of S.t} It will first be shown that if Ọ is a 
cyclic element of W, then W — C contains at most two components. Let C 
be any cyclic element of W. If K is a component of W — C, then K-M=40. - 
For suppose the contrary and let a be the unique limit point of K in C, 
and let zeK. Since KC W, there are two points m, and mz of M which 
are the end points of an arc ¢ in W which has v as an interior point. Not 
both of the sub-arcs mz and wm, of à can contain the point a. But m, and 
mı are both points of W — K and a separates K from W—K-—a. From 
this contradiction it follows that K- M540. l 

Suppose, now, that W — C contains three components K, (+= 1, 2, 3). 
Each component K; is a subset of a component K”, of S—C. In virtue of 
(1), two of these components are identical We may suppose K’, = K’s. 
Let eK, M and yeK,’M. Now, s+- yC K’, and there is an arc t in K’ 
from z to y.[ Since tC W and K, + t + K, is a connected subset of W — O, 
K, and E, lie in one component of W — C. As this contradicts the definition- 
of K, and Ka, it follows that W — C contains at most two components. — 

G. T. Whyburn has shown § that any bounded continuous curve, H, 
which is not cyclicly connected contains at least two nodes, a node being 
either an end point of H or a maximal cyclic curve N of H such that 
H —I(N) is connected, I(N) being the set of all points of N which are not 
limit points of H — N. | | . 

Since, by our hypothesis, M is not a N of any one terial "i 
curve of S, and since the cyclic elements of W are all cyclic elements of g, 
W cannot be cyclicly connected.’ Accordingly let N be a node of W. Suppose 
W-—WN is not connected. Then N is evidently not a point since no end 
point of a continuous curve cuts the continuous curve. We have W — N 
om W, -+ We, where W, and Wa are mutually separated. As we have already 
shown, W, and W, are connected. The set W, has a unique limit point a, 
and Wa a unique limit point as in N. Now a, 542, for if a, =a, the set 
W — a contains three components N — m, W, and Wa. Evidently W—I(N) 


* Bee W. L. Ayres, Transaotions o the Amerioan Alathematical Society, Vol. 30 
. (1928), pp. 567-578, 

+ W. L. Ayres, Transactions of the American Mathematical Society, Vol. 31 (1929), 
pp. 695-612. 

t See, for instance, R. L. Moore, Bulletin of the American Mathematical Sooiety, 
Vol. 23 (1917), pp. 233-236. i 

$ See G. T. Whyburn, American Journal of Mathemattos, loo. ott. 
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= (Wi +a) + (Wa+ &). Since W, and W: are mutually separated and 
since t’ Wa = aa Wi = 0 it follows that .(Wi-+a,) and (W: + 4a) are 
mutually separated. As this contradicts the fact that N is a node, every node 
of W must be a non-cut element of W, ‘80 that W contains at least two non-cut 
elements N, and Na. f 

Let X be any simple cyclic chain * in W from N, to Ny. It will t be 
shown that X == W. Suppose, in fact, X54 W, and- let peW —X. The 
point p determines a component Cp of W — X which has a unique limit 
point q in X. Since N, and Nz are non-cut elements of W, they are, in virtue 
of a theorem of Whyburn’s,{ end elements of W. In other words, q is not a 
point of either N, or Na. Hence, q is a point of some cyclic element Q of X ` 
interior to X. Clearly, W — Q contains three components determined by 
N,— Ni: Q, N2— Nz: Q, and Cp. As we have shown that this is impossible, 
_it follows that W is the simple cyclic chain X. 

Now, let t be an arc in W from a point of N, to a point of Na In 
virtue of a theorem of Whyburn’s,[ the arc t contains a point of every cyclic 
element of W, and in fact, if C is a maximal cyclic curve of W interior to 4, 
then t: C is a sub-are of ¢ whose end points are the unique limit points in C 
of the two distinct components of W—C and therefore of S—-C. Let us 
now replace all such sub-ares of t by the corresponding arcs whose existence 
is given by (2), and let us replace t: N, and t- Na by sub-arcs of N, and N: 
of the sort whose existence is given by (3). Since for every « > 0 there are 
„only a finite number of maximal cyclic curves of W of diameter > it is 
readily shown that the resulting point set is an arc, A. AsMCACWCS, 
the conditions have been shown to be sufficient. 

The conditions are also necessary. 

Let + be an are of S such that tD M, and let us suppose that there is 
a cyclic element C of S such that three components, S1, S2, and Ss of S—C 
each contain a point of M. Let pieM- 8i, and let us suppose that the order 
of the points pı, Pz, and ps on È iS Pı, Pa, Ps. Since these three points lie in 
different components of S—C, the sub-arce Pipe and pop, of ¢ each contain 
‘a point of C. Evidently, then, Sa has at least two limit points in C. As 
this is. impossible, the necessity of (1) is proved. 

To prove the necessity of (2) let C be any maximal oe curve of 9 
and suppose there exist components K, and K, of 8 — C and points a, and az 


* See G. T. Whyburn, loo. oit. 
t Loo. oi. ` 
t Loo. ott. 
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‘as specified in (2). Since each point a, and as separates K, from K+, t must 
contain a, and az. The sub-are dda of ¢ is a subset of C, for otherwise there 
is determined a component of S —C which has at least two limit points in O. 
If (t— a): C40 either Kı or K: would have two limit points in C. 
Hence aa: = t: C. Since tD MDC: M, the are aa, of C must contain 
C: M. The necessity of (3) follows in a 1 similar wW ay. This completes the 
proof of the theorem. 
We shall now make certain applications of the theorem just proved. 


THEOREM 8. I f the plane continuous curve S is Maa of a (con- 
nected) domain D and M is any closed subset of S other than a simple closed 
` curve, then M is a subset of an.arc mn S if and only if the following three | 
. conditions are satisfied: | 

(1) If F is a point or a simple closed curve of 8, at most two components . - 
of § — F contain a point of M. 

(2) If J ts a simple closed curve in S, and tf there are two components — 
of S—J which contain a point of M and have distinct limit points a, and az 
in J, then only one of the arcs of J from a, to aa contains a point of M. 

(3) If J ts a simple closed curve in 8, ind tf just one component of 
S—J contains a point of M, then the (unique) limit point in J of this com- 
ponent is not a limit pomt of J: M from both directions along J.* 

Proof. The theorem is almost an immediate consequence of Theorem 7 
and the fact that every maximal cyclic curve of a continuous curve which is 
the boundary of a plane domain is a simple closed curve.t It is clear that ` 
the above theorem is true for any continuous curve in 4, whose maximal 
cyclic curves are all simple closed curves. ` 


THEOREM 9. I f Sts an ihe continuous curve mn En and M is a closed 
subset of S, then in order that M be a subset of an arc in K tt is necessary 
and suficient that if p is a point of S, at most two components of S— p 
contain a paa of M. 


Proof. This theorem is an immediate consequence of Theorem 7 and 
the fact that every cyclic element of .an acyclic continuous curve is a point. 
Theorem 9 can evidently be made more general by letting S be any con- 
tinuous curve nm En, M any closed subset of S which has no point on any 
simple closed curve of S, and p any cyclic element of cS. 


* The phrase “from both directions along J” is immediately Granalataite into 


topological language. 
tR. L. Wilder, Fundamenta Mathematicae, Vol. 7 (1023), pp. 340-377. - 
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With a view to mans another t application of Theorem 1s the following 
theorem will be proved: ! | 


‘THroreM 10. If J is a simple closed curve in E, and I is its interior, 
and if F is a closed totally disconnected subset of J +I, then there 18 an 
arc in J + I which 'contams F. r ; 


f > 

Proof. Let us denote Fed by T. There is- an arc AB of J ad hee 
- Tin its interior. Let C-and D be two other points of J and let the order of 
the points A, B, C, and D on J be A, B, C, D, A, where T is contained in 
the arc ABC of J. Let a system of rectangular codrdinates be given, and let 
A’, B’, O’ and D’ be thé points (0,0), (1,0), (1,1); and (0,1), respectively. 
Let J’ be the simple closed curve formed by the square A’B’C’D’A’, and let ` 
T be its interior. There will be defined a 1—1 bicontinuous Da of. 
J -+ I into J’ + F which has the properties: 


(1) J corresponds to J’;- the points of AB corresponding to the are 
of A'B’, A corresponding to. A and B to BY. - 

(2) ‘The points of T correspond to irrational -points of A'B. 

(3) The points of F— T correspond to points of I’ both of whose 
coérdinates are irrational. 


The proof that such a mapping exists is based on a lemma in a paper of 
R. L. Wilder’s,* and for the meaning of the notation used in the next þara- 
graph, the reader is referred to the paper in question. 
There is a 1 — 1 bicontinuous correspondence between the points of AB 
and the points of A’B’ in which A corresponds to A” and B to B’, the rational 
points within AF” corresponding to points of AB which are end points of 
_ the ares a, and the irrational points of A’B’ corresponding to points of -AB 
which are end points of the arcs b, There is a like 1—1 bicontinuous 
correspondence between the points of A’D’ and AD. These two correspond- 
ences induce like correspondences between the points of BC and B'O, GD 
and C’D’. If pd, there is just one arc tı of a, and just one arc te óf as 
which contains p. That end point of ¢, which belongs to AB corresponds 
to a point z of A’B’, and that end point of t which belongs to AD corresponds 
to a point y of A’D’. To the point p we let correspond’ the point (z, y) of F. 
It is readily shown that the correspondence in question is 1 —— 1 bicontinuous 
and has the properties (1), (2), and (3) specified above. - 

Consider, now, the square J’, and let F” and T” be the sets corresponding 


" Tiansaohioni of the Amerioan Mathematical Soviety, Vol. 81 (1929), pp. 345 359: 
Lemma 6, P. 358. l 
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to F and T. The set T” is a closed non-dense subset of A’B’. Let R, be the 
rectangle whose vertices are the points (0,4), (1,4), (1,1) and (0,1). The 
projection, pı on A’B’ of the mid-point of the base of R, is the point (4, 0). 
Since p, is a rational point, it belongs to some sub-interval of A’B’ comple- 
| mentary to T”. Let (a,,0) and (01,0) be any two rational points of this 
interval such that a, < abse. of pı < bı. Let Jı be the simple closed curve 
obtained by deleting from R, the sub-interval of £, between (a, 4) and (01, $) 
and adding the lines representing the ordinates of these two points and the 
interval, ù, of A'B’ from (a,0) to (b;,0). Denote, now, by Æ- the rectangle 
whose vertices are the points (0,4), (as $:), (a$) and (0,4). The 
projection, p», on ‘A’B’ of the mid-point of the base of Rz is a rational point 
and therefore belongs to some sub-interval of A’B’ complementary to T”. Let 
(42,0) and (b2,0) be any two rational points of this interval such that 


Qa < abse. of pa < be, and let us denote the interval of A’B’ from (a, 0) to. 


(52,0) by ts. These points are related to A, in the same way that (a, 0) 
and (bı, 0) are related to R,. Let us, then, construct Ja in relation to them 


and to Æ, in the same way that J, was constructed in relation to (a,0) — 


and (6;,0) and &, We now consider the rectangle Hs whose vertices are the 
points (bı, 4), (1,4), (1,4) and (1,4). We define in a similar’ way a 
simple closed curve Ja. At the next stage of the process we have 2” rectangles 
to consider, then 2° rectangles, and so on. 

Proceeding indefinitely in the manner indicated, it is clear that we obtain 
a sequence {J} of simple closed curves such that: 


(1) In F =0 maip 

(2) ee eee pen eee Hy =0 (4544) (4,9 = 1, 2,- 0). 
(3) P — eS iy 

(4) lim died.) == (), 


The set Fn is a closed totally disconnected set. There is, then, in virtue 


of Theorem 2 of this paper an arc tna in H» such that tn D F'w. It is easy 
to show that the end points of this arc can, be joined by arcs to a, and bs 
so as to give an arc ta such that Ya > Fn and En -— an — ba C Hy. It follows 


OO ao 
easily that the point set > t’, + (A’B’ — F in) is an arc, t, whose end points 
n=1 n=l 


are A’ and B’. Evidently PW CY CJ’ -+I In virtue of the homeomorphism 


between J +I and J” ~- I’, the theorem is established. 


THEOREM 11. Under the conditions of T hebre: 10, if a and b are two 
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points of F, then there is an arc in J + I which contains F and has a and b 
as tts end points. . 

The proof is based on Theorem 10 and uses the homeomorphism between 
J +I and J’-+ I’ set up in the proof of that theorem. 

It is possible to show that the are of Theorem 11 can be so constructed 
that the only points it has in common with J are the points of F in J. 

We shall now use Theorem 11 to make another application of Theorem 7. 


THEOREM 12. If S ts a bounded plane continuous curve which does not 
cul the plane, and F ts a closed totally disconnected subset of 8S, then in order 
that F le on an arc of S, it is necessary and suficient that for every cyclic 
element C of S at most two components of 8 — C contain a point of F. 


Proof. Every maximal cyclic curve of S is a simple closed curve plus 
its interior.* If C is such that there are two points a: and a of the sort 
specified under condition (2), Theorem 7, then in virtue of Theorem 11, 
- there is an are in O which contains the closed totally disconnected set 
C- F + a, + a2 and has 4, and d2 as its end points. Similarly, if condition 
(3), Theorem 7, applies, there is an are in C which contains C: F -+-a, and 
has @ as one of its end points. Thus the conditions of Theorem 7 are all 
satisfied and Theorem 12 follows. | 

As a special case of the general problem of this paper it is of interest 
to consider the problem of determining necessary and sufficient conditions 
that a given finite subset of a continuous curve S le on an are of S. A 
condition. which is sufficient but not necessary has been given by W. L. Ayres.} 
Evidently, if S is any set of points whatsoever and M is a subset of S con- 
sisting of just n points, then for M to le on an arc of § it is necessary 
that if pı,’ <p, are any + points of S (t < n— 1) at most 1+ 1 com- 
ponents of S-—-(pit-::-+ pı) contain a point of M. This condition is 
clearly not sufficient for continuous curves in general. 

We have found conditions which are at the same time necessary and 
sufficient that.a given set of n points of a continuous curve S lie on an arc 
of g for the cases n = 3 and n= 4. These are embodied in the following 
two theorems whose proofs we do not feel it will be necessary to include. 


THEOREM 13. If 8 ts a contunuous curve in En and M ts a subset of S 
consisting of just three points, then M ts a subset of an arc in S tf and only 


* See G. T. Whyburn, American Journal of Mathematics, loc. cit. 
f This paper ia not yet published. For abstract, see Bulletin of the American 
Mathematical Society, Vol. 35 (1929), p. 772. 
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if M contains a point which is not separated from both of the other potnts 
of M by any one point of S. 


-THEOREM 14.* If S ts a cyclicly connected continuous curve in En and 
M consists of four points of S, then M is a subset of an arc in S if and.only 
if for every pair of points pı and pa of S at most three components of 
S — (pı + p2) contain a point of M. i 


Simple examples show that none of the evident generalizations of the 
conditions in Theorems 13 and 14 apply to the general case of any finite 
subset of a continuous curve. | 


- 


* This theorem is a generalization of a theorem of. W: L. Ayres, Bulletin de -~ 
VAcadémte Polonaise des Sciences et des Lettres (1928), Theorem 5. 
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NOTE ON THE CONDITION THAT A BOOLEAN EQUATION 
HAVE A UNIQUE SOLUTION.* 


By B. A. BERNSTEIN. 


= i 


Consider. the general Boolean equation 
(i) Fry, e t,t) = Ary: > -t+ Bay: --¥4-- +4 Lat’: --f—0,F 


involving n unknowns 2,y,°-°-:,¢ and having A,B,---,2 for its 2* dis- 
criminants. Consider also the equations ` 


_ (ii) ee St ee oe e t=}, 
and the eee o 
(ii) $(a,y,- st) =a + ae! + By $ by +: 4+ t+ kt! —0. 


Whitehead f has shown that the necessary and sufficient condition that (i) 
have the unique solution (ii) is that (i) be of the form (iii). © Professor 
Whitehead’s proof, carried out only for an equation in. two unknowns, con- 
- sists in showing that the necessary and sufficient condition that a. have the 
unique solution (ii) is relation. 


(iv) AB- -LAHAB HAC +--+ KI’ =0, 


which relation he proved earlier. fo be a necessary and sufficient condition 
that f of (i) be of the form ¢ of (iii). But Professor Whitehead’s proofs 
require a good bit of calculation, especially for the general case of n variables.§ © 
The object of this note is: (1) to offer a very simple proof of the fact that : 
an equation of form (iii) has the solution (ii) and conversely; (2) to offer ` 
. a very simple proof of the fact that (iv) is the condition that f of (i) is of 
the form ¢ of (ili); and (8) to call attention to the simple geometry under- 
lying condition (iv). 


* Presented to the Society, April 11, 1931. 

-tł The usual Boole-Schréder = Roteren is used, a ae that a’ denotes the negative 
of a. ' 
tA. N. Whitehead, “ Memoir on the Algebra of Symbolic Logie,” American Journal 
of Mathematics, Vol. 23 (1901}, pp. 140-150. 

§To obtain (iv) as the necessary condition that (i) have a unique solution 
Whitehead eliminates from (i) all thé variables except one, in turn, then gets the 
conditions that the ‘resulting equations have unique solutions, and then combines | 
these conditions into a single condition. To obtain (iv) as the condition that f of (1) 
be of the form ¢ of (iii), Professor Whitehead develops f normally with respect to 
the variables, then identifies corresponding discriminants, and then simplifies. 


417 


418 | B. A. BERNSTEIN. 


1. A very simple proof of the fact that an equation of form (iii) has 
the solution (ii) and conversely, consists in merely observing that equation 
(iii) and the system of equations (ii) are each equivalent to the system 


(v) ad's tas’ =0, by tby—0,:--, Ktp kE =0. 
~ It will be noted that this proof does not use (iv) at all. 


2. To obtain (iv) very simply as the necessary and suflicient condition 
that f of (i) be of the form ¢ of (iii), observe that the discriminants of ¢ 
are . 


BDS eat ee ee Ab eee 
(0, 0,- este aie Hk a 


Hence, f will be identical with ẹ when, and only when 
ARC pt OLN, BaP EVE th, Deep o te th, 


or néi ra 
(xvi) A =ab:: k, Booab--- Bh, o, Dabok. 


But the right-hand members of (vi) are seen to be the constituents in the 
normal development of 1 with respect to a,b,---:,k. Hence, 


A’ +B’ 4---+ 1/1, AB =—0, A’ =0,:-+, KL’ 0, 
or 


(iv) | ABS LAB 4 AO 4-0 + RL =. 


Of course, since (ii) is equivalent to (iii), we have that (iv) is also the 
condition that (i) have the solution (ii). 


3. The simple geometry underlying condition (iv) is seen from (vi). 
The necessary and’ sufficient condition that (i) have the solution (ii), or 
that f of (i) be of the form ¢ of (iii), is, geometrically, that the regions 
representing the negatives of the discriminants of f be the regions corre- 
sponding to the 2* constituents in the normal development of 1 with respect 
to a,b,:--,k of ¢. The geometry for the general equation (i) is thus 
a very simple extension of the geometry for the equation in one unknown, 
aa + ar’ = 0, | 
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ON THE EQUIVALENCE OF THE DECOMPOSITIONS OF AN 
ALGEBRA WITH RESPECT TO A PRINCIPAL IDEMPOTENT. 


By LAURENS EARLE BUSH. 


1. Introduction. In the thesis of the author entitled Some Properties of 
Algebras without Moduli* the results obtained were apparently dependent 
upon the decomposition of the algebra with respect to a definitely selected 
principal idempotent. This naturally raises a question as to the extent to — 
which this dependence is actual. The purpose of this paper is, at least 
partially, to answer this question. 


2. Decomposition of an algebra with respect to a principal rdempotent. 

Let Y be a non-nilpotent algebra over an infinite field 7}. M possesses at least 

; One principal idempotent element u.t Let 8 be the set of all elements z of 

M such that uzu—0, and F the set of all elements + of W such that 
ug = su == 0. Then 


N = uu + uB + Bu + Ft 


where the linear systems wu, uV, Bu, and F are supplementary in W. We 
have further that wu = S + NS where © is a semi-simple subalgebra of M, 
not a zero algebra of order one, having the modulus u and 9% is the radical 
(maximal nilpotent invariant subalgebra) of u¥Wu, and 


N+ uB + Bu + F= MN, 


where Mt is the radical of M. E 
Tt is easily shown that the elements of the systems ©, R, uB, Bu, and F 
form products according to the following table. 


S N uB Bu F 
S S N uB 0 0 
N IRN Ht uB 0 0. 
uH | 0 0 0 R uD 
Bu | Bu Bu F 0 0 


er lo 0 0 Bu F 
* The Ohio State University, Abstracts of Doctors’ Dissertations, No. 7 (1931). 
+L. E. Dickson, Algebren und thre Zahlentheorie, Zurich, 1927, p. 100. 
tJ. H. M. Wedderburn, Proceedings of the London Mathematical Society, Vol. 6, 
2nd series (1907-8), pp. 91-93, and Dickson, loc. cit., pp. 98-99. 
$ Dickson, toc. oit., p. 136. 
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For example, if z and y are sealed in < and Bu zy is in F, of ifr 
and y are respectively in M and F, zy 


8. Some theorems on the principal eae of an Pe - ty 
and us are principal idempotents of M, u, —— eis properly nilpotent in W.* 
We have conversely | | 


S THEOREM 3.1. If w =u-+n is tdempotent, where u is a principal 
idempotent of HA and n is pa nee in A, w ts a principal idem- 
potent of A. , 


For, let 8 = z, + £s be any idempotent, where 2 vı is in that determination 
_of & for which u is a modulus and z, is in R. Then: 3 c 


we = (u + n) (21 + za) = By NT, F Uta F naa. 


. Since 6 is idempotent, 1,540. But 2, is in ©, while, on account of the 
invariance of R, na, + ua, + nazis in R. Hence we 0, and v is a prin- 
cipal idempotent. 


THEOREM 3. A I f u is a principal idempotent of A and z is any element: 
of uB or Bu, u + z is a principal idempotent of M. 


For, (u + z)? == u +- z and u + z is a principal idempotent by theorem 
3. 1. | | 

TuxorEat 3.3. If u is a principal idempotent of A and BuB — 0, then 
e == U — GE, + Ly + Ta, where x2 is in WB and zs in Bu, is a principal idèm- 
potent of A, and every principal idempotent of A is of this form. 

For; since. Bw == 0, Tazı = 0, and therefore e? —e. By theorem 3.1, 
e is a principal idempotent of A. Conversely, suppose e is any principal 
idempotent of M. Then e— u is in R by the remark at the beginning of 
this section, and we may write e = u -+ T, -+ Ta + Za + Te, where 2, Ta, Ts 
and 2," are respectively in N, uB, Bu, and F.. Since e =— e, we have 


(£1 -+ 2,3 + Taze) -4 (212a + Lats) + (T21 + Lets) + (27 — g4) = 0. 


Since N, uV, Bu, and F are supplementary in their sum, the terms ‘in each 
of these systems must vanish separately, i.e. - 


© (1) Ty F T? F Zata == 0, 
(2) TiTa F TT, = 0, 3 
(3) > l Tatı + LaTe — 0, 


(4) ig — T; == 0. 


* Wedderburn, loo. cit., p. 92. 


+ 
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Since T, is nilpotent or zero, (4) ‘requires that 2% =i By (2), Ta == (), 
Multiplying (1) on the left-by z, and z,’ in turn and subtracting the result- - 
ing equations, we have, after transposing terms, 27,7-=2;*. Since q,” is 
nilpotent or zero, this requires that 2,7—0. Then, by (1), Ty == — Lally. 


` Hence 6 == y — Las F- Ly + Ta. 


In a similar manner we may prove 


THEOREM 3.4. If u is a principal idempotent of A and uwBu—0 
(i.e, tf B is an algebra), then 6 = u + £3 + Ts + Zata, where te is in u% l 
and T, in Bu, is a principal i a of A, and- euen principat empotan 
of A is of.this form. 

It is evident that A and A” have the same set of idempotents, and 
therefore also of principal idempotents. If M is of index r, W therefore has 
a unique principal idempotent if and only if Ar has. If W has a modulus, 
it, and consequently H; has a unique principal idempotent.* If, conversely, 
N hasa unique principal denporan u, by theorem 3.2, uB = Pu = 0. Then 
A = uu + F and -~ 


Ar = uu + F" — or — uu + Fr, 


Hence, . since F is nilpotent and J=], we have F=f — 0, and : 
Mr — uM has the modulus u. Thus we have. 


COROLLARY 3.41. A non-nilpotent algebra A of index r has a unique 
principal idempotent if and only if W has a modulus. l 


4, Equivalence of decompositions. Let Uy ‘cid ts be two different prin- 
cipal idempotents of A, and let the decompositions of A with respect to tl 
and us be respectively 


EET + Ban + Fo | 


N = Sr -H Re + aBa + Botte + Fa. 
These two decompositions will be called equivalent if it is possible to associate 


and 


_ with every element x of A a unique element 7 of A in such a manner that | 


(1) Every element of A, considered as an 2, is associated with a unique 
element z; 

(2) The acsouabon is isomorphic under addition, subtraction, and both 
types of multiplication ; 

(3) According as æ is in ©, N, uB, Bit, or Fa the associated 


* Dickson, loo. ott., p. 100. 
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element = is in the corresponding system Gy, No, UDa, Brie, or Fe re- 
spectively. 

It is evident from the definition that equivalence of decorous 18 
a transitive relation. | 


THEOREM 4.1. A necessary and suficient condition that the decom- 
positions of N with respect to u, and us be equivalent is that it be possible 
to associate with every element x of A a unique element Z of Win such a 
manner that (1) and (2) are satisfied, and that ù, =m tp. 


For, suppose (1), (2), and (3) are satisfied. If sisin ©, Ž is in Go. 
In particular, w is in ©.. For every z in G,, wt ==g and Tu, =z, and 
therefore for every Z in ©, t= #4 and 4, =. That is &, is a modulus 
for ©., and since uz is the only modulus for Ge, a === u3. 

Conversely, suppose that (1) and (2) are satisfied and that thy = thay 
Let 64 == Ua, Ez, @s,' `’, en be a basis for A, such that e., 62° °°, 6p is a 
basis for ©1, ps1; ps2. * ‘> Cp, & basis for Ns, Epris Eps; ° °°» Cp, & basis for ‘ 
UDa, Gps Cpa,’ °°, ep, & basis for By, and epui Cpys,’ °°, én a basis 
for fı. .On account of (2), the elements &, = Ua, ča, é,° © *, és, which corre- 
spond to €, €2,° ` ', €a respectively, are linearly independent with respect 
to %, and can therefore be selected as a new basis for X. The multiplication 
constants for the new basis will be identical with those for the old, and it 
follows that in the decomposition with respect to te, é1, 82,° °°, ép, will form 
a basis for some determination of Gg, Ēp+ Eps,’ °° Sp, & basis for - Me, 
Bost, Epa,’ °°» Ep, & basis for UB, Epgir, Spyz,’ ` ', Ëp, a basis for Byte, and 


: ft 
pais pyar’ °°, 8m a basis for Fz. Since if c= $, ze, it follows that 
f {=l ` ; 
[= > 0464, (3) is satisfied. 
{=i 


By theorem 3.2, if u is a principal idempotent of A and z is in u® or 
Bu, then u -+ z is a principal idempotent of M. We shall prove the following 
theorem regarding the set of principal idempotents obtained in this manner. 


THEOREA 4.2. I f u is a principal idempotent of A and z is in wB or 
Bu, the decomposition of A with respect to e =u +- z is equivalent to the 
decomposition of A with respect to u. 


In order to prove this we shall set up a correspondence satisfying the 
conditions of theorem 4.1. Let us suppose that æ is in u® and let 
N — uNu + uB + Bu -+ F = eMe + eB + Bet F. Let y= y + Y2 + Ha 
+ ys, where Y1, Yo, Ys, and Y4 are respectively in uu, u, Bu, and F, be any 
element of A. To y we let correspond the element 


Y = + YT + Yst — TY3 — TY, — TYsT, 


THE DEOOMPOSITIONS OF AN ALGEBRA. ` 423 


which is uniquely determined by y. Conversely, if 9 = Jı +42+ Je + Hi, 
where’ pı, Ye, Ys, and § are respectively in uMu, uB, Bu, and-F, is any: 
element of A, it is the correspondent by the above formula of the uniquely de- 
termined element y = 9 +-2¥, + ci, —9i0.— YT — Tr. Direct-computa-. 
tion shows that this correspondence is isomorphic under addition, subtraction, 
and both kinds of multiplication. Also = u + uz = u +- t =e. Thus the 
conditions of theorem 4. 1 are satisfied. The proof is similar when xis in Bu. 

As an illustration of theorem 4. 2,- consider the on defined by the 
following table. . 

e es ` ês 4 es 





6| 6 @ -@ 0 0. 
-@2)@ 0 O° 0 0 
ea | 0 0 0 & 0 
6& | 6, 0 0 0 0 
és | 0 0 0 0 0 


The element e, is a principal idempotent ‘and in the decomposition with- 
respect to it we have 6, €2, 6s, €a, and es respectively in ©, T, uH, Bu, and F. 
- The element e, + es is a priñcipal idempotent of the form required by theorem 
4.2. In the correspondence set up by the proof of this theorem, we have 
that 6, @2, €s, €s, and €s correspond respectively. to 6, F es, Es, €s, 64 — €a, 
and 6s If we select.the latter five clements as a new basis, calling them 
respectively 6'i, é’s, e's, C'i and e's, we obtain a new multiplication table 
which is identical with the original one with e, (t= 1, 2, 3,4,5) replaced 
by e'i. ` 


THEOREM 4.3. If uis a principal idempotent of A and BuB = 0, the 
decomposition of H with respect to any principal H ia is equivalent to 
that wiih respect to u. 


For, Jet e be any principal idempotent of A. By theorem 3.3, 
e = U — Tt; + Ta + æa, where £a and £, are respectively in vB and Bu. 
By theorem 3.2, ë =u + z, is a principal idempotent of A, and by theorem 
4.2, the decomposition of M with respect to ë is equivalent to that with 
respect to u. Let W=— ee +- ED + Be + oF We have e = -+ y; where ` 
y = — 24%, + Ts. Let? y=} + Yo- + Ys + ys, where 41, Y2, Ya, and y4 are 
| TESTERY ely in é¥é, aS, Ba, and J. Then ë ey = Is Hyn But - . 


êy = (u -+ z1) (— Taza + T3) = 0. 
~~ Hence Y, + y. = 0, and y= Ys +y, The g = ë $y gies 18 idempotent, 


which demands that ysys + ys” — Y4 = 0. But 3 YsY/s and Ys" — Ys are Tespec- ` | 


tively in Bz and: f and must therefore vanish separately. Since y -is -nil- 
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potent or zero, 4,7 = y, requires that y,—0, i.e., e = ē -+ Ys, where Y, is in 

Hë, and, by theorem 4. 2, the decomposition of 1 with respect to e is equiva- 

lent to that with respect to ē, and consequently to that with respect to u. 
By a similar proof we may establish the following theorem. 


THEOREM 4.4. If u is a principal idempotent of A and uB*u =Q, the 
decomposition of A with respect to any principal idempotent is equivalent 
to that with respect to u. no 


K. Modulus and eme modihe: 


THEOREM 5.1. If uisa principal idempotent of H, A possesses a modulus 
if and only tf B — 0 in the decomposition of Ñ with respect to u. 


For, if 8—0, u is evidently a modulus for HW. But if M possesses a 
modulus u, it is the only principal idempotent of M and A —uMu. 
_ If Y possesses an element u such that uz = g (zu = z) for every z in M, 
but 2us4a (ue) for some s in M, we shall call u a left (right) hand 
semt-modulus of A. l 


w 


THEOREM 5.2. 'A semi-modulus of Ñ is a principal idempotent of N. 
For, if u is a semi-modulus of A and e any idempotent of A, either 
ue = e 540 or eu = e 40, 

THEOREM 5.3. Jf W has a 1 semi-modulus, every principal idempotent 
of A is a semt-modulus of the same type. 

For, let u be a left-hand semi-modulus of M. Then | 

Bu + F — u(Bu + F) =0 and M — Au + uh. 
By theorem 3.3, every principal idempotent is of the form u -+ z, where 
v is in vB. Ify is any element of A, we have i 
(u + 2:)y = (u + oa) Uy = uy = y. 

_A similar proof holds if u is a right-hand semi-modulus. 


COROLLARY 5.31. If M has a semt-modulus it has an infinite number . 
of them. i 


For, if u is a left-hand semi-modulus, u® +4 0 and contains an infinite 
number of elements z. For each of these u -+ v is a left-hand semi-modulus.. 


COROLLARY 5.32. If N has a semi-modulus, the decompositions of A 
with respect to principal idempotents are all equivalent. 
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HYPERELLIPTIC FUNCTIONS AND IRRATIONAL BINARY 
_ INVARIANTS. I. | 


| 
By ARTHUR B. COBIE. 


Introduction. Much of the theory of the theta functions, both in the 
hyperelliptic and in the general case, is based on the theorem that all func- 
tions of given order and characteristic can be expressed linearly in ternis of a 
definite number, k, of such functions. It thus becomes important to have. 
at least one linearly independent set of & functions in terms of ‘which all 
functions of the given order and characteristic can be linearly ‘expressed. — 
Nevertheless many applications of great interest are based on the existence 

~of quite special three-term linear relations connecting particular functions ` 
(cf. *, p. 441). These special relations must be consequences of the more 
general linear relations connecting k + 1 functions. Yet the special relations 
can be obtained from the more general relations only by some een 
of the particular behavior of the coefficients in these relations. 

Usually ‘the -coefficients of the theta relations are values of the theta . 
functions for particular values of the arguments; or, if one prefers, they - 
are the values of given functions with given. characteristics for the zero values 
of the arguments. These coefficients depend only on the moduli of the theta 
functions. It is therefore desirable, as Wirtinger has pointed out (cf. 5, p. 69), 
to consider theta relations as relations connecting functions both of the moduli 
and of the arguments with coefficients in the domain of the ordinary number 
system. 

A similar situation exists in. the theory of invariants. Ton quadratic 
covariants of a system: of binary forms are necessarily linearly dependent - 
when considered as polynomials in the binary variables alone. Usually how- 
ever the coefficients of the linear relation are invariants, and in such case 
the four quadratics are independent in the numerical domain. 

The hyperelliptic thetas, defined by a binary form of order 2p + 2, can 
be exhibited very satisfactorily, in the case 'p = 2, by beginning with a nu- 
merical domain. It is the object of the present series of papers to consider 
the possible extensions of the situation for p — 2 to higher values of p. We 

_ outline briefly here the case, p = 2. Having chosen, in a linear space, 93(y), 
the five points which determine.a codrdinate system, and which therefore have 
only numerical codrdinates, the system .(o*) of quadrics on these five points 
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maps S;(¥) upon the P of a locus Af, (s) in Sa whose equation may be 


put into the form, Ze > 0 (Zn =0)}. A binary sextie with ` roots 
Aig? > te and differences (tk) hae 15 irrational linear invariants (A) of the 

. form (ia) (34) (56) of which only five are linearly independent in the domain 
_- #(1). Five that are independent map the œ? projectively distinct binary 
sextics upon the points of M;°(z). The sextic also has ten irrational invariants 
(B) of the second degree and of the form (12) (13) (23) - (45) (46) (56), 
of which again five are linearly independent. Five which are linearly in- 
dependent, and which are properly chosen with respect to the five invariants 
(A), map the œ? binary sextics upon the spaces é of an envelope, M,‘(£), 
of class four, which is the dual form of M,*(x) in such wise that s, ¢ are 
- point, and tangent space at the point, of M,°(v). Thus the moduli of the 
theta functions are determined algebraically by the choice of point z, or 
space S, (¢), of the “modular manifolds ” M; (£), M,* 8), which themselves, 
have no absolute invariants. 

In § 1 we prove, for the general. (2p + 2)-ic, ‘that the de of invariants 
(A), and the system of invariants (B), have the same dimension, and there- 
fore.define modular manifolds, Map1(z), Mip-ı(£) in the same linear T 
In §2 Mep (2) is discussed as the map of a linear space; Sapa (Y). 

; projective construction of a point z of Mzpı(z), determined by a (2p + ns 
with ordered roots, is given in terms of the positions of certain “ median” 
points. For p—2, these median points are the ten nodes of M, (s). In 
§§ 3, 4 the linear relations connecting these median points, and the construc; 
tion mentioned, are discussed analytically. In §5 we prove that the z, é are 
dually related, and that x, defined by the same (2p + 2)-ic are incident. 

' Returning again to the case p==2, when v is chosen on M, (z), the 
enveloping cone of M (x) from z is a Kummer cone K whose: section by an 
S, not on « is a Kummer surface; and the polar quadric of æ as to Ms? (x) 
cuts M,’ (£) in an M,° which is the map from Ss(y) of a Weddle quartic 
surface. The birational transformation from Weddle to Kummer surface is 
immediate. If y is a point on the Weddle which maps into 2’ on M,®, the 
tangent 8, of M? at 2’ is on z, and therefore on K, and contributes, in the 
section, a tangent plane of the Kummer surface. Hence the domain (0°) 
of- the moduli, and of the variables, of the theta functions p — 2 is represented 
by pairs of points z, 2’ on M,* such that the tangent Ss at 2” is on t. 

The extension of the Kummer surface to a Kummer manifold K, of 
dimension p‘for the general theta functions of genus p has been developed 
by Wirtinger. In the hyperelliptic case Ky still exists, but doubtless has many 
interesting special properties. The author has recently developed the corre- 
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sponding AT extension of iie Weddle Wp, and has given iie map-. 
ping by means of which these manifolds are birationally related. In § 6 some 
applications to Ws. and to Wp are given. But the question still remains as to 
whether the Kp and Wp may not be projectively attached to a point of a 
modular manifold Mey. in such wise that their birational connection’ is as 
evident as in the case p = 2. E 

The author has also proved (*, pp. 144- 148) thatthe configuration of 
nodes and tropes of the Kummer, as well as algebraic parametric representa- 
tions of both the Kummer and the Weddle, can be given in quite simple form 


‘In the case p= 2 in terms of irrational invariants and covariants of the 


sextic. We shall examine later the possibility of extending these representa- 


i tions to higher values of p. 


As at present planned, man II of this series will be devoted to a more 


» careful examination of the particular case p==3; and part IIT to a dis- 
cussion of the loci on Msp1(2) which correspond to (2p -+ 2)-ics with multiple | 


roots of any description. 


{. The number of linearly independent linear irrational covariants 


_.of weight k for a binary form of order j ==2k +1: Let FP —({at)! be a 


binary form of order j whose leading coefficient we take for convenience as 


unity.’ If the roots of  — 0 in nonhomogeneous form are t= t, t,- °°, ty, 
let 
(1) (1) =t — t, (it) = (t; — t). 


“If then we select from the j roots k pairs, and form the product of differences, 


o (2) m= (12) (34) -> + (2k — 1, 2k) (2k +1, t) © + > (2k +1, t); 


this product is an irrational covariant of F of degree 1, weight k, and order l 


€ I, §3). 
| The number of distinct covariants of this type is 


| 2k) | | 
(3) | È GR = = F a aaa 


' However, by using the binary identities, a particular product may be expressed 
‘in terms of others with coefficients which are free of the roots, i.e., these 


covariants are related linearly and with integer coefficients in many ways. 


= We ask for the number, 


~ (4) l mt = (jm 2k+h, 


which are linearly independent in the ring of integers, 
The products r which vanish when £ == t; are- those which ee the 


~ 
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factor (jt). The coefficients of (jt) in these products lie in the linear 
system of irrational linear covariants of weight k and order 1—1 belonging 
to the form F/(jt). Thus the number of linearly independent coefficients 
of (jt) is ns,- If ~ does not contain t; in the form (jt), m must have 
the form ae md 


(1j) (26) (Bt) + - (TH 1t) + 


Since (17) (24) = (12) (3t) + (1¢) (27), it 18 clear that, to within ieee, 
containing (jt), i.e, to within the linear system ee accounted for, 
the terms, 

(17) (24) (8¢) +> TEL M, 

(14) (2) (Bt) «> GLE) + 2’, 

(1) (24) (8/) +++ HLH «a, 


(14) (2) (BL) TELD m, - 
are equal to each other. But the sum of these terms divided by / +; Teis 
the polar of ty as to a covariant of weight k— 1 and order ?-+1. Since 
all.of these covariants can be expressed in terms of nt- we have the 


recursion formula 
(5) ht == fe, 1-1 F nki tat a = 1). 


In the derivation of (5) the existence of factors of the type (jt) was 
assumed. If none such occur, i.e., if we seek nro (7 = 2k), the number of | 
linearly independent invariants of type (12) (34)---(j—1,j), then, as 
before, there is a linear system which has the factor (12), ‘and of these tx-1,0 
are linearly independent. The remaining ‘invariants are of type (18) (24)a’. ` 
This type pairs with (14) (23)a’. The difference of the two contains the | 
factor (12), and is in the linear system accounted for, The sum is twice 
the polar of t,t, as to the quadratic (3¢)(4¢)-2’ which lies in a linear 
: gystem containing n-z linearly independent terms. Hence 


(6) ' Nk, o = Nr-1,0 + te-2,2- 


If we call r -+ s the rank of the number nr,s, we observe that the recursion’ 
formulae (5), (6) give the value of nk,ı in terms of numbers n'r, for which 
the rank k’ +- ¥ is either smaller than k +1, or equal to &-+-7 when ¥ > 1. 
Since the maximum value of J is 7, and then there is a single covariant F, 
1. @., noy == 1, the formulae (5), (6) suffice to ‘determine the numbers Nk, 
AA 

A table of-early values calculated from these formulae is: 
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nog = 1 a, G=1 ao tas TO) 
nir = 1,2,3, -,9 l “(Tan 0, 1,2,°° 8), 
na, ı = 2, 5, 9, 14, 20, 27, 35. (I=0,---,6), 
fet = 5, 14,28, 48,75, (I=0,:-+ +, 4), 

n4: = 14, 42, 90 E (1—0, 1,2), 

ns, = 42. l 


From an inspection of the table we find that 


ak 1 mk +1) (B+) Fai 
ay m= ( k \- eae i) t ` 
It is easy to verify that this value of nz,ı satisfies the recursion formulae (5), 
(6), and therefore it is the value sought. ` 

For the particular case when | = 0 and k = p+ 1 the linear covariants 


become the linear invariants of the binary (2p + 2)-ic of type (A), i. e., 
of type (12) (34) (56)--- (2p + 1, 2p +2). For these it is clear that `` 


(8) The number of iene independent irrational linear invariants of the 
binary (2p + 2) -ic ts 
v= nono (PEP 1 =(P TP) i. 
p41 pri/pre 
Another type of irrational invariant of the binary (2p + 2)-ic arises 
from the norm-curve in Sp with canonical equations, 


(9) e ao = Ë, Zi = 11, Za = P? - "8% = l. 


The condition that the (p + 1) points of this curve which are determined by 
t = t,’ >, tp be on an Sp, (a condition which entails a CegPAGERNON 
of the. norm-curve) is - | | 
P ri ee] 


oo j Eaa 
G0 Gere ie 
Ppi tod 


= (12) (18) (28) : - > (p,p +1) =0. 
' The product of two such complementary eterminants, 


(123: : p +1) (p +23 p +3: +, 2p+2), 


is an irrational invariant of type (B) of the binary (2p + 2)-ic, whose degree 
isp. The invariants of type (B ) are connected by linear relations with integer 
coefficients, which arise from’ determinant identities. ore to a 1, 

p. 188(70)] : 
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(11) The number of linearly mdependent invariants of type (B) is the 
same as the number of linearly independent invariants of type (A). 


In $5 we develop a duality between. these two types of invariants. 


2. The modular variety Msp, in Sy... The invariants (A) for two 
projectively equivalent binary (2p + 2)-ics are proportional. If then we 
select y linearly independent invariants (A) according to $1 (8), and set B 


(1) T; = (iata) (tats) notor (tape tops2) (t — 1, aay sY); 


the aggregate of projectively distinct and ordered binary (2p + 2)-ics is 
mapped upon the points of a variety Mp1 of dimension ae in a linear 
space Sy... | 

The choice of the independent cet x, may ie made in many ways. For. 
a particular value of p an available set may be obtained by following out the 
“recurrences of 81. Thus for p — 0, 1, 2, 3 independent. sets are 


p=0: (12); 
. p= 1 : (12) (34), (18) (24); 
p= 2 : (12) (84) (56), (12) (35) (46), (14) (25) (36), 
~ (18) (24) (56), (18) (25) (46) ; z H 
(2) p=3 : (12) (84) (56) (78), (12) (84) (57) (68), (12) (36) (47) (58), . 
i (13) (24) (56) (78), (18) (24) (67) (68), (18) (26) (47) (58), 
(12) (35) (46)-(78), (12) (35) (47) (68), (14) (26) (37) (58), 
(13) (25) (46) (78), (13) (25) (47) (68), (15) (26) (37) (48), 
(14) (25) (86) (78), (14) (26) (37) (68). 


A notable property of Mep4 is: 


(3) The modular variety Mop. ts a rational variety, which is invariant 
under a collineation group Capai which is tsomorphic with the symmetric . 
-group of order (2p + 2)! re 

For, if the root tzp.e be transformed to == œ, and at the same time 
the remaining roots are transformed so that their sum is zero, then these 
remaining roots, say Yi,‘ ° *,Yzp+ı, for which ' 
. (4) Yit ye be + yap =, . 
are determined only to within a factor of proportionality. Thus the ordered ` 
binary (2p + 2)-ic is represented by the point y in the linear space Sop (4), 
and conversely a point of S2pı(y) determines the ordered. (2p + 2)-ic to 


_ within a projectivity. In the mapping (1) the binary ve -+ 2)-ic, with-roots 
Yi, © furnishes a point 


yr 
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(5) mi iti a Yis) (44, - ii Yn) 


the factor (œt) which contains tepe being aay +- 1 or —1 ania 
as t% or t is 29 +2. Thus a on Mop. hag codrdinates which are rational 
in the coordinates y of a linear Sxp4, and Mep..-is a rational variety. If the 
roots of the given (2p -+ 2)-ic are permuted, the representative point y is 
transformed by an operation of a Cremona Gopi): in Sep1(y)—the cross- 
ratio group of Moore [cf. +, I, §7% (k==1)]. The varieties sı = 0 in (5) 
make up the simplest linear system of varieties which is invariant under the 
Cremona Gepe; When Sep.(y) is mapped by this linear system upon Mop, 
the Cremona group induces a collineation, group Cepet In Sv- under which 
Mep: is invariant. The equations of these collineations can be obtained from 
(1) by permuting the roots t, and expressing the resulting oe a’; linearly 
in terms of the original products’ zi. 
- The 2p+1 codrdinates y, subject. to (4), ‘determine in Sar- 1 a base 


| whose 2p +1 points have ypc coördinates 


(6) R. 1, camer 


Clearly all of the p factors (Yi, — yi,) vanish at such a basis point except 


one at most; all except two at most vanish at two basis points; ete., whence 


Ae ) Mops 18 the map of Sopi(y) by the linear system of spreads of order p 
which contain the (a points of a basis in Sep, as (p--1)-fold ponts; 


and which therefore also contain the (78) basal lines.p-—-2 times; ee 


vine. l 
For, if we set z4 == Y; — Yam (i= 1, :, 2p), then 2p of the ja 
points become the reference points, and the last basis point becomes the unit 
point. The general spread of order p with (p— 1)-fold points at the refer- 
ence points is X Qis... pZ1ı2s' ` ' Zp == 0 with (7?) terms. This will also have 
a (p—1)-fold point at the unit point if its polar of order p— 2 vanishes. 


This polar has (2) terms of the form Zı22' ` ` Zp-2, whence the linear system 
in (7) contains 
ep \ op 
3, ere 
(8) l 4 p EAS a 


independent members. 

We seek now certain sets of points or sets of linear spaces conjugate 
under the Cep! in (3), which are of significance for Map- We begin with 
a set of a) =< y(p-+ 2)/2 median potnts. These are defined as follows: 
Consider those (2p + 2)-ies for which the p 4 1 roots, tps psss” °°, topes 
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become equal to t Then all of the invariants (A) sities et or are equal 
to = (1t)(2t)---(p+1,t). Thus the codrdinates z, in (1) become, on 
dividing by this. factor of proportionality, z4 = «e, where « is + 1, —1,.or 0. 
If, on the other hand, the complementary set of roots all become equal to 8, 
the same invariants (4) vanish as before, and the non-vanishing ones become ` 
equal to + (s, p + 2)(s,p +3): -< (s,2p + 2), i.e., the coördinates Tı ate - 
proporuonat to the same set « as before. Hence 


. (9) There exists on Map. a conjugate set of v(p + 2)/2 es points 
Pis... pa = Pnz p2 Which are the maps of those ordered (2p + 2) -ics 
for which one set of p+ 1 roots (or the complementary set) are all equal. 

These points are singular points of the mapping since the œ??? pro- . 
see distinct (2p + 2)-ics which depend upon the double puto of | 
ti,’ * *y Ép É all map on the same median point. 

Consider now the aggregate of (2p + 2)-ics for which only p “of the ~ 
roots, say the last p, coincide at 4. The invariants (A) which now do not 
vanish have the form ' | 


(10). | (12) (3t) (4t) - + - (p +2, t). 


Of these, according to §1 (7%), there are Wi p-+1 which are linearly 
independent, and the (2p -+ 2)-ics are mapped upon the points of an Sp». 

: As ¢ changes in (10) the mapping point runs over a norm curve of order p 

in Sp which for t = t, ta’ ` >, tpe passes through the p + 2 median points, 

. Pipes Oaa 2P+23 Po pss i seis 2p+2, °° * Ppr2,ps, . tay 2P+H23 in the Sp. For variation 

of t1,° > >, tpa we obtain the system of.oo”* norm curves on the base in Sp 
which consists of these median points. The number of auch Sp’8 Bon 
(25) — (p + 1)v. Hence 


(11)- There are v(p + 1) sets of ae 2 median porinis ukose indices have 
p common subscripts such that each set les in an Sp which is contained 
entirely on Mp1. The points of such an Sp map binary (2p + 2)-tcs with 
a p-fold root t.. As t varies, the map describes a norm-curve N? on the p +2 
median points; and as the remaining roots vary, the N? runs. over a basic 
. system on the p+ 2 points. On each median point there are 2p +2 such — 
spaces Sp. 
Consider again the aggregate of- On EN 2) -ics whose last p— 1 roots 

coincide at t. The invariants (A) which do not vanish have the form ay 


(12) (12) (34) (5t) - +» (p +3, t). | 
According to §1 (7), there are p(p + 3)/2 of thése which are linearly in- . 
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dependent. Such (2p + 2)-ics are mapped upon the points of. a manifold 
Mp of dimension p -+.1 in a linear spacé S_tipcpssyy2. As t varies in (12) 
the mapping point runs over a norm-curve N?* (necessarily in an Sp), and 
as ¢ takes in succession the values #,,-- >, tpa the mapping point strikes 
successively a point of one of p+ 3 of the spaces Sp of (11). ‘Since the 
N”: is defined by p +2 points,.the question arises as to whether an Sp1 


` which meets p-+-2 of the spaces Sp. will also meet the remaining one. 


We find that there are oP (PY/? §, 3 in ENNEY a.and that it is p(p—1)/2 
conditions that an Sp- shall meet an Sy. Hence there are œ? Sp-8 which 
meet the given p + 2 8ps, one on each point of a given Sp The N» on 
these p + 2 intersections passes through the point where the a meets the 
(p + 3)-th 8p Hence 


(13) There are (2) sets of (p +3) of the spaces Sp of (11), each set 
lying in a linear space -upiya In Saapipssys2 the Sps which- meet 
p+ 2 of the Sps are œ? in number, one on each generic point of an Bp. 
Such Sps also meet the (p +- 3)-th Sp, and the p+ 3 intersections of the 
Sp. with the p-+3 Sy’s lie on a norm-curve NP. The locus of these œ? 
Nps is a manifold Mp, the section of Mapi by Svea 2, and the map 


_ of binary (2p + 2)-tcs with a (p—1)-fold root. 


“Ne 


From entirely analogous considerations there follows: . 

(14) There exists a set of eae J linear spaces {S}s (k = 1,: ",p— 1) 
of dimension — 1 +- (oo) (p— k-+2)/k which cut the modular aali 
May each in an Mpx, the map of projectwwely distinct binary (2p + 2)-tcs 
with a (p—k -+ 1)-fold root. A space {S}x contains (p+ k+ 1) spaces 
{SJs Through each point of Mpx there passes a norm-curve N?** which 
meets the (p-+kh-+-1) spaces {S}u1 each in one point. The parameters 
of these (p + k + 1) points on N?*" are projeciwe to the remaining distinct 
roots of the binary (2p -+ 2)-t. For the extreme case k = p, there is one 
{S}p = Sv, containing Mi. and wa spaces {S}p1. On each point of 
Mop. there are (2p + a lines each of which crosses (2p + 1) of the spaces 
- {8 }p2 


The theorems given furnish roete a eo for a generic point 


_ on Map- in terms of the known median points. The median points them- 


selves are obtained from the reference and unit points by harmonic con- 
structions. For example, to ‘obtain the point on Ms in Sı, determined by 
the binary octavic with ordered roots t,’ ',ts we proceed as follows. In 
the {S} == Sa determined by tae = tr — ts =t we take an N* on the 5 808, 


‘or median points, determined by tı = te = ty = ts, > -, ty = tg == ty = ty . 
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with parameters t,,: * *, ts at these five {S},’s in order, and mark-the point 
on this N? with parameter te. This is the map of the octavic fy "+ Én be, to; te. 
We construct similarly the map of the octavics ti,’ > *, te, ts, ts; °° - 5 
és: +, te, bi, ti These six points lie on an N°, a conic, with parameters 
to; ts, * © *, ta respectively.. On this conic the point t; is the map of the octavic 
loe ty bey be. Similarly the maps of the octavics tig ey bag tes FS 


t1,* - +, t,t are constructed. These seven points lie on a line with para- — 
meters tr, to: * *, t: respectively. On this line the point 2 parameter ts: 
ig the required sain bp? tas 


-The manifold “Afsp, has, according to (14), 2p + 2 distinct linear 
rulings. If the Msp. is mapped as in (7) from an Sapi(y), then 2p +1 
of the rulings are the maps of the systems of lmes each of which is on one 
of the 2p + 1 basis pointa in S2p1(y), and the remaining ruling is the map 
' of the system of norm-curves N*?* on the basis. These 2p + 2 systems are 
permuted symmetrically by Moore’s Geopiayt, and thus on Msp. the 2p +2. 
linear rulings are permuted symmetrically by Cipsi 


3. Canonical form of the linear identities connecting the invariants 
(B). The geometric constructions of $2 have an algebraic parallel which 
is developed in the next section. In this the median points are assumed as 
before. These depend upon the division of the 2p + 2 roots into two sets 
` of p+ 1 each, and thus are in one-to-one correspondence. with the invariants 
(B) of $1 (10), (11), namely: . 

@ (B): (hiat + tipa) (haja fons). 

These invariants are determinant products, and a canonical choice of sign 
for each, and a similar choice of a set of independent linear relations con. 
necting them, is useful in the next section. 

Let one root, say the last, taps, of the (2p + 2)-ic a isolated, and let 
“this root occupy the last place in the second determinant in (1). The re- 


maining elements in each of the two-determinants are then written in me 
natural order in their respective determinants so as to produce’ 


(2) du... tp = (hike: ` kpr) (210, - i ‘ly, 2p -+ 2) 
(he < hy and <i ly if” t< 7), l 


where eis +1 or—l according as the permutation 
EE ee ee A 


from the natural order is even or odd. Thus the (**) products di, ... 1, are 
determined in sign as soon as the group of subscripts h, > -, Jp is given. 
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‘The linear relations connecting these determinant products are CG 
in number. Each relation contains the p + 2 products which have in one 
determinant a fixed group of p roots. Thus the relations are of two different 
types, in the notation introduced above, according as the last root tpz 18 OT 
is not in the fixed group of p roots. For the first type we have `` 


(3) . my... mpa = Gem, mp F ` sof Dregs my... tps == 0. 


To prove this we observe merely that in the identity as usually written the 
signs are alternately + and —, since each term arises from the preceding 
one by an inversion. However, this change of sign due to the inversion has 
been accounted for hy e in the definition (2) of du.. 

In the second type we have a fixed group m,’ : , My and a residual 
group ki,’ * +, kpn, Rp + 2. The terms in the identity : are 


din... mp dki... kp dk... kpa Ep ` i "5 dks... kpa 


For the same reason as before the signs are like in all terms except perhaps 
the first. Thus we have to determine ¢’ in 


€ dim... m, F dkr... ky 


so that this shall be the pair of terms 

— (ka +++ Fep kpr) (Mi +++ My, 2p +2) + (m: Mp kp) (ka't kp, 2p + 2). 
Since -only the relative signs are to be determined, we may suppose that 
kı’ “> kp and Mı,’ + *, Mp are already in the natural order. If a transposi- 
tions are required to put hy: > * ky kpr Mı' © ` mp into the natural order, then, 
œ -+ p transpositions will put m,° - Mp kpn ki + kp into the natural order, 
since the p transpositions, (kımı), > ' *, (kpymp) change the one into the other. 
Thus the pair of terms becomes i 


i (—1)* dmi... m, + (1)? dp... tp 


and the second type of linear relation reads as follows: 


(4) Tm.) mp = (— 1)" dm... my E des.. xp + dis... kpatpa 


We now prove that the identities of this second type (4) are obtained 
from those of the first type (3). Let the roots other than təp+s be divided into. 
two sets of p and p -+ 1 each, say t,°-*,% and Jo’ t, Jpn. Then there 
are (5) products of type (do), or Airco Pe (2) (Z) products of type (a) 
or Qn... ipao (3) (F) products of type (a2) or dn... isiw’ °°, finally 
(2) (=) products of type (@p) or d;,...4, Also there are (?) identities 
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of type (b1) or Ty...4,,, each containing 1 term of type (ao) and p+ 1 
terms of type (a); (8) (o identities of'type (bz) Or Th... ipsi» each 
containing 2 terms of type (m) and p terms of type (aa); ><; finally 
G) (2%) identities of type (bp) Or Ti... jeu each containing p terms of 
type (apı) and 2 terms of type (ap). On adding all identities of the: aes 
(b: ); all of the type (bz); etc., we obtain 


pr (ao) -+ % (a1) == 0, 

(p—1) Z (a) +23 (a) = 0, 

2% (ap2) + (p—1) 3 (apa) = 0, 

% (ap-1) + p % (ap) =0. 
The elimination of %(a),°- S(dp1) from ‘tise p eqanons yields 

Fate a) alo (a) == 0, 

Phe. number of determinant products is $ ma)? the number of linear 
identities of type (3) is (7). Since ee ae ie fe (oy Cs) 


is the number of linearly independent determinant producte or invariants (B ) 
[c£ 81 (11)], we have shown that 


. (5) With the sign of a determinant product determined as in (2) the 
(Ce) products di,...1, may be arranged as the elements of a p-way deter- 
. minani D of order 2p 4-1 with lines determined by the ordered subscripts 
l toe, dp An element in two or more lines of the same indes ts to be zero. 
Then the (2) independent linear relations of type (3) arise by g 
the sum of the elements of any line to zero. 


4. Canonical form of the linear identities connecting the median 
points; equations of the norm-curves of $ 2 in terms of the median ponis, 
Setting, as in § 2, 

(1) = (ite) (tats) a (izpi topsa) (4 == ds? 2% v), 
let the coördinates é; be contragredient to the point codrdinates z in Sv- 
An equation linear in the #s is the equation of a point. We prove that the 
equations of the median points may be affected by such factors of propor- 
tionality that their left members satisfy the same system of independent 
linear relations as the determinant products (B) in §3 (3). 

A particular median point is obtained in (1) when the p-+-1 roots öf 
either of two complementary sets become equal. Let the set EE Tapui 
be preferred, and let 
(2) Én... 1p =O 
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a be the equation of that median point for which ty = tn ==> > C == ti, = bap? 


AE 


- 


| 


= $ If tju’ t, tja are the remaining roots, the factor (jit) °° ` (Jour t) 
is removed from the codrdinates 2; in (1), and the residual factors, + 1, 
-— 1, or 0, are the coefficients of the codrdinates éin (2). For this canonical 
choice of the factors of proportionality in the codrdinates of the median points 
-their equations satisfy the linear identities, 


(3) Ekm... mpa +: Ane + kepam... mp = Ô. 


ane have merely to show that a particular coördinate s, is either 0 at all 
‘of the p + 2 points in (3), or else is + 1 at one, — 1 at one, and 0 at the 


ip remaining points. If z, contains a factor (mim;), or a factor (mı, 2p + 2), 
{t vanishes at all of the points of (3), and the identity is satisfied. If no 
two of the M1,° °°, Mp1,2p +2 occur in the same factor of zı, we may 
guppose that each occurs last in the particular factor which contains it. ‘T’his 
amounts to examining + 2;, or — T; as the case may be. Then 2 or — Ti 
has the form 

(kim): + + (pate 1) (Kp, 2p + 2) (krka) 


where #’,,- © +, k’p is some permutation of the kı,’ ` *, kp other than kr and 
ka. This vanishes when tm: ', tmpa> tpz are all equal to t at every point 
é in (8) except at the two points &k,m,. ma 80d um... m, At the first 
of these the factor (krka) beeomes (tks), and at the second (krt). On 
removing the factors (kat), (krt) as part of the factor of proportionality 
to be deleted, the first point has the value — 1, and the second the value + 1, 
for the codrdinate 2; (or for the codrdinate — 2; as the case may be). Hence. 


(4) The (22) median points &1,...1, may be arranged as the elements of 
a p-way determinant D' of order 2p 4-1 with the lines determined by the 
ordered subscripts l,:--,l). An element in two or more lines of the same 
index is to be non-existent. With factors of proportionality chosen as above 
the (2) independent linear relations of type (3) artse by equating the sum 
of the elements of any line to zero. 


Let . 


fd cee Ve 
5 d oes j a ee ee 
(5) atte ( p+ 1) 
denote the polar of the form (tpat) > - > (tpaut) of order k as to the form 
(i,t) +--+ (imt) of order p + 1 without however the usual numerical factor ; 
and let | 
n iia ace k 

(6) ke 
tp j 


he 
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_ denote the value of the polar oo (5) for t= t We prove the theorem: N 
(7) - The parametric equation of the norm-curve N?™! which lies inm ae 
space {S}z of §2 (14) is, în terms of the panemet t, and for k= 1, >, p; | 
as follows: l ` 


a . k ` f 
t oe 4 tk ; . , : 
Ban ipm f Ten O t ipik } Bis. taipa. > fap 0; 


where $- ts an as to symmetrize for its subscripts. The equation of the 
point on Map. which ts the map of the general ordered (2p + 2)-tc is, tn $ 


terms of the equations of the median points, — | | | 
x e.. tap { nd 7 } eae nae 0. 
cee ene torr ` "taper J epee bh ‘r 


The given equations have coefficients which are polars containing t to: nx J 
order which ensures the existence of the corresponding norm-curve. In ordet . 
to prove that N”-*t ig the map of the binary (2p + 2)-ic with ordered o 
roots ti,’ - ty tinmu, and coincident roots bie ml big hy = É, it is 
necessary only to show that’ for {== ipina in N?* we obtain “tie oe c 
te bis on Ne i: e. that 


; te ss "8 
8 E E ? ; } A Ce ee ee 
( ) l Lal weet) ded eer 1 bi pies tapi 


l wee te ) | 
a (p a a z ú te ` aa Fe AE a | 
For, the norm-curves VV in e ) will Men be determined by precisely those 
points which were used in § 2 (14) to define them in succession. In order l 
to: ‘prove (8) the following auxiliary formulae are necessary : 
. k-1 
(9.1 TA He Be —k+2 a[n Zai 
( ) Hi ftp toons mah T 4 isni 
j : r. k r=kt+l (3 k-i, 
(9.2) f p * tebe ee cn SS + ‘pte ` ' tpar- torre | l ipak je 
l -F Ea * tp J ty r=d tpr te’ ` toa i h: 
These give the value of the polar when ¢ is a root, either of the polarizing form, 
or of the polarized form. In (9.1) the left member is obtained from the polar 


Bi cai k-1 
form { T l a \ of order p—k-+2 by operating with (tpi a/6t), 
+1 


and then setting t = tiaa According to Buler’s theorem on homogeneous func- 
tions, this is the right member. In (9:2) the terms in the polar on the left 
which contain the factor (ùt) vanish for t == t. The terms which persist 
are those which contain i in the form (tty) -(r==2,:°-,k-+1).. The | 
residual factors are the terms of a “polar of ‘next lower order so that the 
left member can be wee as 
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T= 2 (ipri) Da 2 = oer ipren ` ai paket \ be 
" e tat j , h 

On .the right the terms of the polars which contain factors of the form 

(iper ips) (s==2,: -k+ 1; 83r) will vanish. For, when r takes the 

value s, the same terms come in with factor (tpsa tper}. -The only terms which 

persist when £ = 1, are those which contain (ipri), and these also reduce to L. 

Returning to (8), and isolating- the index ips, the sum on the left 
breaks up into two parts, namely: 


Si tase { “ E tet Wake } i Re E Daa imt 
tk’ * "Tpke dprkt i l 
-+ di... fmk TEP a n ink inii E ia... dta teeming... ispi" 


On applying (9.1) and (9.2) respectively to these sums, they become 


: a a | kel 
=h4-9 f Koes, \ 
(p + ) Zi, =.: ipik ty ua ia tnk Peat 


SEE RMA a = A > ' 
n E > aa Cit a pmt. o Taper? 
. jar | ty ien’ * Spee dpr 


bi als ix- dpb aes foyer 


Those negative terms in which the lower line of the brace is i`- * tp will 
have for coefficients 


reptk i - 
a 2. Eih wee bra pman o o dami _ Eih we Ík pma. igp [ei (3) ]. 
ra% 


Thus these negative terms combine with the positive terms to raise the 
coefficient (p — k + 2).to (p— k + 3) as on the right of (8). 


5. Duality of the invariants (A) with respect to the invariants (B). 
The final equation of § 4 (7) which expresses the general point of the modular 
manifold Msp- in terms of the median points contains all of the median points. 
The coefficients in it, though formed for isolated top.s, are in reality symmetric 
in all of the roots. The equation might be written in the more symmetric form 


oe ee we, ot | 
(1) | Ed b Ši... ipa dpa... dopa = Ô. ` 
The earlier form has, however, the advantage in that the summation, and the 
signs of the terms, are more easily defined and we retain it. The coeficients 
are the apolarity invariants of two complementary factors of order p + 1 of 
the binary (2p + 2)-ic. Each term of such an invariant is itself an in- 
variant (A). In fact 


440 = | ARTHUR B. COBLE. 
| i ; . ç ’ ptl . œ . a ` i . 
(11) ~~ . _ = X (tripa) (totes) © © > (fprrtapa) 


where 3 refers to the (p + 1)! permutations of 4,°° -, baror Of ie = 
tepi2- We make then a linear transformation from the codrdinates a of § 2 '(1) 
to codrdinates defined by these apolarity invariants. Again we fix izp to be 
2p + 2 and set a . 
(2) l TER E = toes E ra 2p A a yr 

. t’ t tp 

With respect to ha new coördinates or new invariants (A) we first 
observe that they satisfy the same set of independent linear relations as the 
determinant ada or invariants (B) in §3 (3), , or as the median pone 
in §4 (3), namely: 


(3) Paty mpa = Temi.: ma EE E 
- For, the identity K 
. ky \ 2 a , 7 +i kpa yi 
(4) ka’ * * Koss sy kn L kit * * kepu u 


is verified by noting that the term (kakı) (Ket) - - - (Kpwt) of the first of the 
polars in (4) is cancelled by the term (kika) (kat) > * : (Kpi2t) of the second, 
ete. If this identity is polarized further with respect to 


(mit) > + (myst) (2p + 2, t), 


the identity (3) is obtained. These relations ensure that the number of 
linearly independent codrdinates x in (2) is not greater than the number, v, 
of linearly independent invariants. We ensure that this number is as great: 
as y by expressing an individual invariant (A) in terms of the invariants z 
in (2) by the formula, i 


(5) PEEL. (1p) (84) -+ + (2p +1, 2p 42) = 3 (— 1)? tag. io 


. where the 2? terms in arise from the one given Py the operations of the 
Ga” generated by the p transpositions, (12), (84), © <, (2p — 1, 2p), pro- 
vided that, when a transposition is applied to a term, the sign of the term l 
is also to be changed. Thus, for p == 2, and p = 3, we have 


12: (12) (34) (56) — Dig eh Lgs -— Vis -j Vea, . 
60 - (12) (34) (56) (78) = — Figs + Tess. F Ties — Toas -F Tise — Tase — Tias F Ta. 


To prove (5) we note first. that the transposition (12) changes the sign 


| | : 
i , 
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on the right, whence X contains the factor (12); and, by the same argument, 
X contains the factors (34),---,'(2p9—-1,2p). As a function of the dif- 
ferences of the roots linear in sich root % must then also contain the factor 
(2p +1, 2p +2). In order to verify however that % does not vanish identi- 
cally, and at the same time to check the numerical factor in (5), let the 
odd-numbered roots all be equal to r and the even numbered roots all be equal 
to s. Then the left member of (5) has the value ray? (p+2)1/2. Each 
term on the right has the form 


CESE GA ea = 

"KORE E E eae 

where k is the number of r’s in the upper line and k == 0, 1,: > -,p since 
tsp == 8 always.. This value will however arise from (z terms since in 
general the (p— k) roots s in the upper line other than the last may be 
any of ts, t4,* -t In forming the apolarity invariant the roots s,r in 


the lower line are distributed in any order with respect to the roots r,s in 
the upper line so that the non-vanishing terms contribute 


kl (sr)®~ (p 4 1— k) | (rs)? me (—1)F kl (p+ 1— k)! (rs), 


ae kep ` 
The value of X is therefore [ > (P) k! (p +1—k)!](rs)”!. Since 
G) = p! /k 1l (p—k) ! this can be written as 


| 
| 


pl (rs)? [ Z (p+ 1—k)] = p! (r8): (p +1) (p +2)/2 — 


which coincides with the left member. 

For- values of p beyond three no convenient choice of y independent 
variables Zm,...m,, nor of independent combinations of them, seems to exist. 
Even for p = 2,3 the best procedure is to select a set of v +- 1 combinations 
whose sum is identically zero (for p==2 cf. 1, I, p. 167; for p= 3, cf. 
Part II of this account). Thus, in the general case, it seems best to retain 
all the variable point coördinates am,...m,, and therefore to carry along the 
linear relations (3) on these codrdinates. The question then arises as to the 
nature of the dual codrdinates é in Sy... If the variables were independent 
we should have dual codrdinates z, € with the incidence condition 3 tif; == 0. 
When the linear relations are introduced, the coefficients € of this condition 
can be modified into 

RiTiSs -H BAmy... hpa Tm... mpa == O. 


If we write this as X z:f;, the values of the Ẹ;'are | 
(6) E'mi... m, = bony... im, F Àm.. m H Amm. M i - Amita... Ripa | 
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where the constants À are at our disposal. It is natural to attempt to choose 
these (22) constants A so that the codrdinates ¢ satisfy the same system - 
of. ( yee linear relations as the codrdinates in (8). If- 


(7) Fma... mp a oa Mp + Etym. -Mp + acne -+ AANA ie 0, 
then from (6) there follows that 


(8) (p T 2) Ama.. -My F Akung.. Mp Ez Set Mp zA 2 Akymomy... My. 
-4 Akama.. My | eas 1... Mp +: “+ Neue: . My 


4 Meme. My 4 A i gipa cane oe 2i Myt 
m mm Ema... omp ~~ Came... My — Aie fae 


If the (E) ali (8) in the ( pee constants A can be solved for the 

’s in terms of the £s, the relations (7) can be satisfied. That the solution 
is possible (i.e., that the determinant of the system is not zero) can be 
proved by showing that any individual Am,...m, can be obtained by taking 
proper linear combinations of the left members of equations (8). For, if 
that equation derived from (8) by the interchange of mz and kı be written, 
the difference of the two left members is 


(9) (Ants — on f (p -+ De i -Mp + Akama.. m, T a -+ Akama ree Mpeg 
fees & eh & 2 ae 
-+ T Mp > a Ak pints ee ngs ' 


In (9) the multiplication is symbolic, i. e, AmaAm,* © ‘Am, = Am,g...m,- The 
part of (9) within the brace is the left S of (8) formed for p’ == p — J 
Assuming that this latter system can be solved for Am,...m,, the orginal 
system can be solved for Amgny...m,—Amms...m,, 1. €, for the difference of 
Am3...m, and any A which has p—2 subscripts in common with it. “On 
adding such properly chosen differences to (8) the resulting left member 
is a multiple of Am,...m,- Thus the system (8) can be solved for the Xs 
_ if it can be solved in the earliest case p—2. For this case the five left 
members have the typical form, 


Aa F Aa FAs AE As 


and the possibility of the solution is obvious. 

At the moment we do not need the explicit values of the new codrdinates 
& in (6); but they are useful later, and therefore we give the- solution of - 
the system (8) and the resulting values of the £’s in (6). So long as only 
linear expressions are in question, it is legitimate to use the symbolic multi- 
plication, 
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(10) -o bros. = Exbaka e t m Eikai Siuk a ) 
Arag... == ArAzAg* = Ay Nga ° es ae en : 
If the 2p a subscripts are- divided. into complementary sets My,’ © °, Mp- | 
and k,,:--,kps2, and if 3,9 refer respectively to sums which symmetrize 
with respect to these sets, the equation (8) can be written in the form 


(11) pee) [P + 2) ms. cmp F BAmy my SA] 


_ (p+ 2)! t 2)! Em.. mpaSbey 


Due to the symmetry of the system in all the indices we may assume 
that the solution whose existence was pio above has the form, 


(12) EP Amy... Mp = až m.. < Mpt Sén.. 


If we substitute this value in’ nn and note that the coefficient of © 
Emi... mpag Ch... kya OD the right is zero, except that for j==0 it is 
= (p + 2)1/2, then do’ * <; ap are determined by ~ . 

(2p + 1)do + (p'—1) (p + Las = — (p +2)/2,. 
= JGH Dua Hl 1) (2p — 27 + Lay 

EEEO Naa 0 

[ap = 0, j = 1,: > “ype 1]. 

An easy verification shows that | 


Qo == —(p+1) 1/2, aj = (— 1) j! (p—j7 4-1)! /2 


OT 
(14) PERI Am.. ma oe — APE ADE E" Dér, 
+3 (ote tp at Ot > E Ss ae ee 
Let the equation (6) be written ir: the form, | | 
(15) ` Ey mp = Em, cmp F um... pe ~ 
Then na" 
(16) GEB panty = 3 a Fén... Bibby 
where 3, 8’ sia ts complementary sets m,° °°, Mp; ky’ oe On 


substituting the values of A as given in (14) in the value of p obtained from 
(6), we find that 


ay == jaja + (p—j)a, 9 P 


` 
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Using the values of the a; in (14) this yields 
| (p-+1)Ip 
9 a 


Oy = — aj = (—1L)i(p—zg+ 1) ly! 
(g=1,-°-,p), 
whence 


(17) PER Em... mp = (PA 1)! Em... m 
HÈ (Ij! (p—j +1)! Xm... mpy En. 


We prove now that 
i ‘Se i ptl 
(18) With Em... m, = is . ae ae \ fef. (2)], and 
Ém... mp = efki j ` kpa) (Mmi' i ‘Mp, 2p + 2) [ef. $3 (2) J, 


the aggregate of projectively distinct and ordered binary (2p + 2)-ics is 
mapped upon the points x of a manifold Mop.(x) in Sv, and also upon the 
spaces é of a manifold Mop,(€) in Sv. which is dually related to Mops(2) | 
in such wise that the SAME ordered (2p +-2)-ic determines INCIDENT point z | 
and space €. Under permutation of the roots of the (2p + 2)-te the point x 
and space € are subject to the operations of the sang collimeation group, 
Canni for which also the manifolds M are invariant. 

For, the variables £, defined as in (18), satisfy according to § 3 (3) 
the same set of linear relations as the variables æ [cf. (3)]; and therefore, 
as proved above, they may be taken as dual codrdinates with the incidence 
condition 
(19) Sam,...m, &m,...m,=*90 (Mit, Mp == 1,- °°, Rp4- 1; m 6m). 


The 2’s are of degree (p + 1) in the differences of the roots, the &s of degree ` 
` p(p + 1), so that zié; is of degree (p -+1)?. On interchange of tmi, tmj the 
s are permuted with a change of sign throughout, while the 2’s are merely 
permuted. Hence (zé) must contain (mim;) as a factor, and thus must 
contain as a factor the p(2p-+1) differences which is impossible since its 
degree is (p +1)". Thus (é), as a function of the roots, must vanish. 
When the roots are permuted, the variables z,é are permuted in the same . 
way, and the two permutations are dual forms of the same eollineation . 
in Sy-1. 

When the Mep1(x) is regarded as the map of the linear space Sap-1(y) 
as in §2 (7), the ordered binary (2p +- 2)-ic determines a point y in Sopy 
and also the map « of this point y on Mepa (£) in Sv.13 but it determines 
also as in (18) a linear space é in Sv-ı, and therefore a particular member 
of the linear mapping system in. Sapi(y). We determine this particular | 
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member in the following way and obtain thereby a new interpretation of the 
incidence relation. l 
With basal coördinates y in S2p1(y) such that 


(20) Yı bya + Yop = O, 

and 2p + 1 basis points of which the i-th is i 

21) yı == — 2p, y;=l (Jt), 
le equation in terms of the parameter ¢ of the norm-curve N??1, which 
asses through the base points with parameters $,’ > -, taps respectively, is 


22) ya — y = (47) O/ (at) GH, T= (1) (Rt) (2p +12); 


2pyı = Xy (14) O/ (it) (72). 
his is in effect the space {S} == Sz (Y) of §4 (7) when the root tops 
“is transformed to œ and the other roots are transformed into y1,° °°, Yepe- 
For dual codrdinates in Sopi(y) we use 41,° ° *, Yep Where 
(23) mit gat -H gap = D; 
and : 
| £) mYr H gaya H i i H napata "e 0. 
| the incidence condition of point y and space n. The norm curve N°71 is 
ı ocus of spaces y as well as a locus of points y. The dual parametric equation 
N 2P1 is l 
5) m=(— 1)" (123: -i—i t1, -2p + 1) (it)? 
3 (t==1,:°-+,2p—l1). 
x observe first of all that the linear relation (23) is satisfied due to 
t! lear relation, 


+ 2p+L . E F 
(a S (1) #2 (12 - . ‘,+—1,++1,° . -2p + 1) (rt — 0, 
. 421 


among 2p-+1 perfect (2p—1)-th powers of linear forms. Secondly we 
prove that the space q(t) in (25) will cut the curve y(¢’) in (22) in 2p-—1 
points determined by (#’t)?"+==0. Indeed the incidence condition (24) 
can be modified, by using (20) and then (22), to read 


Sos ye) — ywa (e) 


ay (— 1) #1 (12 - + t—Li+i,-- -, 2p + 1) (it) 29-3 
n 2 X (4, 2p + 1)U(7)/() (2p +1, t) 
=i (2p +1) È (1) (ies ts Lea ds », 2p, Ë) (1)? == 0, 
4-1 izi i 
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This reduces, by using the relation (26) in which tsp is replaced by ¥, to 

. 2 p i n i 

— BO 2p + 1)] (123: - - 2p) - (Vi)?! == 0. Thus the equation (yy)= 0 
į=i : 

` of the space (t) of the N°?* in (25) is 


(27) y (284+ + +, 2p +1) (14) 2-1 —y(134- - +, 2p + 1) (24) 274 
st + Yap (123 ~~, 2p) (2p + 1, t) = 0. 


For given t, (27) is the equation in variables y of the space n which hée 
(2p —1)-point contact with N2?-1 at the point t; for given y, (27) is tk 
equation in variable ¢ which determines the exp — 1 parameters t of spaces 
of N?"1 on the point y. | 
A binary form of odd order 2p—1 such as (27) has a eaten ç 
degree p, order p, and weight p(p— 1), namely, its canomeant, such thi 
the form can be expressed as a sum of the (2p— 1)-th powers of the 
linear factors of the canonizant. If the form can be expressed as a sum o: 
less than p such powers the Canoniani vanishes identically. A then: the 
form is 
"eg (18) 272 Beg (RE)2 o fg (pty 2M, 


the canonizant is, to within a numerical factor, 
kika: in key (12 - " p) (it) (2i) ee (pt). 


Hence the canonizant of (27) is made up of a sum of such products, each 
product arising from p terms of (2%). We examine the above typical product 
when ky==(23---+,2p-+1)y:, etc, and observe first that it contains 

Llapa) as a factor where (Aapa) is the prođuct of differences, 
(12: +, 2p-+- 1). The residual factor is 


YiYo" ` “yp (12 - : “pt) (pt 15* “Rp 1) = die... p YrYo° " Yp 


There is in addition a sign depending on the number of minus signs occurring 
in the p terms in (27). This sign will change as the p terms selected. from 
(27) change, but the change is precisely that accounted for in the definition — 
of dio...» in 83 (2). Hence l | 


(28) The canonizant of the binary. (2p—1)-c tn (27) is, to within a 
numerical factor and the factor, [ (Apm) A], 
12...p4i2...p Yin" * ` Yp- 


This expression for the canonizant can be modified so as to take the. 
form (19) of the incidence condition in Sv... For, the diz...» satisfy 
according to §3 (3) the same system of linear relations as the. codrdinates 
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Tıs...p in (3), and therefore their coefficients may be modified as in (17) 
the a. „p were modified into ë iz...p Thus the canonizant (28) can- be 
written ag na 
2)1 N 
(oF 91 Siz...p diz. p Y1Y2" ° ` Yp 
= 32.. p dhis... p {(p +1) lyy Ye 
+2 (—1) jl (p—FHU) IR: + yp Sy pen: + + Yost 


_Where X” -refers to a symmetrization ` as to 1,:-:,p, and &” as to 
p-+1,:..-,2p9+1. The coefficient of di2...p is now 
` , . PE pti . 
(29) > = Ags \ . 
ee You’ °° Yepex J. 


For, the value of this polar i8 


S” (Yı — Yor) =a - (Yp — Yop) 


i.e. it is a sum of (p+ 1)! products. In each product there is a term 
4:42" °° Yp Moreover in the sum there are (p +1)! (2) terms of the type 
(— 1) yn ° + Yp-J Ypi: Yp and. ey pg S Ypa’ ' Yms contains 
(E) (23) terms of this ips whence each term arises (p—j ” 1)!7: times. 
Hence _ . 


' (30) To within an additional anna factor the canonizant (28) can be © 


written as l 
i a {nots z 
Suai eee Your’ © Yapi: 


We recall that the diz...» in (30) have been formed for t,’ ` -, trm 
and tepa == $. Their polar coefficients have been formed from yı, * °°, Yep, © ` 
which are projective to tp © ~, trm t ‘Hence the canonizant is the form 
taken by the incidence condition (19) [cf. also (18)]. This leads to.a deter- 
mination of the nature of the p-ic spread (30), and of the place of the E 
space £ in the. mapping of S2p-1(4) on Mopi(x) in Sva When t'> -, tape 

-are given, the norm-curve N?? in Sepi(y) is determined, and for given y ` 
in (27) the parameters t of the 2p — 1 spaces of N2?-1 on y are determined. 
The canonizant of this (2p—-1)-ic furnishes the p values $ == r}, > 
such that y is on an Spi which cuts N?>T at the pojnts f= 11,- >, Tps 
_ say a p-secant Sp. of N??1, If then this canonizant is set equal to zero, 
for given t we obtain the locus in.variables y of the oo? 1. p-secant Sp1°8 Of 

~ Nel which are on the point. t of Nrt, Hence- ` 


"a Tp 
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(831) In (18) the ordered (2p + 2)-ic determines an incident point z and 
space é in Sv... When the (2p-+2)-tc is first mapped on a point y m, 
Sap-1(y), and y ts then mapped upon x in Sv. [cf. 82 (7) ], the-linear space & 
arises from a particular member of the mapping system defined at y by the 
basic norm-curve N2*1 on y. This member ig a cone of order p, the locus 
of the oF! p-secant spaces Sp- of N2?1, each of which is on y. A section 
of thts cone ts the locus in Sapa of the of (p—1)-secant, spaco Sp-a Of a. 
norm-curve N22, . 


6. naplicatiine to W, and Wp We close this initial article with a 
contrast of the incidence condition described in § 5 (18), (81) for the two. 
cases p==2 and p= 3. This condition is bilinear in the invariants (A) 
and (B). The invariants (B). however can be expressed as polynomials of 
degree p in the invariants (4) [cf °]. When the invariants (A) are ex- 
pressed as polynomials of degree p in the coordinates of a point y in Sap1(y), 
and the invariants (B) in terms of a point y in Sspi(y), this incidencé” 
condition becomes 


(32) ; f (3P, y?) = 


where f is a double form of the degrees indicated. According to (31) this 
equation expresses that, for given y, y is a point on a p-secant space Spi 
through y’ of the norm-curve N2?-! determined by the set of 2p + 2 points 
pa made up of the base of the mapping system (say pi," ' ', Pop) and: y. 
- li T notation introduced in connection with the generalized Weddle Wp 
(*, p. 449), and for y = pops, f= 0 is the equation of the P-locus, 
coy era 2p+1' ; | Ea 
For p= 2, the incidence condition, f(y?, yt) == 0, is for given y a 
quadric cone with generators on y’ and the points of the N? on P'e = pi, 
',Ps,y. Thus it is the condition that Pe == pı,: * *, Psy, be on a 
quadric cone with vertex at y. Hence for given y it*is the equation in 
variables 4 of the Weddle surface determined by P,*. The symmetry of the 
condition in the six points of Pe? is notable. 
For p = 3, this symmetry does not persist. The f(y? y”) = is, for 
given 7’, the locus of trisecant planes on y of the N5 on P'e = pu: > +, py, 4. 
Therefore it is the condition that Ps’ = pu’ ' +, Pn y be projected from y’ 


into Qst = qi," ` `, qr, z Where z is a point on the bisecant locus B of the N* 
determined by qu’ ` *, qr- We have obtained [*, p. 478 (67e)] the anon '. 
of B in terms of qi,‘ - `, qr in the form, 


(33) (14567) (23567) (24157) (24367) 
X (18257) (18467) (24132) (24562) (13562) — 0, 


{ ` 


| 


HYPERELLIPTIO FUNOTIONS. . «449 


whete & refers to the six terms ied by permutation of 1, 2, 6 (o 3, 4, a 
By the Clebsch principle of traneference 


(34) f(y’, p°) == Z (14567y) (23667y/) (241574) (24367) . 
X (1325y) (134677) (2413yy ) (24586yy ) (1856yy) == 0. 


Thus the condition. f (4°, y°) = 0 is of degree six in pı’ ' ',pr and of degree 
three in y. 

For p =2 and P, = pi’ > ', Ps, pe = y, the surface f(y’, y*) = 0 is 
precisely the Weddle Wa. For p= 3 and P = pı’ * +, Pr Ps =y, we ask 
whether the spread f(y’, y °) = 0 contains the Weddle 3-way, Ws; and, if not, 
how it cuts Ws. If we follow out the argument (*, pp. 478-9) from which 
the equation (33) was obtained, in a the form in which it transfers, as in (34), 
to Ds, we obtain 


35) HaHsGas Goss See Ga — Goor f(y, y”). 


In this G2, is the S, on pau’ - `y pe, and Hrs is the 4-way Weddle cone of 
order 4 with 4-fold line p;ps obtained by the Clebsch principle from the W, 
on points qı’ *', qe in Ss. With respect to the indices 1,---,6; 7,8 the 
F-loci of the third kind of P.*[cf. *, § 1] divide into types #{3), 7®, ms, a 
where bie is the plane pipjpx, and a“ is the quartic 2-way cone of bisecants 
of N" on pi. Then Hrs contains 7) doubly, s% and ws simply, and does 
not contain +, [cf. * (78f) ]. Also Hrs contains the surface V2“ [ef * (76) ] 
with respect to which we wish to correct and amplify the theorem [* (82)] 
to read as follows: 


(86) Ws contains the surface V3‘, a 2-way of pie 26 with 4-fold points 
at Fer and with simple curve N" and simple lines pipj. | 


The corréction is with respect to the order 26 whens was given as 15. In 
fact V," is projected from ps into V2 of order 11 doubly covered as will 
appear later in connection with (39). This double covering of V2 was 
‘overlooked in (*). 

In order to find the intersection of. (35) with Wa we examine first the 
‘intersection of Hrs with Ws. Since W, has the order 19 with-9-fold points 
at Pe’, triple curves N* and psp;, and simple F-loci of the third kind of P.' 
[* (81) ], Hrs cuts Ws in a 2-way of order 76 from which the six 7{% separate 
doubly, the thirty ~‘ and the two cones m:®, ms‘ separate simply, the 
_ residual intersection $ precisely V: of order 26 "with 4-fold points at Ps" 
and simple curve N*. Since V.° is itself invariant under the Cremona group 
@s.2° of Ws, it must also contain the lines pip; conjugate to N® simply. 
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- It is now clear from the form of the left member of (35) that f(y’, y”) 
== F(p, y”) = 0 contains V,“ doubly, the 35 planes R doubly, and the 
2l planes m$) as well as the seven cones m,® simply. Since 2.26 + 35.2 
+ 21 + 7.4 — 9.19,. the total intersection of f(ps*, 7°) ==0 with Ws is ac- 
counted for.. Moreover the left member of (35) does not contain Ws. For, 


_according to [* (78h) ], the following octavic spreads contain Ws: 

(37) = HaHu/ (23) (14) = + HnHu/ (31) (24).— + HaHa (12) (34). 
Hence on Ws this left member is equivalent to 

| (31) (24) Grasse = (28) (14) Gres Gass — Gran 


the ganet with nodes at fs, Pe, Pr and simple points at Pi a Pay Ps 
[cf. * (78e)]. This quadric however does not contain Ws but rather meets 
W in certain F-loci of the third kind and in a 9-1c 2-way which is on Tom 
also [$ p..489]. Hence 


(38) The 9-ic locus, f (ps, y?) = 0, which. ts determined by the incidence 
condition of 85 (18), (31) has a nodal locus V,“°. It also contains all the 
F-loct of Ps" of the third kind except the quartic cone rs“, and in particular 
contains the 35 planes of typa at doubly. l 


128, 


Thus the property of W with respect to this incidence condition extends 
not to Ws but rather to the surface V,” on Ws. This is a situation which 
will frequently recur. 

We have attached the œ? mnt of W, to i œ? projectively distinct 
but birationally equivalent curves Hp”? of genus p and order p + 2 with 
p-fold point at O and branch points r,- - >, Tape for which the pencil of lines 
from O to the branch points is projectively given. We inquire therefore as 
to-the projective peculiarity of H,?t? when the point of Wp is on Pero. 

In Sp: a normal elliptic curve £7? depends | upon 4p? constants. Since 
it is 2p —2 conditions that #2? pass through a given point, there are 0o* 
curves £%? on Por’. If such a curve Æ?P has two nodes it breaks up into. 
= two rational norm- curves bisecant to each other. These degenerate E?PS are 
`, distributed in a variety of families, each œ?. A particular set of 2p +2 
of the families is of special interest. One such family consists of œ? cuives 
each made up of a line on p; and an N27? bisecant to the line and on the 
remaining points of ee As 4 runs from 1 to 2p + 2 the 2p + R families 
are obtained. Each of these 2p-+ 2 families has the property that it is 
invariant under the Cremona group Ge of Wp. This indeed is almost 
evident for the generators Iı of Gra. If m, mz are the nodes of an E2 in 
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the family determined by pi, tien from m (or na) the set Ps projected 
into a set Q30, in Sapa which lies on an N22. But this is the condition 
that m, be a point on VF) [ef.: ‘4 (76)]- , 

The existence- of this family of e Es explains: the double 
covering of the projection. of V2?!) upon V,°?2) from the point pi By 
beginning with a point of V.*1) and projecting it; and the new points so 
obtained, from the points of ae upon VCD g closed system of 2.22» 
points is obtained on VPD analogous to Baker’s closed set of 2.16 points 
on Wa: The closure is a consequence of the invariance of each of the 2p + 2 
families under the group of Wy. | 


(39) A line through the 2(p—1) -fold point pi of Var) to a point of 
VD meets VPD in another point. By repeated projections from points 
ps a point y on VCD gives rise to a closed sèt of 2.2%? points on V_0r-)) 


which divide tnto two sets of 2°? points, each a conjugate set under the group 
of the Wy. j ; 


Here we again have a property of Wa which ‘generalizes into a property of 
VD rather than a property of Wp | 
l The essential condition on a point y of Aca is that the set Pa) ig pro- 
jected from y upon a set Capa on an N2P2, But tei y are associated with 
the planar set of points 1,° - -,fzpis,O0. Hence the projection, Or of Po 
from y is associated with the planar set ri,°--,fepa [*, I, p. 158 (6)]. 
But ae is a set on a rational norm-curve N? 29-2 whence 11," °°, fap 18 
also a set on a rational norm-curve, i.e., a conic, with eae on the 
conic projective. to the parameters of girs on N27? [", p. 12, Theo. (10)]. 
Ti Hp? == to? fp + 2Zofpus + fpe = 9, the branch points of ae are on the 


conic Hy? == Zo" go a 2091 oo Je = Q if 


(40) Jofra — 29s $ a EN 


This identical vanishing of the (p + 2)-ie (40) imposes p+ 3 conditions, 
of which only five can be satisfied by proper choice of go, gu, gz, leaving 
"2p — 2 projective conditions to be satisfied by fp, fo, fore. These conditions 
confine the ‘representative point y on Wp to the locus V2". Hence 


(41) The locus V2?" on W, is that locus whose points correspond to 
- hyperelliptic curves HP® whose 2p +2 branch points are on a conic. 


It may be observed that, for p = 3, the.9 points Tı,” © *, Tg, O are the 
. base points of a pencil of cubics. ‘Thus O is determined in general by 
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t1,°° °,7s. If however fi’ '',Ts are on a conic, O may be any point of 
the plane. Let ,,---,%s be the parameters of 1:,:--,?s on their conic. 
In Ss let s1,’ > *, Sr, Se be the parameters of the points pi,: > ', Pr, na on the 
- N” through them. On the quartic 2-way cone of lines from ns to the points 
of N“ let ps be any point, and let the line Penz cut N” again at ny. Then 
the Weddle W, determined by p:,°° *, ps will contain a V,“ on m,n. On 
the N’ determined by pı, * © +, Ps these points will have parameters t,’ °°, ts. 
Then there will be a unique point O in the plane for which the octavie pencil 
of lines from O to fru: + +,7s will be projective to t,’ + -+,¢. As ps runs 
over the above quartic cone, the point O runs over the plane. | 

- On W, there will he similar manifolds of higher dimension, V4, Vet * -, 
which map curves H,?*? whose branch points are respectively on a cubic 
with O, on a quartic with node at O,-- +. Doubtless these further manifolds 
in the higher. cases will have properties as interesting as those of Perv, 
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ON THE TOPOLOGY OF ALGEBROID SINGULARITIES. 
By OSCAR ZARISKI. 


The classification: of algebroid singularities from a topological point of 
view has been the object of a thorough investigation by K. Brauner.* If 
the singularity consists of one branch, given by a Puiseux expansion y == y (2), 
its intersection with the boundary of a small neighborhood, say of the 4-cell 
|x| < const., | y | < const., is projected stereographically into a knot of the 
ordinary space. Brauner gives a full description of these knots and he also 
derives the generating relations of their fundamental group.{ 

If the singularity consists of several branches, the above intersection 
consists of several linked knots. 

a To complete the classification of the algebroid singularities from a topo- 
logical point of view it would be still necessary to prove that the different 
knots thus obtained are actually distinct, i.e., are not isotopic. The case of 
singular branches of genus 1, which give rise to knots lying on a torus, is 

settled by a paper by O. Schreier.[ The purpose of the present paper is to 
prove the general theorem : § 


* K. Brauner, “Zur Geometrie der Funktionen zweier Verinderlichen”: IMI. 
Klassifikation der Singularititen algebroider Kurven; IV. Die Verzweigungsgruppen ; 
Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universität, 
Vol. 6 (1928), pp. 8-54. l 

+It is apparent, however, that this part of Brauner’s paper, though extremely 
_interesting in its conclusions, is unnecessarily long and complicated. E. Kahler obtains 

“  Brauner’s results in a simpler manner in his paper “Uber die Verzweigung einer 
algebraischen Funktion zweir Veriiuderlichen in der Umgebung einer singuliiren Stelle,” 
Mathematisohe Zeitsohrift, Vol. 30 (1929), pp. 188-204. 

+O. Schreier, “Wher die Gruppen AaBb == 1,” Abhandlungen aus dem Matke- 
matischen Seminar der Hamburgisohen Universitat, Vol. 3 (1924), pp. 167-169. 

§ After having communicated this theorem at a meeting of the American Mathe- 
matical Society in March, 1932, I learnt from Professor Lefschetz that the same 
theorem has been proved by Werner Burau, and that Buran’s paper entitled “ Kenn- 
zeichnung der Schlauchknoten ” is being published in the forthcoming issue of the 
Abhandlungen aus dem Mathematischen. Seminar der Hamburgischen Universitat. 
The polynomial F (w) in section (5) of this paper is also obtained by Burau as the 
Alexander polynomial of the knot (See J. W. Alexander, “ Topological Invariants 
of Knots and Links,” Transactions of the American Mathematical Society, Vol. 30 
(1928), pp. 273-306). This was to be expected since the connection between the 

_ homology characters of the k-sheeted manifolds with the knot as branch curve and 

>~ the Alexander polynomial of the knot was clearly pointed out in general by Alexander 
in his quoted paper. 

Conceding priority to Mr. Burau, I publish only an outline of my proof. I do 
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If oe algebroid singulartites, each composed of a single branch, are dis- 
tinct from dn algebro- geometric point of view, i.e. aré either of distinct 


genera, or being of the same genus do. not have ihe same patrs of characteristic - 


numbers,* they are also a ae distinct, and thetr er groups 
are not tsomorphic. 


The method of proof is based on the consideration of k-sheeted cyclic . 


Rtemann manifolds having the given singularity as locus of branch points. 
The idea of using these manifolds as a source of invariants has been applied 
_ by Reidemeister + in his treatment of the theory of knots and also by the 
author in two papers dealing with the fundamental group of plane algebraic 
curves. Í. 


Tt seemed advisable to the author to include i in this paper another method 
of deriving the generating relations of the fundamental group of a singularity’ 


composed of a single branch. This method differs from the one used by 
Brauner in that it is algebraic and operates directly on the given singularity 
instead of on the corresponding knot. It can be readily extended to singularities 
composed of several branches. í 


~ 


Troe FUNDAMENTAL GROUP. 


1. Preliminary remarks. Any closed path in the eat: space of the 
given singularity y == y(z), can be deformed, one of its points remaining 


fixed, into a circuit lying ina “line”, z = const.§ If the order of the priek . 


~~ 


this especially~because of the additional result seived at in the course of the neat 
. to the effect that the Betti number R, of the k-sheeted Riemann manifold is the 

number of roots of the polynomial Plo) which are also roots of the equation a = 1, 
Whether this is a-general property of thé Alexander polynomials or holds only for 


wW 


the particular knots connected with algebraic singularities —is a question which would 7 


be worthwhile considering. 

*The characteristic numbers of a singular branch determine completely the char- 
acter. of the singularity in the sense of Nother, i.e, as an agerégate of successive, 
infinitely near multiple points. For this: and related notions of the theory of singu- 
larities see the original exposition in F, Enriques and O. Chisini, Teoria geometrica 
delle equazioni e delle funsiont algebriche, Vol. 2, book 4, Ch. I. 

_ +“Knoten und Gruppen,” Abhandlungen aus dem Mathematisohen Seminar oe 
Hamburgisohen Universität, Vol. 6 (1926), pp. 7-23. 


- “On the Linear Connection Index of the Algebraic Surfaces gx = fie, y)”. 


Procesdings of the National Academy of Sctences, Vol. 15, No. 6 (1929), pp. 494-501 ; 
“On the Irregularity of Cyclic Multiple Planes,” Annals of Mathematics, series 2, 
Vol. 32, No. 3 (1931), pp. 485-611. 


§ See D. Lefschetz, L’Analysis Situs et la géometrie algébrique, p. 33. Seo also | 
my-paper “On the Problem of Existence of Algebraic functions of Two Variables 


Possessing a Given Branch Curve,” American Journal of Mathematios, Vol. 51, No. 2 
(April, 1929), where the method outlined below hag been applied to the similar problem 
at large, involving algebraic ‘curves instead of the neighborhood of an algebroid 
eee l ži 
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is n, that circuit is a.product of loops, Jo. J` © `> Jaa, each surrounding one 

- of the pointe Yo, Yip’ * `, Yn-1, in which that line intersects the branch.- Hence 

- the loops g: can be taken as generators of the fundamental group of the given 
singularity. As č makes one turn ‘around the origin z= 0, (the fixed initial 
point of the considered circuits being the point at infinity on the y-axis), the 
original set of non-intersecting loops gi is continuously deformed into a new 
set of non-intersecting loops gı- We obtain all the generating relations of 
the fundamental group by ees the loopsg’; in terms of the ope gis 
and by- putting g'i == gı ($ = 0, 1, 2, snsd) ; 


Let > y — È waer", 


be the pinis expansion of the given branch, which we shall denote by T. 
We suppose that the axis y == 0 is tangent to the branch. Then a, >n. Let ` 
th /N = mi/n,, where m, and m are relatively prime integers, in symbols 
(mi, nı) —1. We write the ove a/n of the second term of the series 
in the following form: 


Qa/ N — Mi/ni =j maiia 
where (Ma, ne) = 1; and more in general, let — f 
Ay /N = m/m + Ma/nMana -+ - r My/MaNna' * * Ty, 


where (my, mv) —1.. Obviously there is only a finite number of values of v, 
for which ny > 1. If ng is the last nv, which is greater than 1, then 
NNa: ` ng =n. The terms arr’, for which m» > 1, are called the charac- 

ae terms, of the Puiseux SADDER) and the number p of such’ terms is 
. called the’ genus of the branch. 

It is well known that the type of the given i from the stand- . 
point of analytic transformations on the variables z and `y, is completely 
determined by the characteristic terms defined above. It follows a fortiriori 
(and this has also been proved directly by. Brauner) that also topologically 
the given algebroid branch is completely determined by the exponents of the 

- characteristic terms. We therefore replace the given series by the sum of its 
characteristic terms: fs 


* The assertion that we obtain in this manner all the generating relations of the 

group follows from the fact that the relations g’, = g; offer the sufficient conditions 

`- for the existence of functions of two variables possessing the given singularity as 

locus of branch points. . For the proof of this last statement see F. Enriques, “ Sulla 

~ costruzione delle funzioni algebriche di, due. variabili possedenti una data curva di 

diramazione,” Annali di Matematica ‘pura ed applicata, Ser. 4, Vol. 1 (November, Mes) ; 
pp- 185-198. 
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` 


y = acm! -+ Agp mtma/mhs + Me Ss + ApEn ma/ nitat R +tmp/mna dua np: 


. where ni > 1, (i= 1,2,- > +, p), and (mi, nı) = 1. Since the actual values 
._ of the coefficients are irrelevant, we shall put for conveniency a; = 1/2*7. 
We shall derive the fundamental group of the given branch T by a pro- 
cedure of induction, considering first the case of branches of genus 1 and 2. 


2. The fundamental group of the branch y = x™/™, We let x vary on 
the circle | z|==1 starting from the initial value s ==1. We mark in the 
plane of the complex variable y the initial values of y: 


Yo = 1, Yı = eTim o o Yma = o?r m 
and we fix the loops g; so that if m, == 1, then as s makes one turn about the . 
origin, the loops g, should be transformed as follows: : 
(1) g'o mm Ji, g'i = g2: * Be Jm- mm n-i, Jm- — PitgoP, I pis 


where P, = gogi ` ` ga1 is the circuit surrounding all the points yı. ‘We 
shall denote this transformation by T,. It is obvious that P, is an invariant 
circuit: 7,(P,) =P). 

For an arbitrary m,- the transformation of the loops obtained by letting «x 
turn around the origin coincides with the m-th power of T;. If we put 


Mı = him + h, 
where n: > h = 0, then T,” can be written as follows: 


JomPy hg Aa 1%, gi =P hg hal a, SP aia == Py gn iP a 


Gt Ai P^% g Pat o, ae wee P hl Jui Ph, ea 
We therefore obtain for the fundamental group, which we shall denote by 
G, the following generating relations: , 
(2) gun = PatgP., (i = 0, ly” ` ‘sm — h — Í), 
: gi "= P guana P i, ($ = 0, 1, h — 1) ‘ 


Hence G, is generated by the two elements gp and Pi, since nı — 1 of 
the above relations can be used for expressing the remaining gs in terms of 
go and Pı. By elimination we derive the following relation between gy and P1: 


(3) go = Py™goPy™, -> 


which could have also been obtained by operating directly on go by the trans-- 
formation T,"", We obtain a second generating relation by replacing in 
Py = 9o91 ° * * gm- the factors gis Ja)’ ° °59m-1 by their expressions in terms 
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of go and P,, derived from (2). We denote by z, and y, two positive integers 
- guch that | 


i 


i (3) _ tım, = yin, + 1, 


Po 


a 


and we consider the relations between the gps to which the transformation” 
T," gives rise. These relations, which are obviously a consequence of (2), 
are the following: — 


(4) Gin = Ptg iP, (i = 0,1, <- ,n— 2), 
Jo = PP gma dP re. 
Conversely, the relations (2) ORD from (3) and (4). In fact, from 
(4) we derive 
Jun = Prig P h, ONER i "nih — 1), 
gi = Ph gn Pree, (4==0,1,---,4—1). 
Now these relations lead back to (2), since by (8). and a P,” js. 
commutative with each element Jis and since moreover 


(al, — 1)m, = = (yh —hi)m, 1. e, yb E= hy (mod m). 

From (4) we deduce gis — P,inhg PP, hh (i == 0,1, >, ni — 2) and 
substituting into Pı = gog1' ` ` 9m-1, We find the required second relation ` 
between go and Pi: 

(5) (P190) = Pamm, 


Let Qı = (Pgo pP", 
„~ Then, by (3) and (5), 

Q, ® ees (Pi%go) 6; P M81 cas ( Pgo) (Pig D Mth P ae, 
or l . 
(6) l l - Q = Pgo, 
and hence P, and Q, can be taken as generators of Gh. The relations (8) and | 
(5) lead to the following relation between Pyand Q: 
(7) . f Qı m= Pym 3 


and conversely from this-relation follow (3) and (5), if we use (6) to define — 
Jo in terms of P, and Qı. Consequently, thé group Gy 1g ees a two 
elements P, and Q, satisfying the relation (7). 

7 3. The fundamental group Ga gi a branch of genus 2: 


(8) y= a T 1 2 as 
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Let, as before; yy = eTik/m, (k =0,1,: © ni— 1). Then the mnz 
values of y in (8); for z == 1, can be denoted by yij, where t runs from 0 to 
— 1 andj runs from 0 to m — 1, in such a manner that for a fixed i the 
Tea HE a yı; lie on the circle of center yı and of radius 1/2. We choose our 
notations so that arg. (yı, ra — 9) / (yu — y) = Qari/Ne, and that yoo = 3/2. 
_ Itis immaterial, for the sequel; which of the points yij;, for 1 fixed and > 0, 
is denoted by yio. 
We shall accordingly denote the loop surrounding the point ys; by gij- 
We choose these loops in the following manner: We first construct the loops 
gi (t= 0,1,2,°°+:,m—1), considered in the preceding case, where now gi. - 
surrounds the points Yio ¥i1,* °°» Yina; and hence also yx. We then choose 
the loops gi; in such a manner that | 


Giog: © * Jénet = Gi 


Let T be the transformation of the loops gi; affected by a complete turn j 
of the point v around the origin. This transformation induces a trans- - 
formation of the loops g4, which coincides with the transformation T, considered 
in the preceding case. We therefore have, as a firét set of generating relations 
of G2, the generating relations (2) of Œ, or the relation (7) involving the 
reduced set of generators P, and Q,. As for the new relations between the 
gi;°8, it 18 not necessary to. write them all explicitly, as most of them serve 
only to express the. g;,;’3 in terms of the gi’s and of.the gops. For instance, 
the loops go,; go by T into transformed of the loops gi,,;, where l, is defined 
by (3^), and the corresponding generating relations are of the type: 


Jini = Aygo, Ay”; 
where the elements A; are in G4, 1. e., are expressible in terms of the gi’s, hence 


=I 
also in terms of P, and Qı. If we express the fact that TI Aigo y Ag? = Gly 
‘ =0 


we obtain a relation in which the loops go,» will necessarily combine into their 
product go, and the result will be eae one of the relations (2), namely : 
ji, P v9 5P rs, 

In a similar manner we express all the loops gi; in terms of the loops 
Jo,js Ji, by considering the successive powers Ta’, Ta, - -, Zo" of Ty. 

In order to obtain relations for this reduced set of generators of G2, we - 
must consider the transformation 7", obtained by letting the variable z make 
nı complete turns around the origin. We put v =z", and hence 


y= g + 1/2 grims, 


and we let z make one turn around z = 0. If we put 
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(9). E mma ot hata + ho, 
we easily conclude that the transformation T."* has the following form: 


Ty = { a te MP Mga, ir Pgo", G ioe 0,1, >, = le -— 1) ) 
l Jomas = Jo Pr Jo Pig, (j= 0,1,- +, le —1). 


We have then, in addition to the relation (7), the following relations: 


godela = Pgo gosg Pr (f==0,1,: > +, na —ls-— 1); 
Jo, = Ps™go" Jone Tati Jo pegs Agree Lee dyn A I 
. The relations (7) and (10) constitute a complete set of generating rela- 
tions of the group G}. Obviously a further reduction of the number of 
generators is possible, since the elements Jo,j, 7 > 0, can be eliminated, leaving 
Joo, Pı and Q, as only generators of Qe. In order to accomplish this elimina- 
tion we proceed in a manner similar to the one followed in the preceding case. 
Observing that by (3) go is commutative with P”, we derive from (10) the 
following relation : i 


(10) 


a goo = go™P2™ "900 (go Prim) =, 


which could have also been derived by operating directly on Joo by 7%", Let 
t and y be positive integers, such that 


(12) - 4 TMa == Yon, + 1. 


~ 


The transformation 7T,"* leads to relations which are obviously a consequence 
of the relations (10). These relations are: | a 
(13) Josè = Bgo, B7, (7 0, Le t, ne — 2), 

j Jo,0 = BQo9Go, ny-1 Jo ne ee 
where B = gP "ss, Conversely, the relations (10) follow irom these 
relations and from the relation (11). In fact, from (13) we deduce 
Joja, = Bigo, Br, | (7=0,1,; g , na — l — 1), 
Go, 1 = B= Gogo, acids IDR, l Gj =Q,1,---, hz — t): 
Now, we have the following identity: (yzla — ha) = (zal 1)mez, and 
therefore Yale — he = mak, Tla — 1 = nek, where k is an integer. Conse- 
aa using throughout the fact that go and P,™ are comanant we find: 

Bit = ( go" P @3"2) tgp, 


Since, by (11), go™#P:"" is commutative with Joo and therefore also, by (13), 
with any of the elements go,j, we.see that the pone (10) are a consequence 
“of the relations (14) and (11). 

= Using (13) in order to express all the elements go; in terms:of Pi, go 
and goo, and substituting into the relation go = YooJor* © * Gong-1, We find:. 


(14) 





Pod 
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( ak 1’) ( Joo gPa) Rg =n g Nie eae 


The relations (11) and (11’) are, together arith (7), the E 
relations of group Gs. It is possible to replace the relations (11) and (11’) 
by one ‘relation... In fact, let us consider the following element of G: 

Q: = (Googo™ Mita) Mia ( gmap mna) “Ys, 
It is then easily seen that 
(15) . Qaa == googo"P ea, 
and consequently.we can use Qz as one of the-generators of Gh, instead of goo. 
The relations (11) and (11’) lead to the following: 
QO," pee goa Ppa = go™Qi ts, £ 
and conversely (11) and (11’) follow from this relation, if ‘we use (15) in 
order to define goo in terms of P:, go and Qı. We change slightly our notations,— 
using the letters Ps and Ps in order to denote the elements go and goo respec- 
tively. With these notations we may state the final result as follows: The. 
group Q is generated by three elements Pi, Qı and Qs, ne the pees 
two relations: | 
Q man Pym, 0." an Pamm”, : . 
where Pı = QP». The elements Pı, Pe and P, have the following sig- 
nificance: Ps is a loop surrounding one point, Yoo, Pe surrounds ne points Yoj» 
and P, surrounds all the nyna points yiz. 
4. The fundamental group Gp of a branch Ip of genus p: 


(16) Y — gruh + 1/2 mMu/mtma/ayng j PA 
i + t.’ -- 1/2P-igra/th+ma/ nima + ... + Mp/Nnihg. . - Rp 


We prove that: The group Gy is generated by p + 1 elements: P, Qi 
Qa: © `, Qo. The generating relations of Gp are-the following: 


(17) O Qm = PmQmam, > e E 
where the elements Pa, Pa,’ © `, Po are defined by the following relations: * > 
(17) i Pin P ig near —_ Oi", (4 cm |. 2, En 1). 


Here z, and y, are posttive integers, such that 
iMi == Yina -}- 1. 
Moreover, if an element Pon ts'defined as follows: 


(17) | Pa P ee == Wp 


* See K. Brauner, loc. ott. 
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the elements Pi, Ps,- © >, Pps have the following significance: P, is a loop 
swITOUNdING Ninis’ ` ` Np of the values of the function y for s==1 (one 
value, if i= p+ 1). i 

Since the theorem has already been proved for p == 1,2, we prove it by 
induction, assuming that it is true for.p— 1, and namely for the branch lp..: 


y = qnm, + 1/2 aima/natimg/ tits +. der +. 1 / QP Pate! nat g/t +... + Mpa/nta... nea, 
obtained by dropping the last term in (16). We have then for the group (fp-1 


of this branch the generators Pi, Qu QY2,°°°*,Qp-1, and the generating 
relations : 


(18) Qa = Pug nam , N E 

where 

(18’) PP Qua ez Q”, (i Saa 1, 2, >, p— I) 

The elements P, are loops in the plane, z = 1, of the variable y and surround 

MiNi’ © "Np. points y4 of the branch Tp... On each circle of center yı and 
“radius 1/2? there are ny points yi; of the branch Ty. The elements P; can 

therefore be considered as elements of Gp, each Pi surrounding itis: °° Mp 


points yi; of Tp. Let the notations be so chosen that yo == 1 4 1/2 > 
+ 1/27? and Yoo = Yo + 1/277, and let go, 91,° © *5 Gn,-1 be a set of loops 
surrounding the points Yoo; Yory* © `, Yom,-1 respectively, and such that 


Jo fı g eos np- s Pyp. 


Then it follows as in the preceding case p = 2, that the elements g; together 
~ with the generators Pi, Qiu Qo` © >, Qo-1 of Gp- constitute a set of generators 
of Gp; that the relations (18) and (18’) still hold; and. that the only new 
generating relations of Qp are those which are obtained in the following 
manner: Let s turn around the origin mite‘ * np- times. Then each yi 
will be reproduced, and the points yo; will be permuted according to the 
following cyclic substitution: . 


(Yoo, Yo, tp Yo,2ly2 | oF 
where 


My = Nyy + lp, 05 ț lp < nyp. 


There ensues a transformation Tp of the loops g;, which furnishes the re- 
quired new generating relations of Gp. It is easily seen that these relations 
are the following : i 


(19) l Jiri, = Ag; A“, (j = 0, J; t y Rg — lp — 1), 
Vi AP 5§n,-tpji EA, (7 = 0, J, 2 lb — 1), 
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A 


where 
r A — pP ranma eae "ea Pi mana «- ie ith hp, 


> Using (18) and (18) we can easily show that A l 
A= Qni P, kp, 


In fact, from ‘those relations “it follows in the first place that P;’ ts com- 
mutatwe with Qma. Since this is obviously true for += 2, let us assume 
that this is Hio for a given t and let us prove it for i+ 1. Since by 
hypothesis P, is commutative with Qu, it follows from Q;™ = PyeQee that 
ai" is commutative with P; and with Qua. From Pin = Qie Prng-mes 
it. follows then that Q:* -is eotmmnuitative with Pin. Using this result, 
we find: 


P mm rai Mpa P Mans Aaa Rp n (Qia Poma) as.. NP gee Qnm eé RP; 


Qaran- . Ap-1 Pyme.. . Ap- — a ym e.. R — O,"™ oes py 


ete, and finally A = — Qa Py M, 
As in the preceding case the eer Jip j> 0, can be eliminated, 53 
and the elimination leads to two new relations between the generators of the 
reduced. set: Pi, Qi, Q2,° °°, Qpa and go. One of these relations is obtained 
directly from (19) and is the following: i 


(20) -o tl Pago (Qran P pile), ; 


\ 


The cou relation is obtained by coneidering instead the relations 
* (19) ‘the weaker. relations: - 


~ 


(21) Jj+1 = Bg;B2, (j = 0, l og 3 ty = 2), Jo = BP ogiya PrB a is =S 


where : - 
B= Fa op ynatts . + Mpa P yeoman . Pemp, YP —n Qem P, v, 


The relations (21); correspond to the transformation Tp”. It is easily’ shawn 

that the relations (21) together with the relation (20) lead back to (19): 

‘Using the relations (21) in order to express. the elements g; in terms of 
go and of the temaining generators and substituting into the relation 
Pp = 9o91 ' * * Gny-1, We find the required relation : : 


(20°) ; grad (Gok prar ) Mt me (Patras) 


"We now ar 
i — oobamdgs)o( mage) 

Then sds eS l . 

(22) - | ` Q? = gP Q m : 
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~ 


. and hence we may fake Qp as a generator to replace go. We find then from 
(20) and (20°): f 


5 4 “ 


‘ (22) * p Qp”? m gor Qaran, r . 


and conversely (20) and (20) follow from as relation, if we use (22) 
as the definition of go. The last two relations (22), (2%), together with 
the generating relations (18), (18’) of Gp., coincide with the relations (17), | 
(17), ca ) given in the theorem announced above (where Pp stays for go). i 


~. 5. The fundamental homologies of the manifold z* == I (y — y). Given 
the Puiseux expansion y = y(x) of a branch Tp of genus p, we consider the 
manifold gë = I (y —Y:), Where n is the order of the branch, and & is an 
arbitrary nokitive integer. .This k-sheeted cyclic Riemann manifold, which 
We shall call V, has the given branch Tp as locus of branch points. If we 
limit the range of values of a and y to the boundary of a-4-cell | x | < const., 
|y | < const., we obtain a closed. k-sheeted Riemann manifold M, composed 
of k samples of the ordinary space, the Æ sheets being connected along a 
cylinder whose boundary is the knot associated with the given branch. The 
topological invariants of V, or of M, are topological invariants of Ip. We 
proceed to derive the fundamental homologies for the one-dimensional cycles 
on M using the generating relations of the fundamental: group Gy of the 
residual space of Tọ. 

It is known that if permutability relations between the generators of Gy 
are added to the generating relations, then Gp, being the group of a knot, | 
-becomes the’ infinite free group generated by one element. In the present 
case this also follows immediately from the fact that Gp is ‘also generated 
by the loops gi (1 == 0,1, 2,- > -,n— 1), and these loops are conjugate ele- 
ments of Gy. Any of these loops can be taken as the generator of the free 
group. We have seen before that the element Pp. is one of these loops. Hence 

in the above free group all the elements are powers of Pp... If we put 

yi mee NMiar © Np, (i= 1,2, + +p), 
rpi = I, . l 

and if we introduce integerg ‘a Nas ` `, Àp, defined by the following recurrent, 


relations: . 
Ài == mı; ; Ai = ma -+ Manini, 


’ we easily find that in. the freo Ei {Poa} the elements P; amd Qi are 
represented by the following powers. of Ppa: 


Py =f’ tpl ise tar 3 l (= 1, Ry p). 
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It follows that the elements 


Pa — Pq, Pj Poe? Soe i 
“Qs! = Pip Paterna) .(s=0,1,°° 3 k—1, j= 1,8, oa p) : 


produce the identical substitution on the branches of z and hence correspond 
to 1-cycles on V. It can also be shown that these 2pk cycles form a base for | 
the cycles of their dimension.* We next write the fundamental homologies 
for the l-cycles on M. In doing this we may neglect all powers of Pp in 
which the exponent is a multiple of k, since obviously P*pu ~ 0 on M. 

The generating relations (17) and (1%) lead to the following homologies: 

Aj" -1 
(28) E Gunma =X Pium F OE merry a 
| nes “+, p;4+=0,1,--°-,k—T). 


fhig L 


` gj—l 
(24) = QD tardyope ome P, + = ie to0y 3800) T 2 Vagina _ 


| where P?” should be replaced by 0. 

The relations (23) and (24) constitute a complete ee of pk tonie 
logies between the 2pk cycles Q./, P,1.` The rank: of the matrix of this system 
is 2pk — R,, where A, is the Betti number of M. This matrix, which we shall 
call A, is made up of circulants of order k. Each circulant may be associated 
with a polynomial of degree k — 1, whose coefficients are the elements of the 
first row of the circulant. Let foc-s,g and fsa-1,8+4p be the polynomials associated 
with the cycles P;? and Q.f respectively (¢==1,2,---+,k) in the k homo-. 
logies of (23) in which j == a (a, 8 = 1,2,- +, p). Let foe and fea,psp be - 
the polynomials defined in a similar manner for the system (24). Then ~~ 


faasa = (a0 —1)/ (2e —1), 
* feat,aip-a == UA ( harararaa — |) ) (gara — 1y, 
EET (een 1) (rae a); 
fraa = zen (vara — Lo i 1), 
fza,arı m 1; . 
feaasp-a == DFAMaFaN (yrassara-1 — 1) / ( gha-va — 1), 


| one eae (gawaran — 1)/ (aran — 1), 


and fı; is identically zero in every other case. 

The matrix Á is compleidy described by the matrix B = || fa ||. It can 
be proved that if œ, ws,: ` -, are the k roots of the equation 2*=~ 1, and if 
B(o;) denotes the matrix obtained from B, by replacing x by w, then A can © 
be brought into a Mego form, the elemènts of the main diagonal being the 


'*See K. Reidemeiater, loc. ott. 
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matrices B (w41), while all the other elements are zero-matrices. It follows that 
~ the rank of the matrix A is equal to the sum of the ranks of the k matrices 
B(o;). By induction it can be easily shown that 


Det. B = F(a) = fi (2)fa(2) - + *fo(e), 


where 


faz) = (i — 1) (ar — 1) / (Pa — 1) (2—1) 


is a polynomial in z The proof by induction is based upon the fact that for 
every p < p the matrix of the elements of the first p’ rows and. columns of B 
is again of the same type as B. Namely, if we write 


B == B(a, p, ni, Ma, ‘+5 Mp; Ma, Ma * +, Mp) 


in order to indicate the dependency of the matrix B on the characteristic 
numbers n4 and m, and on the variable x, we find that its first p rows and ` 
~~eolumns form a matrix B (LPP D, Na Nay” °°, Nyt) M1, Mas +, Mp). Hence 
B(w) ts of rank less than 2p tf and only tf w 18 a root of the polynomial F(z). 
But it can be shown that if B(wi) ts of rank 2p-—o, then w; is precisely a 
o-fold root of F(x), or, since all the roots of each factor f;(v) are simple, 
w4 is a root of o of the polynomials f;(2). Also this statement is proved by 
induction in the following manner. If f;(x) is the first of the polynomials 
_ fi, fe,’ + >, Which vanishes for s = ;, then the last 29 — 27 rows and columns 
of the Pee B form a matrix i 


B(x, Rp — 2j, na njn Ap ÀA Ajant © yp Ap) = B, 
so that 


Det. B= fin (T) fiale) + fola). 


It is then easily proved that if B(w:) is of rank 2p — ø, the’ matrix B(w) 
‘is of rank 2p — 2j — s + 1. Assuming that the statement is true for matrices 
B(x, p - +) where p’ < p—for p == 1 the truth of the statement is obvious— 
it follows that the statement holds for the given matrix B of order 2p. 

We thus arrive at the following theorem: The Betti number R, of the 
manifold Af is equal te the number of roots of the polynomial F(s) (each 
u counted to tts proper LANGU) which are also roots of the equation 

= Í, 

It is now an easy matter to show that if two singularities are topologically 
equivalent their associated polynomials F(s) must coincide, and hence the 
_ polynomial F(s) is a topological invariant of the singularity. From this 

it follows immediately that also the genus of the singularity and all its char- 
acteristic numbers m; and n; are topological invariants. 
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ON A THEOREM ‘OF EDDINGTON. 


By Oscar ZARISKI. 


1.. In a recent paper,* Eddington considers a set of 4-rowed complex 
matrices Fi, Fa'e Fa, satisfying the following two conditions: 1) Fè = — E, 
where E is the unit matrix; -2) any two matrices of the set are anticom- 
mutative, i. e., FF; = — FF, if ts&j. He proves that the maximal number 
' of matrices in such a set is five, and that if the matrices are conditioned 
to be either real or pure imaginary, then two at most are real and the other 
three are pure imaginary. | 

Eddington’s proof is algebraic. It may not be without interest to show 
that it is possible to derive Isddington’s theorem geometrically in a simple 
and elegant manner by making use of known facts concerning abelian groups 
of involutory collineations in the complex or real projective space. These _ 
groups were classified by Study + for projective spaces of any dimensions 
In the present case we find that the problem is connected with the so-called 
collineatton group of a Kummer configuration, which is a group of order 16 
all elements of which, besides the identity, are harmonic biaxial collineations.t 


2. With each matrix F, of the set, considered as the matrix of coefficients 
‘of a linear homogeneous transformation, we may associate a collineation T4 
in the complex projective space Ss. The condition F? = — E says that Ti- 
is a non-degenerate involutory collineation,: The condition that any two 
distinct matrices of the set be anticommutative says that any two collinea- 
tions Tand T; are permutable. Moreover, the n collineations Lag Seo , Ta 7 
are all distinct, because if, for instance, 7; and T} were more same, neue E 


*On Sets of Anticommutative Matrices,” Fournal i ihe London Mathematical 
Society, Vol. 7, Part 1 (January, 1932). 

+ “Gruppen zweiseitiger Kollineationen,” Bettinger Nachrichten (1912), pp.. 452- 
479. 

t In a paper by M. H. A Newman, i Note on an Algebraic Theorem of Eddington, 2 
published in the Journal of the London Mathematical Society, Vol. 7, Part 2 (April, 
1932), the reader will find a generalization of Eddington’s theorem to matrices: of 
any order 2g, q odd. Also this more general theorem could be derived, by a method 
similar to the one given below, from Study’s classification of the maximal groups of 
involutory collineations in 8,, r= 2ng——l. The number of projectively distinct 
maximal groups and their structure depends solely on n.` It'is therefore obvious 
„from a geometric ‘point of view, that the maximal number of -anticommutative 2ng- 
rowed matrices and 2-rowed matrices must be the same. Dr. J. Williamson, who ee 
called my attention to Eddiugton’s theorem, was interested in its generalization and ~ 
arrived at results, which agree with Newman, except for a ‘slight difference in the 
possible number of real matrices in a set. 
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elements of the matrix F; would ‘be proportional to the elements of the 
matrix F4, and the two matrices would be commutative, contrary to hypothesis. 
It follows that the collineations 7; generate an abelian group of involutary 
collineations, since the product of two permutable involutory collineations is 
again an-involutory collineation. By Study (loc. cit.) there are only two 
distinct maximal groups of involutory collineations in Ss, i.e. such that every 
group of involutory collineations either coincides with or is a subgroup of 
one of them: 1) the tetrahedral group, 2) the group of a Kummer con- 
figuration. The elements of the tetrahedral group, which is of order 8, are 
collineations whose loci of invariant points are opposite elements of a tetra- 
hedron, i.e., either a face and an opposite vertex or two opposite edges. 
It follows that the collineations 7; cannot belong ‘to the tetrahedral group, 
because otherwise, assuming this tetrahedron as reference base for coördinates 

. in Ss, the matrices F; would be reduced simultaneously to the diagonal form 
‘and could not be anticommutative. 

Having proved that the collineations T; must belong to dies group of a 
Kummer configuration, we recall that this group of order 16, which we shall 
‘denote by Gis, is obtained in the following manner. Consider a quadric | 
surface Q -in Ss, and the two families of lines on Q. Call the lines of one 
family-lines w,-and the lines of the other family-lines v. Let ut, a and u*, i? ` 
be two pairs of lines u harmonically related to each other.. Similarly, let 
‘vi, 0" and v’, T? be two harmonically related pairs of lines v. Let Ui and U2 
be the harmonic biaxial homologies whose axes ‘are the lines ut, ü! and u’, &? 
respectively,tand let V,.and Va be the harmonic biaxial collineations whose 

_ axes are the lines v’, v> and v”, T? respectively. The four collineations U1, Us, 
Vi, Va generate the group Gis. The product UU. = U, has as its axes the 
pair of lines wu’, &, which are harmonically related to both pairs wu’, ū* and 
u’, a. Similarly the axes v”, u° of the product V, == Vı V, are harmonically 
related to both pairs vt, 0 and v", W. The axes of the collineation Uil’; 
are ‘the diagonals of the skew quadrilateral formed -by the lines ut, ñt, v/, W. 
The collineations of Gio leave invariant the quadric Q and transform the lines 
of each family into the lines of the same family. The collineation Ui 
(i = 1, 2,3) leaves each line v invariant and induces in the family of lines 
u an involution whose double elements are the lines ut, üt. We shall denote 
this involution: by 7. Similarly let aj denote the involution induced in the 
family of lines v by the collineation V4. 

_ ” A last remark about the group Gie, which shall be: of use in the er 

` is the following. .There:are 10 quadries which ‘are ‘left invariant by the Ge, 
one of which is Q, and each of these quadrics is related to the Gig in the 
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same manner as Q. If the collineations of the Gis are real, the above quadrics 
are all real, and namely 9 are real ruled quadrics, while the tenth has no’ 
real points (imaginary ellipsoid) .* 

3. By a proper transformation of the codrdinates we first reduce the 
equation of Q to the following canonical form: 


TiTa — Talg == 0, 
and we also consider the parametric representation of Q: 
Ti UV, T = U1V2, Lg a Us 1,5 Ta = Usa, 


where the parameters ui, 2 and-v1, v2 can obviously be considered as homo- 
geneuos codrdinates of a line u and of a line v respectively. We point out 
immediately that if the matrices F, are either real or pure imaginary, the 
collineations T; are all real, and-therefore, by the remark at the end of the 
preceding ‘section, we may assume Q to be a real ruled quadric. Therefore 
the transformation of codrdinates, which reduces the equation of Q to the 
above canonical form, is real. 

If T is any collinention in Gue, and if the equations of the projectivities 
m and w induced by T in the system of lines u and in the system of lines v are 


Uy == Ay Uy + dist, Wg = Azu F dezia, 
and 
Uy = bit + bita | Va = ba -+ Beate, 


respectively, then the equations of the collineation T are the following: 
Dy = Oy bias + Ay1012%_ + Ar2d12s + liabi, Zi 
P'a == Ayibert + Arbata + Arbrit + Ay 2DeeVe, 


K£ = M2103121 F Beidiats + Aogbi1Ts “+ a22b12T4, 
ats = lgbti + labat? -+ eed ei%5 ++ Ae2ba0%. 


The matrix F of the coefficients of T is nothing else than, the direct product, 
of the two matrices A and B, in symbols: 


F=AXB, 


Gi1, Gis b b 
A ge 3 115 12 ~ 
G21; Q22 ). as -> Boo ) 
If the matrix F is given, then the two matrices A and B are determined 
to within factors « and £ connected by the relation: ag = 1. Moreover, if ~ 


where 


* Study, loc. oit., p. 467. 
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F= A, X B,, Fy == Ay X Ba, 
then 


(1) FF's yr (AAi) x (BiB). 


In particular, F? = A? X B?. Since both r and w are involutions, we have 
A? == pE and B? ol. We shall choose the factor æ so as to have always 
A? == E. But then, in view of the condition #?=--—-H, we must have 
` B? == — E. A and B are then determined to within a + sign. 

We have to consider 3 matrices A: A1, Áz, Ás, corresponding to the 
3 involutions 7, m2, mg considered above, and 3 matrices B : B,, B2, Bs, corre- 
sponding to the 3 involutions 1,02,,. We also introduce the matrices 
A, and Bo, corresponding to the identities mo and wo ‘The involutions 
71, 72,7, and the identity rọ form a group, and if Gi, is real, then of the 
-3 involutions 7, all real, two are necessarily hyperbolic and one is elliptic. 
We may then suppose that the double elements wu’, a’; u”, i’; u’, a? of the 
involutions 71, ma, ms correspond to the following values of the non-homo- 
geneous parameter U == uU,/t,: 0,0; +1,—1; +1 -—i. In view of the 
condition 4;? == E, we find then: 


0 : 0 1 0 4 
Gira 0 ae A -( i), a= (2 07” a= J 


Making a similar supposition for the double elements of the involutions 
wi, wz wg We find in view of the condition By? = — FE, that 


i 0 i 0 0 4 0 1 
B= (; :), B= (4 i) B=(; 5). da oes o) 


Each of the matrices Pi, Fat ©, Fn is the direct product of an A, 
by a B;. Let 


Fr = Ain X By, (k == 1,2, 5 n) 


where % and jx are numbers of the set 0, 1, 2, 8. We can verify directly 
that 414; = — A,A,; and B;B; =— B;B; if to 7 and neither + nor 7 has 
the value 0. In the excluded cases the matrices will be of course commutative. 
We now use the condition that FyFiı == — Fife. We deduce from this con- 
dition and from (1) that the matrices 'Ai, and Ai, are commutative or anti- 
commutative according as the matrices Bj, and By, are anticommutative or 
‘commutative. I say that if no % and no Jẹ is 0, then n= 3. In fact, if all 
the is have the same value, then any two of the matrices Ai, are commutative, 
and therefore any two of the matrices Bj, must be anticommutative, and that 


` 
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is possible aly if all the jx’s are distinct and different ree O,ie, iins 3, 
If not all the %’s are equal, let, for instance, 1, 3£ tz. Then necessarily jı = js. 
For any other value of & we must also have j == jı In fact, if jx jy then - 
B; is anticommutative with B,;, — B;, and therefore Ai, must be commutative 
with both A; and Ai» which is impossible; since tr 44 and i540. ‘Hence 
all the jxs have the same value, and we conclude, as before, that n<S 3. 
Hence, if ù > 3, then for some value of k we must have either == 0 or 
jy = 0. Suppose that, for instance, 1, == 0: Then obviously jẹ 54 0 for any k. 
If now n > 4, then two indices % must be equal.. If these two equal indices 
are not 0, then let, for instance, fa = ts = 1. Since any two of the matrices 
Ao, Ai, Ai, are commutative; the indices Jı, Ja,ja must be all distinct and 
different from 0. Let, for instance, j,==1, jo 2, jp=3. For any other 
value of k > 3, we must have J^ 1 and also jz 5£ 2,3, since By, must be 
either commutative or anticommutative with both By, and Bj, Hence fs == 0, ~ 
which is impossible. Consequently, if n > 4, the two equal indices % must 
be equal to 0. Let i ==is=0. Then jı and js must be distinct and again 
. no jx can be equal to 0. For any k > 2, we must have js Æ& ju j2 Hence 
Ja = Ja ma js = + -= fa, and for this reason the indices 4, ta, to °°, i 
must be all distinct and different from 0. We conclude that n==5 and, 
for instance, that tg == 1, t4 = 2, 1; == 3, and that the matrices Fy are the 
following: 


F, = 4o X Bry ETE P, — A, X Bi Fi = Aa X Bj F F, = Aa X Biy 


where the numbers 43, J2, Ja coincide with the numbers 1, 2, 3, in some order. 
This proves the first part of Eddington’s theorem. pe s 

From the explicit expression of the matrices A; ina B, given above, 
we see that if Js = 3 then the matrices Fs and F4 are real and the others are 
pure imaginary, whereas if js5£38, say if jı == 1, J2 = 3, jp = 2, then Fz 
and F, are real and the others are pure imaginary. This proves the second 
part of Eddington’s theorem. | 
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REGULAR LINEAR SYSTEMS OF CURVES WITH THE SINGU- 
LARITIES OF A GIVEN CURVE AS BASE POINTS. 


By MARGUERITE LEHR. | 


Summary. An irreducible algebraic curve of order m,f(2,y) = 0, in 
the plahe (z == 0) is given with singularities of a specified kind. The surface 
F, z" = f(x,y) where n is a positive integer, gives rise to adjoint surfaces ¢y, 
and to complete linear systems of surfaces ġy— da which together with the 
plane ~ taken d times form adjoints v. These systems of surfaces cut the 
plane m in systems of curves | C? |, shown to be complete. The irregularity 
of the surface F can be expressed in terms of the superabundances of some of 


“the systems | C? |, hence application of the theorem * that F is regular if n 


is a power of a prime shows the regularity of the systems of plane curves 
involved. For f(z,y) =0 having only nodes and cusps, Zariski + obtains 
in this manner regular systems of curves with the cusps of f as base points. 
In this paper we consider f possessing either of two types of singularities :— 
ordinary k-fold points and k-fold points each of which is the origin of one 
branch of order k. The resulting theorems are analogous to the well-known 
theorem: Curves of order m—3 with (k—41)-fold points at the &-fold 
points of f form a regular system; we prove that curves of order m — 3—j 
with (k—+)-fold points (t= 1,2,-.-,&—1) at the k-fold points of f. 
form regular systems for j having a certain range of values. Thus resttictions 


~~ are Imposed on the number and position of specified singularities for f. 


Pon 


Further, since the surface F is regular for all positive integral values of ñ 
when f(z,y) has a cyclic fundamental group with respect to its carrying 
complex plane,t the connection between the irregularity of # and the super- 
abundances of the linear systems “described enables us to state sufficient. 
conditions that f(t,y) =0 have a non-cyclic fundamental group; these 
conditions show that there .exists a connection between the position of the 
singular points other than nodes and the structure of the fundamental group. 

The adjoints ¢v(#, y, 2) == 0 are conditioned in general at all singularities 
of 2” = f(s, y). This surface F has isolated singularities only at the singular 


*Q, Zariski, “On the Linear Connection Index: of the Algebraic Surfaces 
ga = f(a, y),” Proceedings of the National Academy of Derogi; Vol. 15 (No. 6, June, 
1929). 

tO. Zariski, “On the Irregularity of Cyclic Multiple Planes,” Annals of Mathe- 
matics, ane ger., Vol. 32 (No. 3, June, 1931). 
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points. of f when n= m; if n>m the line at infinity in the plane r is 
multiple on F, the only hypermultiple points on it being intersections with 

f(z,y) = 0. This line may be considered i in generic position with respect to f; 
having m distinct intersections with f. In the paper quoted,* Zariski gives a 
necessary and sufficient condition imposed on adjoints ¢v by the multiple line, l 
and shows that the hypermultiple points on it impose no additional conditions. 
We shall determine the conditions imposed on ¢y at isolated singularities of F 
due to various types of singular points on f(s, y) —0. These together with . 
the condition mentioned will completely describe the adjoint surfaces ¢y. For 
the sake of clarity, the case of f possessing only ordinary &-fold points will be 
handled fully first; the procedure can then be modified for other conditions 
on f. 

I. f. HAVING ORDINARY &-FOLD POINTS ONLY. 


1. Necessary and sufficient conditions on by at O. Let O be an ordinary 
k-fold point of f(z, y) == 0, which we may suppose to be at the origin. If 
pv(2, ¥, 2) = 0 is to be adjoint to z” = f(z, y), the double integral 


f f ZD dady 


must be finite for every analytical 2-cell containing r = y = 0. Since the 
required condition is of differential character, we may replace f(a, y) by the 
product H (y — az) == (y — ar) (y — av) +--+ (y—axr). Introduce two 
new independent variables u, ¢ by the relations 

(1) Tm y”, y m Ut, gh == wrie (t— ay) = ui (t). 


“w. 


Let Cagyz"y®zY be the general term of the polynomial ¢,(z, y, z). | The 
transformed double integral-is then the sum of integrals of the form . 


yansBnvyein-148 ( P(t)}v .. 
SSS ai 


. which must be finite for u == 0, ¢ arbitrary. So far as ¢ is concerned, ‘the 
integral is finite for all finite values of t including those for which P (t) —0; 
the infinite value for ¢ can be investigated by using 7 = u™, y == u", ar 
leads to the same form of integral. Hence a neceesary a and sufficrent condition 
that the double integral remain finite ts 


(2) (4+ B—k+2)n+ ky +1) >0. | 
This ami a a+8+yz > k— 2 and is satisfied by 


* O. Zariski, “On the Irregularity of Cyclic TN Planes, Arnals of Mathe- 
matics, 2nd ser., Vol. 32 (No. 3, June, 1931). 
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ee Be wn fe — 2, a 


80 every vy has at least a (k — 2) fold point at O, and the generic œ» cuts the 
plane z(z—=0) in a curve C of order y — oo (where e, accounts for the line, 
at infinity occurring in the-intersection), having an ordinary (k — 2)-fold 
point at O. On the other hand, consider any curve of order y— w, with the 
points * O (k — 2)-fold in the plane r, and project it from the point at infinity 
on the z-axis. The resulting cone satisfies the adjoint condition at O given 
by (2). Since y satisfies the conditions imposed + by the multiple line at 
infinity in the plane v, the degenerate surface made up of y and the cone is 
an adjoint v. Every such curve can be cut out thus by an adjoint surface, 
~ go the system of curves. cut out on r by | œv | is complete. 


2. Nature of the curves | C? |: Consider all surfaces ¢y-¢ which with 
the plane r taken d times give ¢y adjoint. They form a complete linear 
system which we denote by | ¢»-— dz |, and this system cuts the plane ~ in a 
system of curves | C4|. We wish to describe these curves for arbitrary values 
of d: Surfaces ¢y— dr are those gv satisfying (2), in whose terms y = d. 
When they are cut by z = 0, the curves C* are given by terms in ¢y in which 
y==d; hence in the Eanes of C (a, 9) = 0, the exponents of ay satisfy 
the relation i 


(3) (a+ B—k+2)n+k(d+1) >0, 

The surfaces dy cut + in a (k —2)-fold point at O, and we know that there 

are in addition, in general, infinitely near multiple points to O, so removing 
_ -2 == 0 as a factor from dv will not necessarily reduce the multiplicity of O on 


a the curve of section. From (3) we see that if terms g -++ 8 == k — 3 are to 
be present in the equation of C, then 


d = [n/k] 
where [n/k] means the integral part of n/k. So the systems 
| oy I> | py — 7 7 | py — {[n/k] — 1} | 


cut z = 0 tn curves with (k —2)-fold points at.the k-fold points of f. These 
points are ordinary (k —2)-fold points since any terms for which 

. ; a+ 8 == k — 2 
satisfy condition (3). The curves of cut out by | ġv— dr| can and will - 


ee * The only singularities of f are ordinary multiple points of one order k; we Sanal 
say “the points O ” meaning that set of points. 
{ O. Zariski, “ On the irregularity, etc.,” loc. ott. 


a 


git l MARGUERITE LEHR, 


have O as a point of multiplicity k—2—t if jae only if d satisfies the 
relation 
—imn+kd+k>0 or d= [in/k]. (i= 0, 1, k2). 


The curves C4, then, cut out on m by | ġv—dr| have the ordinary k-fold 
points of f as ordinary (k —2 — i)-fold points for values of d given by 
(4) [ink] Sd<[G41)n/k]. (as 1 R28), 


Finally for d= [(%—2)n/k], the systems | ¢v—d| are unconditioned 
at the ordinary k-fold points of f(s, y) = 0.. 

The order of the curves | 0#] is Van ae where o4 acoounts for the 
multiple line at infinity. Write 


(5) n— m — hm — mM, h> 0, 0=m, < m. 

| ‘For values ia. y—d—oav—n+m+1—p, where p ig the 
positive integer defined * by 

(6) (h+ 1)a + [am/m] —2 dS (h +1) (a +1) — [u+ 1)m/m] 


For d > n— 2, the surfaces are not only unconditioned at the multiple line,- 
but they are also unconditioned at the k-fold points of f(s, y) = 0, since 
[ (k — 2)n/k] = n— 2 for all positive integral k and n. For d = n — 2, the 
order of | O? | is v—d. The systems 


pO prO" peeta [en | 


therefore distribute themselves into sets of consecutive systems all of order 
y—n-+m-+-1l—p where p runs from 0 to m—1. There are h+ eq, 
systems in each set, where 


q= 1 if [am/m] = [ (e+ 1)m/m] and p0, 
e= 0 if [um/m] = [ (4 + 1)m/m] —1, or p= 0. 


In particular, the first A systems are of orde? v—n -4m $ 1, and the last h 
‘of order r —n + 2. 


(7) 


3. Completeness of | C4|. Consider any curve of order »— d—va 
_ lying in the plane v and having points of multiplicity a 
. k—-2—4 (t—-0,1,---,k—2) 

-at an ordinary k-fold point of f. The cone obtained by projecting ms curve 


3 


* O. Zariski, “On the irregularity of cyclic multiple planes,” Annals oF Mathe- 
matics, 2nd ser., Vol. 32 (No. 3, vane; 1931). 
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trom the point at TE on the z-a xik. gaile with the a T taken d times 
- satisfies condition (2) ;. it is a surface, therefore, which satisfies the conditions 
imposed on adjoints at isolated singularities of F. As previously stated, 74 
will satisfy the conditions imposed by the multiple line, hence the cone together 
with og times y and d times r will give an adjoint'¢y. The cone plus og times ~ 
y is then a ¢y— dz, and since every (4 of the type described can be cut, out - 
by such a surface, the systems | Cê | cut out by | ¢v— dr | and described by - 
the relations (4) and (6) are complete. - a 


4. Virtual and effective dimensions of | ¢v—da|. If a system | ga |, 
linear and complete, cuts a plane m in a complete system of curves Cyc, and. 
if we denote by | ¢,—7| the complete system of surfaces py- which with r 
make a ), then for m a generic plane it is. well-known that 

(ra — T A) — Geis = iy) a . 


ar 


where ma 1%, are reapectively the effective and virtual dimensions of | ¢y |; 

1-1, 1”y-1 respectively those of | pà — |, and s is the superabundance of the 

complete system of curves Cy cut out on r (o being zero). In the case of the 
` ‘systems | pv — da |, however, the plane is not generic; -it goes through the 

multiple line and all isolated singularities. It is true, nevertheless, that 

| py — dr | cuts + in a complete system | C4 |, and we shall show that under 

this condition 

Ta — a = Nyy m 1 d+1 + Sa 


where ra, 1a are respectively the effective and virtual dimensions of | v — dr | 
and sa is the superabundance of C4. If we denote by pa, p'a the effective and 
virtual dimensions respectively of the complete system | C*|, we can write 


Ti — Tay. = pa + L | i 


Since "= - gi 2 ont foe Ka(v—d) — K'a, 


ra= ("S i )— i — Eim (7 — d) — F's 


Ka, K'a, Kan, Kan being the postulation constants independent of Y, T any 
fixed d, or, in other words, algebraic functions of d alone, we obtain 


(8) E ee: TP) (yd) (Ka— Kau) — (Ke — Ken) 


f . E ; 
`- valid for all noa oopan te integral values of v and of d. Now when y— d is 
sufficiently high, ra = 1a and fan = a ae 3 ‘it follows that 
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| —d—ot2\ on 
fat an rete È” 9 ap ) =E +56 


where K4” is the postulation in the plane on the curves O4. Since os is the 
multiplicity of the line at infinity in + on ¢v— dr, oa is independent of v; 
for high values of v. the order of the curves C* increases and sa becomes zero. 
For v — d sufficiently high, then, | 


(9) | . ra — tan = pe t+ 1. 


The two expressions in (8), (9) are equivalent for all non-negative 
, integral values of yv and of d for which »— d is sufficiently high, t. e., 


—d+2 
(T3 T) OD he Kin) — (Ka — K'a) o 
= (8G) ke tm, i 
the K’s and og being independent of v. Fix d at a value de. The two poly- 
nomials in y are identical for all v sufficiently high, hence they are identical 
polynomials and their coefficients (algebraic functions of do)' are the same. 
These relations between the coefficients’ hold for all non-negative integral 
values of d, hence the coefficients are identical and the two expressions are 
equivalent for all values of v, d. Consequently, so long as | ¢v—— dr | cuts r 
in a complete system l l | 
Va — in = på pl 
regardless of whether r is generic or not. Since 
ra — Tan = p'a F Sa + 1, 
we obtain the desired relation 
(10) Ta — Ta = Vas, — t'in + Sa- 


5. Irregularity of F in terms of sa. Adding the relations (10) for 
d = 0, 1,; > +, [(k—2}n/k] — 1, we find | 
(11) ~ fo— to =s Hsi t Stce-2)n/h}-1 a (1 ¢cae-ayn — 1" tce-2yn/e}) + 
This relation holds even if the systems | ¢v— dr | or | O? | cease to exist, if 
we adopt the convention that the effective dimension of a non-existent system 
is — 1. | : 
| For vy = n— 4, Tuwon — 1 t-an] can be shown to be zero. Con-., 


sider the subadjoint surfaces oy; they are conditioned at the multiple line as” 
are gv, and are not conditioned at the isolated singularities, go - 
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| oy — [ (k —2)n/k]x | and | v —[(k—2)n/k]q | 


are coincident systems. Now all systems | $y — dz | cut out i systems 
| C? | by even stronger reasoning than for | ¢v — dz |, 80 


— bed — - —? = 
Ta —— Fa = Tay — F dr F 3a- 


But | 64 | is virtually and effectively the system all curves of order y — d — oa, 
of the same order as | C*|, but unconditioned at isolated singularities, so 
Sq = 0, if the order is =-—~2. It follows that | 


Fo — To = Tg — T dais 
for any d such that yp—d—og=-—2. When d= [(k— 2)n/k] —1, the 


order of C4 is = v—n + 2, so if vy == n— 4, curves (4 are all of order greater 
than or equal to — 2. When 


T d= [(k—2)n/k] —1, 





then 
To — T o == M((k-2)n/k) — 1 (e-2)n/h): 
Since | ¢v—[(k—2)n/k]~| is identical with | 6— [(k—2)n/k] r |. 
Now by a theorem of Castelnuovo,* Fo — T'o will be zero if | dra |, | ae rs 
cut out on a generic plane complete and regular linear systems of curves. 
If v= n—4, these systems cut out curves of order = n —.3, adjoint to the 
plane section of F, and it is well-known that these curves form regular 
systems. They are clearly complete, for any curve Cy in a generic plane o, 
adjoint to the section of F made by œ, can be projected from the point at 
/ infinity on the c-axis giving a cone which is a subadjoint surface dy of F. 
This establishes the fact that i-on — 1 i-en =O If v Z n— 4. 
Restating (11), then, for vy == n— 4, we obtain the following expression for 
the irregularity of F: 


(12) q = So F Si et St ck-aymsi-1- 


The systems | C4| involved all occur in the set | C° |, | Ct|,.--,| 0"? | 
described in § 2, and sg is the superabundance of the system | C#| for which 
the order is given by (6) and (7), and the multiplicity at the ordinary k-fold 
points of f is given by (4). Hence the irregularity q of F ts equal to the sum 
of the superabundances of the first [(k—2)n/k] systems | O° | described. 


6. Regular systems |C*|. Lf f is irreducible, curves of order m — 3 


* G. Castelnuovo, “ Alcune proprietà fondamentali dei sistemi lineari di curve 
tracciate ecc . . . ,” Annali di Matematica pura ed applicata, ser. 2, Vol. 25 (1897). 


478 è MARGUERITE LEHR. 


with k-fold` points of f as (¥— 1)-fold points form a regular system, so So 
and possibly certain others succeeding it are zero. Suppose that m —3—} \ 
is the maximum order for which the base points O do not give rise to a regular ` 
system, 4. 6., curves of order m — 3 — p with points O (k — 2)-fold are regular 
and sp*? is zero if.w < j, but su? > 0 for p== j. The irregularity of F 
involves such superabundances in the first [n/k] terms, hence if the order -. 
‘.m —3—j is such that the number of systems pr eceding it in the sequence 
is. less than [n/k], a non-vanishing superabundance will appear in (12) and 

. the surface F will be irregular. ane first em of order m — 3 — j is 
preceded by - 


Sh + eg == (A + 1) —1— [jon /m] 
terms. Denote the difference between this and [a/k]- by A. 
(18). dem j( +1) —1— [jm/m] — [0/b]. 
Then if A < 0, q 5 0 and F is irregular. Write 
= pk +0, p>0,0Sc<k. 
_ Recalling that n = (h + 1)m—m,, we find from (5) and (13) 
aay = Be GG a) kmn] Sas. 


As n becomes indefinitely large, h increases indefinitely, but all other elements 
in A are either fixed or have an upper limit set by & or by m, so A takes its 
sign from kj —m. If kj < m, A would be negative for all values of n suffi. 
ciently high. We know, however, that if n is a power of a prime, F is regular~- 
and A cannot be negative for such values. Hence kj must be, greater than or 
equal to m. We state the geometric result: If f(z, y) = 0 be irreducible of 
order m, with ordinary k-fold points O, and if » be the maximum integer 
such that be <m, then the complete systems of curves of orders m — 3, 
o m— 4, ',m—3— p with the points O (k —-2)-fold' are regular. 

Next, ja m — 3— j be the maximum order for which the points 
O (k —3)-fold form the base of a superabundant system. For each system 
| °|, d= 0, 1,- +, [2n/k] —1, set up á system of the same order with 
O(k —3)-fold; the A Ge ee sa** of such a system is not greater than 
the superabundance sa occurring in q. If in the sequence | O° |,- - -, | œ=], 
then, the first system of order m — 3 —-j is: preceded by. less than [2n/k] 
others, a non-vanishing superabundance will occur in (12) and F will bes 
irregular. Writing 


A==j(h +1) —1— [jm/m] — [2n/k], 
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we find, precisely as above, kj = > oe Hence for ki: < 2m,. the systems of 
° order m — 3 — u with points O (k — 3)-fold are regular. The general thedrem - 

may be derived by application of ‘this method, using (4) to give the number 

of systems | C? | involved when d isset. 


THEOREM. If Ae, y) = 0 be irreducible of order m, with only ordinary 

_ k-fold points O, and if p be the maximum integer such that kp < (i+ 1)m, 

(t == 0, 1,: °°, k— 2) then all complete systems of curves of orders m — 3, 
m -— 4, : : -,m— 3 — pu with the pomts O(k—2-——t)-fold are regular. 


7. Conditions on the k-fold points of f(x,y). The theorem just proved 
excludes the possibility of an irreducible curve having so many k-fold points 
that the virtual dimension of any of the systems described becomes less than 
-~1, It also precludes the ordinary k-fold points of an irreducible curve from 

-~having such special positions in the plane that they do not impose independent 
. conditions on the curves of the orders stated, when used to the multiplicity 
described in the base set. An example will show how this condition operates. ` 
A curve of order .14 can have 26 triple points; by the theorem just proved, 
. curves of order 7 passing simply through these points must form a regular 
system. (Note that for f irreducible, a repeated application of the theorem 
on adjoints of order m— 3 will give curves of order eight through the triple 
' points forming a regular system; the present theorem lowers the degree here.) 
Fix sixteen of the eighteen intersections of a cubic and a sextic. Any C, 
_ through the fixed points cuts the sextic in addition in 26 points which cannot 
. be triple points of an irreducible. O:4, as the following argument shows. 
~~ Consider all Cys through the 26 points; the characteristic series cut out on 
a generic C; of the system is a complete ga, and the system is regular or 
superabundant according as the series is non-special or special.* Among the 
groups of the ges i8 one made up of the sixteen, points fixed on the sextic and 
an arbitrary line section of C;. This group is also cut out on C; by a quartic 
made up of the given cubic (with its additional five points of intersection with. 
Q; fixed) and an arbitrary line, hence this group is contained in the complete 
series cut out by canonical adjoints through five fixed points. Since the genus 
of a non-singular O; is 15, the canonical series is gi* ; the complete series 
determined by the group of 23 points is therefore g? , special; hence. the 
system of curves Cr is superabundant. This contradicts the theorem; the 
group of 26 points. described cannot ane points of. an irreducible Cia 


* Guido Castelnuovo, “Ricerche generali .sopra i sistemi lineari di curve piane,” 
‘Torino Memorie, Ber. 2, Vol. 42 (1891). 
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II. f HAVING AT BAOH k-FOLD POINT ONE BRANCH OF ORDER k. - 


8. Necessary and suficient condition on py at O. Again suppose O, k-fold, 
to be at the origin, and consider first O as the origin of a single branch of 
order k and class 1. The condition being of differential character, f(z, y) 
may be replaced by y* + 2. If (z, y, z) .is to be adjoint to z* = f(z, y), 


`- the double integral 
gv (2, Y, z) l 
o J | EA isay 


must be finite for every analytical two-cell containing z == y = 0. Introduce 
two new variables u, t by the relations: 


Sow 


Ç = ure, y — ay HL) t, 


, By considerations precisely like those of part I, we find that a necessary and ` 
sufficient condition that the double integral remain fintte ts 


(15) kn(a + B—k+1) +n(B+1) +h +1) (+1) >0. 


Clearly, if « + 8 = k—1, the condition is satisfied ; further, if n = k(k-+1)- 
no terms for which «+ 8 + y < k— 1 can appear. So the generic ¢y cuts 
the plane w in a.curve with O as (4 —1)-fold point. As in part I, we see 
that any curve in + with O as ordinary (k —1)-fold point can be projected 
from the point at infinity on the z-axis, giving a cone which satisfies the 
conditions imposed on adjoints by the point O, and me system cut out on r 
by | dy | is complete. 


9. Nature of the curves | C? |. We consider the systems of curves |.04 os 
cut out on ~ by the systems of surfaces | ¢»— dr |. The curves | Oê | are 
given in the plane z = 0 by terms zyz? of dv, hence terms i in the equation .of 
C (a, Y) = È Capr*y® satisfy the relation 


(16) en(a + P—k +1) Hoe FI) + (GFDRR) > 0, 


The system | o° | has points O (k — 1)-fold with no further restriction. If 
terms a -+ 8 =k—2 are to satisfy the condition, the minimum value of d 
18 given by as maximum 8 =k — 2, or 


l d= [n/k(k + 1)]. 
Hence the systems | gy |, | 9 — r |p") | dy — (Ln/k(k + 1)]—1)r | cut 
the plane in curves with points O as (k —-1)-fold points. Stating the general~, 
_ case, then, the curves cut out by | py — da | can and will have O as multiple © 
point of order k — 1 — t if and only if d satisfies the relation 


| 
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i 


(17) dnt n(e+1) HEHH) >, 

5 | (i =0, 1, py, 
Again the minimum d satisfying this condition is given by the maximum 
8 = k — 1 — i, s0 
d= [{(i—A)k + inf +-1)]. 


The curves C? cut out by | ¢v— dr | have O as (k-—1—1)-fold point for 
values of d given by : ) 


=. (i—1)k+i (e +i- 1) 
(43) i Eee n|<a<| i(k + 1) n |. 
In particular, for d= eee na the curves are uncon- 
ditioned at points O. 
In addition, the singularity at o on | C7] will in general be specialized, 
_.. having a certain number of tangents coinciding with the tangent to f at O. 
Actually the condition (17) gives 


(tk — 1 — B)n 

cs) a= (Tera 

for O(k —1—1t1)-fold or less. The maximum value of 8 gives the minimum 

value of d stated in (18) ; for this, | C? | has all tangents at O coincident with 

the tangent to f at O. As B decreases; d definitely increases until we reach 
d= | (ik —1)n/k(k + 1)] which gives O(k — 1—1)-fold with all tangents 

freed from coincidence with the tangent to f at O. From this value to 

d= [(ik + i+ 1)n/k(k -+ 1)] the curves | C° | have the same behavior at O. 
_«the order of the curves is given in part I. For n sufficiently large, i.e., if 


[(—k—1)n/k(k + Deri 


the surfaces | ġv— dr| for d= >n—2 are unconditioned at the isolated 
points as before. Hence the systems | O° |,- - -, | C*? | distribute themselves . 
into sets of consecutive systems all of orders v—n +- m + 1—z, where p 
runs from 0 to m—1. Any given | C*| has its multiplicity k —1—i at 
points O determined by (18), and +t has at each such point T tangents coin- 
ciding with the tangent to f there, where r is the minimum integer satisfying 
the relation | 


— then + n(r +1) + (d+1)k(k +1) >0. 


es 10. Irregularity of Fin terms of sa. The systems |.C*| are complete, 
~ by considerations analogous to those in part I, hence the results of paragraph 4 
there apply; further, for n sufficiently high, the surfaces | v— dr | for 
d = [ (k? ~k—1)n/k(k + 1)]==8 are conditioned at the multiple line 
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only, so the argument of paragraph 5 on subadjoint surfaces can be applied. 
Summing (10) then for values d= 0,1,:--; [(4®@—k—1)n/k(k + 1)], 
we obtain : f= y 


(20) | Teo = ay + $i: * <b 83-1 + ta — 1's. 
For v= n— 4, therefore, 
(21) . q=. Hst: a 


where the sa are superabundances of the systems | C4 | described in 9. 


11. Regular Systems. If f is irreducible, curves of order m — 3 with 
the points O as (k —1)-fold points form a regular system, so so and possibly 
others are zero. Suppose that m — 3 — 7 is the maximum order for which the 
base points O (k — 1)-fold give rise to a superabundant system. The first sys- 
tem of order m-—-3-—j in the set | C° |>:- | ©" | is preceded by j(h +1) 
—1—[jm,/m] systems. If this is less than [n/k(k% + 1)], a non-vanishing 
superabundance will occur in (21) and F will be irregular. If k(k-+1)j < m, 
then, F will be irregular for all n sufficiently high, as in part I, contradicting 
the established theorem that z* = f(x, y) is regular for n a power of a prime. 
We deduce that k(k +1)j =m; for any p satisfying k(k + 1)u < m, curves 
of order m — 3 — p with the points O(k —1)-fold are regular. _ | 

To state the general case, let m — 3 — j be the maximum order for which 
curves with the points O (k — 1—1)-fold do not form a ent system. We 
find that: 


l 


aae a ee t+ i)m. 


Tha geometric i may be stated thus: If f(z, 4). = Q be. irreducible of a 
order m, with singular points O, each of which is the origin of one branch of 
order k and class.1, and if u be the marimum integer such that k(k+1)p . 
< (th+i+4)m, then all complete systems of curves of orders m— 8, 
m—4,-*:, m—3-—yp with the potnts O(k —1—+t)-fold are regular. 
Similar theorems can be stated for curves having the points O(k — 1—1)- 
fold, and having in addition at each point O a given number 7 of tangents coin- | 
ciding with the tangent to f at that point, using in. each case the value for d 
given in (19). In particular, if » is the maximum integer satisfying k(k + 1) p 
< {Æ — k— 1)m, then curves of order m — 3 — p passing simply through 
the points O form a-regular system; if » is the maximum integer given by 
h(k + 1)u< (k*— 2k —2)m, curves of order m — 3—- p passing through — 
the points O in contact with f at each point O form a regular system. 


12. Conditions on such singularities of f. The theorem just stated 
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imposes certain conditions on the number and-position of singularities O pos- 
sible on an irreducible curve of given order. The question of existence of an _ 
irreducible curve possessing a stated set of singularities can in some cases be 
given an immediate negative answer, by thig theorem, whereas the extended E 
Plücker relations would be cumbersome to handle or would yield no conclusive 
answer. A simple example shows this: A curve of order 13 can have 22 
ordinary triple points; when these. become origins òf a single branch each, 
the Plücker relations reduce this number to 19. Now by the theorem just 
proved, curves of order m — 3 — p with these points as double points must 
form a regular system for k(k -+ 1) <m; but the system of curves of order 
9 with 19 double points has virtual Aa asoa lesg than — 1, hence 19 such 
ae are impossible for an irreducible curve of ‘order 13. As an example of 
the second type of restriction, consider curves of order 10, with points O each 
the origin of a single branch of order 3 and class 1; cubics simply through 
these points must form a regular system. There cannot be eleven such points, 
then; there are at most ten and if there are nine,, they cannot be base points 
of a pencil of cubics. . 


13. One branch of class greater than 1. The two cases treated in detail 
make clear the fact that if we know the inequalities governing exponents of 
terms occurring in the equation of the adjoint surface œv, we can describe the 


: systems of curves | O? | cut out in the plane 7, and enunciate for these systems 


theorems on regularity for determined orders. When O is the origin of a 
bratich of order & and class c prime to k, the governing inequality * obtained 
by a transformation of the integral is of the form 


(22)  kn(a + B—k+2—c) +nc(B+1) $k(k+e)(y+1) >0. 


Under this condition the curves | C*| must have the following properties: 
The generic C° has points O as (k — 1)-fold points; àll tangents at the point 


' are arbitrary if the class c < k/k — 1; one tangent coincides with the tangent 
to f if k/k—1 < c & k/k— 2, ete. Further, the contact may be more than 


ordinary for any branch of C° which has contact with f, when c and k satisfy 
relations readily obtained from (22). All systems given by 


pete eae +, [ne/k(k + ¢)]—1 - 


have the points O((4—1)-fold; the next. set; given by 


OMA 


A 


*This inequality can be obtained directly from the description of the behavior of 
the adjoint surfaces at O ag given by the Newton polyhedron for F, as well as by a 
transformation exactly analogous to that of paragraph 8: See W. V. D. Hodge, “ The 
isolated singularities of an algebraic surface,” Proceedings of the London Mathematical 
Sooiety, ser. 2, Vol. 30, aa 2 (1929). 


484 ; MARGUERITE .LEHR. 


d= [ne/k(k +e0)] ++, [n(k + 8c)/k(k + 0)]—=1 


have the points O (k —2)-fold, and so on. The systems | 0°|,---, | 07 | 
whose superabundances may be involved in expressing the irregularity of. F 
do not necessarily include systems with points O as ordinary (&—+)-fold 
points with arbitrary tangents. The sequence contains a group of systems 
| O% | to | C? | having the points O as (k —t)-fold points and satisfying cer- 
tain other conditions as to number of tangents coinciding with the tangent 
to f and as to the nature of the contact; these additional conditions decrease 
as we progress from 8, to 6, but they do not necessarily disappear entirely 
before the appearance of | C% | with O(k—+-—1)-fold. However, if we 
denote by ss the superabundance of | C? |, then a system |C | of the same 
order having the points O(k—+)-fold with arbitrary tangents will have 
superabundance s = ss. hence if | C®| must be regular, certainly |O | is 


regular. In this way we are able to enunciate theorems analogous to those of. ° 


part II on the regularity of curves of determined order with, behavior at the 
points O specified. 


III. ÅPPLICATION TO f HAVING POINTS OF DIFFERENT MULTIPLIOITIES. 


14. In I and II, the behavior of the curves | C? | is described at points 
O for any value of d. The theorems there are stated for the case of f with 
multiple points all of the same order, but when different multiplicities are 
present, it is necessary only to describe the behavior for separate multiplicities 
and then state the general theorem as the intersection of these theorems. Let 


f(z, y) = 0 be irreducible of order m, with ordinary multiple points 01,:--, Or a. 


of orders ki, > -, kr respectively. From paragraph 6 we deduce the theorem: 


All complete systems of curves of order m — 8 — u with the points O; as 


(k; — 2 — pı)-fold points are regular provided 
kiu < (p + 1)m. (i=0,::>,r) (pi 0; L, + +, k — 2). 


Suppose f has, in addition, points Os each the origin of a single branch | 


of order ka and class 1. Each order ki determines a set of critical values of d 
| d==|n/ki], [@n/ki],- - 3 [ (es — 2)n/k:], (t= 0, 15° r) 


_ for which the multiplicity of points O: on O% decreases by one; similarly, each 
kr determines a set of values | 


dom [n/ka (ka + 1)] °°, CCa — kx —1) nln (a + 1)] 


for which the multiplicity of points Oa on C# decreases by one. If these values’ 


are arranged in order of magnitude, the sequence | C°|, | C*|,- - - may be 


Li. 


~ 
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described successively, for each time that a critical value of d is reached, the . 
- subscript will show which points change their behavior on | C#| for that value 
. of d. The systems with base points thus specified will be regular for order 
m — 3 — u, where p can be determined by the method of paragraph 6. For 
. example, suppose f has cusps and ordinary triple points. The critical values - 
of d arranged in order of magnitude give the behavior of | ca) as follows: 


i EE E sone E aes 0 [n/6] [7/3] 
Multiplicity of C4 at triple points — 1 Lal 0 
Multiplicity at cusps .......... A. a 0 0 


Consequently, curves of order m — 3 — p passing simply through the triple 
points and cusps are regular for 6h < m; curves of order m — 3 — p passing 
gimply through the triple points only are regular for 3p < m. 
The nature of the curves | C° | occurring in the sequence for any given f 
- depends on the relation of the multiplicities &,---k, among themselves, 
since n may be taken as large as we please. If, for example, f has multiple 
points of orders ki, ke respectively, where kı = pk, the multiplicity of | C*| 
at points O, will have reached kı — 2 — p when the multiplicity at points Oz 
decreases to k;—38. The systems of curves obtained by this method are 
essentially different, then, from the curves obtainable by the process of 
successive adjunction to f. 


IV. CURVES with Non-cyciic FUNDAMENTAL GROUPS. 


15. Sufficient conditions that the fundamental group of f be non-cyche. 

_« In his paper on cycli¢ multiple planes,* Zariski proved that if the fundamental 

group of a plane irreducible algebraic curve f(z; y) == 0, in general position 

with respect to the line at infinity, is cyclic, the surface z* == f(z, y) is regular 

for every positive n. From this and the expression of the irregularity in terms 

of the superabundances of the systems of curves through the cusps, he deduces 

a connection between the structure of the fundamental group and the position 

of the cusps of f when f has nodes and cusps only. In any case, a condition 

under which 2" == f(z, y) is-irregular will be a sufficient condition that f have 
a non-cyclic fundamental group. 

When f has only ordinary &-fold points, the syste of curves | C4 | fall 
into consecutive sets each with the points’ O(k-—-+)-fold; if any of these 
systems are superabundant, F will be irregular. From paragraph 6, we see 

z «that if m — 8 — ĵ is the maximum order for which the points O as (#—1)- 
~ fold base points gue rise to a superabundant ayate, then i 


*-O, Zariski, “ On the irregularity, ete.,” loo. oit. 
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(23) ku = (h + 1) {kj — (¢— 1) m} —k — k [jim/m] +(i— 1)m a5 o. 
If à = 0 for a particular value of t, no non-vanishing ‘superabundance: will 


appear due to those | C* | -with points O(k— +i)-fold; when A; = 0 for all 
values of t from 2 to k-—1, no non-vanishing superabundance cal appear in 
(12), and F is regular. From (23) we obtain a 


kj > (i—1)m (i=2,3 e — 1). 


If kj > (i—1l)m for a particular 4, the corresponding ‘A È 03. if thën 
kj, > (t—1)m for all the values of i given, F is regular for n = m. It is 


then of necessity regular for values n < m, for if F were irregular for a value | 


‘n = n, it would be irregular for n any multiple of m. For F to be a 
therefore, it is necessary that at least one of the quantities 

m, 2m, 3m, +--+; (k—2)m 
be divisible by k. 

Suppose that for a particular value of + between 2 and &—1, we have” 
- kjı = (t—1)m. From (23) we see that if (t1—1)m, is not divisible’ by 
k, A; = 0; we must have not only (t1—~-1)m but also (1 —1)+m, and hence ' 
(t—1)n, divisible by k. When this is true, o— 0 and A < 0; we may state’ 
. the result: If f(a, y) = 0 ts an irreducible algebraic curve of order m, with 
only ordinary k-fold points, the necessary and suficient condition that the 
surface z" = f(x,y) (n = m) be irregular ts that A 1)m and (1—1)n be 
divisible by k for at least one value of t= 2, 3,- + -,k—1, and that putting 
kj, = (t—1)m, the system of curves of order m—3—j, with the k- sald 
points of f as (k —+)-fold points be superabundant. . 

For f having points of the second kind discussed, of course, more values. 
of d enter as critical.: We may state a set of-sufficient conditions: for 
example,—A sufficient condition that f, irreducible of order m, with points O, 
ordinary k-fold and points Oz each the origin of a-single branch of order k 


and class 1, have a non-cyche fundamental group ts that m be a multiple of . 
k(k +1), and that writing m = k(k +-1)j, the systems of cuives of! order 


m — 3 — j with O.(k — 2)-fold and 0.(k —1)-fold be superabundant. . The 
condition; that- f with nodes and cusps only have a non-cyclic fundamental 
group, mentioned at the beginning of this paragraph, is a special case of the 
above theorem. The set of sufficient conditions concludes with: A suffictent: 


condition that f, irreducible of order m, with points .O, ordinary multiple — 


points of order k and points Os each the origin of a single branch of order k 


~ 


and class 1, have a non-cycltc fundamental group is that (k*°—k—1)m be— 


divisible by k(k +1), and that for (k? — k — 1)m = k(k + 1)3, the curves ` 
of order m — 3 — j passing ampi through the pus O, form a super 


abundant system. 


SECOND NOTE ON THE CELESTIAL SPHERE. 
By Frank MORLEY. 


1. The caustic of a correspondence. In a note on the Celestial Sphere 
[this Journal, Vol. 54 (1932), p. 276], I attempted to show the convenience 
of regarding the space around one as bounded by a sphere Q. The points of Q 
are named by numbers z, y'<. An are orthogonal to © (or if preferred a 
line of the hyperbolic space) is named by its end points v and y. | 

To call Q the Cayley absolute would be to begin at the wrong end— 
to pass from projective geometry to inversive geometry. The aim is rather 
to infer the properties of the included space from the known nature of its 
boundary. 

We suppose now a correspondence between the points z and y, and that 
this is differentiable, so that for z -++ dx we have in general y + dy. 

We have a double infinity or congruence of arcs v, y. And the problem 
is to determine their envelope. This is, in a Euclidean space (when Q is a 
point), a part of Hamilton’s theory of systems of rays. — 

It is convenient to regard the sphere © as a plane. An are z,y is then 
a semi-circle, say above the plane. The arc 2, y intersects a consécutive arc 
xt + de, y +- dy when the pairs of points are on a circle and are interlaced. 
The nae dzdy/(z—y)* is then positive. We have then, when dé 
is real,” 


(1) dzdy/ (x — y)” = (d6)?; 


thus the condition of intersection is that this differential invariant under 
homographies is to be invariant also under antigraphies (that is not altered 
by writing £ for s) and is further to be positive. Geometrically stated, 
the elements dx and dy make opposite angles with z — y. 

To find the point of intersection, we first find the point z where the 
join of z and y meets the join of s -+ de and y+ dy. Taking the circle 
on which they lie as the base-circle, and replacing z and y by turns t and + 
we are to have 

z -+ žir == t+ r 
and ee g 
Z(rdt + tdr) = dt +- dr. 


Let dt/dr == pett, where p is positive (the magnification). 
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Then rdt/t*dr == pe! n 
=. dt/dr = + pt/r. 


For interlaced pairs, dt/t and dr/r have the same sign, BO that, as we 
nave taken y positive, 
Ot) dr = pt/r. 

We have then 

| , 2(1 + a) = 1/t + #/7 
z(1 +p) =t + pr, 
and therefore in general 
(2) z= (ouy)/(l +e), 
where 3 l 7 l 
p= | dz/dy |. 2 * g 
The jia z is thus the internal center of anne for corresponding small 


_ circles around v and y. 
On the normal to Q at this point z, we take a distance i given by > 


6) rr ġe (e—2) (9-2) 
to obtain di intersection of the consecutive arcs. “The envelope of the arcs 


is then given by (1), (2), and (3). For convenience let it be called ‘the 
pune of the correspondence. j 


2. The caustic of a homography. As a case in Po consider the 
aera ) 
T == KY. 


Then dr = kdy. Then from (1) 


wi 


a 5 i l Kdy? = (a8), 


(x — 1)*y” 
where do is real. Hence y = c exp Ad, where A = vx — l/r, c a constant. | 


` g = xe exp AP 


KTH 
z itp c exp AG 





and 


{? = TROD a exp (A + A)8, 


that is {* = c,2Z, where c, is a constant. This is a right cone. The ares 


alte, 
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then all touch this cone; the direction of an are at contact makes a con- 
stant angle with the generator. 
For the general homography 


avy + Be + yy +8—=0, 


it follows that the arcs touch an inverse of a cone, that is a Dupin cyclide. 
The double points of the cyclide are the fixed points of the homography. 


3. The caustic of an antigraphy. As a second case, consider the anti- 
graphy | | 
asi + Be + yy +8=0, 


When there are fixed points, say 0 and co, this is 
g = py. 


The equations (1), (2), (3) are unaltered from (1) 


pdydy 
ae = (d6)?. 
Hence «— y is a real. | 

Hence z, y, and z are reals. Thus in this case the only arcs: which can 
intersect consecutive arcs are those erected on the axis of reals. We have 


€? =» (1 — p)?2?/4p 
where z 18 a real; and the arcs touch two half-lines in the vertical plane 
on the axis of reals, the lines being images as to 2. For any antigraphy 
with fixed points, the envelope of ares is accordingly two arcs which meet Q 


at the fixed points. 
When the antigraphy has interchanging points 0, œ, it may be taken 


ry = t? 
where ¢ is a given turn. 
From (1) we have 
o. Z _ ydy 
OG ey? 
. so that 
T T 


that is vy/ (z — y4)?’ is a real. 
Hence z and therefore y must be taken on the base circle. The en- 
velope of the arcs is then a circle parallel to ©, lying on the base sphere. . 
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For an antigraphy with interchanging points, the envelope of arcs is 
accordingly a ‘circle, such that the spheres on it, which touch Q, touch it- 
at the interchanging points. 
. In general for an algebraic correspondence f(z,y) ==0, that is for a 
Riemann surface, we shall have a caustic surface. The equation (1) giving 
at the place (x,y), or its correspondent (y, x), two directions at right angles, 
gives-a natural dividing of the surface into orthogonal curves. 
But for -a correspondence f(z, Y) = 0, we-shall have a caustic curve. 
In particular this is the case when the equation is self-conjugate, that is, 
when it is the image-system of an algebraic curve. 


4.. The euclidean case. When the infinity Q becomes a point, the a 
cyclide becomes a right cylinder and the arcs are all lines which touch this 
cylinder at a given angle. 

For antigraphies in this case, the dede: which cut Q, otier than ortho- — 
gonally, disappear. We are left with a circle of the euclidean space. The’ 
arcs are lines such that, if 0. be the center of the circle, 1 the radius, p any . 
‘interior point, they are perpendicular to the stroke 0, p and make with. the 
ane an | angle whose cosine is p. 


| 
| 
re 


ON THE COMMON -POINTS OF TWO PLANAR CUBICS AND OF 
TWO PLANAR CYCLIDES. 


- By PRANK MORLEY and W. K. MORRILL. 


We consider a pencil of cubics in a plane, 


The nine base points G, 2, 3,° 9) of the a are sald to be aac 
and any one is determined by the other eight (supposed given). The problem 
is: Given eight real points and a ruler to construct the associated ninth. 

Any quartic Q on the base points may be written as 

P Cole — Cobo mm () 
where Lo, Loo are linear. 

The cubic Cy + AC% = 0 meets Q, outside of the base points, a dives 
points on a line of the pencil Lo + ALo == 0; and this pencil of lines 
meets the quartic at a point c, the coresidual point of the base points as to Q. 
In particular if thé quartic is two conics, one, B, on 16789, and the other, 
B’, on 2345, any cubic of the system meets B’ at two points, B at one point; 
these three points are on a line which meets B again at a fixed coresidual ` 
point c. Now there exist an infinity of conics on 2345 and to each there 
corresponds a point c on 16789, and conversely. In particular to a pair of - 
\ lines on 2345, say 23 and 45, corresponds a point cı which we may indicate by: 


> | 16789 | 23 | 45. 


This point is determined by 16789 and: 23. Any cubic on these seven 
points meets the line 23 again at z, the conic again at y; and the line ay 
meets the conic again at the point c,. Therefore we may denote c, by: 


16789 | 23. 


To construct it we may take for the cubic on the seven points a conic 
26789 and a line 13. This can be done in ten ways, The points z and y 
are then given by Pascal’s theorem. _ 

If 23 be the “ circular points” and the conic 16789 be an ellipse, then 
using the eccentric angle 6 the coresidual point is: 


C, = 0, + Oo + Oy +85 + bo. 
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But the construction by Pascal’s theorem fails. 
The essential fact is that we have for the point a, 


(1) 16789 | 23 = 16789 | 23 | 45 == 16789 | 45. 





Take now the two conics 16789 and 26789 and the point 5. We have 
the two degenerate cubics | l 
16789 X 25 
and | 26789 X 15 


meeting again at two points a, and as The`join of these points meets 
16789 at c, or 16789 | 25' and meets 26789 at co or 26789 |15. Let us 
suppose now that 5 is the sought point. We recall that 16789 | 25 is identi- 
cally 16789 | 34, and 26789 | 15 is identically 26789 | 34. Thus we have the 
construction of 5: Find the points 16789 | 34 and 26789 | 34. Their join 
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determines the points a, and az on the conics, and’ ail, a2 meet at the 
required point 5, 

There is the- related inversive problem of the eight intersections of two 
eyclides (or bicircular quartics). Here seven points determine mutually an 
eighth. If 8 and 9 in the projective case be taken as the “ circular points” 
the cubics are “circular cubics” or in the inversive plane cyclides on the 
point œ. Thus the above construction becomes inversive if we replace 8 
and 9 by the single point œ. We have now the eight associated points 
123456700 and wish to construct the point 5, when the other seven are given. 

We take the pairs of circles 


| be and 284 on 34. 
i 167 and 267 on 67 


Let the two radical axes 34 and 67 meet at r. Let 167 and 134 meet again 
at by. Let 267 and 234 meet again at bo. Let rb, meet 134 again at c; 
and rb, meet 234 again at ce. Let the line c,c. meet 134 at a, and 234 at az- 
Then a,l and a22 meet at 5. 

It is to be noticed that in the inversive problem we do not have to 
assume actual intersections. A pair of circles may or may not intersect. 
Thus 3 and 4 may be a common image pair. And it would not be difficult 
to handle the case when there are no actual intersections, that is when there 
are four common image-pairs. 

For other solutions one may consult P. Serret, Géoméirie de Dtrectton, 
H. S. White, Cubic Curves, and the references given in H. F. Baker’s Prin- 
ciples of Geometry. 


THE RECTANGULAR FIVE-POINT. 
By F. Morey and R..0. Yars. 


I. AN- INVOLUTION-FORM. 
We take four points on a plane as the porai pi 1/p of a P 
pypanels. They are on a circle if 


_ Papapap, = 1 
and are orthocentric if - 


Prplopisps = ee 1. 


The Euler line of pyama is then in rectangular codrdinates. 


2 i 4 1 
— 1/83 — Ss 1 = 0 
$ E/S% 3 
and meets the curve at 
p l/e 
— 1/85; —8, 1 — 0 
8 S2/83 3 


that is, at m -+ 1/8, = 0, the orthocenter, and at a point po given by 


Bo $3 0 
1 8." — óg = 0 


$y : S3/83 3 
or, explicitly | i 
(1) po (Hapa F Haps + Hapa + 3u? #2 73°) = Hilas F (m + fa + pa) pr ha hg”. 


Now this is for a given wo an involution-form. That is, for given pm 
and p we have three values of ps, say ps, pa vs which are ee meeeny 


related to pı and ps. For we have from (1) 


papa? (ps +F pa F ps) = Bopi ta? — psu” (pi +F pa) 
ju’ ha’ (Hapa JF Haps F pous) = Bpap — po (p21 + Pa) 
Po a" Mapapes = popije 
that is, writing s, for a product-sum of all five, 
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(2) 2 | 83 = o 
(3) A i 8, == 38s 
(3) E 84 "a 3, 


| f ' ; 

Five points on a rectangular hyperbola so related give ten triangles, as 
Hapaka; the Euler lines of the ten all meet at the point po. 

The equations (3) and (3’) are central in the paper of Mrs. Dean * | 
so that we have here another'way of approach to the theorems there given. 
It is there shown that the relations (3) and (3’) belong to the six points, 
pi and œ. A six-point a; is completed by drawing the six biquadratics which 
have a double point at one point and are on the other five. And in the case 
in question each curve cuts itself at right angles, or is rectangular. It is 
fair then to call this six-point rectangular, and to call a five-point, which 
with co makes a rectangular six-point, also rectangular. Our five-point pi is 
then rectangular, in the sense that the.‘ circular cubics’ on the five points 
and with a double point at one of them, will all cut themselves at right angles, 


It. NEUBERG’S INVARIANT. 
For four points, the condition that the four Buler lines meet at a point 
is found by eliminating jẹ from (3) and (3’) to be 
7103 — 100, + 3047 ~- 8 = 0. 


It is shown (p. 594 of the memoir cited) that this invariant is a factor of 
Neuberg’s invariant for a four-point: 


AiaAse Arg àge- 1 
AasArg Ars Hàn 1 3 
AsiAse Aan +x, Il 


where Ai is the squared distance of two points. EE we may say 
that when the Huler lines all meet, for a a the Neuberg invariant 
vanishes, or else the four-point i is concyclic. 


III. Consrrvorion or THE REOLANGULAR Frve-Porr. 


It is of interest to construct a rectangular five-point. We- take on a 
rectangular hyperbola three points m, #2, pa and mark the orthocenter p, 
the centroid g, and the point uo where their join meets the curve again. 


* American Journal of Mathematics, Vol. 52 (1030), p. 592. 
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We have from (2) and (3) 
po — (m + pa -F us) /3 mm (ps + ps) /3 
and from (2) and (3°) the same in the reciprocals 1/p. Hence, if we draw 
from the center of the hyperbola a stroke 3/2 that from g to xo we have the 
mid-point of p, and ps. And from (2) the chord m4, us is parallel to the chord 
Ho, € Where c is the point 1/pipepus. ` ’ 


THE QUARTIC SPACE INVOLUTORIAL TRANSFORMATIONS 
WITH A DOUBLE CONIC.* 


By L. A. Dys and F. R. SHARPE. 


1. Introduction. Some of the birational transformations of space which - 
are determined by quartic surfaces with a double conic, are briefly developed 
by Cremona’s method in a paper by Aroldi.{ Among these transformations 
there is a (4— 4) transformation with a double conic, a rational quartic 

_ curve meeting the conic in four points, and a single isolated fundamental 
point. Miss Aroldi gives a short synthetic discussion of the fundamental 

_elements and of the principal surfaces of the transformation but does not 
derive the analytical form nor does she consider the possibility of the trans- 
formation being involutorial. 

In this paper the equations of the involutorial quartic transformation 
with a double conic and a rational quartic curve are found by showing that 
the transformation is the product of a quadratic transformation and a bilinear 
cubic transformation. If the quadratic transformation is involutorial and 
certain restrictions are imposed on the cubic transformation, then the quartic 
transformation is involutorial and its equations are obtained by this method. 

It is also shown that there is another type of involutorial transformation 
with a double conic which is the transform of a linear involutorial trans- 

. formation bya quadratic transformation. 


2. The Cremona transformation. F4: Cy? + Cilp =0) + 0.- Two 
quartic surfaces F, in a three space Ss having a double conic Cs in common, 
meet in a residual curve of order eight, Cs. By the formulas of Noether Í 
this Cs meets Cs in eight points and is of genus five. If the two surfaces 
have a rational quartic curve Lı in common, meeting Cz in four points, the 
Ce consists of L, and a Cy which, by Noether’s formulas, meets Ca and La 
in four and six points respectively and is of genus zero. Conversely through 
C, passes œ* quartic surfaces having Ca as a double conic, such that any two 
meet in an L, which meets C, in six points and C in four.points. Three of 


* Presented to the Society, December 28, 1931. 
tG. Aroldi, Giornale di Matematiche di Battaglini, ser. 3, Vol. 58 (1920), pp. 
175-192. 
t M. Noether, Annali di Matematica, ser. 2, Vol. 5 (1871), pp. 163-177. 
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these quartic surfaces meet in two points not on Ca or O4, so that if one 
point is fixed, there is a homaloidal web of surfaces, F4 : C? + C4 + 0. 
There exists therefore a Cremona transformation, T4 between two spaces Ss 
and 8’, by which a plane of S's corresponds to a surface of the web of F4 in Ss. 
If the web of F, : C? + Ca +0 of the transformation T4 is subjected 
to a quadratic involutorial transformation J, having Cı and 0 as fundamental 
' elements, a web of cubic surfaces F, : O -+ C’.(p = 0) is obtained. The 
composite curve Cs -+ C4 is a Ca(p = 3), and the web-of cubic surfaces 
define a bilinear Cremona transformation Ts. Hence the. quartic transforma- 
tion may be obtained as the product of a bilinear Ts and a J; having a conic 
in common. The variable curve of intersection of two cubic surfaces of the 
web of Fs is a Cs meeting C’, in six points and Ca in two points. The «+ 
trisecants of C’, are P-lines (P = principal) and they generate a quadric 
surface Pa containing C4. The bisecants of C’, which meet C: are also 
P-lines, and their locus is a-ruled surface of order six which contains Os as a” 
triple conic and C’, as a double quartic, Pe : C.2+C’2. These two P-sur- 
faces mnake up the jacobian Js : Ca. + C. Any cubic surface of the web ' 
meets P in C’,-and two P-lines, and meets Pe in C2°, C’,?, and four P-lines. 
Hence Pz corresponds to a conic C2”, Pe corresponds to a quartic cutve 04”, 
and the fundamental curve in Ss consists of the conic 0,” and the rational 
quartic curve C,” which meets C3” in four points. The transformation Ta 
is therefore similar to Ts. | | 
Since T, = Tala, it follows that if T4 is involutorial Tl == I-T, and 
hence that Ta must have Ca + C, as fundamental sextic, and that 0 must 
be invariant under T,™. Amongst the web of F there is a net of 
Fs: C2+ 0% +0 which, by Iz, go into the plane of Cz and a net of 
F, : C;-+-C,+0. Amongst the web of F, there is a net of quadrics, each 
consisting of a plane through 0 and the plane of Ca, which are transformed 
by 7's" into a net of F” : Ca + Ca +0 and the plane of Cy. Hence the net 
of planes through 0 are transformed by T, into the net of cubics 
Fs + @,-+C,+0 and the plane of the conic. There is a composite cubic 
surface in the web of F, which consists of the plane-of the conic and the 
unique quadric surface P : 0%. Under Iz this goes into a unique quartic 
surface-P,: 03? +- 0, -+ 0%. The plane of Cs is transformed by I; into the 
cone K; : O2 +0? which: goes by T, into the quartic surface P : 02 + C 
-+ 0°.. Therefore by the involution T4 me pate of the conic must go into 
this quartic surface. 


3. The web of F;: 0, + CŒ. The transformations T, and Ty” can. 
be derived from three equations bilinear in (x) and. (z), | 
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WT + Uata + Usta F usa’, = 0, 
(1) V0 4 + Vo" oe VaT s + Vaza mmes 0, 
012", + Wala + WaT a + wae’, = 0. 


When we put T, == 0, the four cubic curves, obtained by equating to zero the 
four third order determinants of the matrix 


U4 Ue Us Us 
(2) V, Ue v ù Il, 
Wy Woe Wg Ws 


must be of the form (atı + Get, +- asta) Kz = 0, where K: = 0 is the cone 
Ke: C+ 0% The two surfaces 


Uy (VWa — Vig) + Vy (U4Wa — Ustl's) + wy (Usd, — Usta) = 0, 
Ug (VWa — Ugg) F Val UsWg — Ugly) + to (gts — v3) = Q, 


obtained from (1), determine a pencil of F : Ce -+ C's, passing through a 
residual C; which meets the conic O: = £, = K; = 0 in two points P and Q 
and the plane z,==0 in one other point R. If we put z, = 0 we get, by 
putting certain restrictions on Ui, tle, V1, Ve, W1, and we, the conic Cy through 
P and Q, and a pencil of lines through E. The matrix (2) is then of the 
required form. By linear combinations of rows and columns and by a linear 
transformation on (a), this matrix can be reduced to a normal form, 


0 ——~ Tg Ta BESI 
(3) Tg 0 — Tı Cfo 
— Ze Ti 0 CTs 


The four cubic equations obtained from it are 7, K, == 0, t2K2 = 0, tK: = 0, 
and a fourth which is identically equal to zero. The cone K» has the form 
CiT? + CaTa? F Cst? = 0. From (3) a general form for (1) can be obtained 
in the following manner; replace the first three columns in (3) by the three 
columns of the determinant which is the product of 


Qu Gig hs] 0 —Zs, To 
a21 Boe feos | == D and Le 0 — Ti |3 
gi ge Ase — Te Tı 0 


and add terms in z, with coefficients from the elements of 
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The three bilinear equations now have the form 
(diets — liats + bat) + (aas: — Aga%a -+ E N 
++ (asata — laata + bista) 2's + cra’, = 0, 
(— Ayah, H laita + baza) 2s + (—- dası -F aTa + baat) 2's l 
-+ (— Agsl1 4 giv -++ bos%a) L'a + Ctt 4 = 0, 
(G22 — MT: + bat) 21 + (a231 — digi2_ -F Deas) Za . 
` a (astı —- agrs -+ Dasta) 2's + Casts — Î, 


The equations of T, as obtained from these bilinear equations are 
ee : x; = (Aiz) Ke + Miza A (os Byiay) 2? 3 E . (i= 1, 2, 3), 
== Taf (420s) (Asz) + (bjt) (dasz) + (byst) (Aue) i Aa 
where K's E= 6,217 + Cys" F Cet”, 


M,;=a quadratic ternary. form in Ti, Tze, 3, ` . 
L= a linear ternary form in Tı, Te, Ts, 
(Aijt) == Ajit, + Aita + Aiste, ` 

(¢;B; it) me 6181424 + Baits “+. CaB5 ite, ete. 


The hey By; are cofactors of ais, biy in D and A respectively. The equations. 
of T, 1 are ` : 
Ty: ay = bg = (i074) Kg + Miz, + wantune a (i= 1, 2,3), 
woe OF gh” = Xa [ C1 CCA 4)? + Calta)? + Cs (jax; )* + CCCat], 
where K'a (byr) lanti) + (bya) (50/3) + Oyri) lanri), 


M’; =a quadratic ternary form in 21, Ta, T'is 
(ajz) == hit + a343 -- Asi 2, 
(anr)? me (Oy 04 + Arit a ad gid 3)”, ete 


Let the involutorial quadratic transformation Iz be 
I, : Oy == Didi, (i= 1,2,8), 
T'a mmm Ko = 6,01? F CaTa? F Cst. - 
The quartic transformation obtained from the- product TJ, is 


Ti: eye x4[ (cyByity) Ks + Mia, + (Assay) 24"), (t= 1, 2, 3), l 
l Va = AKF + LK 
+ L (bs24) (Auts) (bjss) (Aaz) Flöjt) (i 2,2, 


and the inverse transformation T,* obtained from ITa“ 
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Tet say mn eg (440%) Ro + Mia, + {accs (01523) 22} /er], (t= 1, 2, 3), 
T, = [ap + ap + Cap'n? | /p's. | 

The transformations T, and Ty? must have the same form when T, is 

involutorial, hence 


(4,) K= K, 
(42) aji = cB jn, 
(4a) (C1C2Cabiz)/Ci == Lij 
(44) Mi= Mi, 
(4s) (api? + ep + Cpa) = [AK + LE, + Can (Asses) 
-+ (bjar) (Aaji) + (b5025) (Aaya) ars? 1 4's. 


If condition (42). is used to express the aj; in terms of c; and bj, then 
condition (44) requires that. A==1. With these restrictions on ai; and bij, 
„condition (4,) is satisfied if b4; = bj4, and no further restrictions are neces- 
sary in order that conditions (4,) and (4s) shall be satisfied. The quartic 
involutorial transformation now has the form 


Lyi g’ = al (Brits) Ks + tal 02 (0B sat) (byst) — ca (CjBysty) Gay) 
mt Calg (D jaty) 24? 1, 
T'a = L| (C4Bjor5) Ke + taf es (e,Bysty) (bazz) — a (0;Byrzs) (bss) } 
. -+ CaCa (bja) 2,7], 
a’, = taf (CyBygtj) Ka + 24 (0, (cjByixry) (bjezi) — C2 (cyByory) (bzs) } 
+ Gta (bjt jz], 
C= KF -+ T| C263 (bjr)? + Cis (520; )? + €1C2(Bjsty)*], 


-where By; are cofactors of b4; in 


bii Bie Bis 
A == bar bes Beg = 1, bij g Dji, 
Dsi bss Das . 


and K, = TP + Cata? + CaTa’. 


4. The Cremona transformation Fa : Co? + Cilp = 0) +0: + O2 If 
the quartic curve C4 has'a double point 0,? it can be shown that the quartic 
surfaces F, which contain it and a double conic C;, also have the double 
point 0,*. The web of quartic surfaces F'4 may be transformed by a quadratic 
transformation 7’, :C.-+ 0, into a web of quadric surfaces Fa : C'a + 0g, 
hence TaT = 8, or Ta == ST"; that is, the quartic transformation may be 
“regarded as the product of two ae transformations. Miss Hudson * 


* H. Hudson, American Journal of Mathematics, Vol. 35 (1913), pp. 188-188. 
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has discussed this case and has derived: the equations of the transformation. 
If T, is involutorial, then Slr” =x PSs". ‘and S,7 has the same funda- 
mental elements as Trt. If Ss is 


(5) ay = (ayes) (esas), p 1,2 ep 1,3, 3, i 
z’, = Ha[ (aaz4), (a334), (dest) J, 
then under the transformation sg, | 


(6) (44923) sa L 4m" 4, i= 1, 2, 3; j= 1, 2, 3, 4), 
—_ (auz) ~~ Kal Tis. Tay Ka). é 
Since S877 = - Identity,- wè can substitute equations (6) i in (5) and obtain 
L'y mm 0G Ko (0's, Ta Zs), : i . (t= 1; 25 3), 
a 2! == He (21, eae : 
‘hence H= K;. l _ T .4 ae ee 
The transformation So 18 “therefore 7 oe, v , | . | l 
Sa Sod aad (Auai) ep Ake, REE (= 1,2,3,4; J= 1, 2, 3), 


where the Aij are cofactors of a4; in the determinant ` 


tf: 


Gar gg Qas ag 


The transformation 8, is ee the product of a linear oalon T 
‘of determinant A, and the quadratic transformation To, - 


} 


Ta g'i == Tita, (tm 1, 2,3), 

T, = Belay, Ta, Ta). 

Hence if 7, is involutorial, TTT se TTT, ‘and T, must be involu- 
torial. The transform of a linear involutorial transformation by a quadratic 


transformation is a quartic involutorial transformation with a double conic 
- and a quartic curve with a double point. It has the form 


He i = [ (ayy) as F digo] | (days) 24 + tuk], c= 1,2,3; j =1,2;3, 4), 
== (610147 + Cotas? + Cass?) Ka + [irta (15s) + Catral et) 
F Catts (03423) ]24Ka + [01 (aayxs)* + Ca (azzy)? Ea ca (a23) Jr 5 


where the ai; are elements of A == | a; | , as = Åj, a 


3 
a 
$ 


Ka = 2," -F Cala? -F Cata’. 


an il 


oo 
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A RELATION BETWEEN METRIC AND EUCLIDEAN SPACES.* 

| 
A. 
| 


By W. A. WILSON.. 


1. Introduction. A. semi-metric space is a ‘hat of points such that with 
each pair of points there is associated a unique non-negative number which 
is called the distance between them and is zero if, and only if, the points 
are identical. As Menger points out in his various articles on metric geo- 
metry,f a metric space is merely a semi-metric space which has the property 
that any three points are congruent with some three points in a Euclidean 
plane. 

Tt is a natural inference from the above, as well as from Menger’s 
“general theorems, that a metric space in which any four points are congruent 
with some four points of a Euclidean space more nearly approximates Eu- 
clidean space than does a simple metric space. This inference is further 
strengthened by certain other results obtained by Menger (See II, pp. 209, 
213). The present article is devoted to a-further discussion of this question ; 
the principal results are given in §8 11 and 12. l : 


" 


2. N otation. A Euclidean space of n dimensions will be denoted by Ey. 
If a set A in a metric space Z is congruent with a set A’ in a metric space 2’, 
we say that A can be imbedded in Z’. If for a particular value of n any 
n points of the metric space Z can be imbedded in some Euclidean space, 
Mwe say that Z has the n-point property.t Obviously, if n points can be 
imbedded in any Euclidean, space, they can be imbedded in En. 

The term congruent has its usual meaning and the fact that ‘A is con- 
gruent ‘with A’ is denoted by the notation A™A’. If ACB, £C B, 
A = A’, B ~= B’, and in every case the correspondence of a point a of A with. 
a point a’ of A’ (Notation: a-~a’) in the congruence A = A’ ‘is preserved 
in the congruence B ~ B’, we say that the first congruence is contained in | 
or is a sub-congruence of. the second. If.in the preceding definition the l 


* Presented to the Society, March 26, 1932. 

t K. Menger, I. “ Untersuchungen über allgemeine Metrik,” Mathematisohe Annalen, 
VoL 100, pp. 75-163, and Vol. 103, pp. 466-501; II. “ Bericht über metrische Geometrie,” 
_ Jahresbericht der Deutschen Mathematiker-Vereinigung, Vol. 40, pp. 201-219; II. “ New ` 
Foundation of Euclidean Geometry,” American Journal of Mathematios, Vol. 53 (1931), 
pp. 721-745. These will be referred to as I, II, or III. Many of the principles of 
Euclidean hyper-geometry used later are conveniently collected in III, pp. 727-729. 
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existence of the congruence’ A = A’ implies the existence of one and only 
one congruence B = B’ containing the given congruence, we say that .the 
congruence A = A’ determines the congruence B =B. If {as} and {a's} 
aré two sets of points and we say that $ra; ~= $ a'i, it will be understood 
that in this congruence a; ~ a’; for each îi. Similar remarks apply to con- 
gruences between two simple arcs ab and a'b’, two triangles abc and a’‘b’c, 
two tetrahedra, and in general any. two simplices.. 

A space Z is complete if any Cauchy sequence {ai} contained in Z con- 
verges to a unique point ain Z. If a and b are two points and c is a third 
point such that ac + cb == ab,* we say that c is between a and b. If for 
any two points of a metric space Z there is a third point between them, Z is 
called convex. If for any pair of points a and b of Z there are points c and d, 
such that b is between a and c and ais between b and d, Z is called externally 
` conven.t 


3. THEOREM. In a metric space let a1,42,°°*,an be n points which 
can be imbedded in En. If for some k < n there are points a's, @2,° °°, ae 


in some E'n such that $ a, œ= > Tı, then the n given points can be embedded 
in E'n 80 that the given a n is preserved. m 
mor. ‘By hypothesis ca are n points {ai} in Ena such that’ 
Say ~ Say” . Also we have Ža” c S. By a principle of Euclidean 
ET there is at least one S ven between Ey. and Ens which 
contains the congruence Š a4” œ 3 as. In the congruence Eni = E'n- let> 
the images of the NEE P {a} k+1lStSn, be {a's}, k+l 
<ixn. Then we have > oe > ay! = > a4, which was to be proved. 

4. THEOREM. In a metric space let d, an`, an ben points which 


can be imbedded in Ena: If k&n and the set {u}, 1 SiS k, can be m- 
bedded in Era rk, then the set {a}, LEtS n, can be imbedded in 


Enitan 


Proof. Let $ a >) a4, where the wae {a's} lie in an Ena From 
1 1 i . : 


* Here, as often, ab denotes the distance between a and b. The use of ab also 
to denote a segment will cause no confusion. 
t For general properties of convex spaces gee Menger, I. 

} This property is enjoyed for every value of n by any POLN AERR space and by 
Hilbert spice See Menger, II, p. 215. j 


ae 
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the second hypothesis we see that the set or. i}; ix k, Hes in an Hy, con- 
tained in En». The space Erg and the points {a4}, t >'k, which do not 

` lie in Ea determine a Euclidean space of dimensionality at most r— 2 
-+n—k. Hence the theorem is “proved. 


Remark. Thus, if five points can be imbedded in Æ, and three of them 
can be imbedded in a line or four in a plane, all five can be imbedded in Fs; 
and if four of them can be imbedded in a line, all five can be imbedded 

' in a plane. 


5. Properties of lines. Let Z be a convex complete space which has 
the four-point property. If a and 6 ‘are points of Z and {z} is the set for 
which az -+ zb == ab, it has been shown elsewhere that this set'is congruent 
with a Euclidean seginent of length ab. Similarly the set of points {x} for 

~which az-+ rb = ab, or.ab + br = ae, or za -+ ab == gb is congruent to a 
Euclidean segment, ray, or open line and may bd properly called a line in Z. 

Other properties of limes in Z are: (a) any two points determine a line; 
(b) a line is determined by any two of its points; (c) three lines having one ~ 
point in common can be imbedded in Fs; and (d) if a, b, and c are three 
points, the union of the segments ab, ac; and be can be imbedded in Fy. 

Finally, if Z is also externally convex, ʻa line in Z is congruent with 
an open line in Euclidean space; i.e. it extends indefinitely in both di- 
rections.* 


6. Simplices in convex complete space. Let Z be a convex complete 
space and Go, l, Gz’ ` -,@ be &-+-1 points which can be imbedded in Fx 
but not in Exa. Let a, a; °°, ax be the vertices of a (&—~1)-dimensional 

simplex Sz.1 in Z. Let s be any-point of Sx. Then the unioni of the seg- 
ments {a 2} as x see over Sx, is called a 1. k-dimensional simplex in Z 
with vertices Go, @1, Gz," * ° 5 Qe 

We must first show that this EA by recurrence has sense: We first 
. note that by § 4 any r of the given points can be imbedded in Æ,- but not in 
Era A single point is called a 0-dimensional simplex and may be denoted 
by So. For k= 1 and So = m, a 1-dimensional simplex is the union of all. 
the segments {a a1}, of which one at least exists, since Z is convex and com- 
plete. For k= 2 we-can take the point a) and the one-dimensional simplex’ 
8, whose vertices are a, and a, and build at least-one 2-dimensional a 
Sy. Continue in this way until we reach me simplex S;. 


* The definition of line is due to Menger and the above properties are readily 

deduced from Menger’s theorems (See I, ‘pp. 75-113) and. the four-point property. 

‘For details see a paper by the author, “On Angles in Metric Spaces,”. which will be 
published in the Bulletin of the Amerioan Mathematical Society. 
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. The next three sections are devoted to showing that in a convex complete ' 
‘space Z having the k-point property any ni points {ai}, n Sk, which cannot 
be imbedded in Fy-2 have the following properties provided that k =.4: 
(1) they are the vertices of a unique (n — 1)-dimensional simplex Sp; in Z; 
(2) if they are congruent with a set {a’;} in Ena, this congruence determines 
a unique congruence of-S»_, with the Euclidean n-dimensional simplex having 
the points {a’:} as vertices which contains the given congruence; (3) if Z is 
. also externally convex, the n given points determine a unique sub-set’-Hy. of 
4 such that Hn. ~= En-ı and this congruence is determined by the congruence 
in (2). We first note that the above statement is not true if k — 3. For, let _ 
Z be the surface of a sphere and a, b, and c be any three points not on the 
eame great circle. If distances are geodetic distances on the spherical surface, 
Z is convex, complete, and metric. In general the three points are the vertices ` 
of a spherical triangle which conforms with the above definition of a two--- 
dimensional simplex Sz, but it is not congruent with the plane triangle which 
has sides of lengths ab, ac, and bc. . If two of the points are diametrically — 
opposed, an application of the above definition gives absurd results. 

For simplicity the words segment, triangle, and tetrahedron will be used 
for one-, two-, and ‘three-dimensional. simplices. | 


7. THEOREM, Let Z be a convex complete space which has the four- 
point property. Let a, b, and c be three points which cannot be imbedded +n 
E. Then Z contains exactly one triangle T whose vertices are a, b, and c, and, 
tf a, b’, and d. are points in any Euclidean space such that 


atbte~a +H +e, 


this congruence determines a congruence of T with the Euclidean triangle T: 
whose vertices are a’, b', and d. 


~ 


Proof. By §5 each pair of points are the ends of a unique segment. As 
the point x ranges over the segment be let T be the union, of the segments 
{av}. Also, if v and y are distinct points of be, (av) (ay) =a. For otherwise: 
a, z, and y would lie on a line by $5 and, since s -+y C be, æ would be on 
the line determined by b and c, contrary to hypothesis. E 

We now proceed to prove that the given congruence determines a con- 
gruence T œ T. By § 5, ab -+ be -+ ac = gb +b +a. Let the points 
u and v of T lie on the segments ax and ay, respectively, where z -+ y C be. 
In the congruence just given let r~z and y—~y. Then ar == dr and . 
ay = a'y. On aa’ there is just one point w’ for Which au = gw. Letu ~w. 
Likewise let v~ v. We must prove that wv = wv. 
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By § 5 we have ab +- by + ay A ab’ -+- by + a’y’. For the same reason 
az +- ry + ay =ar + ey + a’y’;, then av + vr + as œ a'o tue paT; 
this gives uv —wv.* Hence T = T” and, by construction, this contains the 
given congruence. There is no other congruence T = T” containing the given 
congruence, for this would involve a congruence of T” with: itself leaving the 
vertices invariant, but not itself an identical transformation. 

This does not complete the proof. For we have yet to show that, if a 
triangle were built up with one of the other segments as a “base”, it would 
be identical with T. To do this we prove that any set P of points of Z which 
contains a, b, and c and is congruent with 7” in such a way that a~a’, 
b == b’, and c œ ¢' is identical with T and that the congruence P = T” is the 
same as T =T. Let wv be aiy point of T”, and u~ and uv’ ~ w’ in the 
respective congruences T = T’ and P =T. We must show that u” = u. 

Let a'w produced meet b'c’ in z’. In the above congruences let u, s and 
u”, x” correspond to w, v, respectively. Now bz = b's’, cz = dv, and 
be -+ cx = b’c’ = be by the first congruence; and bs” == b’a’, cr” =— d'y, and 
bx” +- ca” == b'e = be by the second. Hence 2’—=az. In like manner 
tue au’, UE = u's’, and au” + uc == dg = as; whence w” = u. l 

Thus there is exactly one triangle T with the vertices a, b, and c and one 
congruence T ~ 7” determined.by the congruence a+ b -+ e =g 4y +w. 


‘8. N-dimenstonal conver complete spaces. Let Z be a convex complete 
space which has the four-point property; let do, Gi, Qa, `~ *, Qa be n + 1 points 
which can be imbedded in #, but not in Hn; let these points be the vertices 
of an n-dimensional simplex S in Z, which is unique and ia congruent with 
an n-dimensional simplex S’ in E» with vertices a’o, a's, A's °°, A'n such 
` that Sa ~= $ ay; and let H be the set of points {s} in Z such that each z 

0 0 - 
ig collinear with two points in S. Then H is called the n-dimensional sub- 
space of Z determined by {ai}; for brevity we call H an n-space. 

If n= 1, an n-space is'a line in Z. Properties of lines in Z were given 
in § 5; analogous results will now be obtained for n-spaces where n > 1. 

Tarorem I. Let Z be a conver complete space which has the four-point 
property and let H be an n-space in Z determined by the points {a1}, 
i == 0,1,2,- n. -IF the set {a1} 18 congruent with a set {a’y} in En, the 


congruence > a, = > a“; determines a congruence of H with a sub-set of Hy. 
o o 


* For special positions of u and v, as on the same segment or on the parimeter, 
a similar, though, briefer, procedure gives the same result. 
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Proof. By the above definition there is an n-dimensional simplex 9 in Z 
whose vertices are {ai} and this is congruent with the n-dimensional simplex 


# n 
S’ in En whose vertices are the points {a+} in such a manner that dia; = Das. 
: 0 0 


If z is a point of H, let x be collinear with the points u and v of S and, to fix 
the ideas, let v lie between u and z The congruence S œ= & gives points u’ 
and v’ in S’ corresponding to u and v. On wv’ extended take the point 2’ so 
that s is between wu’ and 2 and us == ws’; then ve=v's’. Let H’ = {2’}. 
We now proceed to show that H = H’ with r~g. 

Let w be any point of S different from u and v and let w ~ w” by the 
congruence S œ G: By the four-point property and § 3 there is a point z” 
in FE, such that wtovutwtemitrytw’+ae". Since wr” = ur 
= wr, vo = vr =v r, and wr” == u'r’ + ve, we have g” ee g and 80 
wr = wr’. Hence 8 + r= 8’ + a’ for each z. i | 

We now show that the correspondence of 2’ to v does not depend on thes 
choice of u and v. Suppose that z were -also collinear with r and s, where 
r+sC 8; and, to fix the ideas, let 2 be between r and s. By the previous 
paragraph rrt == ry and st == g'z’. As rs == rr + sz, this gives rs = rg 
+yz’; thus 2’ is on 1s with rg’ == 1r, just as it would have been chosen 
if we had started from the collinearity of r, s, and z. 

Now let y be some other point of H collinear with points h and k of S 
and let k be between A and y. By the congruence S + a2 = g -+- 2’ we know 


thath +k-+ac~h’ +h +2 and by the four-point property and § 3 there 


is a point y” in En such that htk+oty~hW’+r pr y”. Hence 
k'y" = hy = h’y’, k'y" = ky = ky, and Ky’ = KK + k'y". 


As h'y' = h'k’ + k'y, this gives y” =y. Then Tyf == gy” =a cy. This gives ` 
both ùniqueness of correspondence and congruence between H and R’. | 
_ There is no other congruence of H with H’ containing the given con- 
gruence, for.this would involve a congruence of H’ with itself which ‘would 
leave the n + 1 points {a’;} invariant but not be an identical transformation. 

This is impossible since the points {a’;} do not lie in an Ey... 


‘Trrorem II. Let Z be a conver complete space which has the four-point 
property and let H be an n-space in Z determined by the points {ai}, 
4=0,1,2,:-+,n. Then H is convex, complete, and closed, and contains 
every point collinear with any two of tts poinis. 


Proof. We first show that, if z and y lie in H and z is collinear with ¢ ° 
and y, then z lies in H. By the definition of H and Theorem. I there is a set 
of points {a’;},+—0,1,2,---,n,in En, which are congruent with -{a;} and 
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are the vertices of an n-dimensions]- simplex S’ in En, and the congruence 

> t = $ a, determines a congruenice of S with & and of H with a sub-set 

F of En. a l Ss 
Let w be any inner point of S and u~ wu’. Then oy the application of 


` the four-point principle as in the proof of Theorem I, we can easily show that, 


if z is the point on the line through af and y such that rz = yz and yz = yz’, 
then u+ -+y-+z=r -+r -+y +g, and so uz = uz. If v is a point 


on wz’ so near to w that v is within 9’, there is a corresponding point v in 8 
and, as in the case of u, vz—=v'2. The relations uz == wz’, uv == u’v’, and 
vz =v’? show that z is collinear with u and v and so belongs K H. This also 
proves that H is convex. — l 

In order to prove the rest of the theorem we first note that, since Z jis 
metric, every convergent sequence is a Cauchy sequence and, since Z is com- 


Imlcte, every Cauchy sequence converges.to a point in Z. Hence, in order to 


prove that H is closed and complete, we need only to show that, if {z:} is a 
sequence of points in H which converges to a point g, then v is in H. 

Let w be an inner point of the simplex F, u~, and sı ~ sı. Then 
the sequence {z’;} converges to a point 2 in En, WZ; == uxi, and consequently , 


utes’. Let r be so small that the n-dimensional sphere of radius r and 


center wv’ lies in 9’. On each segment wa’; take the point v; such that 
wv"; =r and let vi ~ 0";. Then each v; lies on uz; and in S. Obviously the 


- sequence {v',} converges to a point v and, if v~ +, v1. v. We then have 


$ 


uv =W. Also Vii vT, vin, > vz, and consequently vr = v's. The 
relations uw == Yy, VE =V T, Ug = ur, and wr = uwv +r show that 
ur = uv -+ vz; hence u, v, and s are collinear. This proves that z lies in H. 


Tarosem III. Let Z be a convex complete space which has the four- 


point property and let H be an n-space in Z determined by the points. {as}, 


+—=0,1,2,---,n. Let {bi}, 4—=0,1,2,:-+,n, be points of H which deter- 
mine an n-space K. Then K = H. | l 
Proof. By the definition of K the points {b;} are the vertices of an 
n-dimensional simplex 8, and any point v of K is collinear with two points 
of S,. By Theorem II and the definition of a simplex Sa C H, since 


{bi} C C H. Applying Theorem II again, we see that G lies in H Hence 
KC H and in like manner HC EK. 


` Toeormm IV. Let the complete space Z be convex and externally conver, 
and have the four-point property. Let H be an n-space in Z-determined by 
the points {a4}, t==0, 1,2,- n, which are congruent with the set {a's}, 
i= 0,1,2,:--,n, in Hy. Then this congruence determines a congruence of 
H with Ey. 
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Proof. By Theorem I there is a sub-set H’ of En such that H œ H”: 
We have to prove that H = En. If’ is any point of En, there are points w 
and vof the simplex S’ whose vertices are {a’;} such that w’, v’, and z’ are 
collinear. To fix the ideas, let v’ be between w’ and 2’. Since w +v C HE, 
‘there are corresponding points wand v in H. As Z is externally convex, the 
line through u and v contains a point z such that ue = uz and wis between 
‘wand 2. Hence « lies in Æ and corresponds to a point z” in H’. Now 
Wa = yom u's’ and s” lies on wy produced. Then 2 ==”. That is, 
‘EH, CH". As H’ C En, the theorem is proved. 

Many theorems analogous to those of Euclidean geometry can now be 
deduced from the four theorems just proved and will occur to the reader. Of 
these mention should perhaps be made of the fact that, if k-< n and k+ 1 
points {4} of an n-space H determine the k-space K, then K C H and the 
congruence of H with Hy (or a sub-set H” of En) implies the congruence of 
K with the Ex (or a sub-set of Hy) determined by the points of Ea congruendll 
with {a;}. Also, if Z is convex and complete and has the four-point property, 
an n-space Ha determined by the set {a}, += 0,1,2,- - >, n, contains every 
point 2 such that the set «-++ {ai} can be imbedded in En. - ' 


9. THEOREM. Let Z be a convex complete space which has the four- 
. point property. Let {a;},1—0,1,2,---,n, be n+1 points which can be 
imbedded in En but not in En- Then Z contains exactly one n-dimensional 
simplex S whose vertices are the points {ai} ‘and, if (ea), i= 0,1,2, e,n, 


are points in any Euclidean space such that x u ~= > a4, this congruence 


determines a congruence of S with the n-dimensional Buclidean simpler §" 
whose vertices are {a’;}. | 


Proof. This has been proved in g Y for n= 2. Hence the theorem. is 
true by induction if its validity for n— 1 implies its validity for n. Let us 
assume then that it is true for n— 1, n = 3, and every smaller integer. 

‘Then any n of the points, as @;, dz,° * *, da, are the vertices of a unique 
(n—1)-dimensional simplex in Z, which we denote by Te, the subscript 
indicating here and later that all the points {a;} except do are vertices. As 
the point x ranges over To, let S be the union of the segments {aor}, which 
are unique by § 5. Also, if ¢ and y are distinct points of To, (aor) (ay) =a. 
For otherwise a, x, and y would be collinear by 85 and ay would lie in the 
(n — 1)-space in Z determined by the points {a4}, i = 1,2, >- n. Bucha 
space exists by $ 8, Theorem I, in consequence of our oE -of the validity ` 
of the theorem. now being proved for n— 1. This, however, contradicts the 
hypothesis that {a;}, ¢=— 0, 1, 2,* ` >, n, cannot be imbedded in En. 


p 
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š n n 
Now the congruence >) a; ~ >) a’; implies the congruences 
0 0 


(1°) To = T's; 
(1+) Ti = T; 
(1°) T = T's; 
(1") Tn = Tn; 


since our theorem is supposed to be true for n— 1 and every smaller integer. 
Here, of course, each 7”; denotes the Euclidean simplex with vertices corre- 
sponding to those of T,. It should also be noted here that, since these con- 


~—~rnences are determined by the congruence > a, =~ Š a, if Ta isthe (n— 2)- 


pa simplex common to Tı and Ty, the congruence Ti; ~ T'u is a 
ab-congruence of both congruences (1*) and (1%). 

Let x and y be any points of 8; they lie on unique segments aou and aov, 
where u and v are in Ts by the definition of S. In congruence (1°) let u ~u’ 
and v~v’, and let the line through w and y meet two of the (1—~2)- 
dimensional faces of To, say T'o; and Toz, in points 1 and s’; let r~r and 
s~s. (A similar discussion holds for the special cases where «w and v’ lie 
on the same (n— 2)-dimensional face of Fa.) By congruences (1°), (14), 
and (17) we have rs == 17s’, dot = Uo, aNd oS = G'g. Hence by §7 





(2) triangle (ad, 7, s) = triangle (a’o, 7”, S). 


We already have a one to one correspondence between the segments {aou} 
in S and the segments {aow} in F. By (2), dou == aow and agw = o. 
Hence there are points 2’ and y on ow and got, respectively, for which 
AoT == o and hy = a oy’. If we let r~g and y~y’, we have a one to one 
correspondence between S and 8’. But by congruence (2), vy = x'y’. Hence 
we have proved that S = S. There is no other congruence S = S containing 
the given congruence, for this would involve a congruence of S with itself 
leaving the vertices invariant but not itself an identical transformation. 

Now let P be any set in Z which contains the set {a;} and is congruent 
with 8’ in such a way that a~a’;,+—0,1,2,:--,2. Let g be any point 
of S’ and z ~ 2’, x’ ~ a’ in the respective congruences S = 8’, P œ= 8’. If we 
can show that 2” = 2, then P = 8. 

Let a't produced meet To in wi; aiw produced meet To in W2; ewa 
produced meet T'o in ws; ete., until we finally reach a point Wn- on the 
segment a'nn. (We may of course reach a point on an edge of S’ earlier; 
if so, the following discussion is merely shortened.) 

In the congruence S == 8’, let s~r and wu ~w; in the congruence 
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P= Q let t” ~g and uy’ ~i Now @ratha = Wala, Ain-1dn = UW n-a n 
and an-1Un-1 F Un-1dn = U'n% n; Whiló Anw ni = A'n- n-i, W niin = Una n, 
and Gy nir F W nian = Unia n = Onin. Hence tni = wni ANd Anati - 
== ApoU p1 = Onn Since une lies on @not’n1, we can repeat the 
reasoning just employed and show that tm.2= W'a-2 Eventually we have 
u, = u”, and can then show that 2” == 2, whence P = J. | 

Thus there is but one simplex with the vertices {ai},+1—0,1,2,°°°+,7; 
in other words the result is independent of the choice of “ base” from on 
-( — 1)-dimensional simplices To, Ti, Tat > ae 

This completes the proof. Itis obvious that the above theorem is merely 
`a generalization of Menger’s theorem that any two points in a convex complete p 
' space are the ends of a segment. The four-point condition insures uniqueness, 
but as yet we need the assumption of an (n + 1)-point condition to insure 
the existence of any simplex. We now turn to a discussion of this point. 


10. Let {m}, i= 0,1,2, <, n, be any n + 1 points in a metric space 
and suppose that these points cannot be imbedded in En- Also, for any. 
k =n, suppose that any k of these points can be imbedded in #z.,, but cannot 
be imbedded in M2. It is shown by Menger’s Theorems 7 and 8 (see I, pp. 
- 132-133) that, if D, is the determinant 


oO 4 41 < A 

1 0 (S001)? (otn) 

1 (Gio)? -> O° . (aan)? | ; 
1 a a 0 


_, then the n-+.1 points can be imbedded in En if and only if sign Da 

sign (—1)*, (If Ds=0, they can’ be imbedded in Ens.) If for any k 
of the points, k= n, determinants {D1} similar to Dn are formed, no 
` Des = 0 and ‘in each case sign Dy. sign (— 1)*. 

If the values of aia, are fixed except for aa; and we set T == dođi, the 
determinant when expanded has the form Aa* + Bz? + C, where A, B, and C 
are constants. ‘Therefore a small change i in the value of v does not alter the 
sign of Dz; also, if the change is small enough, none of the determinants 
{Dr}, kn, will be altered in sign. Hence, if n+ 1 points satisfy -the 
- conditions laid down at the beginning of this section, a change in the distance 

between any pair, if inoi small, will leave the Teg of the conditions 
unaffected. E 

By expanding D, we see that A =— Dy-z, where os is the Pree 

formed from the points {a;},1= 2. By Menger’s theorems* A 54 0 and sign A 


* Menger also gives an extensive discussion of the function Awt + Be" + 0, which 
includes the following properties. See I, pp. 120-185, and II, pp. 737-743, 
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= — sign Dne = sign (— 1)*? = sign (— 1)". Hwe allow x == aa, to vary, 

== Árt + Ba? +C will vary and wall have the sign of A for x large enough. 
Kenge sign Da = sign (—1)* for z large enough. From the form of the 
function D, we gee that there are at most two non-negative real values æ and 8 
of z for which Da = 0. Inthe next section it is shown that these always exist. 
Then, if a < £, it is readily seen from the nature of the function Azt -+ Br” 
+ C that sign Dn A sign (— 1)” when a <z < B. 


Hence, if we can prove that the validity of the n-point condition te 
that a< z< B, it follows that the n -+ 1 points can be imbedded i in Ey. ` 


ee Tuxorem. Let Z be a conver complete space which ts also externally 
convex and. has the four-pont property. Then Z has the n-potnt property for 
every integer n. 


Proof. It is sufficient to show that, if Z has the k-point property: for 
every kn, where n is a fixed ‘integer greater than or equal to 4, then Z has 
the (n + 1)-point property. i 

. Let do, di, Gey" * *, On be any wed points of Z, nZ 4. If kn, aan 
of these points can be imbedded in Fy... If the other points are all collinear 
with a and a, all can be imbedded in #,. -In the opposite case let them be 
numbered so that az is not collinear with a) and m. Then by § 7, a, a1, and ‘de 
are the vertices of a triangle Sa and by § 8 they determine a plane Hz in Z. 

, If all the other points lie in Hz, all the points can be imbedded in F}. In the 

` opposite case let as not be in Hy. Then no three of the points ap, a1, a, and as 
are collinear by § 8, Theorem II, they are the vertices of a tetrahedron 9, in 

- Z by § 9, and they determine a 3-space Hs in Z by § 8. If all the other points 
lie in Hs, all the points can be imbedded in Fs, and the theorem is proved 
because n= 4. In the opposite case let a, not be in Hy. Then no four of the 
points Gy, Qi, G2, s, and a, lie in the same plane; for, if ay were in the same 
plane as any three of the others, it would be in Hs, since Hs contains the plane 
in Z determined by any three of its points. If n — 4, we then have the result 
that no n of the points can be imbedded i in Esz, while any n can be imbedded 
in Ew-i- 

If n > 4, the points. a, tn, Qa, Gs, and ay, can be imbedded in Fu by 
hypothesis, they are: the vertices of a 4-dimensional simplex 94, and they. 
determine a 4-space H4; etc. Eventually we reach a stage where all the points- 
are imbedded in H#,_, or the points @, Gi, @2,° © * yaa determine a unique 

3 (n—1)-space Hx. in Z which does not contain da». In the latter case no k 
of the points, k&n, can be imbedded in Ex-2, while any n of them are the 
vertices of a unique (n— 1) -dimensional simplex in Z. 
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Now Gi, a2, ds,‘ ` ', an are the vertices of a unique (n — 1)-dimensional 
simplex To and dp, dz, s,’ ' -, dy are the vertices of a unique (n—1)- 
dimensional simplex Tı. These have as a common face the (n— 2)- -dimensional 
simplex Tor. 

Let En- be an (n—2)-space in Ew containing points Ca, A's,’ ``, O'n 
congruent with de, Qs,’ '', aa, and let 7%. be the Euclidean (n—2)- 
dimensional simplex congruent with To: and having the vertices a’, a's," ©, @'n. 
Since Z has the n-point property, it follows by § 3 that in any Em- containing 


En-a and contained in Hy, there is a point a’, such that Siua ox i a’; and 


To = To, where T”, is the Euclidean (n — 1)- -dimensional e of vertices 
{ai}, t= 1,2,: >+, n. Likewise there is a point a'o such that 


dy + Sas a’ + Dal and Tre T ee 


Since a reflection about ys is a congruence, each of the points a’) and; 
a’, can be chosen in two ways. If a’, and a’, are on opposite sides of En-a, 
the segment aoa’, cuts Mp2 in a point b’. By $8, Theorem IV, the (n—1)- 
space Hn-ı determined by the vertices of T, is-congruent with En-ı by a! con- 
gruence determined by that between the vertices of To and 7%. This 
congruence also determines the congruence Toi = Toi and a congruence 
‘between the (n— 2)-space Hu-s determined by the vertices of To, and Ha_2. 
Let b be the point of Hx-2 such that } ~ 0’. Likewise the (n—1)-space Km _ 
determined by the vertices of T, is congruent with Ewi, Ti = T'i, To = Toi 
and Ha-2 ~ En». Hence in this congruence, too, b~b’. Since a'o, b’, and 
a’, are collinear, aoa’; = d'ob’ + b'ai Also dob = ab’ and ba, = b'ai by 
the respective congruences Ky, ~ Hy, and Hn- ~= En. Hence the triangle ~ 
axiom of metric geometry gives doa, = b+ ba = aowi. Set owi = B. 

If a’, and a‘, were so taken as to be on the same side of En-s, the discussion 
in the second paragraph of § 10 shows that there is no loss of generality in 
assuming that a’) and a’; are not equidistant from En-ż. Then aoa’; produced i 
will meet Ha» in a point c’, to which corresponds a point a in! Hn», and: in 
the same.manner as in the previous paragraph we find that aa: = | Ayo — C | 
== @’,@,. In this case set a’ a’, = g. | 

It is easy to show that a:< 8. If aa, = a or aoa; = £, the n + 1 points 
{u}. can be imbedded in Hy, and by Mengers Theorem 7 (see I, p. 132), 
the determinant D, discussed in § 10 equals zero. We have seen in the two 
preceding paragraphs that «aa, 8. Hence bythe results of $10 the 
(n + 1)-point condition is satisfied. This completes the proof. < 


12. THrorEM. Let Z be œ convex complete separable space which is also 


{ 
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externally convex and has the four-point property. Then Z 8 congruani with 
some En or with Hilbert space. | | 


Proof. In consequence of $ 11 the space has the n-point property for 
every value of n. Hence the determinant Da (see §10) for any n -+ 1 points 
has a sign different from that of (—-1)* or is zero. If for every value of n- 
there is some set of n +- 1 points for which Da s£ 0, it then follows by a theorem 
of Menger * that Z is congruent to Hilbert space. 

In the contrary event there is a smallest integer n such that, for every set 
of n -+ 2 points, the determinant Dai, == 0. Then every set of n + 2 points 
can be imbedded in Hy (see I, p. 182). Consequently Z can be imbedded in 
En (see I, p. 128). But for some set of n + 1 points the determinant Da p£ 0 

‘and so this’ set of points can be imbedded.in En but not in Ea- Hence by 
g8 they determine an n-space Hn congruent to Ea. As Z can be imbedded in 
Z we H, and the theorem is proved for this case. 


.8. Several questions are immediately suggested by the result just 

zed. As remarked in §1 a semi-metric space is metric if the 3-point 
F fition is satisfied, i. e., if the determinant D, formed from any three points 

‘not positive. This happens to be the case if the triangle axiom is valid. 
“fn view of our last theorem it would be especially interesting to have an axiom 
similar to the triangle axiom and equivalent to the condition that the 4-point 
determinant D = 0. . 

The overwhelming effect of the 4-point condition lends new force to 
Menger’s identification of metric space with semi-metric space satisfying the 
3-point condition,—it shows how drastic the triangle axiom really is despite 
its simplicity and suggests the possibility that the proper point of departure 
in the study of abstract spaces is semi-metric rather than metric space. 

It seems to the writer reasonable to suppose that the conditions given in 
the theorems of §§ 11 and 12 are stronger than needed. The results of this 
article originated in an attempt to find a convex space which satisfied the 
4-point condition and was not Euclidean.. It will be noted that, while the 
removal of the condition of external convexity in § 12 makes this theorem 
false, it seems not unlikely that there is still congruence with a convex part 
_ of some Euclidean or Hilbert space. The condition is of more serious impor- 
tance in the demonstration of § 11, where it is needed to establish the existence 
of the point c in Z corresponding to c’ in the next to the last paragraph. 
_ it may well be that the conclusion of the theorem can be established by some 
` other method without using the condition of external convexity. 


YALE UNIVERSITY. 


* Wiener Akademischer Angeiger, 1928, No. 12. See also III, p. 745. 


ON THE CONSTRUCTION OF SIMPLE ARCS. 


By Gorpon T. WHYBURN. 


1. In this paper it is proposed, in the first place, to give a simple, - 
complete, and essentially new demonstration for the well-known theorem * 
that every compact locally connected continuum is arcwise connected. All 
previous proofs for this fundamental, proposition with which the author is 
familiar are alike in that the arc is constructed by means of a monotone 
decreasing sequence of simple chains of open sets or regions. Due to the fact 
that two successive links in such chains necessarily overlap in more than one 
point, thereby leaving open the possibility that the next chain in the sequences 
may oscillate widely within a-given chain, a certain element of elusive 
seems unavoidable when these chains are used to construct arcs; and in i 
to completely eliminate all such possibilities of oscillation and make 
argument entirely convincing, some tedious details are necessary. | 

In the proof to be given below these difficulties are avoided by making 
use, in the construction, of chains of continua, called regular chains, defined 
as follows:.C is a simple regular chain of continua joining two points a and b 
if O is the sum of a finite number of compact continua a C Xa, Xat e e, En Dbl 
such that any two successive links have exactly one common point, links that 
‘are not successive have nothing in common, and only the first and last links 
contain a and b respectively.. If §(X,) < « for each i, we shall call C a simple 
regular e-chain. We show first that any two points of a locally connected 
continuum are joinable by simple regular e-chains of locally connected continua 
' for any e > 0. Thus by simple recursion we can set up a monotone decreasing 
sequence of these chains from a to b such that the norm, e, approaches 0, and — 
their product is easily proved to be an arc from ato b. Clearly such regular 
chains represent better approximations to arcs than do the simple chains of 
open sets, because since each intersection point of two links in the’ chain 
separates the chain between a and b, every such point in. any chain in the 
sequence must belong to the product set and thus to the final are. No diff- 
culties of oscillation can arise in this construction because, there being only 
one common point for any two*successive links of a given chain, any later 


*See R. L. Moore, Transactions of the American Mathematical Society, Vol. 17 
(1916), p. 136; B. Mazurkiewicz, Fundamenta Mathematicae, Vol. 1 (1920), p. 201. 
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chain must pass through all of these intersection points in the same order ag 
the links occur from a to b. | 
In the remaining sections of: the paper we discuss other methods of . 
constructing arcs and indicate ways of obtaining the more general: arcwise 
connectivity theorem for complete locally connected spaces. In particular it 
is shown that the latter result may be obtained from a more general junction 
- property. of general locally connected spaces which can be demonstrated by 
means of regular chains. ~ 


2. We proceed now with our proof for the ` _ 


AROWISE CONNEOTIVITY ‘THEOREM. Every two points a and b-of a com- 
- pact locally connected continuum M can be joined in M by a simple coritinuous 
are. | | l 
E 
. Proof. (1). For any e>0, M= > Me where each gi is a ey 


connected compact continuum of diameter < €. 


For it is well known that M is the image under a uniformly continuous 
transformation T of the unit interval Z. if for the given «, I is divided 
into a finite. number of subintervals Jy, Fa, © © *, In, each of diameter less than 
the corresponding ôe, then T (I) ia T (Ig) =M; >, P == M, have 
the required’ properties. | 

(2). For'any e> 0, any point x of If is an interior point (rel. M) of 
some compact ae connected subcontinuum K,(z) of M of diameter < e. 


- For, set M = ÈM, as in (1), where (L) < o/2, and let Ke (2) be the 


sum of all these ci M: which contain z. 

(3). Any two points a and b of a region * Rin M can, for each e > 0, 
be joined in & by a simple regular echain of compact ey connected 
continua. 

For let S be the set of all Aone of R which can be so joined to a. Then 
Sis open in #; for if g is any point of S, if C is a chain of the desired type 
in R from a to a, if X is the link of C containing z, and if o> 0 is a number 
<«—8(X) and also < pfz, F(R) + C —X], then the chain obtained from 
C by replacing the link X by the set X + Ko(zx) is an e-chain of the desired 
type in Æ having z'as an interior point. But 9 is also closed in Æ. For let y 
be any limit point of Sin Æ. Let us choose o < e so that Ko(y) C R. As 

r y is an interior point of Ko(y) and thus Ko(y) - 350, hence there exists a 


* By a region in M is meant any connected open subset of Af. 
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simple regular «-chain C of locally connected continua a C Xi, Xa © Æe DT 
in Æ from a to some point x of Ko(y) such that X,:Ko(y) =0 for < n. 
Now if C contains y, then y C 8. If not, then set Kı = Ko(y), choose a 
number e, < 1/2 and also < p(y, C) and, applying (1), express K, as the 
— gum, of a finite collection ‘G of locally connected e-continua. Let H, be the’ 
sum of all the continua of G, which contain no point of X, and let Y, be the 
component of H, containing y. Then Gh contains at least one element, say 
K;, which contains at least one point of Y, and at least one point of Xn. 
In general, for any k > 1, choose a positive number e< 1/2* and also 
< p(Y-1,4x5) and express Ky as the sum of a finite collection G of locally 
connected «-continua. Let Hz be the sum of all those continua of Gy which 
contain no point of X» and let Yẹ be the component of the set Fk-ı + Hx 
which contains y. Then Gs contains at least one element, say Kya, P 


contains at least one point of each of the sets Fx and Xa. Let Y = > Bi “d 

Then since Y - Xn = 0, since each Yx is closed, and Y — Yz C Kx, it T geen 

_ at once that F — Y = TI Ky = p, a single point; and thus Y is a compact ` 
1 


locally connected e-continuum having just the point p in common with Xan. 
Thus [X Xa Y] is a simple regular e-chain of compact locally con- 
nected continua in Æ from ato y. Hence every limit point y of S in E belongs 
to 9 and thus 8 is closed in R. As S is both open and closed in Rand F is 
connected, we have S = R. Thus b C g and .(3) is proved. ae 
We proceed now to construct an arc in M from ato b. By (8), a and b 
can be joined in M by a simple regular 1-chain C, of compact locally connected 
continua. Likewise for each n > 1, it follows by (3), since Cx. is a locally 
connected continuum, that a and b can be joined in Cn- by a simple regular 


OAOE of locally connected continua. Let 0 == [I On. Then C isa simple 


are from a to b, as will now be demonstrated. In the first place, since each 
Cn is a compact continuum containing a + b and Cy D Can, it follows that 
C is a compact continuum containing a -+ b. Furthermore, C is locally con- 
nected. To prove this, let z be any point of Cand, for any n, let Ay be the 
sum of the (at most two) links of C, which contain g and let Ba be the sum 
-of those not containing z. Then since Án’ Ba consists of 0,1, or 2 points 
-according as A, contains 2,1, or 0 points of the set a -+ b, it follows that in 
any case Ay: C is connected; and since 8 (An: C) < 2/n, it follows that C is 
locally connected. Finally, each point z of C— (a+ b) separates * œ and 


* That is, C — œ == 0, + O, where O, and ao are mutually separated and contain 
a and b respectively. ; 
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bin C. For let Px be the set of all points common to at least two links of 
Cna and let P = X, Pa. Then clearly PCC and every point of P separates 
: ) 


a and bin C. Let x be any point of C—P—a—b. Then if z does not 
separate a and b in C, some component K of C — <z contains a-+ b. But by 
(3), & contains a compact continuum J containing a + b, and-hence K > P; 
but this is impossible, because z is a Limit point of P but not of K. Therefore 
z separates a and b in C and, by the Sierpinski definition, Cis a simple arc 
from a to b: 


3. Remark. Although in the above proof we showed that the set C is 

k simple are from a to b by proving that it satisfies the Sierpinski definition 
of an arc, it is interesting to note that the method of construction of C lends 
self readily to yield a direct proof that C is homeomorphic with the unit 
interval. For clearly the chain C, can, by choosing a sufficiently small norm 
and by combining the proper number of links, be so chosen’ that the set P, 
of all points common to at least two links of C, contains exactly 2":—- 1 points, 
where v, is some integer. Similarly the chain Cz may be so chosen that each 
of its links lies wholly in some link of C, and each link of C, contains exactly - 
2% links of C2, where vz is some integer uniform for all links of C,, and thus 
so that the set P, of all points common to at least two links of. Cz contains 
exactly 2%*":—— 1 points. We can continue in this way so that the set Pa of 
all points common to at least two links of Ca contains exactly Boter... +t» — 1 
points, and such that each link of Cw- contains exactly 2% links of Cy. Now 
1f for each n we place the points of a -+ Pa + b into correspondence with the 
numbers m/2%*ts +++ =, (m = 0,1, 2,7 + +, txt: - +0). in the order in which 
they occur in Cn from a to b, we obtain a (1— 1) correspondence T between - 


00 g 
the set >) Pu» and the set D of rational numbers of the form m/2*. It is readily 
l ' ' ` 


shown that both T and its inverse are uniformly continuous, and: hence both- 
may be extended to their limit points, thus giving a ean all between 
C and the interval (0,1). 


4. Another method. We note a that the arcwise connectivity theorem 
may be obtained in the following manner. First prove the theorem for the 
case of continua which are regular in the sense of Menger-Urysohn. This case 
results at once from the fact that any two points in a compact continuum can 

be joined in that continuum by an irreducible subcontinuum, because any 
subcontinuum of a regular curve is regular and hence locally connected, and 
any locally connected continuum irreducible between two points is an are 
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joining these two points.* (The same argument proves the theorem for the, 
case of hereditarily locally connected continua, +. e., continua containing only ` 
locally connected subcontinua.) This case anablished: the general theorem is 
obtained by showing that any two points in a locally connected continuum lie 
together in a regular subcontinuum. This is done by constructing the set G 
as in § 2. That C is regular i is self evident. 


5. Estension to complete spaces. We turn now to T well-known ł, 
extension of the arcwise connectivity theorem to complete spaces. This is 
embodied in the following proposition which we shall call the 


GENERALIZED ARCWISE CONNECTIVITY THEOREM. Every two points as 
and b of a connected and locally connected ls aa space S can be joined in 
S by a simple continuous are. l e" 7 


In the opinion of the author this more general theorem can best be proved ~ 
by reducing the general case back to the case of compact spaces M treated in 
§ 2 by. means of the following proposition: { | 


(A). If K is any self-compact subset of a connected and locally con- 
nected metric space N, then there exists a subset H of N' which ts dense in K 
and which ts the image under æ uniformly continuous transformation of the 
set of all dyadic rational numbers on the unt interval. 


As has been pointed out by the author | this theorem (A) yields at once . 


* A proof for this fact may be found in Hausdorff’s Mengenlehre (1927), p. 222. 
It does not seem to be generally recognized that in this characterization of simple 

arcs no assumption whatever of compactness is necessary. In other words, a metric 
apace O is a simple arc from a to b if and only if (8) O is connected and contains 
a and b but no closed and connected proper subset of O contains both a and b and 
(a) O ts locally connected. For if K denotes the set of all points in a set O satis- 
fying (8) and (e) which separate a and b in O, then it is known [See G. T. Whyburn, 
. Bulletin of the American Mathematical Society, Vol. 33 (1927), p. 685; and Trans- 
actions of the American Mathematical Society, Vol. 32 (1930), p. 927] that K +a-+-b 
is closed and compact. But we must have K+a+6=0; for if not, then some 
point œ of O——- (a+ b) fails to separate a and b, and hence by (£) cannot separate 
Cat all; but then using («) and the well known simple chain Jemma (see R. L. 
Moore, loc. cit.), we can obtain a connected chain W in O from a to b neither con- 
taining æ nor having w as a limit point; and this contradicts (8), since Æ is then 
a proper subset of O. 

Thus we see that the condition (a) that 0 be sonipact in the characterization 
[a, B, e] of simple arcs given by Hausdorff (loo. ott.) is entirely superfluous. 

t See R. L. Moore, Bulletin of the American Mathematioal Sootety, abstract, Vol. - 
33 (1927), p. 141; K. Menger, Monatshefte Für Mathematik und Physik, Vol. 36 
(1930), p. 210; Kuratowski, a Mathematicae, Vol. 15, p. 301; and Arons-. 
zajn, +0id., p. 228. 

t See G. T. Whyburn, American Journal of Mathematics, Vol. 53 (1931), P. 763. 
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the fact that, in. case Nisa complete space, Hisa compact locally connected 
continuum. Thus every two points of the space S in the generalized. arcwise 
connectivity theorem lie together in a compact locally connected continuum 
M in S, and from the arcwise connectivity of M we deduce the arcwise 
connectivity of S. 

This method of proving the arcwise connectivity theorem has additional 
advantages accruing from the great generality of proposition (A). In par- 
ticular, (A) yields at once the celebrated theorem of Hahn-Mazurkiewicz to 
the effect that any compact locally connected continuum is the continuous 
image of an interval. Thus in a treatment of locally connected’ spaces the 
logical sequence of the.results discussed above seems to be as follows: First 
prove theorem (A) ; from this we obtain as an immediate consequence the 
-continuous image theorem of Hahn-Mazurkiewicz; next establish the arcwise 
„connectivity theorem for compact spaces M; then with aid of (A) we obtain 
the generalized’ arcwise connectivity theorem. | 


6. General Junction Theorem. In conclusion we, shall consider a very 
general proposition embodying a junction property of locally connected metric 
spaces in general from which all the above arcwise connectivity theorems 
follow as immediate consequences. If X is any metric space, for convenience 
we shall denote by X, the space obtained by completing X by adding * on 
new points corresponding to every fundamental sequence in Z. 


JUNOTION THEOREM. Hvery two points a and b of-a conned jia 
locally connected metric space N can be joined in N by a set H which ts the 
image under a (1— 1) and doubly } uniformly continuous transformation of 

the set D of dyadic rational numbers t on (0,1). Thus He is a simple are 
from a to b. . 

This theorem is readily established with the aid of regular chains. With 
the aid of a theorem of the author’s§ it can be shown that any two points 
of such a space N can, for each «> 0, be joined in N by a simple regular 
e-chain of locally connected sets (links) such that two successive links have 
just one point in common and any two links that are not successive are at a 
positive minimum distance apart. This established, we can proceed to con- 


struct the set H — J, Px by exactly the same method as was outlined above 
1 
in § 3. 
*See Hausdorff, Grundeitige der iUsxgenlents, (1914), p. 316. | 
+ That is, both the transformation and its ‘inverse are eo éontinuous 


fi.e., numbers of the form m/2n. 
$ See American Journal of Mathematics, Vol. 53 (1931), p. 439. 
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Clearly the set H, obtained from H by completing it is homeomorphic 
with the interval (0,1) and hence is an arc in N, from a to b. Thus we have 
shown that any two points a and b of any connected and locally connected 
metric space N can be joined in No by a simple ard Hp == ab such that the 
points H of N belonging to ab.are everywhere dense on ab. It is obvious that 
in. case N is complete. so that.we have Ne = N, or is homeomorphie with a- 
complete space,* we obtain the generalized arcwise connectivity theorem (see 
§ 5). In addition to this, however, we see by virtue of the Junction Theorem 
that even in the general locally connected spaces, without any assumptions as 
to completeness or compactness, we have-all the machinery necessary for the ` 
construction of simple arcs.. Indeed, we can construct sets H in these spaces 
which, when completed, become simple arcs, and these arcs will lie in the 
original spaces provided these spaces are assumed to be complete. 


THe JOHNS HOPKINS UNIVERSITY. 


_ * This is. known to include all G; subsets of. any complete space. See Alexandroff, 
Oomptes Rendus, Vol. 178 TIBAN, p. 185; also Hausdorff, Fundamenta eee ene: 
Vol. &, p. 146. 


BICONNECTED AND RELATED SETS. 


By P. M. SWINGLE. 





In Section 1 of this paper a number of simple theorems concerning 
biconnected * and related sets are obtained. In Section 2 various types of 
continua are studied with respect to the property of being the sum of mutually 
exclusive punctiform connected subsets. For example it is seen that a bounded 
indecomposable continuum: can be the sum of any integral number of such 
sets greater than one. In the last section euclidean spaces are studied as the 
sum of biconnected subsets. It is shown that a necessary and sufficient con- 
dition that a euclidean space be n dimensional is that it be the sum of n + 1, 

~but not of n, biconnected subsets. 


1 Bimli theorems concerning biconnected séts. In this section a num- 
ber of problems concerning biconnected sets are considered and a number of 
simple theorems proved concerning them and related sets. | 

It readily is seen that in order that a connected set C contain a finite 
dispersion set H, it is necessary and sufficient that every connected subset 
of C contain a finite dispersion set. Consider now the case where each of 
these dispersion sets contains the same number of points. 


Lemma 1. There does not exist a connected set C, every proper con- 
nected subset. of which contains the finite set H of n points, unless n == 1. 


For if there exists such a set O, then every proper connected subset of C 
contains any one point A of H. Hence C is biconnected and has the dispersion 
point h. As a biconnected pr contains at most one dispersion point,t n = 1. 


LEMMA °2. If every proper connected. subset of a connected set O con- 
tains a primttwe dispersion set of n ponis, where n is any given positive 


* A biconnected set is a connected set which is not the sum of two mutually ex- 
clusive connected subsets, where it is understood that a connected set contains more 
than one point. These sets were defined and studied first by B. Knaster and C. Kura- 
towski in their interesting paper, “Sur les ensembles connexes,” Fundamenta Mathe- 
maticae, Vol. 2, pp. 206-253. The problem of whether a biconnected set must contain 
a dispersion point was proposed by C. Kuratowski, Fundamenta Mf athematioae, Vol. 3, 
p. 822 (19). The resnlts-of the present paper were obtained partly in consideration - 

“of this problem. 

7 J. R. Kline, “ A Theorem Concerning Connected Sets,” Fundamenta Mathematicae, 

Vol. 3, pp. 238-239. l 
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integer, then eadh of these proper connected. subsets contains the same primi- 
tive dispersion set H, which is also a primitive dispersion set of C. an 
n must equal one. 


Let H be the primitive dispersion set of C if such exists; otherwise 
det H=0. If H=0, it is seen that it must contain the n points of the 
primitive dispersion set Q of any connected subset K of C.* And similarly 
-Q must contain K X H. Also it is seen that, if C contains’a finite dispersion 


. set D, then D. contains H + 0.t 


(1) Consider the case where there exists a point of C — H such that 
C — z is connected, and so has a primitive dispersion set Q of n points. Then 
the dispersion set Q + 2 contains HK~0 and so H =Q. 


(2) Consider now the case where for each point z of C--H, C — <s 
== 0; + C: separate.t As Cı + 2 is connected H consists of 2m points. — 

Suppose that for a point A of H, C—h—=C,-+ C, separate. Then 
H consists of 2n--1—2n points, which is a contradiction. Hence C — h 
-is connected, and so H consists of n + 1 points. 

Therefore n -+ 1 = 2n, and so n = 1. Thus H consists of the two points 
hı and h: say. Then for C — z = Cı + C: separate each O; must contain 
one and only one point.of H. Say C; contains h; (i= 1,2). Let wsh 
be a point of C,. Then (0, + z) — w = Ciu + Ci separate, as C — w 
= W,-+ We separate for each W; -+ w must contain points of Cı, the one 
which does not contain v being contained in C, and the other, Wa say, con- 
taining points of C, as W: X Cz does not have w as a limit point. But as 
Cı; + w is connected and only one of the primitive dispersion set can be con- 
tained in hı, and so in H, a contradiction is obraiiga, Hence this case does 
not exist. 

Therefore every connected subset of C must contain the primitive dis- 
persion ‘set M of C, and so by lemma 1, H consists of one point. 

The truth of the following theorem and its corollary is now evident. 


THEOREM 1. In order that a connected set C contain a dispersion point 
it is necessary and suficient that every proper connected subset of C contain 
a dispersion poini. 


*R. L. Wilder, “On the Dispersion Sets of Connected Point Sets,” Fundamenta 
Mathematicae, Vol. 6, Theorem 4, p. 216. . ; 

TR L. Wilder, loo. œit., Theorem 1, p. 214. 4 

{By this notation, O — œ = 0O, + 0, separate, is meant that O—.o is the sum 
of the two non-vacuous, mutually eeclacive: subsets O, and O,, neither one of which 
contains a limit point of the other. 
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COROLLARY. 1. If every proper connected subset of a connected set O 
contain a dispersion point, then C is biconnected. 


COROLLARY 2. There does not exist a connected set C such that, for 
every point x of C, the set C — z is connected and has a dispersion point. 


For let K be any proper connected subset of C and let y be a point of 
C.— K. Then C—y contains K. Let q be the dispersion point of C — y. 
Then (C — y) —q is totally disconnected and so does not contain K, which 
then must have q as its dispersion point. Hence as every proper connected 
subset of C has a dispersion point, by the above theorem, C does also, which 
is a contradiction. . 

Two theorems will be proved now concerning the dispersion point of a 
connected subset of a biconnected set. 


THEOREM 2. If B ts biconnected and q ts a dispersion pomt of a con- 
nected subset, K, of B, then B. ts the sum of two biconnected subsets, having 
only q in common, each of which has q as a dispersion point.” 


It is evident that this theorem is true, if B—g is disconnected. Con- 
sider then the case where B — q is connected. Let K — q == Kı + K: sepa- 
rate. Let C be the maximal connected subset of B — K,, which contains the 
connected set K: + q. Then B— C is totally disconnected as B is biconnected. 
Then, if (B— C) +- q = Y, + FY- separate, where Y, contains the connected 
set K, + q, B--C = (Yı — q) + Y: separate. Hence Q + Y, is a connected 
subset of B—- K, and so C is not a maximal connected subset of this set. 
Thus B— C + q must be connected. Therefore B is the sum of the two 
biconnected subsets C and B— C -+ q, having only q in common, which is 
a dispersion point of each. 


THEOREM 3. If B is biconnected and q is a dispersion point of a con- 
nected subset K of B, where K is connected im kleinen at q, then no connected 
subset of B has a dispersion point other than q.t 


Assume that C is a connected subset of B, having dispersion point p s£ q. 
By theorem 2, B is the sum of two biconnected subsets, mutually exclusive 
except for p, where each of these has p as a dispersion point. Let Æ be the 


one of these biconnected subsets which contains q. Let E -— p == E, +- Ez 


* Whether gq must be in this case a dispersion point of B itself is an unsolved 
problem of interest in connection with the unsolved problem, suggested by Kuratowski, 
of whether a biconnected set must always contain a dispersion point. 

+ Whether the theorem is true if K is not connected im kleinen is an unsolved 
problem. i i 
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separate where F, contains q. As K is connected im kleinen at q, K contains 
a connected subset N, containing q, such that N X (E: +p) —0. But as 
E, -+ p is also a connected subset of B, this is impossible. Therefore p = q. 
‘It readily is seen that if B is a biconnected set which is disconnected 
by a finite subset H, then H contains a dispersion point of B.* It follows — 
' that a biconnected set cannot contain two distinct cut points. Thus ‘it is 
true that the closure + B, of a biconnected set B, contains at most one cut 
point, which must be a point of B. Furthermore, if this closure is a con- 
‘tinuous curve in a euclidean space, then every point of B is contained in a. 
simple closed curve of B.t However it is not true necessarily that B is 
reuay connected. 
` Jt is known that there exist continuous curves, every subcontinuum of 
which is a continuous curve,. which contain punctiform connected subsets.§ 
It follows from the following’ theorem that such continuous curves are not 
` the sum of a countable set of arcs. 


. THEOREM 4.. If p is a point of a puncttform connected set P, in a 
euclidean space, and R is a region (sphere), containing p, then R X P is not 
contained in a countable set of simple continuous arcs. 


Suppose that R X P is contained in the countable set of ares A1, Ag’ °°, ~ 
where A, contains p. If v is a point of A; X P X R, then x must be a limit 
point of points of P not contained in di, for P otherwise would have to 
contain a subcontinuum of A, Hence p is a limit point of points of 
(A2 -+ As +") X PX R, which are not contained in’ A,. Consider for 
example the case where z, is a point of this set which is contained in As, 
but in no 4; where f is less than 5. Then there exists a region &, con-. 
taining z, where R contains R,, such that Ry X(Ai + Az -+ As + A,) =0. 
In a similar manner there exists a point z. having the same relation to 2 
that s, has to p, where za is contained in a region Rs, such that R, contains 
Be, which contains no point common with any arc with subscript less than j 
where 7 is now greater than 5. Similarly points Ts, Sa,’ ` - are obtained with 
corresponding regions Hs, Ra,’ > + where each Ri, is contained in R; and has 
pons common with fewer arcs than By did. Hence it is seen that the set 
Ti, Ta ' - hag a limit point in P K none of the arcs Ai, Aa,° * ` contains. 


*R. L. Wilder, loc. oit., eyeseans l, 4, and 10. l 

t By the closure of n set B is meant the set B consisting or B aie the limit 
point of B. s 

f This follows from Theorem 11 of W. L. Ayres’ paper " Gees Continuous 
Curves in Metric Space,” American Journal of Mathemattos, Vol. 51 (1929), p. 591. 

: $ B. Knaster and C. Kuratowski, “A Connected and Connected im Kleinen, Point 
Set Which Contains No Perfect Subset,” Bulletin of the Anan Morhenyitsoal Sooiety, 
Vol. 33 (1927), pp. 106-109. . 
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2. Continua as the sum of punctiform connected subsets. The following 
lemma can be proved readily by means of transfinite induction and Zermelo’s 
_ postulate,* as it is possible to’ continue to.choose points for the Kps from 
the Cys and for the Qy’s from the Prs, since the: product of the power of 
‘the set of points chosen and m + 2 is less than n, aia where this power — 
is itself n. ° l : 


Lemma A... Let h be the first ordinal number of power m and b be the 
first ordinal number of power n; where mn =n and m< n. . Let (C1) and 
(Pi) (6—=1,2,- - +b) be two classes ‘of point sets, each Cx and each Pr being 
of power n. Then (1) there exists a class (Ky) (f—1,2,-"-,h), of | 
power n, of mutually exclusive point sets Ky such that each Kr contains a 
point of every Cy of (Ci) and (2) there exists a class (Qg) (g ==1,2) of 
mutually exclusive point sets Qg such that each Qg contains a point of every’ 
Py of (Pi); also for each K; and Qy, Ky X Q == 0. 


THEOREM A. Let W be a bounded indecomposable continuum, lying in 
a euclidean space, and let m be any cardinal number greater than one and 
less than c, the power of the linear continuum. . Then W is the sum of m. 
- mutually excluswe, punctiform, connected subsets, each of which ts dense 
un W.t 
. For let (C) be the. ‘class of the continua of our space, each of which 
separate points of W, and let (P) be the class of the perfect sets of W. 
Both (C) and (P) have power c. Hence by Zermelo’s well-ordering theorem f 
these sets can each be well-ordered obtaining classes (Cı) and ®) 
(t === 1,2,° + <, k), where the power of k is c. 
Let a and b be any two points of W separated by: O; of (C4) aa let T 
be any composant § of W. Then as T -+a + b is connected, C; must contain 


. *W. Sierpinski, Legons sur les Nombres Transfinis (1928), pp. 164-165, p. 212, 
and p. 137. 

+ The method of proof used here is due to B. Knaster and C. Kiron, Funda- 
menta- Mathematioae, Vol. 2, pp. 250-251. It is to be noted that if any of the above 
punctiform, connected subsets of W is-a biconnected set B, then the problem concerning 
the existence of a dispersion point is solved in the negative. For if B is an indecom- 
posable continuum, B cannot contain a cut-point. See P. M. Swingle, “Two Types of 
Connected Point Sets,” Bulletin of the American Mathematical Sootety, Vol. 37 (1931). 

ł E. Zermelo, “ Beweis dass jede Menge wohlgeordnet werden kann,” Ħ athematisohe 
Annalen, Vol. 59 (1904), pp. 614-516. 

§ For definitions and properties see Z. Janiszewski ail C. Kuratoweki, “Sur les 
continus indécomposables,” Fundamenta M less ac Vol. 1, PP. (217-222, 


~ 
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a point of T+a-+ b. As there exist c composants * of W, it follows that 
Cy X W is of power c. Also it is known that P; is.of power c. 

Since c X c= c, it follows that m X c =c. Then by lemma A there 
exist mutually exclusive sets Kı, Ka, * © >, Ka, where the power of h is m, and 
‘mutually exclusive sets Q, and Q2 of W, where (1) Kr X Q =0 (f= 1,2, 

„h; g= 1,2), (2) each Ky contains a point of every Ci of (0%), and 
each Qg contains a point of every P; of (Pi). 

Let all the points of W, which are not contained either in a Ky or in Qo, 
be added to Kı, obtaining a new set K. Then each of the sets K, Ke + Qe, 
Ks; Ks: + +, Ky is punctiform, for Q, contains a point, which is contained 
in none of these sets except K, of each perfect set of W; and Qa contains 
a point, which is not contained in K, of each perfect set of W. As each of 
these sets contains a point of every Cy of (C4), they are connected. And, 
it is evident that each of these sets ig dense in W. Therefore it is seen that 
the theorem is true. 

Examples of indecomposable continua, every proper subcontinuum of 
which is a simple continuous arc, are well known. Hence there exist inde- 
‘composable continua no proper subcontinuum of which contains a punctiform 
connected subset. For such continua the following corollary is seen to be true. 


COROLLARY A. Let W be a bounded indecomposable continuum, lying 
in a euclidean space, no proper subcontinuum of which contains a punctrform 
connected subset. Let m be any cardinal number greater than one and less 
than c, the power of the linear continuum. Then W is the sum of m mutually 
exclusive, widely connected subsets, each of which ts dense in W.J 

By a proof similar to the above it is seen that a bounded domain D,- 
lying in a euclidean space, ts the sum of m mutually excluswe, punctform, 
connected subsets, each dense in D, where m is any cardinal number greater 
than one and less than c, the power of the linear continuum.§ 

A domain D, lying in a euclidean space of n dimensions, may be the 
sum of m btconnected ‘subsets, which are mutually exclusive except for one 
point and are each dense in D, where m is any cardinal number greater than n 
and less than c, the power of the linear continuum. For consider the fol- 
lowing example. . Ga 


*§. Mazurkiewicz, “ Sur leg continus indécomposables,” Fundamenta Mathematicae, 
Vol. 10, pp. 305-310. 

+B. Knaster and C. Kuratowski, Fundamenta Mathematicae, Vol. 2, pp. 233-234, 
Theorem 37. 

tA connected set will be said to be iidoli connected if every proper connected. 
subset is dense in it. Seo P. M. Swingle, “Two Types of Connected Sets,” loo. oit. 

$ See F. Bernstein, S Berichte, Vol. 60 (1908). 
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Example A. Consider in the euclidean plane the straight line interval 
bc and the point a not on the line be. It will be shown that the domain 
bounded by the triangle abc is the sum of three biconnected sets, having only 
a in common, which is a dispersion point of each. The interval bc is the sum 
of three mutually exclusive subsets Ui, U2, and Us, each of power c and each 
dense in be. Let W, (t= 1,2, 3) be the set of straight line intervals each of 
which join a to a point of Uy. Then by a proof, similar to that of theorem A, 
it is seen that W; is the sum of two punctiform connected subsets, By,-and Bai, 
having only a in common and each dense in W,. But as a is a dispersion 
point of By; (J = 1,2), By, is biconnected. Hence the interior of the triangle 
plus its boundary is the sum of the three biconnected subsets, Bi, + Big 
Bo; + Bos, and Bye + Bis, having only a in common, a being the dispersion 
point of each of these sets, and each of these sets is dense in the interior 
of the triangle. It is seen readily that the above method can be modified 
to show that the interior of the triangle abc is the sum of three biconnected 
subsets, having only one point in common, where each of these biconnected 
subsets is contained in the interior of the triangle. And the above method 
easily is modified to show that either of these sets is the sum of m such 
biconnected subsets, even if n > 2. 


THEOREM 5. An n-dimensional compact metric space, S, is never con- 
tained in the sum of n biconnected sets. 

Assume that S is contained in the sum of the n biconnected sets Bi 
(t == 1,2, n). As a biconnected set does not contain two distinct con- 
nected subsets, each set of n + 1 mutually exclusive n-dimensional spheres 
of S contains one such sphere, Sx say, which does not contain a connected 
subset of any Bı. But Sn» contains an n-dimensional Cantorian multiplicity 
C,.* Say for example that Ba contains twu distinct points of Cn, as one 
of the Bres will. Then there exists a subcontinuum of Sn, and so a closed 
subset Ky, of Cy, — Ba, which separates Bu.t And as Cy is a Cantorian 
multiplicity,[ Ka. must be of dimension n— 1. But as a closed subset of 
a compact space is itself a compact space, Kn. contains an (n — 1)-dimen- 
sional Cantorian multiplicity C+. as a subset, having the property that it is 
contained in n— 1 of the biconnected sets Bi. Hence, proceeding as above, 
by induction it follows that there exists a one-dimensional Cantorian multi- 


* K. Menger, Dimensiontheorte (1928), p. 217, Theorem &. 

7C. Kuratowski and B. Knaster, “Sur les ensembles connexes,” Fundamenta 
Mathematicae, Vol. 2, pp. 233-235, Theorem 37. 

t P. Urysohn, “Mémoire sur les multiplicités Cantoriennes,” Fundamenta Mathe- 
maticae, Vol. 7, p. 124, Definition. 
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- plicity Ch, which is contained in one of the biconnected seta Bı. Hence, as 
_ C is a continuum contained in à nena set, a contradiction has been 
obtained. 


Conotuary 3. If D isa domain of a compact metric space containing 
a continuum C, which is the sum of two biconnected sets, then D—O == D: 

This is true because no point of Ç is an interior point of C. 

It has been shown that a domain in the plane is not the sum of. two 
. biconnected sets. It will be shown now that there is a continuum in the 
. plane, which is the.sum of two mutually exclusive biconnected sets. ‘Let, 
in the euclidean plane, T be a Cantor ternary set on the straight line interval 
be, and let a and d@ be two points not on the line bc, where a and d lie on 
' opposite sides of this line. Let W be the continuum obtained by joining the 
points of T to each of the points a and d by straight line intervals. ‘Then 
W — d is seen to be, by a proof similar to that of theorem A, the sum of two 
 biconnected sets B, and Ba, having a in common. Therefore W is the’sum 
of the two mutually exclusive biconnected subsets B, and- Be —a +d. It is 
to be noted that W is a compact metric space of dimension one. Also each of 
the biconnected subsets is of dimension one. 


THEOREM 6. An n-dimensional euclidean space, By does not contain 
an n-dimenstonal biconnected subset. 


Assume that Fa contains an n-dimensional pieonneeted subset B. Then 
by definition of an n-dimensional space, there exists an n-dimensional sphere 
8, whose boundary Sx. contains an n— 1 dimensional punctiform subset 

of B. And similarly Sng (k= 1,2,-°+,n—2) will have as boundary 
Snr, containing an n -— k— 1 dimensional’ punctiform subset of B. Hence — 
by induction there exists a one-dimensional sphere Sı, which contains a 
punctiform one-dimensional subsét of B. ‘Thus a contradiction is obtained.* . 

It readily is seen that, if n is greater than one, an n- dimensional | 
euclidean space may contain a k-dimensional biconnected subset, aes k is 
any integer from one, to n— 1. 


38. Euclidean spaces as the sum of biconnected sets. In this section 
it will be shown that a euclidean space can be the sum of mutually exclusive 
biconnected subsets.t} : 


* P. Urysohn, loo. oit., p. 76.. l 

' fSee P. M. Swingle, “ Generalizations g Biconnected Sets, » American Journal 
of Mathematics, Vol. 53 (1931), Problem 2, p. 392. Parts of this problem are not 
answered in this section; for example, whether a euclidean plane can be the sum of 
o mutually exclusive biconnected subsets, wnere o is the ae of the linear continuum, 
remains unanswered. 
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In Example A of the previous section it was shown, by means of Zermelo’s 
postulate; that, if T was the interior of -a triangle bae in Es, then T' is the 
sum of m biconnected subsets, where m is any cardinal number greater than 2 
but less than c, mutually exclusive except for one point which 1 is a dispersion 
point. Each of these biconnected subsets are dense in T. | 

It will be shown now that the euclidean plane Ea ts the sum of m mutually 
exclusive biconnected subsets, where m is any integer greater than 2. For 
_let S be the points of E,, and let e be the center of a regular polygon P of 
m sides. Let on the circle, with center e and radius one, U; (J = 1, 2,3) 
be three mutually exclusive punctiform point sets of power c and each dense 
on this circle, whose sum is this circle. Let W; be the points on the straight 
line intervals, from e to infinity, passing from e through the, points of Uj. 
Then by a proof, similar to that of theorem A, it is seen that S is the sum 
_ of m biconnected subsets, Gi, Cat + +, Gm, mutually exclusive except for the 
common dispersion poini e and each dense in S. . Š 

Let a; (t= 1,2,- m) be the vertices of P. Each triangle lisli, 
where m -p 1 == 1, is fis sum of m biconnected’ subsets Bing + lin 
(g = 1,2,- -,m), where the Bangs are mutually exclusive and the point 
dı is the dispersion point’ of each biconnected subset. Furthermore 
(Bancian + Gar) X ca; can be taken as vacuous, while each of the other 
biconnected sets is dense on ed. Let Caso be the points-of Gis exterior 
to P and let 


Nin gaa a -+ Bay an iite we Biim + Qiri -+ G tatye 


Then N ix: is a biconnected set with dispersion point di, and dense in £. | 
` Hence the euclidean space Ee is the sum of the m mutually exclusive bicon- 
nected subsets Nis- | | . 

That En, n > 2, is the sum of m mutually exclusive biconnected subsets, 
where m is any integer greater than n, is shown in a similar manner. 

A similar proof will show that Esn ts the sum of a countable infinsty of 
mutually exclusive biconnected subsets. For consider E,. Take the regular 
` polygon with five sides. Let Ge, &r,' ' + be an infinite sequence of distinct 
points on &s@,, with sequential limit point a. The proof then follows as above. 

That, E, is the ‘sum of c mutually biconnected subsets, where c is the 
power of the linear continuum, follows from the fact that E, is the sum of 
c mutually exclusive planes, each of which 3 is the sum of a finite number of 
biconnected subsets. 

That E: is the sum of a. countable infinity of mutually exclusive bicon- 
nected subsets, each with. a dispersion point but not each dense in Es, can 
be shown by eae of the following, interesting example of a biconnected set. 
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In F, take a cartesian coördinate system. By a biconnected set _- 
(ii) G%jI+1NG+1,7)), 
or similar set, will be meant one dense, and contained, in a triangle having 
these points as vertices and with the point (i,j -+ 1) as dispersion point of 
this biconnected set. It will be further understood that this biconnected set ` 
does not contain any point, excepting its dispersion point, on the line interval 
from (4,7) to (+,7 + 1) nor on the line interval from (t+ 1,7) to (47 -+.1), © 
but that it is dense, on the interval from (i,j) to (¢ +1, j), excepting that 
the biconnected set ((0,0)(0,1)(1,0)) also has nothing common with the 
interval from (0, 7 to (1,0). Let i and j take on all values + Log 
m mak o POE À A 
Let i Tap (7 =1,2,:--) be the set of all the points, excepting the dis- 
pean point, of the following infinite set of biconnected sets: 


“(6 9) G@+19) G+141,f—1)) (t == 0,1, 2,: ' 44, 
(7-1) G—Lj—1)(t—1,7) «(be 0, — 1, —2,: * +) 


and | | 
((0, j —1) (0,7) (L,4——1)). 


To obtain Te- (J= 1,2,- -) rotate Taz 180° about thé X-axis and trans- 
late the resulting set, parallel to itself, through an X distance of — 1; for 
example ( (0,0) (0,1) (1, 0)) will become ((—1, 0) (— 1; — 1) (0, 0)). How- 
ever let this last set be dense on the interval from (—1,0) to (0, 0). 

‘Let g be the point (0,1). Then 


a pee ee ee ee ee 


is a biconnected set everywhere ones in E, connected im kleinen at g and 
having g as dispersion point. It has the interesting property that only one 
of the quasi-components of B—g contains a — outside of the triangle 
((0, 0) (0, 1) (1, 0)). 
` It is easy to see that if 9 is the set of all the ssn of Es, excepting 
the countable infinity of points of E, which are dispersion points of the ‘above 
biconnected sets, and if gı = (0,2) .and g: = (0,8), then Stototg, 
is the sum of three mutually exclusive biconnected sets, each dense in E; and 
having dispersion points g, ga, and gz respectively. And it is further seen 
that E, is the sum of a countable infinity of mutually exclusive biconnected — 
sets, three of which are dense-in Æ, and the remaining ones are each con- 


‘BICONNEOTED ‘AND RELATED SETS. 535 


E | 
- tained in one of the triangles used above.. Similar results can be obtained 
for En, n> a a See 
From the results of the last , two | section the following | ian now 
will be proved. . 


THRorEM B. In order that a euclidean space E be n. dimensional, 
n a positive integer greater than one, tt ts necessary and sufficient that E be 
the sum of n-+-1 but not of n biconnected subsets.* 


, The condition is: necessary. For by theorem 5, En is not the sum of 
n biconnected subsets. And in this section it is shown, by means of. Zermelo’s 
postulate, that E» is the sum of n + 1 mutually exclusive biconnected subsets. 
The condition is sufficient. For Æ is the sum of n+1 biconnected 
subsets. by hypothesis, and so is not Æ dimensional, & greater than n, for 
FE; contains an Ens, which by theorem 5 is not contained in the sum of 
‘n+ 1 biconnected sets. And it is not a: k dimensional euclidean space, 
k less than n, for such a space could be the sum of n biconnected subsets, 
excepting for. k = 1 which would not contain a biconnected set. Hence E 
must be n dimensional. 


Onto STATE UNIVERSITY. 


* For an interesting similar result see P. Urysohn,. Fundamenta M athematicae, 
Vol. 8, Corollary, p. 345; see also Karl Menger’s Dimensiontheorie, p. 118-and p. 120 


_ A NOTE ON SPACES HAVING THE S PROPERTY. - 


By Gordon T. WEYBURN. 


1, A metric space D is said to have property 8 * provided that for. each 
e > 0, D is the sum of a finite number of connected sets each of diameter- 
<e. Since all such spaces have only a finite number of components, little 
generality is lost by supposing them connected. If Nis any subset of a 
metric space D and e is any positive number, we shall denote by Te(N) the 
set of all points z of D which can be joined to some point p of N by a chain 
_ of connected subsets La, lz,- + +, En of D such that for each t, 8 (Li) < «/2!, 
LD p, In Dx, and any two successive sets (links) L; and Li: have at 
least one common point. Such a chain will be called a chain of type Teor. 
simply type T: 
2. Hanoin: If ie metric space D. has property S, then ‘every set 
T(N) has property 8. 
For let 6 be any positive number, and let us choose an integer. k sek 
that $ /2! < 8/4. Let E be the set of all points in T,(N) which can be 


joined to N (i.e., to some point of N) by a chain of type T which has at 
most k links. Let us express D as the sum of a finite number of connected 
sets each-of diameter < 6/271; ‘and of these sets, let Qi, V2," °°; Qh be the 


ones which contain at least one point of E. Then we have E C > Qi.. Now - 


for each t, Q: C T'.(N); for Q; contains a point æ of E, and z can be joined 
to N by a chain La, L2,- - +, Lr of type T having k links or less; and since 
8(Q:) < «/2*, therefore (Ls, La © +, Dr, Qi] is.a chain of type T; and 
hence QC Te( Ny. For each 4, 1S i & n, let Wi be the set of all points: 
of Te(N) which can be joined to some point of Q: by a connected- subset of 
1, (N) of diameter < 6/4: Then for each i, Wi is a connected subset o% 


T.(N) “of diameter <8. It remains only to. show that T(N) CÈ W. 


To this end let z be any point of Te(N) ‘and let La, Lot © >, Em be a. chain 
of type T joining v to N. Obviously we need only consider the case in which 
z does not belong to E, and in this case m >k. Then since LCE, it 


* Bee Sierpinski, ANULAREA Mathematioas, Vol. l, p. 44; and R L, Moots, 
ibid., Vol. 3, p. 232. - ; 
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follows that for some j, L»: Q; £ os . and since x e/2* < 8/4, it follows that 


s a(S b) S 3 (Li) < 8/4. Hence š L: is a connected subset of T(N) of 


danesi < 3/4 which joins x to a paai of Q;. Therefore x C Wj, and our- 
theorem is proved. 


3. CororLary 1. Any metric space D having property S is the sum 
of a finite number of arbitrarily small connected subsets each having property 
8. Furthermore these subsets may be chosen evther as open sets or as 
closed sets. 


For let $ be any positive number, let < === 3/3, and let D — > Di, where . 


each D; is connected and of diameter <e Then, for each 4, PÁD is 
-connected and of diameter < 8 and clearly D — 3 Te(D;). Now the sets 
ae 


[T.(Di)] themselves are open; and since it is true that if a set € has 
property S, so does every set Hy such that E C Eo C E, it follows that ne 
sets [T.(D1)] have property S, and of course they are closed. 

From this corollary it follows that in any metric space having property 
S there exists a monotone decreasing fine subdivision into connected sets. 
In other words, we can subdivide such a space into a finite number of con- 
nected sets each having property S and being of diameter < 1; then we can 
subdivide each of these sets into a finite number of connected sets of diameter - 
< 1/2, and go on indefinitely. 





ee 4, COROLLARY 2 Any point p of a metric space D having property S 
-is contained in an arbitrarily small connected open set (region) which has 
property 8. 

To see this we have only to take N = P, and then the set Te(p) is the 
desired region. ‘Since T.(p) also has property 8S and hence is locally con- 
nected (because any set having -property S is locally connected), we have 
shown that p is contained in an arbitrarily small region whose closure is 
locally connected. 

5. For any point p of a metric space <p and for each e >.0 let &.(p) 
be the set of all ee x of D which.can be joined to p by a chain of con- 

nected sets La, Da: © +, Ln in D such that Li > p, Lm D g, any two successive 


_ links have a common point, and for each i, S (L) <e— 38(Ly). * Then by 


'* See my paper “ Concerning S-Regions in roca Connected Continua,” appearing 
in Fundamenta Mathematicae. 
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essentially the same argument as given in, §2 it is shown that if D. has 
property S, every set B.(p) likewise has property S. 

Now let us suppose D has property 8. For any ordered pair of pointa- 
x, y in D let us denote by p*(z, y) the greatest lower bound for the aggregate 
of numbers [e] such that y © R,(2), and let D* denote the space whose 
points are the same as those of D but in which distances are defined by the 
function p*. It is readily shown that p* satisfies all the axioms for a metric 
` except the symmetry axiom [p(z,y) —p(y,z)], which may not be satisfied ; 
and thus D” is a quasi metric space. ~-Furthermore, D* ig homeomorphic 
with D; and the spherical neighborhoods in D* are exactly the sets Re(p) 
(thus they are connected and have property S). This naturally raises the 
question of the existence of some distance function p Which satisfies all the 
‘axioms for a’metric and which gives these properties to the new space. In 
other words, Is every metric space D which has property 8 homeomorphic- 
with some metric space D’ in which all ia neighborhoods are connected 
and have property S? ? 

A positive solution to this problem even in the case of compact con- 
nected spaces D having property 9 (i. e., compact locally connected continua ) 
would yield a very convenient and useful machinery with which to- study 
such spaces. 
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REMARKS ON THE RECURRENT BEHAVIOR OF THE 
CHARACTERISTICS ON A TORUS. 


| By AUREL WINTNER. 


A paper of the author on the Levi-Civita problem, of mean motion (to 
appear in the Annali di Matematica) seems to lead to some contradictions 
with an important discovery by Denjoy, recently published in the Comptes 
Rendus. On combining the theorem of Denjoy with other results it will be 
shown in the present note that, in reality, those appara contradictions do 
not exist at all. 

Let f(%,¢) be a real-valued continuous function defined in the real 

._(#, t)-plane and possessing-the period 1 with respect to both ð and t. Let T 
denote the closed orientable surface of genus one representing the fundamental | 
domain 0=¢#=1,03¢51. The function f should possess the additional 
property that the differential equation 


(1) -d8/dt =f (ð, t) 


admits, for a given real initial condition 9 (to) — a, only one solution 
J ==0(t), depending on the initial condition in a continuous manner, This 
additional condition which will be designated as the condition T is, for 
instance, fulfilled jf 0f/00 exists and is continuous. If every solution 


(2) d= P(t); —o <i <H 


of (1) represents an everywhere-dense point-set on the torus T we shall say 
that the function f is of the ergodic type. 
It is known since Poincaré* that if f fulfills the condition T then there 
_ exists for every solution (2) of (1) a coustant » and a bounded function w(t) 
so that 


(3) A(t) eeu 


where the “mean motion” or “rotation number” p is independent of the 


special choice of the integration constant #(t.) ==, and is, therefore, 


* Cf. H. Kneser, “ Reguläre Kurvenscharen auf den Ringfliichen,” Mathematische 
Annalen, Vol. 91 (1924),. pp. 185-154, where references are also given. ‘The proof of a 
lemma occurring in the demonstration has been simplified by J. Nielsen,“ On topo- 

` logiske Afbildninger af en Jordankurve paa sig selv,” Matematisk Tidsskrift, B, No, 3 
(1928), p. 39-46. A very simple direct proof of (3) has recently been given by A. Weil, 
“On Systems of Curves on a Ring-Shaped Surface,” The Journal of the Indian 
Mathematical Society, Vol. XIX (1931), pp. 109-114. 
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~ uniquely determined by the double-periodic function f. It may be mentioned: 
that the number u which is obtained by an infinite process of iteration éan- 
. not be less than the minimum or larger than the maximum of the double- 
periodic function f(#, t). In fact, on substituting (3) in (1) and using the 
fact that w(t) is a bounded function, we obtain that the time-average 


lim HOr) a 


` t=+00 

exists and is equal to p. 
' On account of the boundedness of the remainder term w(t) one may. 
expect that f is of the ergodic type provided that w is irrational. -This is, 
however, not necessarily the case, even if ĝf/ĝ® exists and is continuous. On 
refining the methods of his earlier paper on this problem Kneser has shown 
in a note to appear in the Annali dt Matematica that if the condition I" is_ 
fulfilled and if y» is irrational the function f is then and only then of the 
ergodic type if the remainder term w(t) is, for all values of-the integration 
constant J(t)) == %, an almost-periodic function in the sense of Bohr. On 
. the other hand, it has been conjectured’ by Poincaré (1885) that f is neces- 
sarily of the ergodic type if it is regular analytic in the real domain (provided 
that u is irrational). The correctness of this conjecture which is of great 
importance for the dynamics of Birkhoff * has been proved by Denjoy ł in 
his fundamental note mentioned above. Denjoy shows that even the condition 
of analyticity is superfluous, viz., it is sufficient that a certain “real” con- 
dition is fulfilled which is a a little stronger than the non-sufficient 
condition T. 

We combine now these results with the following fact, explicitly pointed - 
out also by Bohl: f if the condition T is fulfilled and p is irrational the function 
f is then and only then of the ergodic type if-there exists, for any value of the 
integration constant #(t)) = Vo, a continuous double-periodic function 


p = p(n) =p(€+- 1,7) == p(n + 1), 
_ for which 


* Cf., for instance, G. D. Birkhoff, “ Surface Transformations and their Dynamical 
Applications,” Acta Mathematioa, Vol. 43 (1920), p. 79 ete., and “On the Periodic 
Motions of Dynamical Systems,” Acta Mathematica, Vol. 50 (1927), pp. 359-379. 

7 A. Denjoy, “Sur les caractéristiques à la surface du tore,” Oomptes Rendus des 
Séanoes de VAoadémie des Sotences, Vol. 194 (1982), pp. 830-833. 

tP. Bohl, “ Ueber die hinsichtlich der unabhängigen und abhängigen Varianeln 
periodische Differentialgleichung erster Ordnung,” Acta Mathematica, Vol. 40 (1916), 
p.321 ete. 
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(4) w(t) = p(n: t, t). 


Since any function w(t) possessing a representation (4) is almost-periodic in 
the sense of Bohr * it follows from the result of Kneser mentioned above that 
if the remainder term (¢) is at all almost-periodic then it possesses only two 
linearly independent frequencies (viz., p and 1). On the other hand, on 
combining the remark of Bohl with the theorem of Denjoy it follows that 
w(t) is in the analytic case necessarily almost-periodic, provided p is irrational. 

Let a(t), b(t), c(t), d(¢) be four functions which are real-valued and 
regular analytic for — œ <t< +o and possess the period 1. On 
denoting by 


(5) te=a(t),y=y(t); x(t)? + y(t)? > 0 


___a real solution of the differential equations 


(6) du/dt =a(t)a-+b(t)y, dy/dt=—c(t)x+ d(t)y 

and placing 

(7) w(t) ==r(t) cos (9/2r), y(t) = r(t) sin (0/27) where r(t) > 0 
one obtains from (6), according to Levi-Civita,f the single differential equation 


(8) ab /dt — ga cos? (0/2zr) 
+ [d(t) — a(t) ] cos (0/21) sin (0/2) — b(t) sin? (9/2) } 


which is, of course, a special case of (1) and satisfies the regularity condition 


— “of Denjoy. In the note mentioned above I pointed out that w(t) is, in the 


t. 


special case (8) of (1), not necessarily almost-periodic. It follows, therefore, 
from the theorem emphasized at the end of the previous paragraph that p 
cannot be, in these cases, an irrational number. On the other hand, in the 
presentations of the problem ł it is usually shown that w(t) is, even under 
the single condition T, not only almost-periodic but also periodic if » is a 
rational number. Accordingly »(¢) is then in the case (8) always almost- 
periodic. This is, however, in contradiction with the following examples: 
Suppose that the four coefficients of (6) are not only periodic but even 


* H. Bohr, “ Zur Theorie der fastperiodischen Funktionen. IL,” Acta Mathemattea, 
Vol. 46 (1925), p. 134 ete. 

7 T. Levi-Civita, “Sur les équations à coefficients périodiques et sur le mouvement 
moyen du noeud lunaire,” Annales de VEcole Normale Supérieur (3), Vol. 28, pp. 
326-376. 

t Cf., for instance, A. Weil, loo. cit. 
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independent of t. Equation (8) is also in this case a special case of equation 
(1). Suppose further that the characteristic numbers of the matrix 


a b „š 
( c d ) i 

are real and that the determinant of the matrix is positive. There are three 
cases possible, according as the characteristic numbers and the elementary 
divisors are simple or double. However, in all three possible cases the origin 
of the (x, y)-plane is a node (noeud, Knoten),* i.e., the curve’ (5) which is 
in general not a straight line possesses.in the point t == y = 0 a tangent. 
We conclude from (7) that the function (t) possesses for ¢ lim t = œ a finite 
limit a but is not equal to this constant «œ for all values of ¢ (provided the 
curve is not a straight line which may be excluded). Since the limit « exists 
it follows from (3) that #(t) coincides with the bounded function w(t). -. 
Furthermore, since Ü (t) is not constant and possesses for lim £ == œ a limit 
it follows that w(¢) is not an almost-periodic function. 

This paradox is cleared up as follows: On reading over the usual demon- 
strations for the fact that w(¢) is a periodic function for rational values of p 
. one may observe that the proof breaks down if the rational rotation number 
js is equal to zero as is the case in our examples. | 
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"Cf, for instance, E. Kamke, “ Differentialgleichungen reeller Funktionen,” 
Leipzig, 1930, p. 200 etc. Intuitive pictures for the different kinds of nodes are given 
by O. Perron, “ Ueber die Gestalt der Integralkurven einer Differentialgleichung erster 
Ordnung in der Umgebung eines singulären Punktes. (Erster Teil),” Mathematische 
Zeitschrift, Vol. 15 (1922), p. 123. 

ft If depends on the matrix of the coefficients wether Om: + 0O or C=O, 


SOME REMARKS ON THE JOIN OF TWO COMPLEXES AND ON 
INVARIANT SUBSETS OF A COMPLEX. 


By Eopert R. VAN KAMPEN. 


In this paper we consider some miscellaneous properties of combinatorial 
topology mostly found during the preparation of a course on this subject. 
The first three sections deal with the homology characters of a join; it is 
found useful to introduce homology characters in a combinatorial way for 
a kind of open complex slightly more general than is customary. After that 
we prove some simple properties of invariant subsets of complexes, soon con- 
centrating on the problem of dividing any complex into the smallest invariant 
subsets that can be found with the methods now at the disposal of combina- 

“torial topology. To do this we have to prove a number of properties on the 
invariance in a complex of the invariants of the neighborhood complexes of 
the different simplexes of the complex, using some of the i of joins 
proved previously. 


1. As the cells of the join (Kı: K) and the product (Kı X Kz) of 
two -complexes (Kı) and (K2) as well as their incidence relations are com- . 
‘pletely determined by K, and Kz it is a. matter of calculation to find their 
homology characters when K, and K» are given. Superficially the computa- 
tion seems easier for the product because in the product there is one (p + q)- 
cell corresponding to every-pair formed by a p-cell of K, and a g-cell of K: 
and no other cell; the boundary of the (p-+ q)-cell corresponds to all the 
pairs which can be formed by replacing the p- or the g-cell by its boundary 
cells. The structure of a join is slightly more complicated. This induced 
A. B. Brown * to reduce the computation for K, K» to that for Kı X Ke by 
means of a relatively complicated reasoning on different kinds of chains on 
the join; he does not find any result on torsion numbers. However, when we 
introduce formally a (—1)-dimensional simplex into all the relevant com- 
plexes forming the boundary of all vertices and such that its join with any 
cell is that cell, then there is in the join a (p + q + 1)-simplex corresponding 
to every pair formed by a-p-simplex of K, and a qg-simplex of Ke; with 
analogous boundary relations as for the product. . The result for the product t+ 
can now be transcribed for the join without any additional calculation. 


*“On the Join of two Complexes,” Buletin of ‘the American Mathematical 
Society, Vol. 37 (1931), p. 417. 


ł See for instance, E. R. van Kampen, “ Die kombinatorische Topologie und die 
Dualitätssätze,” Van Stockum, Den Haag, p. 37. 
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THEOREM I. Suppose the homology characters of Ki, K: and Ki: Ka = K 
to be computed after the introduction of a (—-1)-stmplex which is on the 
boundary of every 1-simplex (that means putting R° equal to the number of 
components manus one), then we have for the homology characters of K: 


R (K) A ee BY Ka). 


The numbers t? (K) are the elementary divisors of a matric of which the 
elements outside of the diagonal are zero while the elements in the diagonal are: 


R*(K,) times the numbers ri? **(K,), (kk =0,°-> +, p—1)3. 
RE(K,) tumes-the numbers ri? ™ (K3), (ek =0,--°+, p—1); 


the greatest common divisors of all parrs 


ri*( Ki), Tyre (Ka), (k=1,: ah p— 2), 
and of all pairs ri*¥( Ky), qP *° (K3), (k—=1,---, p—3). 


2. We are now going to define homology characters of L modulo M, 
where L and M are sums of the interiors of certain simplexes of a complex KX, 
L containing M, and M containing its limit-points insofar as these belong to L.* 
As the: case considered here is barely more general than that worked out in 
detail by S. Lefschetz in his Topology, we give only the definitions, none of 
the proofs. 

The homology characters of L modulo Mf are defined as the homology 
characters of L modulo M where L is a subcomplex of a subdivision of K 
approximating L and M is the intersection of L and M, which is also a com- 
plex. For L we take the point set obtained from K by applying the following 
process to every simplex of K of which the interior is not on L: Construct a 
copy U `of the neighborhood complex of that simplex in a very small neigh- 
boyhood of one of its interior points and take away from K the join of U and 
the simplex, except the join of U and the boundary of the simplex. U must 
be taken so small, that the parts taken away for two simplexes do not have 
a common point when the simplexes are not incident. L is a subcomplex of 
a subdivision of K ; any chain on L of which some part is on M can be deformed 
‘into a chain of L, the part on M remaining on M and finally moving into M. 
The homology characters of L modulo M are invariant under transformation 
of K into another complex carrying L and M into sums of interiors of 
simplexes. This follows from the ASTR 


* If this is not true from the beginning the logical see emer for Af is aad 
the inclusion of those limit-points. 


Y 
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THEOREM 2. The homology characters of L modulo M can be defined by 
means of singular chains on L neglecting those contained in M. 


3. We want to find point-sets La and Ms on K,:K,= K, such that the 
formulas of theorem 1 give the homology characters of L, modulo Ms as 
functions of those of Lı modulo M, (on Kı) and Le modulo Me (on K). This 
problem can be reduced to the following: What is the point-set Ls approxi- 
mated on K, by the join Le of the point-sets L, and Le approximating L, and 
Ls and what is the point-set M, approximated by Ms which is the sum of those 
simplexes of L, corresponding to a pair of simplexes of which at least one is 
in Af, or M. For the computation as for the product and so at the same time 
theorem 1 can be applied on Zs modulo Ja- Ls turns out to be the set of all 
segments between points of L, and of La on Ka; we can write L; = L,° De. 
The approximation of Ls by Ls is of a slightly different kind from that 


- described in section 2. With the same notation Ms == Li ' M + Mi: Da. The 


introduction of the (—1)-simplex in K; does not have any influence on the 
homology characters of L, modulo M; provided M, is not empty because in 
that case the (—1)-simplex has to be included in M;. The repetition of 
Theorem 1 in its generalized form seems superfluous. 


4, We base the treatment of invariant subsets on the following definition: 
An invariant subset of a complex K is a subset which is transformed into itself 
by any transformation of K into itself or the sum of a certain number of com- 
ponents of such potnt-sets. Combinatorial invariants of invariant subsets of 
K are combinatorial invariants of K. A minimal invariant subset of K is an 
invariant subset not containing an invariant subset different from itself. The 
interesting problem of finding all minimal invariant subsets of a complex is 
beyond the scope of the present methods of combinatorial topology. 

The minimal invariant subset containing a point P of K is the component 
of P in the set of points of K into which P can be transformed by topological 
transformations of K into itself. 

As any interior point of a simplex of K can be transformed into all other 
interlor points of the same simplex, any invariant subset is the sum of the 
interiors of a certain number of simplexes of K. The closure of an invariant 
subset of K is an invariant subcomplex of K. 


THEOREM 3. There is an tsolome deformation of K into itself under 
which a point of any muimal invariant subset of K goes into another pomi 
of the same subset. 


To prove this we note first that there is such a deformation moving any 
point interior to a simplex into any other point interior to the same simplex; 
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second that any point of the invariant subset can be transformed into any other 
point of the subset. From this it follows that any point of the subset can be 
deformed into any point of a small neighborhood of the invariant subset and . 
that this neighborhood can be extended to contain all interiors of simplexes | 
belonging to the invariant subset on which, or on the boundary of which P lies. 
Finally it is obviously possible to pass from any~point to any other point of 
the subset in a finite number of steps all completely contained in one of the 
enlarged neighborhods. 


THEOREM 4. If a simplex Se of K” is contained m the closure of- an 
invariant subset M of K”, then the point-set N, corresponding in the comple- 
ment U? of S? in K” to M, is an invariant subset of UP, a 


This follows from the fact that the interior points of the segments between 
interior points of 9? and the points of a minimal invariant subset of U»?" - 
all belong to the same invariant subset of K”. It is sufficient to construct-an’ ` 
isotopic deformation of K* into itself moving part of such a segment into part 
of an arbitrary other segment, supposing that the two segments pass through - 
the same: point P of S? and for instance through the points Q and R of U", 

. According to theorem: 3 there is an isotopic deformation of U"-?"! into itself 
moving E into Q; this determines an isotopic deformation of the join U”! 
of U"*" and the boundary of S? into itself still moving & into Q. U” is 
the neighborhood complex of Pin K*. A certain neighborhood of P, the join 
of -P and U"", can be formed by means of a set of copies of U** depending 
on a parameter moving in an. interval, however to one end-point of the interval _ 
there only corresponds the point P. We construct the isotopic deformation 
` of K” in such‘a, way that under any transformation of that deformation all 
those copies of U" are transformed into themselves by means of one of the 
transformations of the deformation of U*-'. The copies near P are trans- 
formed by means of the final transformation of that. deformation, the copies 
near the boundary of our neighborhood of P-and at the same time all points - 
-outside of that neighborhood are transformed by means of the identical trans- 
formation, the copies in between those two groups are transformed by means 
of all the transformations of our deformation of U*' distributed continuously. 
The deformation of K” ig executed by moving this intervening portion con- 
tinuously till it arrives at P. It is easy to see that this deformation satisfies 
the condition we wanted so that we have proved theorem 4. 

All theorems which we are going to give with the object of finding smaller 
invariant subsets of a complex except theorem 10 will satisfy a certain converse . 
of theorem 4: to any invariant point-set of a complement found by means of 
those theorems -there will correspond an invariant point-set of the original 


+ @ given complex. j 
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complex that can be found by means of the same theorenis. This will be 
proved in section 6 and might be of use in determining invariant subsets of 


5. A large part of our method of ‘finding invariant ibis consists in 


the application of the following composite statement of which we_may suppress 
the proof: 


THEOREM 5. Invanant subsets, components, parts of certain local 
dimension, closures, sums, differences and intersections of invariant subsets 
of K” are again invariant subsets of K", 


The rest of the method consists in repeated applications of genera Nen koni 
of the following theorem proved in my dissertation ; * 


THEOREM 6. The neighborhood complexes of corresponding points in 


- “homeomorphic complexes have the same homology characters ; with the corol- 


lary: The set of points of K” whose neighborhoods complexes have a definite 
set of homology characters is an tnvartani subset of K”. : 


The analysis of invariant subsets given by A. B. Brown + is founded. on. 
theorem 5 and a corollary of theorém 6: The subcomplex of K” formed by 
all (n — 1)-dimensional simplexes of K” ancldent with exactly p (p< 2) 
n-—~1 simplexes of K™ is invariant. 

A first generalization of theorem 6 is the Stina 


THEOREM 7. If in two homeomorphic complexes two corresponding points 
are interior points of p-simplezes, the complements of these p-simpléxes have 


— the same homology characters. 


oe 
N 


Such points have as their neighborhood complexes the -joins of the 
boundary of a p-simplex and the complements of their p-simplexes. Applying 
theorem 1 we find that the homology characters of those joins are obtained 
from the homology characters of the complements by adding p to the dimension 
of those characters, so that the first are invariants along with the second. 
From the character of the proof it is evident that this generalization does 
not increase our information on invariant subsets; however, it is interesting 
to compare theorems 7 and 10 and their proofs. 


THEOREM 8. Let M , and M, contained in M, be two invariant subsets 


of K” and let L, and Lz be the point-sets corresponding to M, and M: tn the 
_hetghborhood complex of a point P of K", then the homology characters of Ly 


* Loc. ovt., p. 26. i 
i Journal of Mathematics, Vol. 54 aia pp. 117-122. 
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modulo L, are invariants of K” (and P). From this it follows: The set of 
points where L, modulo Lz has a definite set of homology characters 13 an 
invariant point-set of K”. - 

On the point-set K of K” we consider as marked the following point-sets: 
_P; the straight segments through P in K” forming a point-set U; the sets 
N, and Nz of those segments contained in M, and M2; all point-sets corre- 
sponding to those in a complex ’K" homeomorphic with K” and marked with 
a prime. The intersections of U, N, and N: and a suficiently small neigh- ` 
borhood of P are equal to the corresponding point-sets of “K*. In a very small, 
neighborhood of P we construct copies V and “V of the neighborhood com- 
plexes of P in K” and “K". The point-sets in those copies corresponding to 
the given invariant subsets will be called from now on: La, Le, “La, “Leg. For 
any point of U(’U) except P we define a corresponding point on V.(’V), called 
- its projection on V(’V'), defined as the point -of intersection of the straight-- 
segment in K*(’K") through the given point and P with V(’V).° To any 
singular chain of L, modulo L, we assign its projection on ’V which is a chain 
of ‘Ly modulo “L. As boundaries correspond to boundaries under this pro- 
jection we have. defined a transformation, of the group of homologies of Lı 
modulo Le into that of “Z, modulo “Lz. - To complete the proof we must show: 
If “I? is the projection of a cycle T?” of L, modulo L: on “V and if “TY is the - 
projection of "T? on V then IT?—”I?~0 on L, modulo Ze, for then the 
transformation of the two groups is isomorphic. I? —”T? ig the boundary 
modulo Af, of the chain formed by the straight segments in ’* between points 
of I? and corresponding points of “I? plus the straight segments in K” between 
points of “I? and corresponding points of “IY. This chain is contained in U- 
when V and ’V are taken sufficiently near P; its projection on V still has 
T? —”'T? as its boundary but now taken modulo Da, so that es 0 on 
L, modulo Lz. 

Theorem 8 can be T to give theorem 9 in the same way that 
we generalized theorem 6 to give theorem 7. 


THEOREM 9. If in two homeomorphic complexes two corresponding 
points are interior points of p-simplezes and L,(L2). and "Li ("La) are the 
sets in the complements of these p-simplezes corresponding to the invariant - 
- subset M, (Mz contained in M,) of one complex and the corresponding set 
of the other complex, then the homology characters of Lı modulo La are. the 
same as those of “Lı modulo “Lz. ant 

6. If we find by means of theorems (5) and (8) an invariant point-set 
L in the complement U of a p-simpler I? of K* then the same theorems allow 
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us to construct an invarianti pownt-set in K” of which the dimension is p + 1 
higher and to which L corresponds in the complement of DP. 


To prove this we must follow the process by which L was found and show 
that corresponding steps can be taken in K” itself with corresponding results. 
This is obvious as far as theorem (5) is concerned. When we apply theorem 
(8) using the point P of U and point-sets Lı and L in the neighborhood 
complex V of P in U, the corresponding point-sets for Kare on the join of P, 
S? and V; corresponding to P we have to take an interior point Q of the join 
of P and S*, the set corresponding to £,(£2) in the neighborhood complex of 
Q is the join of Li(L2) and the boundary =? of the (p -+ 1)-simplex P > S?. 
The homology characters of R? L, mod =? Lz are, according to Section 3, 
obtained from those of L, mod La by adding p+ 1 to the dimension of every 
character, so that the same sets of numbers are used to determine how. the 
points @ of K” and the points P of U can be divided into invariant point-sets. 

As a result of theorem 6 the smallest invariant subsets we can find are 
open manifolds in the modern sense. The invariants of tensorial character 
defined for manifolds by J. W. Alexander (Proc. Nat. Acad. Sct. 1924) can ` 
be used to find still smaller invariant subsets and a connection between the 
results in a complex and in the complements of its simplexes as described just 
now does still exist. For a subsequent paper we plan a vindication of this 
statement and a closer analysis of these invariants. 


7. The fundamental group can be used to split a complex into still smaller 
invariant subsets. However, owing to the fact that deformation invariants 
of dimensions larger than one have not been investigated closely the range of 
application is much smaller than that for instance of theorem 8, and the 
reasoning of section 6 cannot be extended in this case. 


THEOREM 10. If the interior of a p-simplex S? of K” is part of a p- 
dimensional tnvarvant subset of K”, then the fundamental group of (any 
component of) the potnt-set L of the complement U of S corresponding to any 
other invariant potnt-set M of K is a combinatorial invariant of K” (and the 
two invariant subsets). 


This theorem can be used to distribute the p-simplexes of a p-dimensional 
invariant subset over smaller invariant subsets; the lower-dimensional 
simplexes to be distributed afterwards by means of theorem 5. 

Because S? is in a p-dimensional invariant subset of K” we can find an 
‘open subset of S? of which the corresponding subset in a complex “K” homeo- 
morphic with X” is open in a simplex ’S? of ’“K”. For any point of the join 
of & (SP) and its complement but not on S?(’S?) itself we define a corre- 
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sponding point on that complement called its projection: on the complement 

and constructed by taking the point in the complement corresponding to the 

join of S?(’8?) and the given point. Let us represent the complements by sets : 
on the point-set of our complex in a very small neighborhood of one of the 

points of the open set mentioned above so that they have a point of M in 

common. We chose that point in both the complements as the origin of the ` 
fundamental group of the point-sets corresponding in the complements to M. 

. This causes the origins and so at the same time the elements of those funda- 

mental groups to be transformed into each other under the projections defined 

before. Now we can repeat the substance of the proof of theorem. 8, proving 

that L and the corresponding point-set constructed for “K" have isomorphic 

fundamental groups. 

The restriction of our knowledge on ies ‘invariants Gene the 
behavior of, for instance, the join of the boundary of a 2-simplex and g- 
3-dimensional manifold with a fundamental group different from the identity 
but whose l-cycles are all homologous to zero. It seems very obvious that 


-the boundary of the 2- simplex and the rest of the manifold are (minimal) 


invariant subsets of the join, but: there does not seem to be an easy way of 
proving this. 


8. A last theorem in Hug connection which we want to mention: is the 
. following: 


THEOREM 11. If in two homeomorphic n-dimensional complexes two cor- 
responding points are both in (n— p)-stmpleaes, p < 4, the. complements of 
those sumplexes are homeomorphte. 


The proof is so simple that we shall ‘Gt: go into detail. For p==3 the 
~ complements are divided into 2- dimensional manifolds by point-sets correspond- 
ing to (n— 1)- and (n— 2) -dimensional invariant subsets; the similarity 
of the way in which the manifolds have to be put together being decided by 
theorem 10 applied’ to those subsets (p< 3) and the similarity of the 
corresponding manifolds being decided by means of theorem 9. The sign of 
the relation between any orientable manifold and a 1-dimensional invariant 
part of its boundary is not changed in passing to'a homeomorphic complex 
becanse the sign of the relation between the chain formed by the manifold 
modulo all the rest of the boundary and the cycle formed by the chosen part 
of the boundary modulo its boundary is not changed in passing to a homeo- 
morphic complex. ; r 
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SOME ADDITIONS TO THE THEORY OF COMBINATORS. i 
By H. B. CuRRY.} | 


- The present paper contains two amplifications of my dissertation Grund- 
lagen der kombinatorischen Logtk.{ These are: (1) a revision of the defini- 
tion of normal form (II D 1, Festsetzung 2) so that to every normal sequence 
there will correspond a unique normal combinator; (2) a generalization of 
the principal theorems on equality of combinators (II E 3, Sätze 4 and # 
so that the restriction that the combinators concerned be “eigentlich” is 
removed. ‘These two parts of ‘this paper are independent of one aa 
although both presuppose the thesis just mentioned. 

Reference will be made to the dissertation by means of the subdivisions 
in that paper itself. Thus the above II D 1 means Keptel L, Abschnitt D, $ E 


1. Revised Definition of Normal Form. 


Convention 1. A regular combinator § whose terms are all of the form 
Cm, Or Bt) shall be called a permutator. (By II D1, Festsetzung 4, permu- 
tators were denoted by ©). 


Convention 2. A permutator shall be called normal, or in the normal . 
form, when it is either I or of the form: | 


66.5566 E 
di each Gz either is of the form l 
E T N E 

or else; for k-n, =T. | 

TumoREa 1. For every permutator & there exists one and only one 
normal permutator © such that . Lo 
(1) 0 peee. 

Proof. If such a @ exists it corresponds to a permutation (II Ç 4, Fest- 
setzung 3) of order n (II D 6, Festsetzung 1). n must then also be the 


* Presented to the Waea Mathematical Society, Dorember 28, 1931. 
+ National Research Fellow. ` 

‘t American Journal of Mathematics, Vol. 52 naa pp. 509- 536, pp. 789-834. 
oa D 1, Festsetzung 1. : 
| bbl 
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order of the o to which 6 corresponds, (II D 6, a hence r is 

uniquely determined.* Z 
If U is any permutator let us denote by U (k) the index of the asa 1 

which occupies the k-th place in the permutation to which U corresponds. 

- Thus if by == @(k) we have, if the 2’s be regarded as entities, 


l- BLot © © Ln = LoLr,0d,° * | Thy: 


I shall show that the numbers a, determined as in Convention 2 by G are 
‘uniquely determined by the by, with the understanding that when a =k, 
then & =I. E 

Suppose then a @’ is given, with the a» defined in terms of @ as in’ 
Convention 2 with the understanding just mentioned. Then 
Gi(7) =j, if 7 >k; l 
Ca (k) = dg. A ae ~ 

Now it is easily verified that for permutators U and V 
(U: V) (k) —U(V(k)) ; 


(2) 


hence . 
(3) x (Ba Gea e ©) (k) — a. 
Consequently, if we define temporarily 

" (4) Dr == ©, Gis: + Gen, Dy = I, 
so that 


then, by (2), (3), l 


(5) C (k) = De(ae) = Den (k). 
If ©’ is to satisfy the conditions, @ (k) must equal br, hence . 
bx ais Dx (ax), 


or, since permutators have unique universes, 
(6) ax == Dy (bx). 


. The equations (6) determine the a’s uniquely. In fact I shall prove that 
for any r< n there exists a unique set of numbers an, Anis © *,Qn-r such 
that: (1) a» < n, and for k & r, any S n—k; (2) if we define Ga» as i 
Convention 2 for anx < n — k, and as I for an» == n — k, then the last r+ N 


* These statements are true even when (/ = I, n=0. 


\ 
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Saale: (6) are satisfied, De being defined by (4). This assertion is true 
for r= 0; for the last equation (6) is 
by == Diis 


which determines @ uniquely; moreover dn < n since © corresponds to a 
sequence of order n. Suppose now the assertion is true for a given r. Then 
the last r-++ 1 equations (6) determine an, Gn+)° * ',an-r uniquely and sub- 
ject to the inequalities stated. The next preceding equation, viz., 


an-r-1 = DT yp ( bn-r-1) 3 


determines an-r-ı uniquely, since Dr. contains no number not already 
determined, and an-r-1 =n. Suppose Anr-ı = ] > n—r— 1i. Then 


Dar- (1) = (Dy: C G+ + + G+) G) (by def. of Da-r-1); 
= (Di: &) (7) (by (2)), 
= D; (aj) == by (by (5)). 
But, . 
(7) Dnr- (J) = Barr (by (6)). 


'. bj == ba-r-1, which is impossible if 7 > n—r— 1 because the b’s are all 
distinct. Therefore ar-r-1 = n — r — 1, and the above assertion, if true for 1, 
is also true for r+ 1. By induction it is therefore true for every r< n; 
hence in particular for r= n— 1. The equations (6) have therefore one 
and only one set of solutions a, as,’ * +, an. l 

Now let the th, @2,* * *,@ be determined as in the last paragraph, and 
let ©, Dr, be defined in terms of them. Then by (5), which is still true, 

@ satisfies the conditions of the theorem, and is by what has just been proved 
the only normal permutator which does so. 

Convention 3. A regular combinator shall be said to be normal, or in 
the normal form, when (except for parentheses and the omission of identical 
terms) it is in the form 


R-W-C-B* 


(1) &, W, B, are in the normal forms already defined (II D1, Fest- 
setzung 2); 


(2) © is in the form of Convention 2; 


(3) © corresponds to the permutation m determined as follows: let y be 


* Any of the components @, W, ©, H, may reduce to the identical compel, I, 
and: nents be omitted. 


E 


a 
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the sequence (Folge) to which the givén combinator corresponds; determine 
from y a y.and an w as in II C5, Satz 1; from w ax and ww as in II C4, 
Satz 1; and ‘from » an a satisfying the conditions for the first factor in” 
II C4, Satz 3; then of those permutations which satisfy the conditions for 
the second factor of the last theorem choose for m that one which does not 
-permute among themselves any of the letters Tey Tog` ` ` Eo, Which occupy 
ees held by the same letters in «.™ 


THEOREM 2. To every-normal sequence pihi corresponds one and only 
one normal combinator. 


Proof. Let y be the given sequence, and let y, œ, x, m, a, a be determined 
by the process outlined in Convention 3. Then 


7 . =K Geary. 


Let &, W, ©, B be the normal combinators which correspond to x, &, 7; and Y, 
respectively (II C4, Sätze 2 and 4, Theorem 1 above, and II C 3,. Satz 3). 
Then (&-W- C-B) is normal and corresponds to 7. | | 

Suppose there were another such combinator; let it be (€ -W -@’- B’). 
By II C5, Satz 2, these combinators can differ only in their @s. By the 
third requirement in Convention 3,.both © and © must correspond to r as. 
described in that requirement. By the theorems there mentioned, w, p, «, and 
therefore w, are uniquely determined by n.t Hence & and @’ must both corre- 
spond to the same permutation, and therefore, by Theorem 1, are identical. 


THEOREM 3. If R is a regular combinator, then there exists one and 
only one normal combinator W such that 


1. R = w. o 
Proof. Follows at once by II D 6, Sätze.2, 3,-4, and Theorem 2. 


T 


2. General Theorem on Equality of Combinators. 


Coin 4, If © and Y are ‘expressions involving the letters Ti, Zs, 
“Zm; then 


hž—=9 


* This ~ is the same as the £ constructed as an example in my paper “ An Analysis 
of Logical, Substitution,” American Journal of Mathematics, Vol. 61 (1929), pp. 363- 
- 884, Lemma 4; it being understood that the y of that paper is the same as the pu 
mentioned here. The other permutations which satisfy the conditions for the second 
factor in IL C4, Satz 3 are the f’s ‘discussed in Lemma 5 of the earlier paper, from 
which it appears that r is uniquely described. 

t See footnote above. 
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shall mean that if hel Tis Los’ * ` Bn ts treated as- sisi’ e. as denoting 
indeterminate peri oat the equality of ¥ and Y can be proved. Simi- 
~ larly if ¥ and ¥ also contain the letters y1, Ya °°, Yn) bey £ = ¥ shall mean 
that the equality can be proved if the w’s and y's be treated as variables. 
(These conventions apply even when the 2’s and ys N denote entities. 

Cf. IL E 3, Festsetzung 3). ` > 


Convention 5. A formula, such as | X = Y, shall be said to follow 
combinatorially when it can be derived, as in II, from the combinatory axioms, 
the combinatory rules B, C, W, K, and the properties of ee proved in 
I D. This may be symbolized thus 


-X=Y eee ‘(combinatorially ). 


The same shall apply to formulas of type considered in Convention 4. 
THEOREM 4. If x and Y) are combinations of variables 21, %2,° * `, Xn; 
and entities Ur, Us,’ ` `, Um, and X and Y are combinators such that,— 


(i) the expressions (XItty- ` -Um Titi an) and (Fritts ` Ahan 
10°‘ `En) reduce formally.to X and 2 ae meee 


—~ 


(ii) it follows combinatorally that 
(1) . 3 tet — 9; 
then it follows POr D taurea yat that 
(2) 7 F XI ` Um == FIt: : th 


Proof. Suppose first that 2 differs from 9 only in that a certain éx- 
pression Y in X is replaced in Y by D, “where ~ 


(3) -o Faf B ~~ (combinatorially). 


Then there Ria exist a regular combinator T such that the expressions 
(TIM uty: * Um T22 ° ` En) and (TB uty: ` Um 2X2" * © Zn) reduce for- 
mally to ¥ and 9 anes t We shall consider two cases. 


Case 1. Suppose A and B are entities, and that the formula (3) is 
established without the use of variables. Let U and F be combinators such 


es It is of course not required that all these symbols appear in both ¥ and 9). 
+ For this reduction x is’ ‘to be regarded as a combination of the symbols 
YT, thy bars + + Uys Dis By’ e -,%,, and Y appears only once ‘in ¥. Similarly for the 
relation between 9) atd B. “ Supertludus: ws can be cancelled: by factors K, appear- 
ing in T. 
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that UTuyuy ° ` -m and Vlis’ ` ` thm formally reduce respectively to W and 
B, and let S be a regular combinator corresponding to the sequence 


Lola (L1LaT3T4 A Lesa) Tata 7 * * Bests’ t t’ i 


Let X’ == STU, Y’ == STV. Then the expressions (X'Iurus' ` Unm 2122 °* En) 
and (Y'Iuruz' ` ` Um TT’ * +a) reduce formally to ¥ and Y) respectively.” 
Therefore, by IT E3, Satz- 4, H XI = XI and + YI = Y'I, because, for 
example, if the ws be regarded as variables the two expressions 


Xluus ` + tm T2 -En and Xue: ` Um 10a" En 


both reduce to the same sequence of variables and hence XI and X’I corre- 
spond to the same sequence of variables. On the other hand 


l- XIa’ ` Um = TIM us: ` ` um, 
l- F Iur: Um = TIB’ > Um. 


Since the two left-hand sides reduce formally to their respective right-hand 
sides. The two right-hand sides are equal by (3). Hence, finally, - . 


t Klus’ ` ` tlm = XT: ` ` Um 
—= VY" Juju: - ~ * Ung 
— Ynn: + Abe. 


which proves the theorem for this case. 


Case 2. Suppose A differs from 8 in that A reduces to B by application 
of a single one of the combinatory rules, B, C, W,K. (There is no loss of 
generality in supposing that A reduces to B). Let U be the combinator~~ 
concerned in this reduction; it is then one of the u., Let ¥ be the expression 
obtained from Æ by replacing U as it appears at the beginning of A by a 
= new variable y, but otherwise leaving ¥ unchanged.t Let X” be the regular 

combinator such that X’Iywjus- + *tm%1:%.°* `n reduces formally to ¥’. 
Let V be the regular combinator such that | cee 


bw ts Violytlg* © ` Um = ToU tht: °° Um, 


(guch a V exists since U is simply oné of the u). Then the expression 


* The first one reduces formally to TI (Ulu t. + -Uppt t 


ity + tby Mes + Dp 
thence to ¥ with Y replaced by Ulu u, -up In this the only symbol not con- 


` sidered formally is U, so that the reduction proreeds formally to ¥. BiA for ~ 
the second one. 

: + If U appears in ¥ in more than one aides this papinom is to be made: only 
at the beginning of Qf. 


we 
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(V - X’) Durt * + thy Bytes > Ep reduces formally to ¥ (the ui, 2; all being 
regarded as variables). Hence by II E3, Satz 4, (cf. above) 


(4) (VX JI = XT, 
On the other hand if we regard U as a combinator and w,° ' -, Un, Ti,° © * Zn; 
as variables, the expression X”]Uujt,: ` ‘Up %y%2° * ` Tn reduces to Y. Hence, 
(Ii E3, Satz 4) 
(5) |- XIU = YI. 
Therefore 
H Alute’ ` um = (V XX") Lute: + Um (By (4)), 
aa V(X YUrt: > i Um (II B4, Satz 1), 
= ALU UyU2* * ` Um (Def. of V), 
swe VIU Ua’ + © Um (By (5)). 


The theorem is therefore proved in case the transition from Æ to 9) is 
effected by means of a single formula of type (3). For if (3) be an axiom 
or a previously proved formula we have the Case 1; if (3) be a special case 

of a rule, Case 2. 
In the most general case there must exist a series of expressions 
Xi, Xa o Æp, where ¥ == ¥, £, == Y, such that nı is derived from Xi by 
a single formula (3) in the manner just considered. If X; be a combinator 
related to ¥; in the same manner as X is related to ¥ and F to ¥,* then by 
the preceding proof, 


l- X puru t Uim = X iUt t Ume 
Therefore, since equality is transitive, 
|- Xie © Um = Yuytle’ ` * Um. q.e. d.t 
* Such combinations of course exist; in fact we can find an X, of the form RZ, 


where R; is normal. 
t In case the. ¥; contain letters e in neither X% nor 9) the following 


modification of the proof is required. Let v, + ty Dey Hy» Yo e Yg be the extra 
letters so appearing, the v’s ee ane, sad the 8 being variables. Let 
V. =E, KH, K, K, =p +q, 


Then by the method in the text we can establish the senate 
p(B VX) Luu. - +, vv = (BV, V) to o oes. 0 


mn r 2 n a Rage i m'r’ m Yio p 
for if we insert first ‘the y’s and then the æ’s after the two. sides the resulting expres- 


sions reduce formally to ¥ and 9) respectively. Hence if t0,, Wy +, 10; are any 
entities (say w, =I), we have 
H (By VX) Lui, e +t, VE 2 a cece 8 AD 

= (BV, Y)ITu u,- EE mE - -Dp 0, - " Wyp 


whence, by reduction of both sides, we have (2). 
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Remark. That the above theorem is more general than those of II E3, 
is' shown by the following example, which may be proved by its aid, 
| | O(W + BB)I = WOI. | 
Neither of the combinators is “eigentlich”; in fact if. Tot: be written after 
each they both reduce to tolz.. On the other hand if.J is to be regarded 


_ formally the right-hand side reduces.to the expression just written, while 
the reduction of the left-hand side cannot get any further than zol (Iz). 


THEOREM 5. Jf X any Y are entities such that it follows combina- 
tortally that | 


by Xa, Oy = Frita * tn; 

then ti follows combinatorially that . l 

| | | X=Y. a l i 
Proof. Tet X’ and Y’ be combinators, and 1, us,’ * ‘tm entities such. 


that AX’Tuyu,: ` * tm and Y’Iutus ' “+m reduce formally to X and Y re- 
spectively. Then | T3 


l- X = X T: + Um E by const.), 


= Ylius Um > - . (Theorem 4), 
soe Y.. q. e. d. poA _ (by const.).-- 
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ON THE OVERCONVERGENCE OF SEQUENCES OF RATIONAL 
; FUNCT IONS. + 


By J. L. WALSE. 


If a sequence of rational functions of the complex: variable z converges 
to a given function f(z) on a given point set C with a certain degree of 
approximation, then that sequence may necessarily converge to the given 
function or.its analytic extension on a larger point set containing C in its 
interior. For instance, it was shown by 8. Bernstein.that convergence of the 


sequence of polynomials p(z) of respective degrees n= 1,2,- > > in such a 
way that we have for some R > 1 = 
m | f(2) — pa (2) | £ U/Re, M e 


implies uniform convergence of the sequence pa(z) in some ellipse whose foci 
are the points 1 and — 1. Various generalizations of this result have been 
etudied by the present writer, where the degree of approximation of poly- 
nomials is given in a certain way not on the point set — 1 & z S 1, but on a 
more general- point set,t and also where the approximating functions are 
rational functions more general than polynomials and the point set is a region 
or rectifiable curve.{ It is the objéct of the present paper to set forth a result 
which includes all of those mentioned, and which indeed seems to be the most 
general result of its type. In the previous study, we considered primarily 
approximation in a circular region by rational fpnctions whose poles lie in 

~ another circular region; in the present paper more general point sets instead 
‘of circular regions are contemplated in these two rôles. We shall first prove 
an interesting special case, and then indicate the modifications for the more 
general theorem. 


AE 
Let C be an arbitrary closed Jordan region of the extended § z-plane 
and let D be an arbitrary closed point set having no point in common with C. 


* Presented to the Society, March 25, 1982. . :. 

t Miinohner Berichte (1926), pp.. 223-220. ) 

t Transactions of the American Mathematical Society, Vol. 30 (1928), pp. 838- 
847 and Vol. 34 (1932), pp. 22-74. 

me $ That is to say, we adjoin the point at infinity to the usual (finite) s-plane 5 

consequently the notions closure {of a point. set), Jordan curve, and Jordan region 
are most conveniently interpreted on the eer oe aphic projection of the plane) 
instead of in the plane itself. 
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Let Cr(z’) denote the curve in the -plane which is the image of the,circle 
| | == R > 1 when the complement of C is mapped onto | w| > 1 in such 
a way that the point z = z” of D corresponds to w= œ. The closed regions 


containing C bounded by the various curves Cp(z’) have obviously the region - 


C in common when 2’ varies over D, and conceivably have a still larger point 
set in common. We denote by Cr this common point set whatever it may be. 
It will appear later that the point set common to the regions considered is 
itself closed, and it will also appar that C actually lies interior to Cr. 


Lemma I. If trn(z) is a rational function of z of degr ee n * whose poles 
lte in D and if we have | 


(1) |m(z) |S M, for z on C, 
then we have also 
(2) | (2) | S ME”, for z on Cnr. 


Let 21, %,° * *, Za be the poles of ra(z); these lie in D and need not be 
‘distinct. The function r,(z) need not have n poles; if there are fewer than 


n poles, only an obvious modification is to be made in our reasoning. Let 


w = ¢4(z) be a function which maps the exterior of O onto the exterior of 
y:|w|—1 so that the point z = z, corresponds to w == œ. The function 
$;(2) is analytic exterior to C and (if suitably defined on C itself) continuous 
in the corresponding closed region except for a pole of the first order at z = 2%. 
The modulus of ¢;(z) on C is unity. The function 


tm(z)/dr(2)ba(z) `` + bn(2) 


is analytic exterior to C, continuous in the corresponding closed region, and 
. for z on Č we have by (1) 


(3) | ma (a)/du(t)da(#) - + (EM. 


Since inequality (3) holds for z on C it holds also for z akion to C. 
Tiroigkont Cr exterior to C we have 


| $4(z) I< = 


so that (2) now follows from (3) for z in Ce exterior to O. But Cr contains 


Č in its interior, and r,(z) has no poles in Cr, 80 (2) is valid for z anywhere 
in ue 


“That is to say, r,(#) can be written in the form ` l , 
i l (a £” + agni t.. +H a,)/(b,en + btt. -o ba) 
where the denominator does not vanish identically. 


`o 


™ 
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Lemma I is analogous to, and á generalization of, a lemma used by 
Bernstein in the proof of his result ‘already mentioned. The present method 

- is closely related to that used by M. Riesz.* in his proof. of Bernstein’s lemma. 
Lemma I- can obviously be extended to apply to point sets C more general 

than Jordan regions; we shall discuss this fact im more detail later. Let us 


return to the original case considered and use our original notation. 


Lemma I. Jf C ts a Jordan region and tf the point set D. (having no 
point in common with C) ts a Jordan region bounded by a curve which can 
be denoted by Cp(f) [where ¢ is some point of D], then the point set Cr ts 
the Jordan region containing C bounded by the curve Cv(f), where 


v= (Rp + 1)/ (E + p). 


Let w =— (z) be a function which maps the exterior of C onto the 
~ “exterior of y: | w | = 1 so that the ee z — ¢ corresponds to w == œ. Then 
the function 


W me E T om [1 — (21) $(2) ]/[$(z) — $a) ] 
maps the exterior of O onto the exterior of y’: | w | = 1 so that z == z, corre- 
sponds to w= œ. The restrictions | wi | = p, | $ (21) | = p; zı in the closed 
region not containing O bounded by Cp (2), z in D, are all equivalent.. Al 
points z HOt 3 in Cp can be expressed by the conditions 








1 — $ (21) (2) | 
4 NSE Ena mera = R, z = p, 
(4) O ae) | ZE |e) |B 
_-~ or by the equivalent conditions 
` l l i 1— ww | “> g > 
(5) | w — Wy =k, | Wi | == > - 


where w = (z), wm = (#1). | : 
Conditions (5), dnm dered as restrictions on w, are not difficult to 
transform. We substitute 


w! = (1— aw) /(w — 1), 
and write (5) in the form | | 
(6) w= (ww 4 1)/(w +i), |wl|BR>1, |m|Zp>1. 


Here w” and w, are arbitrary, subject to the conditions indicated, and we peek 


™ 
= the locus of w. The transformation in (6) transforms the unit circle 


* Acta Mathematica, Vol. 40 (1916), pp. 337-347. 
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| w’ | = 1 and its exterior into | w | = 1 and its exterior, so wé obviously have 
|w|>1. Letus set |w | È RZ R, |w | =p Z p, so we have by (6) 


wi) = (Rip? + ww -+ mw + 1)/ (R° + wiw + D w H pit). 
This last expression can be written as 


(7) Rip? + 2a+ 1 
| hy? + 2@ + pi? 


a fraction whose numerator is greater than its denominator, which is positive. 
We are considering the fraction for —pifj Sz pikie The denominator 
vanishes for z == — (R? + p17)/2 =—Rp, so, since the function (7) is 
represented by an equilateral hyperbola whose asymptotes are the axes, its 
minimum occurs-for 2 == ,2,, and this minimum value is 


[ (Aap: T 1)/ (R; ga pl 
The relation o: 


(Rip: + 1)/ (Ri + py) Z (Be + 1)/(R + p) 


is a consequence of the conditions Rı = R, pı = p, 80 we have shown that 
the complement of Cr les in the Jordan region not containing C bounded by 
the curve O»(t), v= (Bp + 1)/ (RE + p). 

Reciprocally, let z be given in the Jordan region not containing C bounded 
by this curve Cv(¢); we shall prove that z belongs to the complement of Cr. 


_ When this situation is transformed onto the w-plane, it reduces to the follow- 


ing. Given w, in absolute value not less than (Rp. Si -+-p); to find w’ 
and w, such that we have ( 6) satisfied. 

If | w | Z R, it suffices to set w = w, wi == œ. If we have 

R> |w] 2 (Rp +1)/(R+p), 
we define the quantity pı by the equation 
| w | = (Bp + 1)/(R + pr) 

so we have pı =p. Then (6) is satisfied if we merely set 

wı = pıw (È + pı)/ (Bp +1), ` Ww = R(Rp, +1)/w(k + pi); 


we have | w, | =p; |w |= R, and Lemma II is completely proved. 
It follows from Lemma II that the complement of Cr never has a point 
in common with C, no matter how D (having no point in common with C) 


w 


may be chosen. ` For such an arbitrary D lies in some. Jordan region D" / 


bounded by a Jordan curve Cp(¢). - Enlargement. of the original D to the 
new D’ merely adds points to the`complement of Cr or leaves that complement 


"A 
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unchanged, and the complement of the Cx corresponding to D’ has no point 
in common with C. Thus C itself always lies interior to Cre 

It is also true under our present hypothesis, namely that C is a Jordan 
region and D an arbitrary closed set having no point in common with C, that 
the point set Cz is closed. “In fact, Or is the point set common to a finite 
or infinite number of closed regions (each bounded by a curve Cr(z’) and 
containing O) and therefore-closed. | 

It is not true under our present hypothesis. that Cg is necessarily con- 


nected, as we proceed to illustrate by an example. Let us choose C as the 


unit circle, and D as the point set 2, 20, 20%, where w is an imaginary cube 
root of unity. The curve Cr(z’) is a circle of the coaxial family determined 
by 2 (considered as a null circle) and C. For large values of #, the three 


circles Cr(2), Cx(2e), Ce(2o*) are small circles which do not intersect each 


other and which contain the points 2, 20, 2w? respectively in their interiors. 


TN 


As & decreases, those circles vary as follows: they increase in size, intersect 
each other, become straight lines, become circles not containing the respective 
pots 2, 2w, 2w* but containing C, decreases in size, and finally approach C. 

At the stage where these circles (r(2’) are stil circles containing the respec- 
tive points 2, 2w, 2w* but intersecting each other, the point at infinity is 
exterior to the circles Cr(z’) and hence-a point of Cr, yet cannot be connected 
with C by a broken line consisting wholly of point of Ce. 

` By means of Lemma I we shall be able to prove 


THEOREM I. Let (2) be a sequence of rational functions of respective 
degrees n such that we have for z tn an arbitrary closed Jordan region C 


78) (FO) — rale) | SM, o phe 


If the poles of the functions tn(z) lve im the closed set D, where D te 
no point in common with C, then the sequence Ta (2) converges uniformly for 
z in Cr, where R < p”. 

If (8) is valid for z in o and if the ofato Tns (2) — Ta (2) ts of degree 
n+ 1, with its poles in D, then the a ahd converges une mly for 
z in Or; where R < p. 

If (8) is valid for z iw C and tf there aa a sequence. HO of functions 
such that t’»(z) ae is a rational ne of degree. n with tts poles in D, 
tf we have 


(9) 1) - —r (e) EEA ein 0; 


and tf the sequence a(z) converges. unifor mly for z in Cr, where R a p 


(E may or may not depend on the sequence Aa ), then the sequence Tn(z) 
also converges untformly for z in Cz- . ; i - 
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'We prove the various a pee of Theorem I in order. From. the two 
P a 


| F) — ralz) |S M/m, |F) — ran (2) | S M, 


` satisfied for z on C, we have 
| raa (2) — tala) | S H(i: p: 2), 


also for z on C: The rational function 1441(¢) —1»(z) is of degree 2n T 1, 
so Lemma I yields for zon > 


| tea (2) =r) |S=(14+- >) Bint — HB (1-45 lek 


Hence the sequence Ta(z) converges as we have: asserted. 
It follows also from the proof just given that if tmii(z) -nt is of 
degree n -+ 1, with its poles i in D, we have for z on Cr aes 


| Tna (4) —ta(z) |S H(i a =) Re, 


80 the sequence fa(z) converges uniformly for z on Cr, R <p. The sagump- 
tion’ that tai1(z) — fa (z) is a rational function of degree n + 1 is satisfied 
for instance by the sequence of functions corresponding to a series of the | qe 


ao + a A ta (z — Bı) (z — B2) EA C Be), f 


(z — 4) (z — a2) (2 — a) (2 — 4&2) (2 — &s) | 
If we have both (8) and (9) valid, we obtain similarly for z on 0, 
| | | a(z) — ra (2) |S 2M/p", 
and Lemma I gives the inequality ` | 
| | ra (2) — 7n (2) | S (2M/p") Be | 


for z on Cz. Thus the sequence in(z) —1%n(z) converges uniformly for z on 
Cr, R< p. The sequence 1’,(z) is known to converge uniformly for z on Ca, 
so it follows that the sequence r,(z) converges also in this manner, and the ` 
proof of Theorem I is complete. If (9) is used, we do not need to know that . 
tn(2) is rational or of degree n. 

In each of the parts of Theorem I it is itara true that the sequence 
'n(2) converges to the function f(z) (or its analytic extension) for z in Cg 
if Cr is connected and otherwise for z in that connected part of Cr containing 
` O; for by (8) itself the limit of the sequence is f(z) on C, and the limit of. ' 
the sequence is analytic for zon Cp. “a 
ner serie eet eee l | 


* Compare Angelescu, Bulletin de PAcadémie Roumaine, Vol. 9 (1925), pp. 164-168; 
Walsh, Proceedings of the National Academy of Sciences, Vol. 18 (1932), pp. 165-171. 


II. 

Á- It is clear that the reasoning used in proving Lemmas I and II can be 
extended to include point sets C much more general than Jordan regions; - 
the reasoning holds with only minor changes if ‘C is any region or other closed 

-~ point set whose complement is connected. But if the complement of C is not 

i 

| 
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connected, our previous discussion requires to be supplemented, and we 
proceed to indicate how that can be accomplished. | 

. Let C and D be arbitrary closed point sets with no common point, such 
that the Dirichlet problem (for arbitrary boundary values) has a solution for 
every region S(z’) defined as the totality of points which can be joined to a 


given point 2’ of D by broken lines lines not meeting O. Such a totality of -. ` 


| points actually forms an open region and its boundary consists entirely of 
points of C, as the reader will easily prove.* As before, let Cr(2 ) denote the 
curve or curves in the z-plane which are the image of the circle | w | = R < 1 
when the region §(z’) is mapped onto | w | > 1 in such a way that the point 
z= corresponds to w= œ. The mapping need not be smooth and the 
mapping function w = ¢(z) is not uniquely defined, but the mapping function - 
exists by the hypothesis on the region S(2), and the point set Cr(z’) is 
uniquely defined. Let Sp(z’) denote the complement in the 2-plane of the set 
| | (z) | > R > 1, so that Se(z’) is closed and contains C, and is bounded by 
| _ Cr(2’). Let Cr denote the point set common to.all the point sets Sr(z’), 
where 2 takes on all possible pogitions in D; the given set C surely belongs 
to Cr. It can be proved as in connection with Lemma II that C lies interior 

to Cr, and that Cz is closed. 


a; Lamma ILI. If rm(z) is a rational function of z of degree n whose poles 
lie in D and tf we have’ | l 
(1) |ra(z)|SM, «zon, 
then we have also a 
(2). | m(z) |S MR, . zon Cr. °. 


The proof of Lemma IIT is slightly more complicated than that of Lemma 
I because of the fact that in the present case the point set C may separate the 
plane. Let 2, %2,° °°, Zn be the poles. of ra (2), not necessarily all distinct; 
if there are fewer than n poles, obvious modifications are to be made in our 


discussion. Let 2, Za’ °°, Zm be the poles of #(z) which lie in 9(21)- 
Denote by $1(2), $2(2);° -*, om(z) functions which map the region §(z:) 
~ ` onto the exterior of y:| w |==1 so that the respective.points 21, 22,°.° *, Zm 


correspond to w= œ; these functions need not be. een ie but that 
does not affect our reasoning. The function 
* Compare for instance Walsh, Orelle’s Journal, Vol. 159. (1928), p pp: 197-209.. 
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T E ` $m(2) 
is analytic in 9 (21) except possibly for branch points, and its modulus is _ 
. single valued in 8(z,). For z on C, and hence for z on the boundary of S (z1) 
inequality (1) is valid, so for z on the ee of S(z:) we have 
(10) | tm(2)/$r(2)$2(2) ` © on(2) | S H. 
To be sure, œi (2) is not properly defined on the boundary of 8 (zı), bats ag 2 
approaches that boundary, | ¢:(z) | approaches unity and ra(z) is continuous; 
inequality (10) is to be interpreted in that sense. It follows that (10) is valid 
throughout the region & (zı), a region within which the function on the left 


is analytic except possibly for branch points. ‘Throughout the region common 
to S(z,) and Cr we have 


igi(z) | SR, 
80 from (10) x we derive (2) for z in the region common to S (a) and CR: TT 


- In a similar manner it is shown that (2) is valid for z in the region common 


to Cr and any S(z;) containing poles of 7,(z). 

Inequality (2) is valid on the boundary of each region g (z;) containing 
poles of 1(z); denote by $ the set complementary to the totality of such 
regions S(z;). Then inequality (2) is valid at each boundary point of X; 
the function ¢,(z) is analytic throughout $, so inequality (2) is valid at- each | 
point of $, and is valid in particular at each point of Cr belonging to >. 

We have already proved the validity of (2) at each point of Cr not in $, 
that is at each point of Cp lying in a-region S(z;) containing poles of ra(z), 
so the proof of Lemma III is complete. 

We add without proof the remarks * that if R’ is less than R, the set Ce ~~ 
is interior to the set Cr; if E is an arbitrary closed set interior tọ Cx, there + 
exists an K < R such that Cr contains E in'its interior; if P represents an 
- arbitrary point interior to Cr, there exists a value of Æ less than R such that 
P lies on the boundary of Cp. 

Lemma III can now be applied to establish a result analogous to Theorem 
I; here C is no longer a Jordan region. In the present case C and D are 
arbitrary closed point sets with no common point, such that the Dirichlet 
problem (for arbitrary continuous boundary values) kas a solution for every 
region: S(z) defined as the totality of points which c can be joined to a given 
point 7 of D by broken lines not meeting C. 


THEOREM II. Let ra(z) be a sequence of rational eas of ae 
degrees n such that we have for z on O 
(8). | f(z) —ra(z) | SMe, pS. 


“In the proof of these remarks it may be found convenient to use the resulta of 
Lebesgue, Palermo Rendiconti, Vol. 24 (1907), pp. 371-402. 
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If the poles of the function ea) lte in D, then the sequence Ta(2) 
converges uniformly for z on Cr, where R < p”. 

Tf (8) ts valid for z in Cand tf the function tn (2) — ra (z) is of degree 
m+ 1, with its poles in D, then the sequence Tn(z) converges uniformly for 
2 in Cr, where R < p. 

If (8) +8 valid for z in C and if there exists a sequence Tn (2) of functions 
such that t’n(z) — Ta (2) ts a rational function of degree n with its poles in D, 
tf we have . 4 s ae 
(9) |f(z)—ra(z)|SM/p, zi’, 
and uf the sequence Tala) converges uniformly for z în Cr, where R < p, 
[R may or may not depend on the sequence 1’n(z)], then the sequence 1n(z) 
also converges umformly forz in C Be 

The proof of Theorem II follows directly that of Theorem I. 


n III. | 
If the point set O of Lemma III actually separates the plane, and if the 


‘various regions into which C separates the plane are known to contain respec- 


tively specific numbers of poles of f(z) less than n, then it may occur that 
a sharper result than Lemma ILO. can be established, with a corresponding 
application more general than Theorem II. We give only a very simple 

illustration of this remark : 7 


Lemma IV. Let Cbo an ar eg Jordan curve in whose interior the 


origin lies. If ten(z) is a rational function of z of the form 


Tan (2) == An" + dane + + dy fe H ek? + + an” | 
and tf we have for zon C 
(11) 


then we have also - 





ta) E = 


| ran(2) |S MRM 
for z on Cr, where D consists of the origin and the point at infinity. 
The proof is essentially contained in the discussion already given in 
connection with Lemma ITT. | 
- Lemma IV will be used in proving a result related to Theorem I: 


THEOREM III. Let C be an arbitrary Jordan curve in whose intertor the 


"~~ origin les. Let ren(z) be a sequence of rational functions of the form 


Tan(z) = rn (2) + ra” (2), 
”n(z) = ten = Man E Gand! + ° + Ginna, 
Ta (2) = Geant? F lnt? -b nis dann? t 
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such that we have for z on C- 
(12) | £(2) —tin(2) | 5 Mo", p>. 
Then the sequence fon(z) converges for z m Cr, uniformly for z in Ors 
Ry < R, where R =p. The pont set D ts to be taken as consisting of the 
origin and the point at infinity. . 

The region Cr ts. bounded by two curves, O'r = Cg( œ) exterior to C and 
CR” = Cr(0) interior to O; the sequence 1’»(z) converges for z interior to 
Cp, uniformly for z interior to O'o, o < p= R, and the sequence ty’ (z) 
converges for z exterior to Cp”, uniformly for z exterior to Co”, o'< pmo BR. 


The first a of Theora MI follows directly, for we have b (12) for: 

zon C 
| f(z) — ran (2) |S M/pr, | f(z) — Tana (2) | SS M/p™", 
| ransa(Z) — Tan (2) | SS (M/p") (1+ 1/p); 

and this last inequality yields by Lemma IV, since the function 
| | Tansa(Z) — Ten (2) 
is of the form used in Lemma IV and of degree 2n -+ 2, 
| | Tansa (2) — Tan (2) | S (BL/p") (1 + 1/p) Ra" p 
forz on Cre. Thus the sequence ren(z) converges uniformly for z on Cpg if 
Ry < p> 
~. The limit in Cp (p == R) of the sequence rsn(z) is in 0, an analytic 
function of z, and coincides on C with f(z), so this limit is the analytic 


extension in Cp of f(z) and will be denoted by f(z). The function f(z), 
defined in the.ring bounded by Cp and Cp”, may be written in the form . 


f(2) = filz) + fe(z), 
where f (z) is analytic interior to-C’p and fa(zy is ace exterior to Cp” 
and vanishes at ny we have 


f(z) = 5 noa 0< p z interior to C's, 
(13) ne 
| ~ 1 C fÐd 

fe{z) ri Co 5 t—z ’ 


- these ‘integrals are independent of the precise value of o. In a similar way 
we have . 


z eee to Co”; 


EUL a 
fn (2) -5 or ame, z interior to Oe, 
(14) | 


— ca a Tan(t) dt a z exterior to Oe”. 


g? tg. 
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We have already proved the uniform convergence of fen(z) to f(z) on - 
Co and Co”. Term-by-term integration of the equations just written yields 
> lim 1,(z) = f(z), uniformly for z interior to Or, r< ao <p, 
mM - 


tim Tn (2) =fe(z), uniformly for z exterior to C,”. 


eorna ITI is now completely proved. 
Theorem III yields a new result which the reader can readily formulate, 

by the use of a linear transformation z == (g —a)/(¢ — b). 

Theorem III, together with much more general results, has been proved 

by de la Vallée Poussin * for the case that C is a circle. Approximation on 

the unit circle by rational functions of the kind indicated is equivalent to 

approximation by trigonometric sums. Theorem II was previously proved 

by the present writer (loc. cit.) for the case that C is rectifiable; the previous 

-proof is not valid in the present case. We recall also the following complement i 

to Theorem ITI, which holds whether C is rectifiable or not: 


. If the function f(z) ts analytic in the closed region Cr, then there extst 
rational functions Tan(z) of the form indicated such that we have (12) 
satisfied for p =R for z on O. 

We have stated Theorem ILI for the case that C is a Jordan curve. The 
reader will notice that Lemma IV, Theorem.IH, and its complement are still 
true if C is an arbitrary closed set which separates the plane into two simply 
connected regions containing respectively the points z=-0 and z= œ. 
Moreover, if we have p > o > 1, there exists Af’ such that 

| f(z) —tea(a) | S M'o”/ p”, zon Co. 
Consequently we have by the use of equations (13) and (14) 
| falz) — ra(2) | S M%o*/p", ~—s z interior to C’; tT<a<p, 
| f2(2) — Ta” (2) |S M%o%/p*, z exterior to 0,” 
In particular we have 
| f(z) — tn(2) | SM"/p®, zono, 
| falz) — rn” (2) |S M’/p.®, zono, 


where p; is an arbitrary number less than p and where M” depends on p. 


a 


IV. 


There are various generalizations of our results which can be obtained 
` with little difficulty. We arene mention these and leave the details to the 
reader. . 


* Approwimation des fonctions (Paris, 1019), Ch. VII. 
© 10 


~“ 


570 J. L. WALSH. 


~ 


(1) Functions f(z) which are meromorphic instead of analytic on C may 
be approximated, where some poles of the approximating functions ra(z) are 
allowed on C,-but with the requirement that the limit points of poles-ot the 
functions tm.1(¢) —7n(z) in Theorems I and II and of rensa(z) —Ten(%) in 
Theorem III should lie in D. The results are entirely analogous to those 
already obtained. l 

(2) The properties of a sequence tn(z) and its limit often depend not 
primarily on the position of the poles of ra(z) but on the limiting position of 
the poles of Tnui(z)—Tn(z), that is on the limit points of those poles. A 
correspondingly more general statement of our results-can be formulated. 

(3) As has already been suggested, Lemma IV and Theorem IIT are merely 
special cases of more general results, where C separates the plane or not and 
D consists of several separated parts. Results exist more general than Lemma | 
ILI and Theorem II, if the various parts of D are known to contain respec>~ 
tively a specific number (less than n) of poles of rn(z) or of fmm (2) —tn(2)- 
This is true; moreover, whether or not parts of D are separated by C. 

(4) Throughout the present paper our measure of the app evens of 
Ta (z) to f(z) has been 


max | f(z)—m(z)[, zon. 
- There exist other interesting measures of the approximation of 1,(z) to f(z) 


on C, such as (i) the line integral 


Jionee lal, p>0, 


extended over the SEI of C, if that boundary is rectifiable ; (ii) the ` 
surface integral 


ffiol as, ` p>o, 


extended over the area of C ; (ii) the integral 


fli@—rml@) lwl, p>o, 


extended over the circle y: | w | = 1 after mapping of C or of such a region 
as S(z’) onto the interior or exterior of y. Any of these new measures of 
approximation may be used, even with the introduction of a positive weight 
or norm function, and under suitable restrictions there can be proved results: ~ 
analogous to those we have here established in detail. 

(5) The approximation of harmonic functions by harmonic enna 
‘functions may be studied by our present methods. i 


ON APPROXIMATION TO A MAPPING FUNCTION 
BY POLYNOMIALS, 


By O. J. FARRELL.* 


1. Introduction. In a paper on approximation to an arbitrary function 
of'a complex variable by polynomials, Professor Walsh { raised, among others, 
the question: What conformal maps can be approximately performed by means 
of polynomials with an error unsformly and arbitrarily small? The present 
paper contributes a new result in connection with this question. | 

We confine attention to the conformal mapping of a finite simply con- 


“nected region on the interior of the unit circle. For such a map the question 


i 


raised is answered by the following theorem: 


THEOREM I. Let G be a finite simply-connected region in the z-plane, 
and let f(z) be a function which maps G conformally on the interior of the 
unit circle. Then in order that f(z) when suitably defined on the boundary 
y of G be continuous on G + y and be also umformly developable on G+ y 
in a series of polynomials in z, it is necessary and sufficient that every point 
of y be a simple | boundary point of G and that y be also the boundary of an 
infinite region. 


Theorem I is the chief result of the present paper; most of the paper 


-is devoted to its proof. One further result, obtained by a simple application 


of Theorem I, may be mentioned here: 


TuxoreM II. In the z-plane let G be a finite simply connected region 
whose boundary y consists wholly of simple boundary points of G and 18 also 
the boundary, not of an infinite region, but of a finite region R distinct 
from G. Let f(z) be a function which maps G conformally on the interior 
of the unit circle. Then f(z) may be uniformly expanded on G+ y tn a 
series of polynomials in 1/ (z — «), where z = a is any chosen fixed point in R. 


An example of a region to which Theorem II is applicable is the region 


* National Research Fellow. 
+ Transactions of the American Mathematical Soctety, Vol. 30 (1928), pp. 472-482. 
} That is, contained in just one boundary element (Primende). See Carathéodory, 
i “ ber die Begrenzung einfach zusammenhingender Gebiete,” Mathematische Annalen, 
Vol. 73 (1913), pp. 323-370, § 44. 
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consisting of a strip closed at one end which lies interior to the unit circle 
and which -winds around. patie ‘often, ene every point of the 
circle ag it does so a 

It is oE to note in this ebineetion ie existence of a region G 
whose boundary y although made up wholly of simple boundary points is not 
the: boundary of any other region either finite or infinite. Consider, for 
instance, the region constructed by Professor Carathéodory * to show that 
boundary elements of the second kind can occur with the power of the con- 
tinuum in every interval of boundary elements. Let P be any boundary 
point of this region that lies in the interior of the rectangle ABCD. .Then 
it is readily seen that in a sufficiently small neighborhood of P are to be 
found only points of G+ y. This means of course that the complete bound- 
_ ary y of G does not serve as the boundary of any region other than G. 


2. Proof of necessity of conditions of Theorem I. The fact that the 
boundary y of G must consist entirely of simple boundary points of G 
results from the following 


A 


. Lemma. Let w==f(z) be a function which maps a finite simply con-- 
nected region G of the z-plane conformally on the region |w| <1. A neces- 
. sary and sufficient condition that f(z) be definable on the boundary y of G 
80 as to be continuous on G+ y 18 that every point of y be a simple Gia 
point of G. 


The proof of this lemma is immediate by Theorems XIII and XXI ee 
the paper by Carathéodory already referred to above. 

: Tt remains to show that y must also be the boundary of an infinite ~ 
region. Suppose this were not so. All points of the plane which can be 
joined with the point z = œ by a Jordan are containing no point of y form 
a region whose boundary f consists wholly of points of y, but which by 
hypothesis does not exhaust the point set y. Let Z, be any fixed point of G. 
All points which can be joined to % by a Jordan arc containing no points 
of 8 form a region T bounded by £ and containing as interior points those 
points of y which do not belong to £. . 

If now there exists a sequence of polynomials converging uniformly to 
f(z) on G+ y, the sequence will in particular converge uniformly on f 
and hence also on T -+ 8, This sequence thus defines a function regular- 
analytic in T, continuous on T + £, and assuming its maximum absolute 
value, namely unity, at interior points of 7. But this is eee Hence — 


——_, wn 


—_ 


* Loo. oit., § 49. 
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the complete boundary y of G must also constitute the boundary of an infinite 
region. : i l 


3. Á theorem on the convergence of a sequence of mapping. functions. 
We require for the proof of the sufficiency of the conditions of Theorem I 
the following theorem : | 


THEOREM III. In the 2-plane let G be a finite simply connected region 
containing the origin whose boundary y consists wholly of simple boundary 
points of G and ts also the boundary of an infinite region. Let 


(1) GG Oo Oe a 


denote a sequence of uniformly bounded simply connected regions such that 
the- closed region G+ y lies interior to every Ga. Let w =a f(z), f2(z), 

Iz), - -3 f(z) denote the functions that map conformally G1, G2, Gst 5 
G respectively on the region | w| <1 so that in every case the points z == 0 
and w =Q together with the directions of the positive azes of reals at these 
points correspond to each other. Suppose that f(z) has been defined on y 
so as to be continuous on G + y. Then tf G be the kernel * of the sequence 
(1) and tf this sequence converge to its kernel, we have 


(Q) lim fa(2) = f(2) 
uniformly for all z on G Fy: 
It follows from the hypotheses of Theorem ITI by results of Bieberbach {t 
that: (2) holds uniformly in any closed region lying wholly interior to G. 
-We shall show, however, that (2) holds uniformly for all z-in the open 
region G. From this‘it will then follow, due to the continuity of f(z} and 
fa(z) on G + y, that (2) holds uniformly for all z on G+ y. 
Suppose that (2) does not hold uniformly for all z in the open region G. 
Then there exists a sequence of points of G . 


f 


(3) , Z1, Bay" : A i Sk 


together with a subsequence of functions 


(4) l fu (2), felz), ' cefalea T 
and a positive number A such that 
(5) | fas (2) — f(a) | > 4, (k= 12,8, +). 


* See Bieberbach, Lehrbuch der Funktionentheorie, Vol. 2 (1927), pp. 12-13. 
ł Loo. ott., p. 13. Compare Walsh, loc. oit., p. 474. 
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No interior point of @ can be a limit point of (3) because of the uniform 
convergence of fa(z) in every closed region that lies in G. We may assume, — 
then, that (3) converges in the sense of Carathéodory * to a boundary ele- 
ment E, of G, since in any event a subsequence can be chosen which has this 
property. Let wo designate the point on the circle | w|—1 which corre- 
sponds by w = f (2) to Ep. 

The boundary element: Eo may be defined by a chain of cross-cuts 
91, qa © © Which he on concentric circles and converge to a point of Eo. 
Let gi, 92," © © denote the corresponding chain of subregions. | 

A point in G, which can be connected to a point on the boundary yr 
` of Ga by a Jordan are J of diameter less than ô is transformed by w = fn(z) 
into a point whose distance from the point corresponding by this same relation 
to the boundary element of G, defined by J is less than a quantity 6(8) 


which is independent of n and approaches zero with 6.t = 
Let an arbitrary positive « be given. Choose 5 so that 0(8) < «e. From 
the cross-cuts gı, qe,' © * choose one gy whose length is less that 8/3, whose 


transform by w == f(z) lies entirely within distance e of wo, and such that 
the point z == 0 is exterior to gy. Let z designate the middle point of qy. 
Denote by Q: and Q: the end-points f of qw. Choose a positive number y 
less than 8/3 and also less than Q102/2. 


By choosing n, sufficiently large, we have for all n = no 


(a) | fa(2’) —f (7) | <6 
(b) within distance y of every point of y lie points of yn. ` 


The condition (a) can be obtained by virtue of the result of Bieberbach men-~ 
tioned above. The fact that (b) can also be obtained may be seen as follows. 
If this were not possible, there would exist a sequence of points Pa, Pa, Pott! 
on y together with a subsequence of regions Gus Cus Gu: > © such that for 
every k no point of the boundary yp, of Gy, lies within distance y of Pr. 
We may assume that the sequence Pı, Pas’ + © has a unique limit point Po. 
Then all points Py; for sufficiently large & lie within distance 7/2 of Po. 
Hence no boundary yp, from a certain k on comes within distance 7/2 of Po. 


* Loc. oit., definition No. III, top of p. 332; also Theorem VII, p. 341. 

f See Lindelöf, “ Sur un principe général de Panalyse,” Acta Societatis Scientiarum 
Fenmcae, Vol. 48, No. 4, the two italicized results on page 16. Compare Walsh, 
loc. cit, p. 475. 

t The points Q, and Q, are distinct. If this were not so, points of y and hence~ 
also points of the infinite region # bounded by y could be found both inside and out- 
side the circle formed by gẹ. But this would be absurd, for F would not then be a 
region. 
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But then G would not be the kernel of the subsequence Gu, Gus’ © +, contrary 
to the hypothesis that the sequence (1) converges to its kernel G. 

Consider any region Gy of (1) for which n 2 nọ Join Q, and Qz each 
with the nearest point of yn by means of the straight line segments QT, 
and QT. Let Rı and R, denote the first points of intersection of QT, 
and QT, respectively with gy when one proceeds from T, to Qı and from 
T: to Qə. (It can happen of course in simple cases that R, coincides with Q,, 
or A, with Ys, or both.) Thus we obtain a cross-cut 7,RiR2T, of Ga con- 
sisting of the straight line segments T Ri and Rls together with that portion 
of qy which joins R and Rə. Call this cross-cut o. We notice that o contains 
z and that the length of o is less than 6. 

Denote by Gn and G,” the two sub-regions of Ga defined by o. For 
sufficiently small choice of y the subregion gyi of G is wholly interior to 

~ One of the two regions G's and Gn”, say G'n, while the point z = 0 is interior 
to the other region Ga”. This may be seen as follows. About z as center 
draw a circle K lying entirely interior to G. The cross-cut gy divides the 
interior of K into two regions H’ and H” such that one of them, say H’, 
is entirely interior to gy and H” is wholly exterior to gy. Join an arbitrary 
fixed point of H” with an arbitrary fixed point of gy. by a Jordan are lying 
in gy. Join also a fixed point of H” with the point z == 0. by a Jordan are 
lying in G but exterior to gy. Let » denote the minimum distance between 
a point of either arc and the boundary y of Œ. Let p denote the minimum 
distance between either of the points Qı, Q: and a point of K. Finally let 
à denote the minimum distance * between gy and the closed region consisting 

-7 of gxn and its boundary. Then it will be seen that we need merely to choose 
any positive y which (in addition to being less than 6/3 and Q:Q2/2 as already 
required above) is less than the least of the positive numbers p, p, À. 

The transform r of o by w == fa(z) is a cross-cut of the region | w| <1 
lying entirely within distance 0(8) < e of the point on the circle | w | = 1 
which corresponds by w = f,(z) to the boundary element of Gn defined by 








the segment Q Tı. Thus every point of r is within distance 2e of the point 
w = fa(z). It follows then from the inequalities 


ful”) —f() | <e and | f(x) —wo| <« 
that all points of + are within distance 4e of wo. Hence one of the two sub- 


regions of | w| <1 defined by r must lie wholly within distance 4e of wo. 


* This minimum distance A is positive. In the contrary case, an end-point of qy, 
sry Q,, would have to lie on the boundary of gy, But then Q, would not be a simple 
boundary point of G. See Carathéodory, loc. cit., Theorem XXII. 
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‘And this region is the transform by w == fẹ(z) of G's, at least for e< 4, ` 
since then the point w==0, which corresponds to z == 0, is a Tones of the 
transform of the other region Gy”. 

. The transform of gyi by w == fn(z) is therefore a region every point - 
‘of which is within distance 4e of wo. And the transform of gy. by w = f(z) 
‘lies wholly within distance € of wo, since gyi: is a part of gy. And so we 

_ have for e< 5A . i 

| fa(2) — f(z) | < A 


for all z in gya and for all n Æ no But for sufficiently large & the points 
z+ of (8) are interior points of gw». And for these points (5) holds. Here. 
we have a contradiction, and hence it must be true that (2) holds anon 
in the open region G and conseguenti also on G -+ y. 


| 4, Proof of sufficiency of conditions of Theorem I. It is no oe of-— 
generality to assume that the given region @ contains the origin and that 
the mapping makes correspond the points z == 0 and w = f(z) = 0 together 
with the directions of the positive axes of reals at these points; for this may 

- always be effected by a preliminary linear transformation of the form | 


- (6) . 7 i € = az 4- b. 


Then f(z) becomes g(€), and an expansion of g(f) in the transform of 
G -+y by (6) in terms of polynomials in ¢ is equivalent to an expansion of 
f(z) on G+y in terms of polynomials in az t b, that is, in terms of poly- 
nomials j in Z. 
-Choose a sequence of uniformly bounded simply connected regions. _ 
G1, Ga > which have the given region @ as their kernel and which con- 
' verge to their kernel. Let w—f,(z), fe(z),° > - denote the functions which - 
map these regions respectively on the interior of the unit circle so that in.. 
every instance the points z=—=0 and w==0 correspond, Together with thë 
directions of the positive axes of reals at these points. ` 
Let an arbitrary positive « be given. Choose by virtue of Theorem IIT 
a function fx(z) such that 


(P) | f(z) — fa (2) | < ¢/2, zon +y.. l 
By Runge’s well known theorem * there exists a polynomial P(z) such that 
(8) \f (z) —P(z) | < €/2, zon G+y. 


Combining (7) and (8) we have the desired result 


“i Bee. tor astane, Biebarbael tou: Vol (1921), p. 296. 
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| f(z) —P(z) IKs z on G+y 


5. Two applications of Theorem I. Our first ipplication of Theorem I 
is Theorem II, the proof of which is very simple. Let z = q be ` an arbitrarily 
chosen fixed point in R, and let the circle C: | z— a | =r lie wholly in R. 
The transformation 


(9) | eT ee 


exchanges the interior of C with its exterior. - Let g(t) denote the inverse of 
(9). . Then by Theorem III the function f [g(¢)], which maps the transform 
of G by (9) on the region | w| <1, may be uniformly approximated as 
closely as desired in this closed region by a polynomial in ¢ But this means 
that f(z) can be uniformly approximated as closely as desired on G+ y by 
a polynomial in 1/(z— a). 

~~ Another simple application of Theorem I results i in 


Turorem IV. . In the z-plane let G be a region whose boundary y con- 
sists wholly of simple boundary points of G and is also the boundary of an 
infinite region. If the function F(z) ts analytic in G, continuous on G+ y, 
and constant on each boundary element of G, then F(z) may be untformly . 
approximated as closely as desired on G -+ y by æ polynomial in z. 

For convenience in proving this theorem we ‘require the following 


Leama. The function f*(2), where n is any positive integer and f(z) 
is the mapping function of Theorem I, may be uniformly approximated ` as 
Closely as desired on Q +y by a polynomial in ż. 
Let an arbitrary positive e be assigned. Choose by. virtue of Theorem D 
a polynomial P(z) such that __ | 
POO l<ig eri? z on Gy 
Then we have N 
| P*(2) — f" (2) |=| P() — f(z) | 
NE + Pr? (2) f(z) TATTA eiee] 
nl e e, 
saa aa 
Let z =g(w) be the inverse of w= f(2), where f(z) is a function 
__ Which maps the given region @ of Theorem IV on the ‘Tegion [wi <i. Then . 


for | w | < 1 we have 
F(2) —Flg(w)] —H(w), 
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and H (w) is analytic for | w | <1. Moreover, H(w) takes on a boundary 

value at each point of the circle | w.|==1. Let w= wo for instance, be a 

point of this circle, and let Æo denote the boundary element of G@ that corre- ` 

o by z = g(w) to wo. If wz, we,* * be any sequence of points interior 
to |w|<1 converging to wo, the ian sequence 21, 22," 

(Zn = 9(wn)) converges to Eo But then the sequence 


H (w), H (w2), r Tg 
or what is the same, Eo 
A F (z1), F (22), °°, 
converges to a definite value, namely the constant value of F (z) on Eo. 
So if we define, H (w) on |w |=1 as equal to its boundary values there, 

H (w) is continuous for | w | 1 as well as analytic for | w | < 1. 

Then, given an arbitrary positive e, we can find a polynomial* P(w). — 
sich that | | | 
| | E(w) — P(w) | < «4/2, Jw |S. 

That is : 
F(z) —PIf(@)]| < aon Ey. 

But by the lemma each positive integral power of f(z) can be approximated 

as closely as desired on G+ y by a poea in Z. Consequently a poly- 

nomial p(z) exists such that 


IPI — pl) |<e/2, zon A+. 


Combining the last two inequalities we have. 


| F(2)— p(z) | <e, - gon G+ y. is 
UNIVERSITY OF MUNICH, | 
MUNIOH, GERMANY. 


* See Walsh, loo. cit., Theorem I: _ 
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gee If one interprets the elements myx (7,4 = 1,2, on <- 0) of an 
arbitrary real or complex n rowed square matrix M = || mjs || as the coördi- 
nates of a point in a Euclidean space of n? real or complex dimensions, the set 

of points representing the real unitary matrices (i.e. the orthogonal matrices) 
divides itself into two separate continua, one of which contains the rotation 
matrices (i.e. the orthogonal matrices of determinant -+-1) and the other 

the reflection matrices (i.e. the orthogonal matrices of determinant —1). 
The interpretation of a finite matrix as a point in a Euclidean space of a 
suitable number of dimensions may obviously be extended to infinite matrices 

by employing an abstract manifold of o9? real or complex dimensions. The 

aim of the present paper is to obtain a division of this abstract manifold 
into two sub-manifolds in a manner which is a natural extension of the 
~.. afore-mentioned division of the space of finite orthogonal matrices. The 
procedure is to first obtain a one-to-one parametric representation. of the 
entire manifold of the infinite orthogonal matrices which divides the ortho- 
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gonal matrices into four distinct classes, and then to show how the matrices 
of these four classes may be reapportioned into two sub-manifolds of- the. ` 
manifold of the infinite orthogonal matrices, the two sub-manifolds coinciding, 
for finite orthogonal matrices, with the two separate continua noted above. 
Since the formula of Cayley does not yield, as we show in some detail in 
the next few pages, a parametric representation of the entire manifold of 
the orthogonal matrices, it has been found necessary to employ the spectral 
theory which yields a one-to-one exponential ‘representation of the entire 
manifold of the orthogonal matrices. Throughout this paper we employ bold- 
faced capital letters to designate finite matrices, the Roman capitals being 
retained for infinite matrices. 
We denote by 


l +00 +00 ` a l 
(1) ®(M;c] =E _ 2, Mptpg | nee 
n pi q=1 


the compound form (Kopplungsform) of an arbitrary bounded + matrix 
| M == || mp || and shall call a. real or complex vector z == (21, 22," © +) aunit 
vector if 


(2) | a] = (8 [B52] — (S| ap |), | 


in which E is the unit matrix. The compound forms of bounded matrices 
possess the obvious uniqueness property in pet the necessary and sufficient 
. condition for the equality ; 


3 [M; aaa oa 


to hold for every unit vector x is that M =N. ore otherwise, . ‘ie. 


mn 
_ @ [M; z] m= 0, 


holds for every unit vector 2 then and only then if M is the zero matrix || 0 |- | 

We shall understand by the domain { A(M) of an arbitrary bounded 
matrix M the point-set which one constructs in the complex plane from the 
values, together with their limiting values, which are taken by the compound 
form (1) for those vectors z satisfying (2), i.e. for the totality of the unit 
vectors which compose the so-called complex Hilbert sphere (2). The domain 
A(M) of a bounded matrix M is then, from its definition, a bounded closed . 
point set in the i a plane. ; 

+ D. Hilbert, “ Ghis einer allgemeinen Theorie der linearen Integralgleich- a 
ungen,” (1912), p. IV. This book will be referred to as “Hi”, 

ț Termed by German writers “ Wertevorrat.” 
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- According to a theorem of Toeplitz + there exists for every ‘bounded 


. matrix M at most one bounded matrix K for which the two independent 


conditions KM = E, MK = E are fulfilled. If sucha bounded matrix exists 


_we designate it as the reciprocal of M and denote it by M~.. We then under- 


stand by the spectrum f of a bounded matrix N the set of those points A in 
the complex plane for which (AH—-N)-* does not exist and denote this 


~ point-set by A(N). It is known § that the point-set A(N) thus defined for 


į 


every bounded matrix N contains at least one point and is a closed subset 
of the domain A(N). If we denote by L [M] the greatest lower bound of 
the compound form ®[N;z] of a bounded matrix N under the condition 
that |«|—1 and by N* the transposed matrix of the conjugate complex 
elements of N (i.e. N* = N”), the number A is then and only, then, according 
to Toeplitz, in the spectrum of. N if-at least one of the following two 
equations is fulfilled | 


(3) 1L0B—)(Qk—)4] -0, T[QB—N)*QB—N)] 0. 


If N is commutable with N*; i.e. N is a normal matrix, E two conditions 
in (3) are identical. 

The subset of the spectrum enano of those and only those points A 
for which the homogeneous equations belonging to the bounded matrix AE — N 
possess a solution z for which | æ | == 1 is called the point spectrum | of N. 
The points of the spectrum do not necessarily all belong to the point spectrum. 
and it is possible that the point spectrum of N.contains no single point. 
It-is clear that the spectrum of cE — N is obtained from the spectrum of N 


. by a translation, determined. by the real or complex number c, in the complex 


plane. If T is a bounded matrix for which ‘T° exists then the bounded 
matrices M and TMT" possess the same spectrum and the same: poms 
` spectrum. 

A matrix N is said to be Hermittan if N* aN unitary if N+ exists 
and is equal to N*, and skew-symmetric if N’ ~—N. It is known that the 
unitary matrices form a group of bounded matrices and that no unitary 


tO. Toeplitz, “Die Jacobische Transformation der quadratischen Formen von 
unendlichvielen Verlnderlichen,” Göttingen Nachrichten” (1907), pp. 101-109. This 
paper will be referred to as “T”. 

tA. Wintner, “Zur Theorie der beschränkten Bilinearformen,” Mathematische 
Zettsohrift, Vol. 30 (1929), p. 239. This paper will be referred to as “W”, 

$ See “W”, pp. 241-243. 

bil See sé T ne 

| This definition of the point ere of an arbitrary hounded matrix N coincides — 
for bounded Hermitian and unitary matrices with the usual definition for the point 
spectrum of matrices of these two classes. 
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matrix is completely continuous (vollstetig). The domain of an arbitrary — 
bounded matrix N is a unitary invariant, i.e. if U is any unitary matrix, 
then A(N) = A(UNU™), = 

The domain A(H) of a bounded Hermitian matrix H is a bounded, 
closed interval of the real axis of the complex plane, the end-points of which 
always belong ł to the spectrum A(H) of H. Since the ‘spectrum of any 
bounded matrix, as has been mentioned above, is-a subset of the domain of 
the matrix, the spectrum A(H) of a Hermitian matrix H lies entirely on 
the real axis of the complex plane. The domain of a unitary matrix U is a 
convex subset of the unit circle, the spectrum of U being contained on the 
boundary of the unit circle: The real subset of the manifold of the unitary 
matrices forms the manifold of the orthogonal matrices O so that the spec- 
trum of O is likewise contained on the boundary of the unit circle and is- in 
addition symmetric with respect to the axis of reals inasmuch as the spectrum-~~ 
of any real bounded matrix possesses.this symmetry property. The domain ~ . 
of a bounded real skew-symmetric matrix is contained on the axis of imagi- 
_ naries and, as may easily be verified ‘directly, is symmetric with respect to. 
the axis of reals. For our purpose it will be-more instructive to derive this 
symmetry property of the domain of a bounded real skew-symmetric matrix 
as follows: The matrix iS in which S is a bounded real skew-symmetric 
matrix is obviously Hermitian so that its domain and, therefore, its spectrum 
‘is contained on the axis of reals.. Since the spectrum of S is symmetric with 
respect to the axis of reals, the spectrum of tS- is symmetric with respect . 
to the axis of imaginaries and, therefore, also the domain of iS is symmetric 
with respect to the axis of imaginaries inasmuch as; as has been mentioned ~_ 
above, the end-points of the domain of a bounded Hermitian matrix H always 
belong to the spectrum of H. Finally, since $ [S; r] —— ið [4852], it 
follows that the domain of § is symmetric with respect to the axis of reals. 

A pair of matrices (M,N) is said to.be separated if the elements Mpg - 
of M and the elements npg of N stand in the following fe atone: to one 
another : 
(4) if mp0 then n= nip = nyg— næ =], 

if. npg £0 then mp = mjp = Mja = Mg = 0, 


in which the two subscripts j, k take independently (p and q fixed) all posi- 
tive 1n egra values. 


t F. Riesz, “ Les systèmes Fégiations linéaires a une: infinité d’inconnues ” (1913), —~ 
pp. 139-140. For a direct demonstration cf. A. Wintner, “ Spektraltheorie der unend- 
lichen Matrizen” (1929), pp. 146-148. The book of Riesz will be Tefgered to as R i 
and that of Wintner as “S”. 
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If two bounded matrices M and N form a separated pair (M,N) and 
if y Sy are any two points whatsoever in the domains A(M)-and A(N) 
respectively, it is clear from (4) that there exist two sequences of unit vectors — 
so that (cf. the definition of the domain of a bounded matrix on p. 580) 


yu = lim # [M; ys] while O0O—®[N;y] for == 1, 2, 
(5) k->+00 
= lim ğ#[N; z] while 0=[M;z] for k=1,2 >, 
ke 00 
It is not difficult to see that if the matrix pair (M,N) is separated, the 
infinitely many matrix pairs 


(6) : (M?, Ne) ; (p,q==4, Ry o) 


are also separated. A pair of bounded matrices (M, N) is said to be per- 
——pendicular if 
(7) MN =NM = |0], 


and it is easy to see that while a separated pair of bounded matrices is always 
perpendicular, it does not follow that a perpendicular pair of matrices is 
necessarily separated. In addition the property of a pair of bounded matrices 
to be perpendicular is readily seen, in contrast to the property of a matrix 
pair to be separated, to be invariant with respect to simultaneous matrix 
transformations of the two matrices composing the pair. It is trivial from 
(7) that for a perpendicular matrix pair (M, N) we have 
(8) (M + N)” = M" + N”; meia; 
an We employ (5), (6) and (8) in order to show that a separated pair of 
Hermitian matrices (M, N) possesses in the notation of p. 581 the property 
(9) A(M +N) =A (M) +4(N) 
in which the + sign denotes the usual process of the addition of two point 
sets, i.e. for example A(M) + A(M) = A(M). In order to prove (9) let 
p and v be any two points (not necessarily different) in the respective spectra 
of the bounded Hermitian matrices M and N forming the separated matrix 
pair (M,N). According to (3) there accordingly exist two sequences {yn} 
and {Zn} of unit vectors for which 
lim © [ (aE —M) (sE -— M)"; Ya] 
— lim © [ (#E—2pM + M?) ; yn] = 05. 


am, ® Ome N) (vE— pene Zn | 
= lim O(n aN +N); Zn] = 0, 


= (10) 
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and we now employ (5), (6) and (8) to show that both » and » lie in the 
spectrum of the Hermitian matrix M +- N. In order that a point A lies in -~ 
the spectrum of M +N it is, again according to (3), necessary and suffi- 
cient that there exist a sequence of unit vectors {zn} for which 


(11) lim [AE —M— N) (AE—M—N)*; a] 
— lim P [(A"Ẹ — 2AM— BAN + MP + N”); Ta] = 0, 


 inagmuch as from (8) we have (M + N)? = M? + N°. Since, according to` 
(6), the matrix pairs (M, N), (M, N?), (M°, N), (MP, N?) are all separated, 
the condition (11) may obviously, from (10), be satisfied. by putting. either 


À = p and {au} — {Yn} or: ÀA =v and {Tn} == {zn}, | 


inasmuch as, as follows from (5) and (6), the sequences {ya} and {2n} in -.. 
(10) may be. chosen to have 


D [M; zn] — 0, @[M?; zn] —0; ®[N; yn] — 0, B[N?; yn] = 0, 


for n= 1,2,:--+, i.e the ear u and se belong to the spectrum ‘of 
M +N. | 

An important application for p. 607 of the text concerns itself with the 
special case in which M is a diagonal matrix, the elements of which are 
either 0 or +1. The complementary matrix E— M is accordingly of the 
same type as M and forms with M the separated pair (E—-M,M). We then 
construct thè separated pair (c [E — M] + N, cM) where c is any ee 
real or complex, and apply the result (9) of the preceding paragraph to this 
matrix pair, thereby obtaining 


_ A(cH + N)=A(c [E—M]+N-+ cM) = A (c[E — M] + N)+ S: 
or, in particular for c = r and N = iS l 
(12) - A(rM) + A(x [E — M] +18) =A (rE +48). 


Since the spectrum A(zM) of „M only contains the two points 0 and r, 
it is clear from (12) that A > wis then and only then a point in the spectrum 
of m [E— M] +iS if it is a point in the spectrum of 7E+iS. It is 
furthermore trivial that 27 ig then and only then in the point spectrum of 
aE -+i8 if + (and if S is real and skew-symmetric then- also — r) is a 
point in the point spectrum of iS-so that-we are led to the following result 
employed on p. 610 of the text: If S` is a real skew-symmetric matrix whose” 
spectrum is contained in the closed interval [— tr, + ir] andif M is a diagonal 
nee the elements of which are either 0 or +1, forming with S the’ 


~~ 
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separated matrix pair (M, S), then the point 2r lies ‘in the point spectrum 
of the Hermitian matrix r(E—-M) +48 if, and only if, if the end-points 
— x and + r of the interval [— r, + 7] belong to the point spectrum `of 1S. 

A matrix I is said to be an idempotent matrix if J? =I (inasmuch as 
then I* =I for n~1,2,---). The Hermitian idempotent matrices are 
designated by Hilbert as “ Hinzelmatrizen.” The bounded idempotent matrices 
I pores? the property that the continuously many matrices 2rinl (n = 0, 
Æ 1,:--) are all “logarithms” of E, i.e. sa = E ee (80) ]. 
Since the matrix 


[(A—1)E+T/PA—)] 


represents, as may easily be verified, for A(A—- 1) £0 the reciprocal matrix 
of (Ali — I} for every bounded idempotent matrix I, the spectrum of I con- 
_tains at most the two points à = 0 and à = + 1. For real symmetric (and 
therefore bounded) idempotent matrices there exists, according to Hilbert,t 
an orthogonal matrix O so that OIO-* = || xpg || where xpg == O for ps€q and 
Kpop = 0 OF Kp = +1 (Ci. the matrices M and E— M above). We denote 
by @ the number of times 0 occurs in the sequence {xpp} and by 8 the number 
of times + 1 occurs in this sequence so that & =0, p’ =0 and a’ + p 
— +o. The numbers & and £’ are uniquely determined by the matrix I, 
i.e. they are independent of the special choice of the matrix O employed in 
transforming I into the diagonal form || xp ||. It-will be necessary to dis- 
tinguish the following four classes of idempotent matrices: 


I: g == --+ o, P == 2m for OS m< +o, 
a II: @&=+o, B =2m+1 for 0Sm<+ oo, 
IMI: o& =m, B mm -+ œ for 0=m<4+ 0, 


IV: @=+0, =+o. 


We call a matrix Q a square root of E if Q?==E. The bounded square roots 
of E may be characterized by the matrix equation Q*==Q and possess the 
property that the continuously many matrices 2rinQ (n == 0, +1, + 2,- °°) 
ate all “logarithms” of E (Cf. above). The general real symmetric square 
root of E depends (as does the general real symmetric idempotent matrix) 
upon infinitely many arbitrary constants. Since (HA + Q) (A? — 1) repre- 
sents, as may easily be verified, for A?7—-1540 the reciprocal matrix of 
- AK — Q ‘for every bounded square root Q of E, the spectrum of Q contains 
At most the two points à == + 1 and à= -—1. It therefore follows from 


7 See “ Hi”, p. 146. 
11 
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the theorem of Hilbert t+ on bounded real symmetric matrices without con- 

. tintious spectra that there exists for every real symmetric (and therefore 
bounded) square root of E an orthogonal matrix O so that OQO7 — | epg T- - 
where ep — 0 for ps4q and ep = + 1 or epp = — 1. We denote by « the ` 
number of times -+ 1 occurs in the sequence {epp} and by 8 the number. of 
times -— 1 occurs in this sequence so that «= 0, 8 Z= 0 and «+ B==-+ œ. 
The numbers « and £'are uniquely determined by the matrix Q, i. e.. they 
are independent of the special choice of the matrix O employed in’ trans- 
forming Q into the diagonal form || epa |. It will be necessary to distinguish 
‘the following four classes of matrices which are square roots of E: 


l: a=+o, B—=2m for 0Sm<+ 0, 
113) Il: @==+o; Be2m+1 for 0S=m<+ 0, 
te) II: «=m, B = + œ for 0Sm<+o, 


IV: ato, f~==+to. 


For the sake of brevity we shall denote an orthogonal matrix not con- 
taining — 1 in its spectrum as a Cayley matris. That not every orthogonal 
matrix is a Cayley matrix is trivial,[ even for finite matrices; for example, 
no single reflection matrix (i.e. an orthogonal matrix of determinant — 1) 
is a Cayley matrix. The justification for the name of this sub-manifold of 
the manifold of the orthogonal matrices is contained in the statement that 
the sub-manifold of the Cayley matrices may be put in a one-to-one corre- 
' spondence with the manifold of the real bounded aia hata matrices by 
means of the well known formula of Cayley, 


~ 


(14) = (E + $) (E — 8)“ = (@— S) +8). Se 


+ Bee “Hi”, p. 145. i - 

t Cf. M. Bom and P. Jodan di Elementare Gurenda ý (1930), p. 37, in 
which they point out that the representation 

U = (E + tH) (BiH) = (E —iH)+(B +E), 

in which H is a bounded Hermitian matrix, is restricted to those unitary matrices U 
not containing —1 in their spectrum. The matrix U in this representation is then. 
and only then a real matrix, i.e. an orthogonal matrix if H == +8, where S is a bounded 
real skew-symmetric matrix, the representation becoming, in this case, the well known 
representation of Cayley. For finite orthogonal matrices it is not true, as is some- 
times stated, [cf. for instance H. W. Turnbull; “ The Theory of Determinants, Matrices 
and Invariants” (1928); pp. 165-157] that every orthogonal matrix of determinant 
+1 permits the Cayley representation (cf. in particular p. 688). On the other hand, 
‘those orthogonal matrices of determinant + 1, not permitting the Cayley representa- > 
tion, may be regarded as limiting cases of orthogonal matrices permitting the Cayley 
representation. In this connection cf. L. E. -Dickson, “Modern Algebraic Theories” 
(1926), p. 102. l 
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In order to demonstrate this let S in (14) be a bounded real skew-symmetric 
matrix so that (E + 8)-! and (E—S)* exist. The.matrix O in (14) is 
then obviously real and is orthogonal for 


00’ = 0'0 = (E-+8)(E—S)7(E—S) (E + T =. 
Furthermore it is a Cayley matrix for, from (14), 


0 + E= (E + S) (E — S)+ + E = (E + 8) (E—S)7 
+ (E— 8) (E— 8)“ = (E + 8 + E— S) (E—8)7 =2(E— 8)“ 


so that (O + E)™ exists, i.e. — 1 is not a point in the spectrum of O. For 
the converse proposition, i.e. to any given Cayley matrix O there always 
exists a real bounded skew-symmetric matrix S for which (14) is valid, we 
consider the matrix 


(15) S= (0O—E)(0 +8), 


which may be constructed for every Cayley matrix O. We first observe that 
because of 


(O + E) (0 — E) — (0 — E) (0 + E), 


(Oss BI O spim Ga (0 — E), 


we also have 
(16) S = (0 + E)7(0 — E). 


Now the matrix S in (15), (16) is certainly real and bounded. In addition 
it is skew-symmetric, for 


= (0 + E) + (0 — E) = (0 + E) 100 (0 — E) 
= [0 (0 + E) J7 (E — 0) = (0 + E)” (E — 0) ——8, 


and may be employed as S in the TERREO (14) of O since 
(EP S)( hes) 


= [E+ (0—E) (O-+E)-1] (O+-E) (O+E)*[E—(0—E) (O-+E)"]> 
—(0+E+0—E)(0O-+-E—0+45E)*—0. 


That this correspondence set up between the manifold of the Cayley matrices 
and the bounded real skew-symmetric matrices is one to one is trivial. One 
may see, even for finite matrices, that the manifold of the Cayley matrices 
“ig only a very restricted subset of the manifold of all orthogonal matrices. 
-For finite matrices the manifold of the Cayley matrices is only a sub-manifold 
of the manifold of the rotation matrices, not even every rotation matrix being 
a Cayley matrix. As an example of a matrix which is a rotation matrix and 
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not a Cayley matrix one has the.matrix — E which for even. n is a rotation 
matrix, but'is for no single value of n a Cayley matrix.. This fact is em--. 
phasized very forcibly by actually attempting the — ms) for 
_O-=—E, thereby obtaining 


| —E= (E + $) (E— S$)“, 
and consequently 


'—E +S=E +48 so that — E = E, 


an obvious contradiction. We are accordingly convinced that, although the 
Cayley representation (14) possesses no convergence difficulties, it is im- 
possible to obtain, by its use, a parametric representation òf the entire mani- 
fold of orthogonal matrices. In order to obtain a parametric representation 
of the entire manifold of the orthogonal matrices we.employ the- spectral 
` theory which will yield a canonical exponential representation. 

_ A Hermitian matrix is said to be reduced if its spectrum lies in the 
closed interval [0, 2r] and if its point spectrum does not contain the point 
2r. According to Wintner t a one to one correspondence is set up between - 
the manifold of the unitary matrices and the manifold of the reduced Hermi- | 
- tian matrices ny means of the exponential representation , 


(17) | | UO = 6B, 


in which U is a unitary matrix and H a ET Komi matrix. The 
definition of the matrix e™ is of course 


> (1/7! Mr, = Fags 
which représents for every bounded nate M a bounded matrix. Conse- 
. quently if (M,N) is a commutable pair of bounded matrices, we have © 
- (18) . Ta OMIN m gM. gN mu eN - oM, 
and if (M,N) is. ; not only a commutable pair of matrices but algo perpen 
dicular [Cf. (7) ] 
(19) GMIN mn gM | oN — E. 
For our purposes it is necessary to place the manifold of the bounded Hermi- 


tian matrices in a one-to-one correspondence with the combined manifolds 


; cas 
t See “W”, pp. 268-277. For further. literature cf. H. Weyl, The Theory -of 
Groups and Quantum Mechanios (1931), p. 399. 
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of the pained real eymmetrin and! real skew-symmetric matrices Dy. means 
of the linear representation 


(20) H = B+ iS, BBB, g 5-38’. 


In Theorem I we show that from a consideration of a trigonometric moinentum 
problem with real“ momenta” the entire manifold of the orthogonal matrices 
may, by means of the exponential representation (17), (20), i.e. l 


(21) O = etH mm gtir Be] 


be put in a one to one correspondence t with that sub-manifold of the reduced 
Hermitian matrices for which in (20) 


Ce «BB | 6OBS=SB, °C E 


i.e. Bis a Teal symmetric idempotent (and therefore bounded)’ matrix and ° 
S a bounded real skew-symmetric matrix, commutable with B, and such that 
rB + 1S is a reduced Hermitian matrix. 

On p. 606 we. introduce the term reduced skew- setae matriz for 
those skew-symmetric matrices S, the entire spectrum of which is contained 
in the closed interval [— tr, + tr] of the imaginary axis, and whose point 
spectrum does not contain the end-points — ir and + tm: We then show in 
Lemma I-that the: manifold of the reduced Hermitian matrices (20), (22) 
may be put in a one-to-one correspondence with the manifold of the perpen- 
dicular matrix pairs (E—-B,S) in which S is ‘a reduced skew-symmetric 
matrix. As a consequence of Lemma I we then obtain Theorem II which 
tates that the entire manifold-of the orthogonal matrices may, by means of 
She exponential representation (21),-be put in a one-to-one correspondence 
with the manifold of the matrix pairs (B,S) where 


(23). - | B = B = P’, B? == B; ae 
| (E — B)S == S(E — B) —[.0 }, S is reduced. 


We then show in Theorem -TIT that the one-to-one representation (#1), (22) 
is in reality none other oe the ‘one-to-oné representation 


(24) Om 2(E— B) — e5 
in which the matrix pair = S) is identical. with the matrix pair (5 8) 


— , (22). 
.,/ In Lemma IT on p. 615, we ie that ne manifold of the matrices Q 
which are square roots of E may. be placed in a one-to-one correspondence 


t See “W”, p. 277. 
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with the manifold of the TN matrices I by means of the linear 
representation SE aF 


(25) Q=B—e o 


An application of this lemma to Theorem I then -yields Theorem.: IV: on 
.p. 615, in which the entire manifold of the orthogonal matrices is shown 
to be in a one-to-one correspondence, by means of the representation 


(26) O=Q- chao -Q 


with the manifold of the matrix pairs (Q, S) in which Q is a real symmetric 
square root of E (and therefore itself an orthogonal matrix).and $ a bounded 
real skew-symmetric matrix, commutable wien Q, and such that the Hermi- 
- tian matrix (r/2)(E— Q) +45 is reduced. 

Since Theorem IV assigns to every orthogonal matrix O a uniquely de- 
termined real symmetric square root Q of E we may interpret the classification 
(13) of the real symmetric square roots of E as a classification of the ortho- 
gonal matrices into the four classes of p. 617. As immediate examples of the 
four types of orthogonal matrices we have the matrices Q of (124) themselves. 

For normal forms, under orthogonal matrix transformations of the 
-= matrices of-each of the four classes we obtain, as consequences of Theorems 
I and IV and Lemma I, the canonical forms given in (133) in which the 
. matrices Q and SH (i= 1,2,3,4) are’ defined in (124) and (125) re- 
‘spectively. The matrices Osm and Oem: occurring in I and II of (133) are 
the canonical finite rotation matrices as defined in (131). From these canoni- 
cal forms I and II of (133) it is clear at once that the orthogonal matrices off 
Classes I and Il.can be interpreted, with respect to a suitably orientated 
coérdinate system, as rotations and reflections (in the geometrical sense of the 
word) in some subspace of the real Hilbert space, possessing a sufficiently high 
but finite number of dimensions, in whicli a subspace of infinitely many dimen- 
sions is not “affected” + by the’ transformation. The orthogonal matrices of 
Class III may accordingly be interpreted as representing those orthogonal 
transformations of the real Hilbert space which leave a subspace of at most 
a finite number of dimensions “unaffected ” and the orthogonal matrices of 
Class IV as the orthogonal transformations of the real Hilbert space whieh 





+ For example we say that the transformation in the ordinary Euclidean 3- -space 
possessing the matrix 


£ 


aii ia 0 i 
Qa aex Q 
0 0 1 - 














leaves a space of one dimension not “ affected ” by the transformation. . © 
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leave “unaffected” a subspace of infinitely many dimensions while simul- 
taneously “ affecting ” a complement subspace of infinitely many dimensions. 
It may not be superfluous to remark that according to this classification 
the unit matrix E is an orthogonal matrix of Class I and the orthogonal 
matrix — E of Class III. It is still an open question as to whether the 
orthogonal matrices of Classes III and IV may be divided into “ rotations ” 
and “reflections.” In this connection. cf. p. 592, where we are able to give 
a precise formulation of this unsolved problem. 

During the last few years several authors have investigated rotations 
of the functional space, or what is the same, rotations in the Hilbert space. ` 
These papers, however, deal only with very special orthogonal matrices, sup- 
posing, for instance, that the determinant of the matrix is convergent and 
that the “deviation” of the orthogonal matrix from the unit matrix is a 

~~eompletely continuous (vollstetig in the sense of Hilbert) matrix. Even these 
very restrictive conditions are not sufficient for the validity of the determinant 
apparatus as employed by them. In this paper we deal with the totality of 
the orthogonal transformations of the Hilbert space and are, therefore, denied 
any recourse to the apparatus of determinants. For example the inaptness 
of the determinant apparatus is clearly revealed by attempting to differentiate, 
by its use, between the various classes (133) of the orthogonal matrices Q‘” 
of (124). 

The Classes I and II of the orthogonal matrices O are then shown to be 
the natural extensions of the finite rotation and reflection matrices as defined 
on p. 579. The matrices of Classes III and IV obviously have no analogues 

_/for finite matrices. At this point there is introduced a definition which 
divides ł the entire manifold of the infinite orthogonal matrices into two 
sub-manifolds in such a manner that the definition when applied to the mani- 
fold of the finite orthogonal matrices divides it into two sub-manifolds which 
are identical with the sub-manifolds of the finite rotation and reflection 
matrices as defined on p. 579. We define on p. 620 that sub-manifold of 
the orthogonal matrices, the elements O of which may be represented in 
the form eS where G is a real bounded skew-symmetric matrix [not necessarily 
uniquely determined by O (Cf. p. 594) ], i.e. 


(27) Ome Ga Gm l, 


as the manifold of the rotation matrices and the complement of this manifold 
‘with respect to the entire manifold of the orthogonal matrices [i. e. the mani- 
fold of those matrices not permitting the exponential representation (27) ], 


+ Cf. p. 579. 
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as the manifold of the reflection matrices. -This definition of the manifolds 

- of the rotation and reflection matrices will:be referred to as the exponential ~ 
definition in order to distinguish it from the determinant: definition on p. 579 
which is utterly valueless for infinite orthogonal matrices since the deter- 
minant of an orthogonal matrix is convergent only for very special orthogonal 
matrices. In order to justify this definition we show on p. 620 in Lemma. III . 
that the exponential definition of the rotation and reflection matrices is, for 
finite matrices, identical with the determinant definition. In Theorem V on 
p. 621, we show that the matrices of Classes I and II are, in the sense of 

' the exponential definition, respectively rotation and-reflection matrices. The 

- first part of Theorem V follows directly from the canonical form for the 
matrices of Class I. In order to prove the second part of Theorem V we show 
in Lemma IV on p. 622 that if 0 (0 real) is-a point in the spectrum of an 
arbitrary (not necessarily reduced) Hermitian matrix H then e* is a point 
in the spectrum of e*#. -As‘a corollary to Lemma IV we have on p. 624 
that if 1@ is a point in the spectrum of an arbitrary real bounded skew- ` 
symmetric matrix S then 6” is a point im the spectrum of e8 from which, 
‘and the canonical form II of 1238 the second ‘part of Theorem V is shown 
to follow. 

The unsolved problem, mentioned on p. 591, as to whether the ortho- 
gonal matrices of Classes III and IV permit a resolution into “ rotations ” 
and “reflections” may now be put in a precise form as follows: Do the 
Classes II and IV contain both rotation and reflection matrices as defined 
in.(2%)? That there exist rotation matrices in the sense of the exponential 
definition (27) is trivial since the orthogonal matrices Q% and Q% of (124)\. 
are of Classes ITI and IV respectively and obviously permit the exponential . | 
representation (27). The unsolved part of the problem then’ requires the 
demonstration of the existence or the non-existence of reflection matrices, 
as defined in’ (27), for each of the Classes III and IV: Put more directly, 
do the matrices of the Classes III and IV all permit the exponential repre- 
seritation (27)? Since.the property of a matrix to be a rotation matrix, 
in the sense of the exponential definition (27), is obviously invariant ł with 
respect to orthogonal transformations, it.is sufficient to treat this question 
for the canonical forms TIE and IV of (133) for the matrices of Classes III 
and IV. From the fact that the orthogonal matrices Q® and Q™ in the 
canonical forms (133) are both rotation matrices, it is trivial that if the 


+ This invariance property is trivial inasmuch ag follows from the definition of 
eG on p. 13 that. if O is an arbitrary orthogonal matrix then OeGO-1 = 60GO" in 
which OGO-1 is again a bounded real skew-symmetric matrix. ` 
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rotation matrices [i. e. those: aioe: matrices netinitting the sepresenta- 
tion (27)] form a group, the canonical matrices III and IV of (133) are 
necessarily rotation matrices [1i.e.-also permit the représentation (27) ].. It 
may not be superfluous to point out that, because. of the special. character 
of the matrices occurring in the canonical matrices IIL and IV of (133), 
the condition that the-rotation matrices. (27) form a group is not a necessary 
condition for the matrices of Classes III. and IV: to be rotation matrices (27). 
A treatment of the above unsolved problems seem to require-a detailed in- 
vestigation of orthogonal and real skew-symmetric matrices posseasing con- 
tinuous spectra. Connected with this problem is the quéstion ł as to whether 
the manifold of all orthogonal matrices forms a connected manifold or not 
(with respect to some natural metric in the manifold of all matrices). For 
the orthogonal transformations of a space with a finite number of dimensions 
the manifold of all orthogonal matrices is not connected (with respect to 
every natural metric of the manifold) but is divided into two separate mani- 
folds (Cf. p. 579). In other words the Euclidean space of a finite number 
of dimensions may be said to be an “orientable” space. It has not been 
possible as yet to answer the question, on the basis of the parametrical repre- 
sentation of orthogonal matrices given in the paper, as-to whether the real 
Hilbert space forms, in this sense, an orientable space or not. In order that 
the manifold of all: orthogonal matrices be connected it is necessary-that each 
of the sub-manifolds in (183) be connected. It seems likely that. for the 
answer to the above question the extensive use of the theory of the spectral 
matrix of the orthogonal matrices is unavoidable, the problems treated in the 
present paper depending upon the theory of continuous spectra of baa) 
matrices (cf. “W”, pp: 257-258). 

Theorems I, II, IL ‘and IV all give a anien parametric ETA 
of the ‘manifold of the orthogonal matrices and we saw that (27) where 
G is an arbitrary real bounded skew-symmetric matrix, may be defined as 
the parametric representation of the manifold of the rotation matrices of the 
Hilbert space. This parametric representation of the rotation matrices is 
the substitute + in Hilbert space fot the Euler-Hurwitz factorization f into 
products of “two-block” rotation aa a breaks down’ for infinite 


+ See “W”, p. 277. 

t L. Euler, Donma ane avitiiieioae collectas,- ‘Vol. 1, p. 427 “aa A. Hurwitz, 
“Ueber die Erzeugung der Invarianten durch Integration,” Göttingen Nachrichten . 
(1897), pp. 76-77. In connection with the. work of Hurwitz, cf. I. Schur, “Neue - 
Anwendungen der Integralrechnung auf Probleme der Invariahtentheorie,” Sitsungs- 
berichte der Preussisohen Akademie der Wissenschaften Sr! p. Tae, where a Geia 
ment of Hurwitz is corrected. , 
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matrices since there exists no last dimension. There are even other obstacles 
to a generalization of the Euler-Hurwitz representation. inasmuch as the 
following example shows that a matrix which is (even in the sense of a 
“weak” convergence) the limit of a sequence of orthogonal “two block” 
matrices is not necessarily itself an orthogonal matrix. Denote by Epa the 
“two- block” orthogonal matrix obtained from the infinite unit matrix E 
by interchanging the p-th and q-th columns (or what amounts to the same 
thing, by interchanging the p-th and g-th rows). Consider the ene of 
orthogonal matrices {O,} defined on O.— E, O; — O6s Beas (4 = 2,3, +); 
i. e. the sequence ` o 


0, = E, O. = Es, Os; ee Ei 2k gs, ae ane 


3 


for which 


oF o.o 
eH CO Oo O 
O, O Oo © 


lim O, = 


n->+00 


. OorHo 


and which is certainly not an- orthogonal matrix. ~- 

It may be mentioned that to a given rotation matrix O there may exiat 
. infinitely many real bounded skew-symmetric matrices which may be em- 
ployed ag the matrix G in (27). This is illustrated, even for finite matrices, 
by the example 


|- apl — (6 + Bkn) 


It would be desirable to obtain a simple sub-manifold of the matrices G in (27) ` 
go that the matrices of fhis sub-manifold are in one-to-one correspondence 
with the rotation matrices. Certain considerations for finite matrices seem 
to indicate that this may be achieved for finite matrices by restricting the 
representation (27) to a sub-manifold analogous to the manifold of the re- 
duced skew-symmetric matrices, and it is hoped to treat this question among 
others in a later appearing paper on the finite matrices. 

For finite matrices it is possible ¢ to obtain, for n = 2 and n= 3, the . 
formulas of pence from the ee representation = ). l 


| cos 6 sin 6 nes ey 


sin 6 COS a 








A 


- “¢ CE G: Galanti, eed di calcolo motortale,” Atti Accademia Navionale dei 
Linoet, Vol. 6, series 13 (1931), pp. 861-866. 
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1 Finally, it may be mentioned that the methods and results of the present 
paper. hold, precisely as the spectral theory of unitary transformations or the 
method of trigonometric momentum problem used in this paper, not only 
for matrices but alsa for operators in the Hilbert space. However, since the 
possibility of such generalizations is known to be trivial we prefer, for clear- 
ness, to deal with matrices only. 


T. REALITY DISCUSSION or THE TRIGONOMETRICAL MOMENT PROBLEM 
-OF HERGLOTZ. 


We consider the trigonometrical moment problem t+ 
ar 
(28) ee = f. ein? dr(@) ; (n=0, +1, °), 
0 $ = i 4 
“together with its homogeneous special case 


(28) o= f edele); (n=0, = 1, +), 
0 


in which the left-hand members are preassigned real or complex numbers 
and 7(¢) an unknown real or complex function of the real argument ¢ whose 
definition is desired in the closed interval O=¢=2r. In the following 
we shall consider only real solutions 7(¢) and therefore suppose that 


(29) Cn = En; (n=0, 1, 2) 
It will- be convenient to employ the notations 

AF) = (6) — i — 0), 
(30) AF(S) = R + 0) —F(8 —9), 
l A f(¢) = f(8 + 0) — F (8), 

Bo 
(provided these limits exist) for the various “springs” of an arbitrary real 
or complex function f==f(¢) at the point ¢ = £ and the customary nota- 
tions [a,b] and (a,b) for the closed and open intervals a S p Œb and 
@ <p <b respectively. 


_ We suppose that the moment problem (28) permits a solution 7(¢) of 
bounded variation in the interval of its definition [0,27] so that the limits 


tG. Herglotz, “Uber Potenzreihen mit positiven, reellen Teil im Einheitskreis,” 
Königlich Sdohsisohe Gesellschaft der Wissenschaften eu Letpsig, Alathematisch-Phy- 
sisohe Klasse (1911), p. 501-511. This paper will be referred to as “He”. 
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(31) +(@—0) for 0<¢S2e; ($40) for 0S $< 2m, 


exist. It is known} from the general theory of Stieltjes ‘integrals that, if 
(28) possesses a solution +(#) which is of bounded variation in the interval 

- of its definition [0, 2r] it is uniquely determined, up to an additive constant, 
on the set of its continuity points contained in the interval (0, 27), its values 
at its inner discontinuity points (i.e. for 0 < $ < 2m) being assignable -at - 
will. Since the set of continuity points of r(¢) in the interval (0,27) is 
necessarily everywhere dense in this interval the values. of r(0+0) and 
7(%r—0) may then be calculated [cf. (31)] from the values of r(¢) at 
its continuity points and the values of o and z(2r) .chosen.at will, pro- 
vided that- the conditions 


(82) AHAH — Bees — fa T — [78 ott dr(6) 5 


(n==0,+1,---), 


a arise from ay are satiated: f The only solutions of bounded varia- 
tion of the homogeneous moment problem (287) may.in turn be meee 
characterized by the properties § | 


Dne o 


(33) Tie) == Q mm Q = const. at the continuity: PN of r(¢) in n (0, me), 
(84) 0 A =($) + A 7(4) =0, 


inasmuch as, in (32), we have cy —=0 and 7 dr($) =0. 


A further possible specialization of the character of the solution 7($) 
of (28) is that it be monotone non-decreasing. The necessary and sufficient ~ 
conditions on the c» in order that the moment problem (28) possess a mono- 
tone non-decreasing solution r(@) are given by Herglotz § and state that the 
truncated matrices (Abschnittsmatrizen) of the infinite Hermitian matrix 
| cp-v ||, introduced by Toeplitz, be not negative definite, i.e. : 


n a = 

(35) : DS D, Cu-veuéy = 0 for arbitrary Ëi &2, ° n.s (n= 1, 2; . ), 

` B=1 >l n i l 
where Cuv =m Cy == 6% for k = L—v. 


+ Of. F. Hausdorff, “ ther das Momentenproblem für ein endliches Interval,” Mathe- 
por Zeitschrift, Vol. 16 (1923), pp. 220-248. This paper will be referred to 
“Ha”. Cf. also O. Perron, “ Die Lehre von den Kettenbrüchen ” (Eka pp. 362- 
374, This book will be referred to as “P> , . ! a 
. See “W”, p. 268. 
$ See “Ha”, p. 241. : : 
q See i He”. : . r 
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7 We denote by E = || ès || the unit matrix and by [A : z| the compound 
P form (Kopplungsform) C ; 


. +00 +0 7 . 
(36) ®[A; 7] =D _ E apto- 
$ pi Geil 


of an arbitrary bounded matrix A = || apa ||. With these notations we con- | 
sider the trigonometric moment problem + arising from (28) if one places 


(37) Ca = @ [U*; z]; | (n == 0; + 1, ° +), 


i. e., the moment problem 
%2r . | | 
(38) m8 [Urs] =] ett dr(g32), |e]=1; (n= 0,#1,-- >), 
o 


where U is a given unitary matrix so that for every unit vector æ [i. e., 
~=- æ | = 1] there belongs the sequence of momenta cz defined in (37) satis- 
fying the conditions (29). It is known that this moment problem always 
possesses a real solution +(¢;2) which depends upon the vector z and is, 
as a matter of fact, a bounded Hermitian form 


(39) ($32) =$ [| røa ($) l; z], 


where 
Tpl e) = F7ol$), l 0 na = Rar, 


and the indices p, g take, as will always be understood in the remainder of 
the paper, unless explicitly stated to the contrary, independently the values 
1, 2,:°.. The Hermitian form (39) is then, for an arbitrary given unit 
vector v, uniquely determined up to an additive constant at all of its con- 
tinuity points in the interval (0,27). Moreover, since the conditions (35) 
are known to be fulfilled by the momenta (37), for every unit vector z, the 
Hermitian form (39) may be chosen to be, for an arbitrary given unit 
vector z, a monotone non-decreasing function of ¢ in the interval (0, 27). 
The values 1(0, £) and r(2r, z) of the Hermitian form at the end points 
may then, for an arbitrary given unit vector z, be assigned at will subject 
to the condition that r(¢;2) be monotone in the closed: interval [0, 2r 
and that . | ve 


2x-0 E 
(40) A r(ġ;z) + Ar(¢$;2) =ar f dr($; 2). 
0+0 ar-0 2 0+0 


We now remove the arbitrary character of the solution r(¢;2) by prescribing, 
Bis: an arbitrary given unit vector v, the following normalizing conditions: 


t See “W”, p. 269. 
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(41) 7 7(0; gz} = 0, l 
(42) 'r($—0; z) =r (ġ; 2) for (OK 8 <2 itn N 
(48) A r($3#) 0. oe 


The Dae o condition (42) serves to fix the value of the TR ($3 x) 
at its discontinuity points in the interval (0, 2r). The prescribing of the 
normalizing condition (43) then from (40) serves to determine uniquely the 
“ spring ” A t(ġ;x). Finally the normalizing condition (41) fixes the value 


of the addin constant so that the solution r(¢;2) is uniquely determined 
at all points. of the closed interval [0, 2m] since, for = — 2r, we have from 
(41) and (38), for n= 0, 


(44) (Qn; 0) =m, |e] =L. B 


The matrix of the Hermitian form under the normalizing conditions (41), - 
(42) and (43) has been introduced by Wintner + and-designated by him as 
the spectral matrix of U. Since (38), (41), (42), (43) and (44) hold for 
an arbitrary unit vector æ the elements of the spectral matrix | Toad). | 
obviously possess the following properties {: 


(38°) aU am G drgq() ce (n= 0,4 le- T 
(4). -Tu (0) = 0, 7 | oo 

(42) `- palp — 0) = Tpl) for 0<¢ < 2m, TAA 

(48°) A Tle) =O io talr —0) rla), o 

(44) Tpa (21r) = LrBpg. 


If now the unitary. matrix is assumed to be real, i.e. U is an orthogonal 
matrix U == Ü — O, the elements of the spectral matrix possess in addition 
to the above mentioned, properties the following two properties: 


- I. In order that the eleménts toqa(p) of the spectral matriz of the unitary 
matriz U be the elements of the spectral matrix of a real unitary maine 
U =Ù, i.e. an orthogonal matris Q, it is necessary and sufficient that | 


(45) tpg) = BB? | 
at the continuity points of opl) in (0, 2r), where a 2... B 


t See “W”, p. 269. 
Cf. the uniqueness property of compound forms mentioned on P 580. 
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(46) opal) = Folh) + tpq(2r—) and b= b == const. 
IL The “ springs i A Tpl) of the elemens a the spectral matris of 


ee 


an orthogonal matriz O are real. 


The demonstration of the two statements I and II proceeds simul- 
taneously and we begin by showing the necessity of (45). We accordingly 
assume U = Ù == O so that the conjugate equations of (38’) become 


(47) r0" = | fot? dina) l; EE ERTE 


On the other hand if we introduce a new integration variable 0 in (38°) by 
means of the transformation 


(48) h = 2r — 0, 


bananas nal rs 


we obtain 
0 an 
(49) — 20" — | fir dryg (2 — 8) |= I f et dpa (2e—8) | 


| (n=0,+1,°:°:). 
On adding (47) and (49) we have from (46) 


(50) EOL REE 


so that the Hermitian form o(ġ; s) = [|| wp¢(#) ||; z] is, for any arbitrary 
given unit vector 2, a solution of the homogeneous moment problem (28). 
_ Furthermore the Hermitian form © [|| tpg¢(¢) ||;2] and consequently the 
“Hermitian form © [i] Tpl) 32] are, independently of the unit vector z, 
monotone non-decreasing functions of œ in the interval [0, 2r]. The Hermi- 
tian form © [|| tp (2r — ¢) ||; z] is, on the contrary, monotone non-increasing 
in [0,27], for any given unit vector x. Accordingly the Hermitian form 
w(¢;2) is of bounded variation [cf. (46)] in the interval [0,27] for any 
arbitrary given unit vector x From the uniqueness property (33) of solu- 
tions of bounded variation of the homogeneous moment problem (28’) we 
have, for an arbitrary given unit vector 2, 


(51) ($3) = @ [| Tp0(b) + Toa (2r — p) |; z] = b = const., 


at the continuity points of wpg(p) in (0,27), and consequently, since (51) 
holds for an arbitrary unit vector v, the necessity of the condition (45) of I. 

` Furthermore, since || tpg(¢) || is Hermitian, the constant b in (51) is real. 
The statement IT is an immediate consequence of the necessary condition 
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(45) and the normalizing conditions (41’), (43°), (44’). From (45). we | 
obtain. on observing (417) . ; . : ~ 


(52) yg ($) — Fou) Z big — rye t) 


at the continuity points of wpg(¢) in (0, 2r). Since the, continuity ne 
of.wpa($),. which is obviously of bounded variation in To, 2m ],.are certainly 
everywhere dense in the interval (0, y we have for ¢-> + 0 [ef. (30) ] 
from (43’) and (44) 


(53) © A 7l) — (b —2r)ôp where oe 
040 - 
i.e. II is proven. ` 


We now show the ates of the condition (45) in I. From (38 ) 
for n= 1 we have as a consequence of (48%) ` 


uean 


260 = J, 0% EO =H A roe) | 
FN ST 8 deel) I 1A rl) IES oo a) f 


which may, on introducing a new integration variable 6 by means of (48) 


27-0 
in Soa ; De written in the-form 


(54). T= A el EREN ot drzal) I 


— l Arw(): Ue den on — he 
We now utilize (45) to obtain . , a — 


Ny 


(55) "6 dipl) = (70 dralh) + Ti 1 dryi(@e—4) = 0, 


inasmuch as the values of wpg(ġ) at the inner discontinuity points are im- .- 
material in the Stieltjes: integration. From (55) we may write (54) in 
the form l 


r-0 r-0 i ; 
aU m | À toal) G drole) + fei) l 1 Alh) i 
so that from II there only remains to show that | A 9a($) | is a real matrix. ` 
This follows immediately on writing it in the en 


Tq (24 — p) — Tulp) = bpa — [tee(b) + 7p0(%)], © 


valid for the continuity points of wg(¢) in (0, 2r), and then taking the \ 
limit for ¢> x — 0. 
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II. APPLICATION OF THE TRIGONOMETRICAL MOMENT PROBLEM 
TO ORTHOGONAL MATBIOES. 


Among the properties of the spectral matrix || tpg() || of a given unitary 
matrix U, Wintner + has shown that it is possible to employ it in the con- 
struction of a bounded Hermitian matrix H . 


: 2r >^ l 

(56) © E (1/2) f brolh) b 

the elements of the spectral matrix || opg(@) | of which are given by 
opl) =0 |. for —wo <A), 

(57) 2ropg(p) == Tpl) for 0S oS en, 


opal p) == bpa for 2In<d<to. 


Conversely if H is a bounded Hermitian matrix whose spectral matrix 
| opa($) || fulfills the conditions l 


opa($) = 0 for —0 <¢3S0, 


Ca  Opqg (247 — 0) == opp) =p for 2wWZ=GC+ a, 


(i.e. == 2 is not a point of the point spectrum. of H) and if a matrix 
| tp¢(@). || be introduced by means of the definitions 


(59) roa($) = ronl $) for 0S Ser, 
then the matrix 
(60) a Um eE | (1/27) f 0H droe($) Ib 


is a unitary matrix possessing as its spectral matrix the waste ll rale) |]. 
If we designate a Hermitian matrix whose spectrum lies in. the interval 
(0, 2r] and whose point spectrum does not contain the point 27, as a reduced 
Hermitian matrix we may sum up the above resulis in the following form: 
There exists between the unitary matrices and the reduced Hermitian matrices 
a one-to-one correspondence, i.e. to a given unitary matrix U there is asso- 
ciated a reduced Hermitian matrix H by means of (56) and to this same 
reduced Hermitian matrix H there is associated, by means of (60), the prer 
viously given unitary matrix U. 

In the following we propose to apply the results of the previous section 
in order to characterize that sub-class of the reduced Hermitian matrices 
which is in one-to-one correspondence with the real unitary matrices, i.e. 


t See “W”, pp. 268-277, 
12 , 
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the orthogonal matrices. In any case we may write any. Hermitian matri: 
uniquely in the form . 


(61) | E Hogs 148, 


where B is a real S matrix and S a real skew- eee matrix s 
that our problem ł is to characterize the matrix pair (B, S) for which th 
reduced Hermitian matrix: H == rB + 4S has the property that the matri 
- U =e is real. As an answer to this problem we show 


THEOREM I. The necessary and sufficient omens in order that th 
reduced Hermitian matris H =B +18 yield a real unitary matriz O, 1. € 
an‘ orthogonal matrix, tn the one-to-one representation 


(62) 4 0 = eH — gt (BHS) 


ave that S be a bounded real skew-symmetric matriz and B a real symmetri 
idempotent matrix which is commutable with Ñ, t. e. 


(63a) B =B =B, B'=B;. S=8=— S, 
(63b) BS = SB. 


Before beginning the demonstration of Theorem I we note that. th 
representation (62) may, from (63b) and the distributive property (18). o: 
the exponential with respect to commutable matrices, be given the form 


(62) O = eiTB . gS m g£. giTB, 


It may also be mentioned that the representation (62) or. its ‘equivalent Se 
is “covariant” under orthogonal matrix transformation. More precisely I 
V is any orthogonal matrix then we have from (62) | 


VOV- = exp [in(VBV ++ iVSV+)], 


where VBV-+-is areal symmetric idempotent matrix [cf. p. 585] commutable 
with the bounded real skew-symmetric matrix VSV and VBV™ + tVSV- 
is a reduced Hermitian matrix if rB + iS is a reduced Hermitian matrix 
This “covariance ” property is important in what follows inasmuch as with- 
out it the classification of the orthogonal matrices in pour classes as developed 
below would be meaningless. 

We begin with a demonstration of the necessity of the conditions (63a) 
and (63b) and shall retain the notation || tp¢(¢)’ l for the spectral maim 
of a unitary matrix U. First we show that, 


+ Bee “W”, p. 277. 
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: > wD) 7-0 l 
6) S in) f drl), 
0+0 w+0 
2r-0 x-0 T- 
65) f parpa($) = 2m | Trl) — f” bind). 
r+ 0+40 af 040 z 


Jn introducing a new integration variable 0 by means of (48) we obtain for 
he left-hand members of (64) and (65) respectively 


r-O w+0 
66) f dalt) = (tnlr — 0). 
040 + 29-4. 


67) f drl) — f (2r — 8) drm (2 — 8), 


trom (45) we obtain 


7 wed +0 w+0 
68) doyal) = f Talh) + f “dre — 4) = 0, 
s/ 29-0 2r- 27-0 ; 
040 0+0 
69) f(r 4) doya(d)— | (2r — 4) dina) 
: gone a 
+ [2 —$)drya(2e — 9) = 0, 
nasmuch as the values of wpq() at its inner discontinuity points play no 
le in the Stieltjes integration in (68) and (69). Formulas (64) and (65) 
rbviously follow from (66) and (67) by virtue of (68) and (69), respec- 
ively. The reduced Hermitian matrix H in the exponential representation 
Í Theorem I may always be calculated from the spectral matrix of the given 


initary matrix U by means of (56). For the treatment of a real unitary 
natrix U = Ü = O we express the Stieltjes integration in (56) as follows: 


: r—O 27-0 
(10) H= f dralh) | + | Aroo($) IL f dralh) Ly 
O40 r w+} 
nasmuch as [cf. (48) on p. 598] 
0+0 2r 
je parol p) = $4000) = 0, 

3y means of (65) we may rewrite (70) in the form 

x-0 r-o 
mH f balrol) —Fol)] lH l Arvo) I +20 f daalt) 

0+0 T 0+0 


vhich in turn may be replaced by 
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(1) eH — | fe brl b) — FATEH l fale #)— roe 8) | 
+ bf dralh) | + l Arne $) Et a I Se Fal) 


We introduce a bounded real See matrix 8 by: means of 
(12), 2S —— i) S Bartl Iie fa w(6)— rm] 
=i] f=) alone #)—Fa($)] l, 


and employ it, together with (64), to abbreviate (71) to 


(13) BH 2S + (dove) LH Arve) I+ ce dsa($) I 


| Now from (38’) [ef. p. 598] for n= 0 we have ` 
mB | fdr d)1— I A roa)! 
ANORA ZOEN Sz dra ($) b 


inasmuch as from (437) 
| sf arma) = 0, 
co ti that (73) may be Sa shortened to` 
(74) H= + rE —(⁄2) I A toa ( $) | = 8 +7[E — (1/2) | A Tra (H) le 


in which 8 is the bounded real skew-symmetric. matrix introduced in (72) 
and || A rpg(#).], since || rp¢(¢) || is a bounded Hermitian matrix, is, from II 
0+0 


on p. 599, a bounded real symmetric matrix. We introduce a bounded real 
{cf. (61) ] symmetric matrix B by means of 


B= B—(1/2n) | Aral) l» 
and which, from (59), may obviously be written in the form 


(7) Be BH A lG) b. 


so that, inasmuch as || seal) Ji is the Pec? matrix of the reduced Hermitian 1 
’ matrix H we have ł 7 


_ t See “Hi”, pp. 141-145. Cf. also “S”, p. 160 and p. 174, 


A om 
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B= E—2| A oal | + | 7 om) l =E] A o7a(¢)|| = B, 


„e. B is a real symmetric idempotent matrix so that the s necessity of (632) 
s demonstrated. 
In order to demonstrate the eo of (6) we write (72) in the 


‘orm . | . 
16) | rS = lim rSn, 

. n00 
vhere 





Iry = — t` 








1E) 
yo O REEE 


P according to (59), 
TOE D 
E an (SH) Hf 


Ve now sa the well-known theorem of Hilbert ¢ that 
ll epg ($1) | [ova (42) I = || ope(¢2) | low(%)l, 





` 











(77) TEE. 





O obtain 
78) | A opq(¢) || || opg(vr/n) | = | ope (2/2) |: A Cral) l; 


' i ; (v=1, 2,- n> 1); (n=2,3, °), - 
ind hence also o 


9) I A ona($) I I Spa (vr/n) || = | AE | I A orle) Is | 
; (v= 1,2, eee (n= 2,3,° °°), 


nasmuch as, from II on p. 599, the matrix f A op(¢) || is a real matrix. 
. 0+0 
Trom (175), (77), (78) and (79) ‘we accordingly have 
(E—B)S, = S, (E — B), 


rom which and (76) then follows, for n —> + œ, the necessity of (63b). 
‘We now demonstrate the converse part of Theorem I,, i.e. we assume 
hat H =xrB + iS is a reduced Hermitian matrix for which the matrices 


+See “Hi”, pp. 141-146. 
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B and S fulfill the conditions (63a) and (63b) and demonstrate that U is‘a 
real matrix. We precede the by the derivation of the S 

(80) os BA (at, 


where @ is an arbitrary real or complex number and I any bounded idempotent 
matrix (cf. p. 585). Since I is assumed to be bounded we have the con- 
vergent development (cf. p. pen 


A S (101)” De J)?” +00 (46 ) 2744 
aa re aa EA TAH? 


yid may, since I is idempotent, obviously be written in the form 
+00 e Si (W) Rp+i ey | [$4 cr) 
461 eo ——= pare —_— 
oi E T Gat a I+] 3 |@ 


from which (80) follows at once. In an analogous manner it is possible tc 
obtain the identity . 








et — E cos ô + iQ sin 6, 


valid for arbitrary real or complex 6 and for an arbitrary square root Q of 

the unit matrix EÈ (cf. p. 585). From the commutability condition (63b) 

we obtain (62’) from which if we apply (80) for 0 == m and I = B we obtain 
tH m (E — 2B) - eS — ¿£ - (E— 2B), 


which ia, because of (68a), certainly a real matrix. q.e.d. 


ITI. A CONNECTION BETWEEN REDUCED SKEW-SYMMETRIC AND 
RepuceD HERMITIAN MATRIOES. 


For convenience we adopt the notation 
(82) M~N 


for the orthogonal equivalence of two matrices, i.e. for the existence -of an 
orthogonal matrix O for which M == ONO". We introduce the definition 


A. real skew-symmetric matriz S will be said to. be reduced if the 
spectrum of the Hermitian matriz iS is contained in the closed interval 
[— 2, +r] and tf the end-points — a and aoe are not Orang in the 
point spectrum of 1S. 


The property of a real skew-symmetric matrix to be reduced is an obvious 
ESE invariant. 
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We now show 


Lemma I. Let B be a real symmetric idempotent matriz and let 5 be 
a real bounded skew-symmetric matriz commutable with B, t.e. 


(83) BS = SB, 


then the necessary and suficient conditions in order that the Hermitian 
matriz nB +18 be reduced (cf. p. 588) are 


(84a) (E — B)S = S(E— B) = [ 0 |, 
(84b) S be reduced. 


Since B is a real symmetric idempotent matrix we have, according to 
a theorem of Hilbert,t in the notation (82) 


(85) B~ |] kpq || where xpg==0 for p Æq and kpp=O Or xpp = +. 1. 


We designate by « and f’ the number of times 0 and + 1 respectively occur 
in the sequence {xpp} so that necessarily «’ 20, 8’ 20 anda + g = + © 
and distinguish the following four possibilities for the matrix || xpq || in (85): 


I: @==-+ 0, Bo = 2m for 0Sm<+o, 
(86) Tl: of sto, B =2m+1 for 0OSm<+., 
III: a’ =m, B= + o for 0OSm<4+ 0, 

IV: g=- o, eto, 


ind corresponding to these four possibilities for the matrix || xpe | in’ (85) 
ve have the following four canonical forms for the matrix B: 


I: B~ BY wa |b. |, where bp = 0 for p £q, 
and D op == l for p=1,2,° : -, 2m < — CO, 
bY op = 0 for p > 2m, 
Il: B~ B® = | ba l, where 6° pg = 0 for pq, 
(87) and bP pp = 1 for p=—1,2,:°:,2m+1<+, 
bepp = 0 for p > 2m +1, 
II: B~ BY = | b> l, where b®’ pg = 0 for pq, 
and bpp = 0 for p= 1,2, -m <+ o, 
| bepp = 1 for p > m, 
IV: B~ BY = | bg], where bp = 0 for pq, 
and bpp = b papa = 1 for p= 1,5,9, +, 
bop = b ipa = 0 for p= 5 a AN 8 E 


+See “Hi”, p. 145. 
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Since the commutability property (83) assumed for the matrices B and £ 
in Lemma I is invariant under simultaneous transformations of B and S we 
must. have, simultaneously with the matrix transformation of the matrix’ E 
of Lemma I into each of the above canonical forms, the reduction of the 


skew-symmetric matrix S of Lemma I to one of the following types: 


afi 
































I: §8~ SMa] '-.-- , 
l Noo-gm 
Sam = Som a Som; Scoem SaN: 8 coem Jo D co-am; 
TI sms m [P a, 
Sacem) 
Somi pare Sina = Somit Soo- (amet) pn Boo..camin) = — D'o- cam+1) > 
(88) 
. Sn , ` 
‘TO: §8~S8® — Ta aft ey 
l Soom 
Sn a Sn TES Si Soom i Soo-m — S co-ms 
Si Z Sa Z 
Z Sn Z Sy 
Sa 2 Sa Z «= « « 
IV: S TORR, Si — Z Sis Z Sus . . . 3 
s-s rf e 
: : Ypa Opa 


in which the capital letters represent matrices and the vacant spaces of the 


"remaining two “quadrants” of I, II and III are occupied entirely by zeros. 


For example, the matrix S == | s,, || of (88) is a bounded real skew- 
‘symmetric matrix for which 


(89) eo 0; for psl er he í , 2m, Sm <q; 
and for Osim <p, 1,2) , 2m. 


We now prove the necessity of the conditions (84a), (84b) in Lemma I. 
As mentioned in connection with Theorem I the property of a Hermitian 
matrix to be reduced is an orthogonal invariant. Consequently the Hermitian 


matrices 


(90) „BP iS; (j= 1,2, 3,4), 
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constructed from (87) and (88), are all reduced. In order to show the 
necessity of the conditions, (84a), (84b) of Lemma I we consider separately 
‘each of the four possible . canonical forms for the matrix B of Lemma I as 
given in (87). 

1. Proof of the necessity of (84a) for matrices B of Class I. From 
I of (88) we are enabled to write 


(91) as 9M. gM t gD, 


my 


where, in the schematic notations of (88), (89), we have placed 


po? itis 
? 1 


so that the matrix pair (Se, Sv) is peed (cf. p. 582). Since the 

.-Hermitian matrix B® +-1S@ ig reduced [ef. (90) and adjoining] the 
domain A(wB™ + 48™) lies in the closed interval [0,27] (cf. p. 7002s 
i.e. from (91) 


(93) 0SO[(aBY + i8); r] = rd [B32] 
+6 [iS 52] + D fiS; r] S 2r for a |= = l. 


- 
- č w -æ ~ m m = Á oo 


(92) Sq) = 























co. 


Since (93) holds for an arbitrary unit vector z we may choose in (93) 


v 


. +00 , 
(94) Ly = Tg Loy = 0, ` | ay |? = 1, 


ralm+] 
so that, from (92) and the definition of B® in (87), we derive from (93) 
(95) OSS LS, 5 2] S 2r, 
first, for only those unit vectors z of (94), and then, because of the peculiar 
definition of Sy“ given in (92), for an arbitrary unit vector s. Since the 
domain of any bounded Hermitian matrix of the type 18, where S is a real 


skew-symmetric matrix, is necessarily symmetrical with respect to the origin 
(cf. p. 582) one must perforce replace (95) by 


(96) D [iS ;2]==0 for |r|=1, 
and therefore from the uniqueness property of compound forms (cf. p. 580) 


Sy a l 0 l, 
or from (91) 


(97) cokes aan gP. | 
From (87), (97), and (92) it is clear that the matrix pair (E — B®, 8%) 
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is separated and consequently a fortiori perpendicular. . Since the perpen- 
dicularity of a matrix pair is invariant with respect to simultaneous matrix \ 
transformations of the two matrices in the pair (cf. p. 583) the matrix pair. ` 
(E—B,.S) of Lemma I is itself perpendicular and the necessity of (84a) 

is accordingly demonstrated, under the temporary restriction that B be of 
Class I. - ; 


2. Proof of the necessity of (84b) for matrices B of Class I. We choose ` 
instead of (94) those unit vectors 2 for which ` 
2m 


(98) A 2 | ‘by z == 1, Eom = Ta =: ; == 0, 
o y=1 ` i , 


so that, from (92) and the definition of B® in (87) we derive from (93) 
(99). OS r HO [i;e] S2m, be —rS Oi; 2] S+7, “~~ 


first, for only those unit vectors of (98), and then because of the peculiar 
definition of Sg given in (92), for an-arbitrary unit vector æ. Since,.as 
has been mentioned in the introduction . (cf. p. 581), the spectrum of any 
bounded matrix.is contained in the domain of the matrix it is clear from 
(99) that the spectrum of 13a‘ is contained in the closed interval [— r, + 7]. 
Furthermore the matrix E — B® is a diagonal matrix the elements of which 
are 0 and -+ 1 and forms with S the separated matrix pair (E — B™,S™) 
(ef. (87); (97), (92)] so that from p. 584 and the fact that the Hermitian 

~ matrix 7B +18 is reduced [cf. (90) and adjoining] the points — r 
and + m cannot be in the point spectrum of 18, i.e. S% is a reduced skew- _ 
symmetric matrix. Since the property of a skew-symmetric matrix to be 
reduced is an orthogonal invariant the skew-symmetric matrix S of Lemma I 
is itself reduced and the necessity of (84b) is, under the temporary restriction 
that B be of type I of (87), accordingly demonstrated. 


3. Proof of the necessity of (84a) and (84b) for the matrices B of 
Classes II, II, and EV. That (84a) and (84b) are necessary if the matrix 
B in Lemma I is of type II of (87) follows at once on replacing 2m by 
2m + 1 throughout the preceding demonstrations. In order to treat type III 
of (87) we may write, analogously to (91) and (92), from (88) 


(100) | S® na §, +. §,°, 
where d 


Sm’ T 
wy af | seepage 
i t : í : Son 
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_ so that the matrix pair (So, 8.) is separated. Since the matrix 
, B® +i8® is reduced [cf. (90) and adjoining] we accordingly have 
(cf. p. 582) from (100) 


(102) 0S 6 [(xB® + 8®) 52] 
== rh [B® ; e] + D [i8,@ 5 2] + 6 [18,5 2] S 2x for |z| —1, 


and hence 
+00 
(103) 0S r + 6[18, ; 2] Sr for zı = ta =' ++ tm = 0, X | wv |= 1, 
yrm+] 
A m 
(104) 0 = pS” 3 x | < ar for > | Ly |? = 1, Emy = mye" 6 l 0, 
y=) 


that one may deduce [cf. (95), (99) and adjoining] from (103) and 
4) that the matrix pair (E — B® ,S) is separated and that the skew-> 
mmetric matrix S“? is reduced and then, as a consequence, that the matrix 
pair (H—B,S) of Lemma I is perpendicular and that the skew-symmetric 
matrix § is reduced. In order to treat the remaining case in which the 
matrix B of Lemma I is of the type IV of (87) we write 


(105) SH = §, 4 9), 
where, in the notations employed in (88), we understand 
Sa Z Sian Sew a ZZ Z2 
Z ZZ Z... Z Sx Z So, 
Sa Z Ss Z... ZZ ZZ 
106) S2 =Z ZZ Z...|, SM =| Z Sa Z Su 


so that the matrix pair (Sc, SS.) is separated. Since the Hermitian 
matrix rB™ -+ 18 is reduced [cf. (90) and adjoining] we accordingly have 
(cf. p. 582) from (105) 


(107) OS 6 [(oB® + S™ 52] = rp (Be ; z] 

+ [i8 t;e] + a aAa] Sr for |e|=1, 
and since v is an arbitrary unit vector in ae we may put | 
(108) — 

Ly == Tq = Vy = Le = Tp = Tio =" * ‘= 0; 
+ | Te |? + P EEREN 


so that from (106) and the definition of B“ in (87) we may derive from 
(107) 
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(109) OSD [48,0] Ser, 


first, for only those unit vectors x in (108), and then, because of the peculiar 


definition of S, given in (106), for an arbitrary unit vector g. A treat-. 


ment of inequality (109) analogous to that given for (95) then yields 
Sof? == 14, 

or from (ios) . 

(110) k BO a 8,09) 

From (87), (110), and (106) it is clear that the matrix pair (E — B®, 8S“) 


is separated and consequently perpendicular; From this point on the proof 
of the necessity of (84a) for those matrices B of Lemma T'of type IV in (87) 


ay 


is identical with the proof given in the treatment of type Í and is according gm 


not repeated. 


In order to show the necessity of (84b) if the matrix B in Lemma I is | 


of type IV in (87 ) we choose, instead of (108), those unit vectors x for which 
a) [aR Les Lee +] alH Le +| ge Pm, 


Cy m P; Dy = Tg = em e e eo () 


so that now, from (106) and the definition of B® in (87), the inequality 
(107) is a by 


(112) 0Sr+@[S 52] Se, Le eS [S;2] Se, 


first, only for those unit vectors x in (111), and then, because of the peculiar. 


definition of 8S. given in (106), for an arbitrary unit vector s. By em- 
ploying the same argument used in the discussion: of (99) we learn that the 
- spectrum of iS.“ is contained in the closed interval [— r, +r] and that 
neither of the end-points — r and -+ r are contained in the point spectrum 
of iS (cf. p. 610). Finally it follows, just as in the treatment on p. 610, 
that the matrix S in Lemma I is a reduced skew-symmetric matrix. 


4. Sufficiency of the conditions (84a) and (84b) in Lemma I. “We now 
turn to the proof of the sufficiency of (84a) and (84b) in Lemma I. Since 
B is now by hypothesis a real symmetric idempotent matrix and S a real 
skew-symmetric matrix commutable with B [the commutability condition (83) 


isa necessary but not a sufficient condition fer the perpendicularity of the 


matrix pair (E — B, S) ], we may by simultaneous orthogonal’ matrix trans- 
formations obtain the canonical forms in’ (87) and (88) for the matrices 


B and S, respectively. As has been mentioned before, the assumptions in 


=~ 
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(84a) and (84b) for the matrices B and § are orthogonal invariants and 


since the property of a Hermitian matrix to be reduced is likewise an ortho- > 


gonal invariant it will be sufficient to prove the sufficiency for the Hermitian 
matrices in (90). We consider separately the four possibilities in (87) and 
begin with the treatment of type I. From the perpendicularity of the matrix 
pair (E — B®, 8) there. follows from (87) and (88) that S)%? = || 0 | 
in- (92), i.e. from (91), the matrix equation (97). Since S® is a reduced 
skew-symmetric matrix it follows from (97), (92) and (87) that rB™ + i8% 
is a reducéd Hermitian matrix (cf. p. 584); from which the sufficiency of 
(84a) and (84b) in Lemma I follows [if B is of type I in (87)]. -The 
treatment of the types II and III of. (87) obviously proceeds entirely along 
the same lines and accordingly is not repeated here. The treatment of type 
4V of (87), while proceeding in the same general manner, is however more 
complicated and consequently is given in some detail. From the perpen- 
dicularity of the matrix pair (EH — B, 8S“) there follows from (87) and - 
(88) that So“ = || 0 | in (106), i.e. from (105), the matrix equation (110). _ 
Since S? is a reduced skew-symmetric matrix it follows from (110), (106), 
and (87) that first, the spectrum of rB +18 is contained in the closéd 
interval [0,27] and second, from p. 584, that the end-point 27 is not con- 
tained in the point spectrum of +B -+ iS; from which the sufficiency of 
(84a) in Lemma I for the matrices B of the type IV in (87) follows. q-e.d. 


III. THE PARAMETRIC REPRESENTATION OF THE MANIFOLD OF 
THE ORTHOGONAL MATRICES. 


We first employ Thcorem I and Lemma I for the demonstration of the 
following two theorems: 


THEOREM II. Every orthogonal matris O -may be represented in the 
form i 


(113) O = gi (#BHS) — gtTB . gB om gS. gttB, 


in which B is a real symmetric idempotent matris and S a real bounded skew- 
symmetric matriz commutable with B, t.e. 


(114a) pebei habe gA 
(114b) BS = SB.. 


Furthermore this representation is possible and unique if the matris pair 
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(E —B, S) is perpendicular and if the skew- -symmetric matris S.i 13 s reduced, 
#6. tf 


(115a) _ | (E—B)S =S(E—B) =| 0 |, 
(15b) S is reduced.. 


THEOREM IIT. Every orthogonal matriz O may be represented in the — 
form | a aaa 


(116) | Om 20 — es, 


in which C is a real symmetric- idempotent matrix and S a bounded real skew- 
symmetric matriz such that ‘the matris pair (C, S) is perpendicular, 4. e. 


(117a) Came Gam OC’, C2 =O; S=5=— 9, a A 
(117b) CS = SC = |0 |i, | e 


and this representation is unique if the skew-symmetric matris Ñ in (116) 
is reduced. The matrix C is in fact the matris E— B of Theorem II. 


Theorem IT is a trivial consequence of Theorem I and Lemma I in that 
for its demonstration it is only necessary to replace the condition in Theorem 
I that the Hermitian matrix +B -+ iS be reduced by the equivalent conditions 
(84a) and (84b) of Lemma I. That the representation (113), (114a), 
(114b) always yields an orthogonal matrix, i.e. a real unitary matrix even 
without the conditions (115a), (115b) is trivial inasmuch as (ef. p. 606) 


wis 


from. which it is clear that the prescribing of the ono (115a) aa 
(115b) is responsible for the uniqueness of the representation (118). . 

Theorem II] is now demonstrated as a consequence of Theorem IT and 
the identity (19) on p.. 688 valid for every perpendicular pair (M,N) of 
- bounded matrices. In order to show this we write the representation (113) 
as follows: 


(118) O = exp [i(=B + iS)] = exp [i(wE—a(E—B) + i8)] 
=— exp i [—r(E—B) +48]. ` 
If we now choose the matrices B and S to fulfill the conditions (114a), 
(114b), (115a), (115b) the representation (113), (118) provides a unique | 
representation of any given orthogonal matrix O and which may, from (19), . 


` be written in the form . 
O = E— e ER gS |: 
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which in turn, from (80) [6—— a and I = E — B], may be written as 
(119) O = 2 (E — B) — e5, 
inasmuch as for B? = B, as is well known, — 

(E — B)? = E? — 2B + B? = E— B. 


The matrix E — B in (119) may accordingly be identified as the matrix C 
in Theorem III. Finally it is clear that the representation (116), (117a), 
(117b) always yields an orthogonal matrix, even though S is not a reduced 
skew-symmetric matrix, for 


00’ = 0'0 = [2(E— B) — eS] [2(E— B) — e8] 
— 4(E — B)? — 2(—B—B)eS— 2e8(E—B) + E 
Seno Bi (Wie) 2 (eB) ee, 


It is clear from the above considerations that the only effect on the repre- 
sentation (116) of prescribing that the skew-symmetric matrix § be reduced 
is to insure the uniqueness of the representation. 

We now show 


Lemaca Il. The formula Q = E — 21 yields a one-to-one correspondence 
between the idempotent matrices I and the matrices Q which are square roots 
of E. This one-to-one correspondence has the obvious property that the 
matrices I and Q in tt are simultaneously real and simultaneously symmetric. 


Let I be a given arbitrary (mot necessarily Hermitian) idempotent 
winatrix, i.e. I= I. The matrix Q == E—2I is then uniquely determined 
and satisfies the matrix equaticn 


Q? == (B — 21)? = E — 41 4 4P =E, 


so that Q is a square root of E. 

Let Q be an arbitrary (not necessarily Hermitian) square root of E, 
i.e. Q?= E. The matrix I =4(E-—— Q) is then uniquely determined and 
satisfies the matrix equation 


P = (44) (E — Q)? = (14) (E — 20 + Q?) = (4) (E— Q) —1, 


so that I is an idempotent matrix. 
That the correspondence Q = E— 2I is one to one is trivial. 
As a consequence of Theorem I and Lemma II we show 


THEOREM IV. Every orthogonal matrix O may be represented in the 
form 


- 
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(120) O == Qg — SQ, 


in which Q is a real symmetric square root of E (and -therefore itself an 
orthogonal matriz inasmuch as QQ’ =Q Q = Q =E), S a Souad ia 
. skew-symmetric matris, commutable with Q, t.e. i 


(121a) Q—-3—Y, E; S=, e 
(121b) QS = SQ, 


and this correspondence between the orthogonal matrices O and the matriz 
pairs (Q,8) for which the Hermitian matrices ited, (E—Q)-+%8. are 
TAUM 18 ane-to-one. 


The matrix. B in the ETN (62) is, from (63a), a real symmetric 
idempotent matrix. According to the above lemma there exists a uniquely 
determined real symmetric square root Q of E for which 152) may be written - 
in the form 


(122) O = exp i[ (7/2) (EZ ied — exp [i(n/2) (E—Q)] -exp [— S]: 


The matrix B.—43(E—Q) is idempotent so that (122) may, from (80) 
[9 = v and I == (44) (EH — Q)], be written in the desired form (120). Finally 
from Lemma JI and Theorem I the correspondence (120), (122) between 
the orthogonal matrices O and the matrix pairs (Q,S) of (121a), (121b) 
is one-to-one provided that the Hermitian matrix +B + 18, i. e. (7/2) aa Q) 
+18 is reduced. q.e. d. 


o N 

V. Ta Four Gia OF ORTHOGONAL MATRICES. . 
According to Lemma I if Q is a real symmetric square root of E there 

exists a uniquely determined real symmetric idempotent matrix B for which 


(123) © Q—=E—2B. 


holds. Corresponding to the four canonical forma for the matrices B, under 
orthogonal matrix transformations, given in (87) we accordingly obtain the 
following four canonical forms for the matrices Q which are square roots of E: 


I: G~ =n, D aN tas qj =— i 
l for j= 1,2,- "2m <H, q™s = + 1 for j > Rin, 
TI: Tena | g® jx , e E GK, Gi a. 
for j= 1,2,---, (2m +1) <, + ©, gy; = + 1 for j > 2m +1, 
(124) IM: Q~Q® =| gPa l; gm0 jk, qQPyp—e tl. 
. for J = 1,2,. “13m L+ o, qiy == 1 for j > m, 
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IV: Q~QM = gu, Pr JFK G4) = Qin = 1 
for j = 1, 5,9,1, gy; = qe nga = +1 for j = 3,7, 11,---, 


On pages 607-612, we have shown that simultaneously with the transformation 
of the matrix B of Theorem I to a given canonical form (87) and hence 
simultaneously with the reduction of the matrix Q, defined by (123), to a 
canonical form in (124), the skew-symmetric matrix S of Theorem I is trans- 
formed into one of the four following forms: 




















Som ' ~ 
I So So a ape a eee | ’ Son = Som == — Son, 
Somer! - 
H Som SO ae panes 3 Soms = Somi = — Soma, 
Til 8~ S80 =li- 3 Soom == § com = — 8 on, 
(125) Sa Z Su Z. 
Z Z Z. 
Sa Z S83, Z. 
IV: S~ 59 >|Z Z Z. 
See ated z-eo 
1ga Ong 








[cf. for example for I of (125) formulas (91), (92), and (97)]. Since, 
according to Theorem IV, we may express any given orthogonal matrix O 
uniquely in the form (120) it is possible to effect a division of the orthogonal 
matrices into four classes, namely according’ as 


(126) Class I: O~ QWe8”,  Olass II: O ~ Q@e8®, : 
Class IIT: 0O ~ Q@ 68, Class IV: 0 ~Q@¢8®, 


in which the matrices Q, S (i= 1,2,3,4) are defined in (124) and 
(125). As has been mentioned in connection with Theorem I this classi- 
fication is possible because of the invariance of the spectra and the “ co- 
variance” property there pointed out with respect to orthogonal matrix 
transformations. 

We now confine our attention to orthogonal matrices of Classes I and 
II in (126) and obtain a further simplification of the canonical forms in 

13 


1618 . MONROE HaRNISH MARTIN. 


(126) for these two classes. We shall. understand by a canonical l-rowed 
skew-symmetric matrix F, (1 < + œ) the skew-symmetric matrix obtained 
a inserting ” in succession the real binary skew-symmetric matrices 


T 








n1 &p S12 (l even) ;. LSPs @—1)/72 (l odd 
l — ®© < Ssp cto 
in the diagonal postions of i er square zero matrix.. For even } every — 
row and column of F, contains one and only one s:, the same being true for 
odd } with. the exception of the first row and column which contain only 
zeros. As js well known every finite real skew-symmetric matrix S is ortho- 
govally equivalent to a canonical skew-symmetric matrix so that the pony 
in the spectrum of S are then necessarily 


on sl 


(128) £ 18, Eia t, tie or 0, E th, + iSi + +, iSi = 


according as J is even or odd respectively. In an analogous manner we shall 
understand by an infinite canonical skew-symmetric matrix Fo the skew- 
symmetric: matrix obtained by inserting infinitely many of the binary skew-- 
symmetric matrices (127) in the diagonal ‘positions of the infinite zero matrix. 
Those bounded skew-symmetric matrices, possessing no continuous spectrum, 
are analogous to finite real-skew-symmetric matrices in that they are ortho- 
gonally equivalent { to an infinite canonical skew-symmetric matrix Fo. 
With the use of canonical skew-symmetric matrices, as defined above, the 
. canonical forms for the matrices of Classes I and II as set forth in ee 
may be further simplified to 


_ (129) Class I: OA OMEN a QD eFn, Class IT: O ~ QDE QP eFamas, 
inasmuch as, as is clear from I and II of (126) ta l | 


QD g-B® am QO ete, Qi?) gS QO) g-Banss, 
By employing the identity Í 


+See “Hi”, p. 163, where the above fact is demonstrated for completely con- 
‘tinuous skew-symmetric matrices the proof permitting an immediate generalization 
‘to bounded skew-symmetric matrices, not possessing continuous spectra, i 

} The identity (130) may be derived on applying the Cayley- -Hamilton ‘theorem - 
-to the definition of ae as given on p. 688. On.placing 


ls ol 
—6 ol? | , be, @ 


. the Cayley-Hamilton theorem yields the recursion formulas 


F; = 
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cos @ sin ð | 
(130) exp | 3 a |= Be 6 cos 6 
and if Z is odd also 

















0 00 1 o 0 
exp H0 09 cos 9 sin 8 
0 —8 0 eG cos 6 








in which @ denotes an arbitrary real or complex number, and the, finite 
canonical l-rowed rotation matrices O, defined by 


(131) O; = ef, 
we are enabled to write (129) in the form 
(132) Class i O ot QP Om, Class II: z O ‘toad QP Ooms, 


and consequently replace the classification of the bru epeet matrices O as 
given in (126) by 
cs Class I: O ~~ QDE? — AVY On, 
(133) Class IT: O~ QS ¢8° ~ Q@ Ooms, 
| Class III: O ~ Q@¢8®, 
Class IV: O~ QM eS8°, | 


For finite orthogonal matrices there exist no classes which would corre- 
spond to Classes III and IV of (133) whereas Classes I and II correspond 
to the finite orthogonal matrices of determinants +- 1 and — 1 respectively 
since, denoting by det M the determinant of an arbitrary finite matrix M, 
we have from } (124) 


F= (—1)04E, Fem (—1)!@5F,; (j=0,1,2 °°), 
from which the matrix 
: +00 F ¥ +00 F 2y +00 F 2y+L 
Ay non oak a iat ee ao Oe! 

Ar È tani T aED” 
takes the form 


g?r+1 


+00 md 
Mm ES (WG te SOY Gp 
m | cos 6 an | 
ol gin @ cosg)’ 








Cf. the paper of Galanti referred to on p. 594. 
t The first of the equations in (134) follows fram the invariance of a determinant 
of a matrix with respect to matrix transformations, i.e. 
det e == det Oe®O- == det e087, 


and the easily verified fact that the finite canonical rotation matrices defined in (1381) 
above are of determinant + 1. 


620 MONROE HARNISH MARTIN. 


detet =s (+ 1), , S= § =— F, ` 
(134) OOH T * ? 
det QO = (—1)2m+ me — 1. 


VI. ROTATIONS AND REFLEOTIONS. ` 
We now return to infinite orthogonal matrices and propose the definition : 
We designate an orthogonal matrix O as a rotation matrix if and only if 


there exists a bounded real skew-symmetric matris G (not necessarily unique) 
for which 


(135) _ 3 . . O = 6S, 


holds. An orthogonal matrix not permitting this representation we designate 
as a reflection matriz. To 


In order to justify the introduction of this definition we show f the follow- , 
ing lemma pertaining to finite orthogonal matrices: 


Lemara III. Every orthogonal matrix of determinant + 1 (i.e. a finite 
rotation matrix) permits the representation (135). and no orthogonal matriz 
-of determinant — 1 (i. e. a finite reflection matrix) permits this representation. 


Let O be a given orthogonal matrix of determinant + 1, i.e. the matrix 
O is of Class I in (133) so that we have 


(136) oO ne gm eF sm 
in which the matrices gw and Fem are defined on p. 616 and p. 618, 


respectively. If we now introduce a canonical skew-symmetric matrix F,, { 
defined by placing 


. t That every orthogonal matrix of determinant + l permits the representation 
(136) is not, ag appears at first sight, a trivial consequence of the normal forms for 
orthogonal matrices under orthogonal matrix tr AALOE tONG and the above identity 
(130) is clear from the example 


a D2 M 2\% f 
a OE 0 0 5 
r “ 








a —— b2) 2 9h32 == @) l 
e a a exp |} o 0. (nt) 
w T“ ; 
0 0 ear —b —(n?—b7)%# 0 


of an orthogonal matrix of determinant + 1 which is already in canonical form and 
whose exponential representation (135) is not at all obvious from the identity (130). 
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$y = 1 - l (t—=1,2,* -°*), 


in (128) we are enabled to write the matrix Q® of Ceo), (124) in the 
exponential form 


(137) QO ms GFF am, 


inasmuch as, as follows from (130) for 0 == x, we have 


. | eo ie 0 
BE | aes 


0 — 1 














Since the matrices Fsm and F.», are obviously commutable we may employ 
the distributive property of the exponential representation with respect to 
commutable matrices and write (136) with the help of (137) in the form 


O prmenel eT EO am . pF am Keema exp [rE on -|- Fom), l 


and hence, since the property of being a rotation matrix in the sense of 
our definition is for finite as well as for infinite matrices obviously an ortho- 
gonal invariant,t the demonstration of the first part of Lemma LII is 
completed. 

The demonstration of the second part of Lemma I1, namely that every 
finite matrix permitting the representation (133) is necessarily of determinant 
-+ 1 is contained in (134) (cf. footnote thereto on page 619). 

As an application of the exponential definition of rotation and reflection 
matrices as given in (135) we show 
- Trrorem V. Every orthogonal matris of Class I is, in the sense of the 
definition (185), a rotation matrix and every orthogonal matria of Class II 
is, in the sense of definition (135), a reflection matric. 


The demonstration of the first part of this theorem is seen to be identical, 
from the formula (136) on, of the first part of Lemma III and consequently 
is not- repeated. As has been mentioned above, the property of an orthogonal 
matrix to be a rotation or a reflection matrix, in the sense of the definition 
on p. 620, is an, orthogonal invariant. Consequently in order to demonstrate 
that the matrices of Class IL in (133) are all reflection matrices it will be 
sufficient to demonstrate that the matrices Q’ Osm of II in (183) are all 
reflection matrices. The second part of Theorem V may not, as appears at 


t This invariance property is trivial inasmuch ag follows from the definition of 
eG on p. 588 that if O is an arbitrary. orthogonal matrix then OeGO-1 = e0GO* in 
which OGO-1 is again a bounded real skew-symmetric matrix. 
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first sight, be reduced to the fact that no finite orthogonal matrix of determi- 
nant — 1 permits the representation (135) [ef. (130)], since it would be 
possible that Q® efm = Q@ Omni = 6% in which G is a bounded real skew- 
symmetric matrix containing infinitely many elements different: from Zero., 
In order to give a correct demonstration we first show 


Lemma IV. The spectrum of an arbitrary real bounded Hermitian 
matric Hl (not necessarily reduced) is mapped upon the spectrum of the 
matriz eH by the transformation wim et, 4.6. tf O (0 real) is a point in the 
spectrum of H then e* is a point in the spectrum of 6'E, 


The proof of this lemma is trivial for reduced Hmi miai as 
-it follows directly from the connection between the spectral matrices of H 
and e# as given in (59). We shall however require the result of this lemma’ 
for an arbitrary Hermitian matrix Hi and accordingly give a direct proof 
_ valid even if the matrix is not reduced. We adopt the notations eor -an arbi- 
_ trary Hermitian matrix M. | 


L[M] greatest lower bound of @[M;z2] for |a| = 4, 


(138) ag [Mf] least upper bound of | @[Ms2]| for [2|—1. 


We shall require the well known inequalities t 
(1389) | &[MN;2] |< (© [MM*;2] © [N*N; a) for j2|—1, 
(140) a [M,N] Su [M] u [N], 
(141) L[MM*] 20 1 [M*M] =o, 
valid for any two bounded matrices M and N. ` | -_ 5 * ee 
' First we derive the relations i l 
(142) S[(0E— H)(0E—H)*;z] | a 
-_ — 5[ (0E — H)*(6E—H); z] — [9E —H)*;2] 20, 
(143) [ (el — etH) (eE — ef) * 5 2] 


= PÐ (6E — e) * (60E — etH); z] ——23 (— 1) eR —H)*;4" 


(rv) 1 
(144) 0S @[(6E—H)*;2] <(#[ (6 —H)*; r] S (6H — H) +; ays 
(k= 1,2, e), 


tr 
valid for real 6, an a arbitrary unit vector z, and an arbitrary hounded Hermi- 
_ tian matrix H. The proof of (142) is, from (141), trivial. For the demon- ` 
stration of (143) we observe that from 


+ Cf. for instance “S”, p. 137, p. 130, p. 132, respectively, 
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(145) ®[ (eH — e*#) (e B — eE) 7; T] - 
= [ (eH — eff) (eo VE — jeg]. 
; _ == & (eB — 6*H)* (el — 6E); z], 
-we obtain ` -_ = l 
(146) &[ (eB — eB) (eB — gH) #2] = 2 — Bf (eh D 4 e40E-) ; e], 
from which (143) obviously follows. The inequalities (144) are derived from 
that of (189) by placing therein M = (@E—H), N = (0E — H)**"* and 
k —=2,3--- in succession and at the same time employing (142) and 


0S 6[ (0E — H)#(6E— H)* ; r] = P[ (0E — H)*; z]. 
If H is a diagonal matrix the lemma is trivial and we exclude this case In | 
what follows. Let # be a point in the spectrum of H, 1. e. assume [cf. (581) ] 


(147) [(@B —H)(6E—H)*] 
—1{ (8E — H) * (9E — H)] =1[(6E —H)*] = 0, 


so that there exists a sequence, of unit vectors {vn} for which 


(148) lim #[(0E— H)*; an] = 0. 


e+ OO 


From (142), (143), and (144) we have 


pi 


+00 a 2y 
(149) 0S BL (eH — et!) (eE — o)*; 2] S2 d 2] 
y=1 


< 2([(6E—H)?;2])* geor DaD. : 


Since 9E — H = || 0 || is bounded we have 


= J (150) i 0 < u[0E — H] = u, 


¿ where we write, for the sake of brevity, uĻ0E — H] =u and hence have from 

(188) and (140) 

(®[ (GE — H)”; 0])* S (wl (0E — E) # Sut; (v= 12° - ), 

so that the inequality (149) may be replaced by 

(151) 0S ®[ (eH — etH) (eE — oF) *; z] 
9 p N 4 +00 u?” PA n T 

< ©. (@[(@B —H)*;2])* 3 sw < — (8[ (GE — H)*52])”. 

u y=1 (2v) | i 


u 


If one now applies the inequality (151) to the sequence of vectors {€n} for 
which (148) holds there follows from (151) the fulfillment of (3) for 
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A= 6%, M = eti, 


i.e. etf ig a point in the spectrum of e*Ħ, 
If S is a real bounded skew-symmetric matrix the matrix 18 is a bounded 
Hermitian matrix so that we have the 


COROLLARY. The spectrum of an arbitrary real bounded skew-symmetric 
matriz S is mapped upon the spectrum of the matris eè by the transformation 
w =e", t.e. tf 10 is a point in the spectrum, of S them e” is a point in the 
spectrum of eè. 

We now demonstrate the second part of Theorem V and first calculate 
the matrix Q® Oem of (133) obtaining from (124), (182), (127) and (131) 


(152) Q@ Oem 


— 1 
—08 S1 —8SİN 8, 
gin 31 —CO8 $ 
— COB $2; —SİN 82 
SiN Sz —CO8 S3 


—CO8 8m —BİN Sm 
S10 Sm —CO8 Sin 


q 


from which it is clear that the matrix (152) possesses only a point spectrum 
namely the points . 


(153) — 1, 6, eta, "se e etten, 1, 1,° 


so that —-1 necessarily occurs an odd number of times in the spectrum of 
_ (162). - If now the matrix (152): were to permit the exponential representa- 

tion 8% of (135) the matrix G therein could, from the above corollary, possess 
no continuous spectra and consequently (cf. p. 618) is orthogonally equiva- 
lent to an infinite canonical skew-symmetric matrix Foo. Since the spectrum 
of any matrix is invariant under matrix transformation it is clear that either 
` the points : 


(154) (2k 4+ 1)ri,  — (2k + 1)ri; 9. (k=), 
belong simultaneously to the spectrum of G or neither belongs to the spectrum 
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of G. Therefore if — 1 occurs in the spectrum of 6% it follows from (154) 
and the above corollary that it must occur an even or an infinite number of 
times which is a contradiction to (153). q.e.d. 


APPENDIX. 2 


THE PROBLEM OF MOMENTS FOR A FINITE INTERVAL AND THE THEORY 
oF BOUNDED HERMITIAN MATRIOES. 


Several presentations have been given for the spectral representation of 
a bounded Hermitian matrix by means of Stieltjes integrals as introduced 
by Hilbert. The various modes of investigation require in common with the 
method of Hilbert, as far as the author knows from the lterature,t the use 
of the characteristic constants of the truncated matrices of the given bounded 
Hermitian matrix. This procedure has certain methodical inconveniences. 
First, the spectra of the truncated matrices of a bounded Hermitian matrix 
do not necessarily determine the spectrum of the infinite matrix itself. An 
example of such a bounded Hermitian matrix has been pointed out by 
Toeplitz f in which he considers the bounded Hermitian matrix constructed 
from the infinite zero matrix by inserting the real binary symmetric matrix 


0 1 

1 0 

in the diagonal positions of the infinite zero matrix, i.e. the matrix of the 
Hermitian form | 








DE F Lot, + Tata + WaT + °°, 


and which contains only the points — 1 and -+ 1 in its spectrum whereas 
not only — 1 and + 1 but also 0 belong to the spectrum of infinitely many 
truncated matrices. Second, the method of the truncated matrices is re- 
stricted to the treatment of Hermitian matrices alone. For instance the 
truncated matrices of a unitary matrix are not necessarily also unitary 
matrices although it is possible to obtain by a direct treatment of the trigono- — 
metrical momentum problem belonging to the infinite matrix itself a spectral 


+I. See “Hi”, pp. 131-137; II. Hellinger Toeplitz, “Integralgleichungen und 
Gleichungen mit unendlichvielen Unbekannten,” Hnucyklopidie der Mathematische Wis- 
senschaften 2002, pp. 1575-1584, IIT. F. Riesz, “ Ober quadratische Formen von unend- 
lichvielen Verdnderlichen,” Göttingen Naohrtchten (1910), pp. 190-195. Cf. also by 
the same author “R”, pp. 128-139. We refer to the article of Hellinger Toeplitz as 
“HT” and this paper of Riesz as “U”, 

tSee “T”, p. 107. 


- 626 - MONROE. HARNISH MARTIN. 


representation which is entirely analogous to that discovered by Hilbert + 
for bounded Hermitian matrices. It is shown in the present note that such 
a direct treatment is also possible for bounded Hermitian matrices and yields 
a very simple demonstration of the fundamental theorem of Hilbert. It is 
necessary to start, not with the problem of trigonometrical moments but with 
the ordinary problem of moments for ‘a finite interval as developed by 
_ Hausdorf.} The method possesses, in contrast to the methods of F. Riesz, 

not only the advantage of avoiding the use§ of the truncated matrices at 
all but also enables us to start directly with a monotone Stieltjes kernel 
(Belegungsfunktion) whereas F. Riesz deduces { the result from his gen- 
eral theorem || on the solvability of a system of Stieltjes integral equations 
with a. function of bounded variation and then has to prove that the 
‘solution is actually monotone. It is of course a matter of fact that the 
demonstration of the theorem of Hausdorff is based on the theorems of 
Helly applied by Carleman in connection with the method of the truncated 
matrices as developed by Hilbert. In addition to the theorem of Hausdorff 
we need the fact that every bounded positive definite matrix possesses a- 
bounded “square root”. If one is already in possession of the spectral repre- . 
sentation of a bounded Hermitian matrix (the deduction of`which is the’ 
purpose of this note) the uniqueness,}+ as well as the existence of a bounded 
positive definite “square root” of a bounded positive definite matrix, is 
assured. We need, however, only the existence of a “ square: root” of a. 
bounded. positive definite matrix and this is available, according to a remark 
of eHllinger-Toeplitz,[] without the use of a spectral representation. 

For the sake of completeness we first discuss in some detail the remark 
of Hellinger-Toeplitz concerning the construction of a bounded positive defi- 
nite square root of a bounded positive definite matrix. The basis of this 
remark is the ordinary Taylor development 


+ See sé Hi n KD: 188. 

į See “Ha ”, 

$ See “R”, pp. 129-139, where Riesz gives a direct eet employing an ap- 
proximation by matrix polynomials -which however also depends upon the use of the 
truncated matrices. 

q See “U”, 

| F. Riesz, “Sur les opérations fonctionelles linéaires,” Oomptes Rendus, 29 1 no~ 
vembre (1909), and “Sur certains systèmes d’equations fonctionelles et Papproximation 
des fonctions continues,” Comptes Rendus, 14 mars (1910). ' 

tt See “W”, p. 267. For finite matrices a direct demonstration of this existence 
'and uniqueness property is given by L. Autonne in “Sur l’Hermitien,” Rendiconti det 
Oircolo Matematico di Palermo, Vol. 16 ore pp. aia 121. 

tH See “HT”, p. 1567, footnote (522a). 
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vo : 7 , +00 . i 
(155) f(z) = (1—2)* = X aw, [2] <I, ` 
, »=0 

in which. : Rr, 
(156) lolo = 1, Ao, + Ga = — 1, $ Aulan- == 05 (n = 2, 3t Ji 

u=0 l 
We denote by 

i #00 +0 
(157) i PJA; zr, y] = D È anto 
- p1 €1 l 


the bilinear form of an arbitrary bounded matrix A and by 
(158) B[As s] = HA; i] = È È tto 
, p1 gl 
the compound form (Kopplungsform) of A. . The upper limit of | Y[A; z, y] | 
~ for those vectors z and y for which . 
+00 l +00 : i 
(159) Jej= ($ le*r Iyl- (Ï p*r, 


will be denoted by R(A), the upper and lower limits of | #[A; z] | for those 
vectors t of (159) being denoted by M(A) and m(A) respectively. It is 
known that if A; and Ag are two arbitrary bounded matrices then according 
to the inequality of Schwarz f 


(160) R(AiA,) S R(4,)R (42). - 


Furthermore it is clear that the series 
+00. 
»=0 : 


converges to a bounded matrix A if 


n 


(162) 2 R(Av) < + o. 


+ 


For an arbitrary bounded Hermitian matrix H it is known that the compound 
form #[H; z] takes only real values and that 


(163) R(H) = M(H). 


A bounded Hermitian matrix for which the upper and lower limits of its 
~\ compound form on the complex Hilbert sphere |s |—1 of (159) are con- 


+ Cf. for instance “S”, p. 130. 


- 
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tained in the open interval (0,1) will Be: denoted by K. We accordingly _ 
have for every Hermitian matrix K 
(164) 4 0 < m(K) S <M(K) <1, 


in which the equality sign holds for and only for those matrices yE i in which 
E is the unit matrix and 0<y<1l. The matrix E— K is likewise a 
bounded Hermitian matrix for which we have from (164) 


(165) 0 <m(E—K) SM(E—K) <1. 
The matrix 
_ (166) A > aR’, 


in which the a are the coefficients in the Taylor development (155) and 
consequently fulfill the bilinear relations (156), is a bounded matrix since, 
from (164) and the definition of the av in (165), ee) we have from (160) 
and (163) 


SR or) -Sla Ror) 3¥ RO -S eME) < o, 


and ie 
R(A) S È R(wK) < + o. 
One then verifies easily from i and the definition of the ay in Se ; 


(156) that 
(167) ~ A? _n_k 


and, in an analogous manner from (165), that the matrix 
‘ +co 
® (168) B= > a(H-K)’, 
v=0 


is bounded and fulfills the matrix equation = 
(169) - BP=kK. 


The matrices A and B defined in (166) and (168) may then be said to be 
“ square roots” of the bounded positive definite matrices E—K and K 
respectively. The matrices A and B in (166) and (168) are in addition 
positive definite but inasmuch as we shall not need this fact in the following 
we give no demonstration. The matrices A and B are: DOVIouRI Hermitian 
and commutable, i. e. powt g 


(170) AB = BA = A*B* = .B*A* where’ A? = A” B* = BY 
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We now employ the results of the previous paragraph in the demon- 
stration ł of the 


Lemma. If K is any bounded Hermitian matris whose compound form 
` &|K; x] ts bounded by the inequalities (164), te. 


(171) 0<6, <®[K;2] <6<1 for | a] 1, 
then the matrix polynomials 


(172) 5 Tam, K) where n,m (2) = (1 — a)”; 
(mae 0,1, sn); (n=0, 1," > "5 


are not-negatiwve definite matrices, t.e. 


(173) 0 S Sformn(K) 5 2] for {[a@|=—<=1; 
(m == 0, 1, cn); (n=0,1,-- i 


In order to demonstrate (173) we employ the “ square root” representa- 
tion (167), (169) for the matrices E— K and K respectively in the matrix 
polynomials (172) to obtain with the aid of the multiplication theorems 
(Faltungsitze) of Hilbert and the commutability property (170) 


Tmn K) = [Baye 2 (BeAr) (B™As-™) == (BrAr-™) (B™Ar*)*: 


(m = 0, 1,- DELZ n == Q,1,-- +), 


from which (173) follows at once inasmuch as the Hermitian matrix 
(BAr m) (BA) * is known to be non-negative definite. 
We now consider the problem of moments { for a finite interval, viz. 


eens 1 
(174) cf atd(u) (1=0,1,- ++), 


t The demonstration of this lemma may also be seen as a consequence of a theorem 
given by F. Riesz in “R”, p. 129, which states that for a Hermitian matrix H 
whose compound form satisfies the inequalities ; 


ms @[H;2] SM for |z]—1, 


the compound form of the matrix polynomial 
n 
f(H) where f(s) = 2 ove’, 
p0 


constructed from the matrix H, satisfies the inequalities . . 
AS Ef(H);27] SA for |x] —], 
where 
ASf(u) SA for mSpSM. 


In the demonstration for this theorem, given by Riesz, use is made, however, of the 
truncated matrices of the matrix f(H) whereas in the direct demonstration of the 
lemma given above, we avoid this procedure. 

t See “Ha”, pp. 222-282. 
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in which the cı are sient real numbers and there is dated a sil 
- monotone non-decreasing function p(x) of the real argument p which satisfies 
the system: (174). of Stieltjes integral equations. According to Hausdorff ] 
this problem possesses a solution then and only then if the sequence {cr} is 
completely monotone, i.e. if and only if the following inequalities hold: 


l (175) AMen = 0; (m == 0, 1,- eon}; (n= 0,1,- ‘), 
where | ee - E 
` ACm = Cm — Cmi AS m= ATIA; (j= 2, 3,- +), 
so that” l l ' i 


ASMO n zæ Cp. (3) ma .. + (ae 1oy ù l 
(m==0,1,-°-,n); (n=0,1,: °°). 
As is well known one may then insure the uniqueness of the solution ot) 


of (174) at all points of its interval of definition, the closed interval [0,1], 
by prescribing, for instance, the normalizing conditions 


a) / O==p(0) and p(u—0) = p(n), ae 


for the solution p(w) of 174), obtaining as a consequence of the assumption 
` p(0) er from (174) for Jum Q 


(U7) p(t) —p(0) = p(1) = co. 


-. For our purposes we consider the problem of moinents as from (174) 
if one piares 


(178) . a= S[K}; z], die K? == E; teii DN 


in which v is an arbitrary but fixed unit vector and K a Hermitian matrix 
whose compound form ®[K; v] is bounded by the inequalities (164), i.e. 
(171). We seek ‘a monotone non-decreasing function p(#;2) of the real 
argument u and the components %1,Z2,° ‘°° of the above given unit vector z 
which satisfies the system (174), (178) of Stieltjes integral equations, i. e. 
is a solution of the problem of moments | 


(179) eK 2] = [" #dplase), || (l= 0,1,- °°). 
5 
That the moment problem (179) possesses, for any given unit vector 2, such 


. {See “Ha”, p. 226. Cf. also-I., J. Schoenberg, “On ‘Finite and Infinite Com- 
pletely Monotonic Sequences,” Bulletin a the American Mathematical ROCER, Vol, 38, 
No. 2 (1932), pp. 72-76. - 
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a monotone solution follows from the above lemma inasmuch as the Hausdorff . 
conditions (175) are, for the moment problem (179) ` 


Arno Ke: g] Z0, Spier AXme [Ko ; x | 
aaa! == 6[(K" —(" M) KAN p -+(— De |: == . ofK™(E— K z], 


and which are, from (172) and (173), obviously fulfilled. In place of the 
normalizing conditions (176) ess for the solution p(z) of oe) we 
now prescribe 


(180) 0==p(0;2) and K E for 0<pu< i; |z| =1, 
‘for the solution p(x; s) of (179) obtaining in place of (177) 
(181) p(1; 2) —~p(0;2) ==p(1;2)s=1 for |s| =1, 


the solution p(n;2) of (178) being thereby uniquely determined, for any 
given unit vector v, at all points of the closed interval [0,1]. 

We now define the function p(p;x) also‘ for — œ <p<0 and 
1<p< +o taking it identically equal to 0 and +1 in the two ranges 
respectively. With this understanding we write in place of (178) 


+00 

(182) PIK; a] = f  uido(p; 2); EER 
Let H be an arbitrary bounded Hermitian marik Since H is bounded there 
exist two real numbers a (a œ> 0) and 8 so that the matrix 

(183) - . K = oH + BE 


fulfils the condition (164). In denoting by p(x; 2) the solution of the 
moment problem (179), (180), (181) we introduce a function o(p; 2) by 
means of the definition 


(184) o(u32) =p(ap+B;2), a>0, —o<pcto. 
From (182), (183) and (184) we then have 
OH; 2] =|" nido (u; 2), 


i.e. the spectral representation of Hilbert. 


A NOTE ON THE CONVERGENCE OF THE SUCCESSIVE 
APPROXIMATIONS TO THE SOLUTION OF AN 
ORDINARY DIFFERENTIAL EQUATION. 


By E. K. HAVILAND. 


If (2,9) is continuous in s and y together in | x—a| Sa, 
| Y— Y| Æ b, where we may assume without restriction that ap = yo = 0, 
Peano has proved * the existence of at least one solution of the diferential 
equation 


dy/dx os f(z, y) 


satisfying the initial condition y(0) = 
Although there will in general be more than one solution under thes 

conditions, O. Perron,t by a slight modification of the proof of M. Nagumo,f 

has shown that a sufficient condition for the uniqueness of the solution is 


(1) | f(y) —Fa9”) |S (kl /2) ly —y”| 
where 
(2) o- k] SL 


which is seen to be a generalization of the Lipschitz condition. Furthermore, 
. Perron has demonstrated + that no greater value of | & | is sufficient. 

| Correspondingly, the continuity condition assumed in Peano’s proof is 
not in general sufficient to insure the convergence of the successive approxi- 
mations to the solution given by 


Yn (a) = Í, "f(t, Yaa (t))di, yels) =0 


M. Müller being the first to give § an example where the successive approxi- 
mations diverge although f(z, y) is continuous. 


* See, for example, E. Kamke, Differentialgletchungen (Leipzig, 1930), pp. 59-66. | 

tO. Perron, “ Eine hinreichende Bedingung für die Unitit der Lösung von Dif- 
ferentialgleichungen erster Ordnung,” Mathematisohe Zeitschrift, Vol. 28 (1928), pp. 
216-219. l 

t M. Nagumo, “Eine hinreichende Bedingung für die Unität der Lösung von Dif- 
ferentialgleichungen erster Ordnung,” Japanese Journal of Mathematios, Vol. 3 one 
pp. 107-112. 

§ M. Müller, “Über das Fundamentaltheorem in der Theorie der gewöhnlichen 
Differentialgleichungen,” Mathematische Zeitschrift, Vol. 26 (1927), pp. 619-646, 
especially p. 629. 
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A Rosenblatt has ee T that (1). is a sufficient condition for . - 
the convergence of the successive approximations. if condition (2) is replaced `` 
by |k] <1. It is accordingly af interest to consider the possibility of the 
occurrence of larger values of | & | in a sufficient condition for the- convergence ` 
of the successive approximations. In this note, it is proposed to show by a 
refinement of Miiller’s method that condition (1) is not sufficient for con- 
vergence when | k| > 1. As similar methods have failed to establish either 
the sufficiency or the non- pene of (1) if |k |- = 1, this ee case 
remains unsolved. 

The non-sufficiency of- (1) for the convergence of the successive approxi- 
mations when | k | > 1 is established by the following example :. 


- 0 , *e æ=], | —aocy< aw 
Let dy/dz — f(z, ¥), where. xe . O<tSa —a<cy< 9 
f(z, y) = ©} w(i teym 0<eSa (SyS |e. 


— ea 0< #54, oo 
and let To == Yo == 0. 


Then 
ne) =f" fe wat f f(t, 0) dt = fre ieee a 


ya(2) =f f(t, noa f° iG, tH /(1 H e) =o 
_ and so in general | 


pralo) HHA Ex l a i E 
Te 1 (k 1,2,3 o) 


Thus the successive approximations iaa Tarkermote, ‘the limits of 
the convergent sequences tyora (2) }, (yae do not satisfy the differential 
equation. 

Whether or -not (1) is a ren condition’ for the convergence of the 
successive approximations when- | «|= 1 is ‘a question we are not at present 
able to answer. In the example dy/dz = f(z, ¥) , where .- 


. 0, t= Q, — o my 0 

4r, 0O<tSa—ancy<0 
f(a, 9) = 4. $s —y/r, 0O<2Sa OSS | e| 
— 42, . 0<rSa, |s| <y< w 


and To = Y = 0, 
* A. Rosenblatt, “über die Existenz von Integralen gewöhnlicher Differential- 
gleichungen,” Arkiv för Matematik, Astronomi ooh Fysik, Vol. 5, No. 2 (1909), pp. 14. 
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the successive approximations may be shown to converge to the solution 
| y = $ (1/(2 + e) a 


however small the value of e. In the limiting case, where e == 0, the successive 
approximations do, indeed, diverge, but the corresponding function f (z, Y), 
although bounded, is not continuous at (0, 0). 

Again, the functions 


0, ‘+ gQ, — o <y < o 


‘Gay log (L4 2), <ra —o<y<0 
TSY log (1 + z) —y/z, 0<eSa, 0SyS]|zr|loøg(1&fȚzr]|) 
_0, `: 0O<#Sa, |z|lg(i+ļ|r|}<y<% 


lead to converging approximations. 

Ini consequence, there does not appéar to be any possibility of setting up. 
a divergent sequence of successive approximations in the case | k | = 1 by the 
method of Müller. It may, of course, be that any search for a function f(z, y) 
for which the successive approximations diverge under the condition (1) when 
| & | = 1 is futile, for this condition may be sufficient for convergence, though 
such has not so far been proved to be the case to the best of our knowledge. - 

Examples such as dy/dr = y* show that the convergence of the suc- 
cessive approximations is not sufficient to insure uniqueness of the solution. 
If an example could be given where the successive approximations diverged 
when f(a, y) satisfied condition. (1) with | k|=1, it- would be. shown by 
virtue of the Nagumo-Perron theorem that conversely uniqueness was not a- 
sufficient condition for the convergence of the ` successive approximations, a 
question at present undetermined. 
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A THREE. DIMENSIONAL TREATMENT OF GROUPS as 
LINEAR TRANSFORMATIONS. 


= By Deporan May Hicrsy. 


“Introduction. In his treatment of the theory of lnear- transformations 
Professor L. R. Ford * has introduced the concept of the isometric circle. 
Used in the theory of discontinuous groups it leads easily to the construction 
of a fundamental region. The resulting simplification in the treatment of the 
linear transformation suggested the use of the same notion in connection with 
space transformations. 

The kind of space transformations to be studied is sata as ne 

~ Let X, be the unit sphere with center at the origin; and let o1,03,° ° *, op 
be an even number of spheres orthogonal to žo. Let inversions be made 
successively in these spheres. Any point P is carried into a point P, by the 
inversion in o,; P, into P; by the inversion in og; and so on, finally Pap- 
into P” by the inversion in oz. To each point P there corresponds one and 
only one point F”. Two such sequences of inversions will be considered to 
define the same transformation if whey result in the same P” for each point P 

of space. | 

The effect of the preceding Savina on the sata of Xo is to 
carry it into itself in a one-to-one and directly conformal manner. Conversely, 
it will appear that each such transformation of the surface of % can be 
achieved by a unique space transformation of the type defined. | 

4 By a stereographic projection of % on the complex plane there is set up 
a one-to-one correspondence between the set of space transformations and all 
linear transformations. : 

A study is made of groups of these space transformations. It is found 
that all discontinuous groups of linear transformations correspond to properly 
discontinuous groups in space. The introduction of the isometric sphere 
leads to the construction of a fundamental region in a very simple manner. 
The faces, edges, and vertices of this region have striking properties. . 


The continuous and directly conformal transformation of the surface 
of a sphere into itself. If the surface of a sphere be mapped in a one-to-one 
anu continuous manner on itself, there results, in general, a magnification of 


* Automorphic Functions,. McGraw-Hill Book Co. (1929). H. Poincaré was the 
first to introduce `a space transformation corresponding to .the linear REMOTA 
Acta Mathematica, Vol. 3 (1883-1884), pp. 49-92. 


635 


636 | DEBORAH MAY HICKEY. 


some parts and a anue of other koa it sta mapping, ig oat 


`: we have the following 


` THEOREM 1. Let the surface of a Poe be transformed | in a one-to-one 
and directly conformal manner on ttself. Then, provided the transformation . 
ts not a rotation of the sphere about an asis, the locus of points tn the 
neighborhood of which lengths and areas are unaltered is a small circle. 


By a suitable choice of codrdinates we can make %, the sphere in question. 
We designate the transformation by 8. “Let žo be projected stereographically 
on a z-plane through its center.* . Then, as is well known, the plane undergoes 
a linear transformation when the sphere is transformed by 8S. Denote by ds 
the length of an element of arc on the surface of % and by ds’ the length of 


_ the transformed element. We have 


“4 


ds? — = df + dr? + at, 


Pras PE n, €) is the wa point of the element. 
The point P on Xo and its stereographic pales z=% ti ty in Ahe 


plane are connected the — 


4-o5)- anise 
where 2 is the conjugate imaginary of z; whence 


8 (de? + dy?) 


Or GEE) 

Similarly 7 
Jg a. 8642" + dy?) 

(Z7 + 1)? i 


ice z = g -+y is the transform of z by a linear A E 


', > az-+b re . 
Z atd’. with EE 
Then since da! -+ dy” = dedi and dz'/dz== 1/(cz + d)?, the condition 
that ds’ = ds is that 
(zZ ‘ee weer ike sii 1)?, 


which reduces to 





(1) (1—aa —28)28— (ab + ode — (æ + sd) + (Lt —ad) =o, 


* The stereographic projection of the’ sphere is made by nececind fom the point 
(0,0,1) upon the e-plane. The equator ‘of B, in the s-plané remains fixed. -> 
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` If 1— aŭ e EA 0,- equation (1) ‘Tepresents a circle C witi center and 
radius perine HO Te sie Gt ad oie Me p g 
p r T OE ae 2)4/(1 oa cË). 
The expression under the radical sign is non-negative. Moreover, except for 
a rotation of žo into itself, ‘it is positive. In fact, a 


aa + 05 + cë + dd—2— (a—d) (a—4) + (eee ro = 0, 


the equality sign holding if and only if a= d, 6—-—@. For these relations 
(1) is identically satisfied. They are the conditions for a rotation of Xo about 
an axis. , | 
it ieee 0 aa 1th ade, caution (1) rédune ste ter 
- equation of a straight line, not passing through the origin. 
l The projection of oO back on X is a circle Ig. If, in particular, 
1—adi—cé=0 and 1— bb — dd 0, ` the circle passes through the north 
pole. Under the transformation S infinitesimal lengths in the neighborhood 
of Ig are unaltered ; -hence infinitesimal areas on the surface are unaltered also. 
' We call Ig the isometric‘circle of the transformation S.- ! 

The circle Ig is thé complete locus of points in the neighborhood of which 
lengths on žo are unaltered by S., For, any point P on %» not on Ig has as 
a projection in the plane a point Q(z.) which is not on C. For Zə inside C, 
the left member of (1) is negative, and ds > ds’; for zo outside C, ds’ < ds’. 

The isometric circle Ig cannot be a great rele of Bo: ‘In fact, the 
-distance A of the plane of Is, a 


Se ee ae T E A 
+ ¢(aa— bb + cë — dd) + (oa P oeer Fadl dd— 2) macs (), 


from the center of Xo is given by as 
A= [laatb ob + die) (anb + 06+ a+ 2) . 


which is essentially positive, since the numerator vanishes when and only when 
a == d, b = — ē, that is, for a rotation of žo about an axis. 

The transformation A carries Ig into a c circle 7’g of the same size. "3 is 
obviously the isometric circle of the inverse transformation gò; l 

The surface of the smaller polar cap of Zo cut off by Tg we call the 


interior of Ig; that of the larger polar cap we call the exterior of Is. 


- THEOREM °2. Lengths and areas in the interior of Ig are increased in 
magnitude by the transformation 8; those on the exterior of Ig are decreased. 
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The caps cut off by. Ts are carried into the equal caps cut. off by T's. 
Since one cap is magniffed and the other diminished, the smaller cap must . 
undergo magnification and the as diminution, whence the theorem. We 
have also - : 


THEOREM 3. The transformation X carries the interior and vis extervor 
of Ig into the extertor and interior respectively of T's. 


Relative position of Js and Ts. - If the linear transformation T corre- 
sponding to 8 is non-loxodromic, we can state the aan facts about the 
` position of Is with respect to Ts: ies 


“Turorem 4. If T is elliptic, Ig and T's intersect in the fixed points of 9; 
tf T is hyperbolic, Ig and T'g are external; if T ts parabolic, Ig and I's arè 
‘tangent at the fixed point of S. | 

This arrangement of the isometric circles on. žo can be shown to exist by 
considering the relation between the fixed points and the fixed circles of the 
respective types of linear transformations and their projections on Xp. 


. Space transformations.. We turn now to the space. E T 
resulting from successive inversions in an even number of spheres (or planes) 
orthogonal to žo. 


If two such transformations transform three points om Xo in the same 
way, they transform all pownts of space in the same way. 


If two sequences S and S’ transform three points of Se alike, ` they 
transform all points of žo in the same way. For, when žo is projected 
stereographically on the plane there correspond to S and S’ two linear trans- ` 
formations which transform three. points alike ; the two linear transformations | 
are thus identical. as 

A point P of space, suede 3 say, may ie determined by three non-coaxal 
spheres orthogonal to žo through P. These intersect X, in threé circles which 
are carried into the same three circles by.S and S.. P ig carried by both 8 
and 8” into the unique point P’ outside X, lying on the three spheres prposcen 
to Z, through the latter three circles.* 

_ Furthermore, there is a space transformation which produces any pre- 
scribed one-to-one and directly conformal transformation ‘of Xo on itself. 

Consider 8 and its inverse S-!.’ If Xo is not rotated, 9 carries Ig into T's. 
Let 3s and $s be the spheres through these circles respectively, orthogonal 
to Xo. S must. also transform Zg into %’s of the same size. 


.* Poincaré, loo. ott. 4. 
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The sphere Zg is called the tsometric sphere of the transformation 9. 
3g is obviously the isometric sphere of S-. 


Sequences Lquivalent to S. We propose next to replace the sequence of 
inversions defining S by an equivalent system consisting, in general, of an 
inversion and either one or three reflections. 

If S is a rotation it is equivalent to successive silicone: in two diametral 
planes of 3). This case we shall not consider. 

Let P be a point on Ig and let P’ be the point on I’g into which S carries 
P. Since lengths on Ig are unaltered, if Zg be placed on. Fs so that P falls 
on P’ and the orientation is correct, each point, on fg will fall on its 
corresponding point on Ts. 

As a point P moves counter-clockwise around Ig the corresponding point 
moves clockwise around Fs. For, the interior of Ig goes into thé exterior of 
Ia, and the corresponding point must trace the boundary of the latter region 
in the same sense as the former is traced. Hence Jg must be turned over 
before being applied to T's. 

Any sequence of an even number of inversions in spheres orthogonal to 
Xo, or reflections in diametral planes, is equivalent to 8 if it carries Ig into I’s 
without altering lengths so that P falls on P’ and so that the order of points 
about I’g is opposite to that of the original points about Is. 

Let Ig be the plane perpendicular bisector of the line of centers of Xs 
and 3's, if these spheres are not coincident; if they coincide, let Hg be the 
plane perpendicular bisector of the line joining any point P on Is with its 
corresponding point P’ on I’s. = 

First, make an inversion in Xg. This leaves points on Jg unchanged. 
Second, make a reflection in lg, which reverses the direction of arcs on Íg. 
Finally, make a rotation about- the line of centers of Xs and žo, so that — 
the transform of P on Is by the reflection in Ig is brought into coincidence 
with P’. Then all the points of Ig are carried into their proper positions 
on Is. Since the rotation is equivalent to two reflections in planes, the — 
result of the three operations is to leave angles on 3%, unchanged and to 
transform points on Jy into points on J’, exactly as & transforms them. 

These results may be stated as 


THEOREM 5. The space transformation 8, tf not a rotation, is equivalent to 


(1) an inversion tn Ža, followed by’ 

(2) a reflection in Ig, followed by 

(3) a. rotation through a suitable angle ® about the peed. azis OP's 
through the centers of X's and Žo.. BO 
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‘Let Ujj denote the reflection in Hg; Uy, Us the-inversions in Xs, 3s; 
and Ur, Uz the rotations of Xs, X's respectively, the directions of. rotation 
being m . Then the transformations U RU Uy UnUgUp Uy, Uy Up 
U,U,Up, Up UyUp and UpUp Ug are-all a since they transform 
three points on Xo in the same way.. - Hence the. bequenice of the above theorem 
may be varied- for a given transformation. - 


Remark. The center of an isometric sphere Sa: is the transform of œ. 
by S-t, the inverse of S. For by the operations of Theorem 5 in the reverse 
order, œ remains fixed until the inversion (1) is performed, when it is 
carried to the center of Xs. 


' THEOREM 6. Lengths inside Žs arè increased in ie aaa by the trans- 
formition S, those outside 3g are decreased. ` G a 


Of the geometric operations of Theorem 5 that nbocmplizh S only ‘the . 
inversion in 3s changes lengths. Lengths within = sphere of i inversion 
are increased, those without are decreased. 


-~ Remark. Any given: shes aion to 3, i8 the ern sphere of 
an infinite number of possible space transformations ;. for example, the trans- 
formation resulting from an inversion in .the given sphere, followed. by a 
poHecuon in any diametral plane of aa 


‘Tetzoneu Y. The distance of a 1 point. P fror om the center of a sphere 3, 
is unaltered by inversion in a sphere 3 if P lies on the surface of 1 or on. 
that of X; it 18 decreased if P hes outside both 3 and 2 or inside both; 
tt is, increased if P lies outside one and inside. the other.. 


. Without loss. of generality we can -take % as the anit oes with wa 
at the origin and 3, with center pi 0, » on the é-axis: The a are 
given by - 

os PERE eHre PL 

“tel P (E n, Č) be a point:in apace and P’(é’, rl, E) its i inyerse with TRER 

to 3. Tf h, h’ denote the distances PQ, P’@ respectively, then 

= (E= HP HE. he Kg) e 
With the relation & =e / (£ +»? + €*) and similar ones for 7, e, the 
prenne h’ — h”? can easily be put into. the form., 


h O pa E DE 9 pept 
(eye) 


+ 
e 
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. The-firet factor in the numerator is.positive-for-points outside X, negative 
for points inside, and zero for points on %. The same is true of the second 
factor for points with respect tọ = The conclusions of. the-theorem are then 
evident. aa 

Now consider the effect of a beans S on the peer of a abla 
P of space from the center of 2o. Of the three geometric operations of S only - 
the inversion in %s can affect this distance. Theorem. a. applied to the 


orthogonal spheres Že and žo gives the following | 


THEOREM 8. - The distance of a point P from the center of Zo 18 unaltered 
by S tf P- heson etther Ža or Xo; tt ts decreased tf P hes outside or inside 
both; tt is increased tf P lies outside one and inside the other. | 


Groups of space transformations. “A group that-containa infinitesimal 
transformations on % is said to be continuous on $; -that is, if given e > 0, 
there exists a transformation S of the group: such thatthe distance between 
any point P on % and its transform P” Py S is less than e. Otherwise the 
group is said to be discontinuous on: Xo. : 

‘If for a discontinuous group, there exists some arr P on X% in whose 
neighborhood there.is none of its transforms by the group, the group is 
properly discontinuous on. Žo; if no such point: exists, it is 3 improperly 
discontinuous on Žo. | 

A study of groups of space ‘transformations yields first two fundamental 
properties that characterize the.continuous andthe discontinuous groups ON žo. 


THEOREM 9. If a group contains an omare: number "of rotations of Xo 
: into itself, tt is continuous on Xo: 


Briefly, we can select ‘a sequence of rotations T, Tac > ` such that the 
axis of 7’, approaches a limiting position and` the ‘angle of rotation 6p 
approaches, a limit. Then the rotation T= fn, for n-sufficiently large, alters 
the position: of every point on Xo by less than a: preassigned small anamal: 


COROLLARY. A group dtscontmudtks on Xo contains at mosi a finite 
number of rotations. E ee 


THEOREM 10. If foe a group the number of ce spheres of radii 
exceeding any positive number i 1s infinite, the group is continuous on os 


If the radii are bounded, we may select a sequence of transformations 
Ti, Ta, + +, where %, approaches a limiting sphere, the sequence Yn of the 
inverse transformations approaches a limiting sphéré, and the angle of rotation 
of Theorem 5 approaches a limit. ‘Then T Ps, for n sufficiently: large, 


Phe. ent i i ® f = 
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changes the position of every point on X by less than: a ae small 
amount. 

If the radii are unbounded, the proof is- similar, the Limiting positions of 
a Sn and 3’, being planes. 


THEOREM 11. For a group discontinuous on Xo the r of someni | 
spheres of radu exceeding any positive number i 48 finite: 


Transformations of a group. It can be shown by a proper choice of. 
_ 4 transformation that a group may be transformed | 80 that the nee group 
nuns no rotations of Xo into itself. | 

’ In the.following work it is assumed.that-such a transformation has been 
made on the group considered. . 


Limit points of a discontinuous group. Let Be be. the. members of 
the group. Œ discontinuous on Fo. Let rx be the radius of Sg, Then by 
Theorem 11 any infinite sequence 1, 2, ° + of radii of distinct spheres has 


A limit point of a group is defined “to be a cluster point of centers of 
isometric spheres. Any point not a limit point of the group is called an 
ordinary poini. ] i C ; an 
Tuxorem 12. The limit points of a discontinuous group lie on Žo. 


This is immediate, for the center of an isometric sphere whose radius i 
approaches zero must approach the surface of % since the Pie are 
orthogonal to žo. l 

We say two figures Pı and Fs are i with respect to a group if 
T(#,) = Fo, where T l is a transformation. of the group. 


The region R of the group. A region Re is said to be a fundamental 
region of a discontinuous group if | 

(1) No two. points of the region are congruent. 

(2) In the neighborhood. of any point on -the boundary there are pointe 
congruent to points of the- region. 

The region R of the group is the space exterior p all isometric spheres 
of the group. A point P belongs to R if a region about P exists no point 
of which is interior to an isometric sphere of the group. 

TugoreM 13. No two points of R are ke eases by any ee ere 
of the group. 

For any point of Æ is caress ne any moner of the group into a point 
interior to the isometric sphere of the inverse transformation and so outside B. 


i wee 
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THEOREM 14. In the: ndighborhood of any limit poini Pofa Tii 
tinuous group lte an infinite number of distinct points congruent to any 
point of space with the possible exception of P and one a aes aad 


The proof of this theorem we omit. 


THROREM 15. R and the regions age ‘to E TA a set of regions 
which extend into the neighborhood of every point of space. 


If this theorem is not true, there exists a closed sphere œ of ordinary 
points in which is no point of R or point congruent} to R.* The points of e 
are contained in a. finite number of isometric ee Let o” be a subsphere 
of « wholly within the isometric spheres of Tı,’ - +, Ta and no others. Con- 
: sider o^, == 7, (0). If a point of o^, is within the isometric sphere of 8 
then’ ST, increases lengths at a point of o, so ST,—Ts. It follows that 
` the points of o” are contained in n— 1 isometric spheres at most; namely, 
` those of the transformations TaT, © +, PaT. Making S we find a sphere 

congruent to a subsphere of o”, and hence congruent to a subsphere of o, 
: lying in n—— 2 isometric spheres at most. Continuing in this way we arrive 
at a sphere congruent to a subsphere of o which lies in no isometric spheres 
and hence is in R. This contradiction proves the theorem. 


THEOREM 16. R constitutes a fundamental region of the group. 


By Theorem 13 R satisfies tha first condition for a fundamental region. | 

In the neighborhood of any point P on the boundary of R there is a point Q 

within an isometric sphere in whose neighborhood by Theorem 16 are 
. transforms of R. Thus R satisfies the second condition also. - 


THEOREM 1%. Any closed region not containing imit sin of the group 
can be filled by a finite number of transforms of R, including possibly R itself. 
These regions fit together unthout lacunary spaces. | 


Let B be the closed region. Since B contains no limit points, the number 
‘of isometric spheres containing points of B is finite, for. ax infinite sequence 
of spheres would have a cluster point of centers which would necessarily lie in B. 

Each point of È is carried by a transformation T of the group into a 
point: of Rr in the interior of %’r. If 3’r contains no point of B, then Rr 
contains no point of B. Thus the number of regions Rr containing points 
of B is finite. 


‘By Theorem 15 there can exist no lacunary spaces not ‘filled D trana: 
rong of R.: l 


* This method of Te is r to Professor L. R. Fordi. 
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THEOREM 18. Within any region enclosing a limit point there le an. 
infinite number of distinct transforms of the entire region R. | 

Let P be the limit point and o be a small sphere with P as center. Let 
Sr be an isometric sphere lying entirely inside o. Then Er = T(E} les 
entirely within 3'r. Since ø contains an infinite number of isometric spheres, 
it contains an infinite number of transforms of R. 


‘Groups with more than two limit points. If a group contains more 
than two limit points, the set of limit points is perfect. Let Œ be a group 
discontinuous on žo with more than two limit points. These points lie on Zo. 
Let P be a point on % and Up a spherical cap enclosing P. If every Up 
contains limit points of G, for each P of Xo; the set of limit points i is everywhere 
dense on $o. 

By Theorem 14 in the neighborhood of P lie an infinite number of 
transforms of P with two possible exceptions, P and one other limit point. . 
P is exceptional only in that its transforms are not distinct. Thus in Up 
there are transforms of P. If the set of limit points is everywhere dense on 
Xo, each point of % has in its neighborhood transforms of itself. The group 
is therefore improperly discontinuous on Xo. 

If the set of limit points is not everywhere dense on Xo, there is a closed 
cap U on Zo consisting. of ordinary points. ..Any.point P of U. which is not 
one of the finite number of possible fixed points has no transforms within a 
suitably small neighborhood of P. Hence a discontinuous group whose set of 
limit points i is not everywhere dense on Žo is properly discontinuous on Xo. 


THEOREM 19. A necessary and suffictent. condition that. a group be 
properly discontinuous on Zo 1S | that the region R coniain wm tts interior à~ 
point of žo. | | i 


A point P of So within Æ has no transforms within some cap Us about P. 
Conversely, if the group is properly discontinuous on Xa, there exists at least 
one point P on X, and a sphere ø about P which contains only ordinary points. 
The sphere o can `be filled by a finite number of transforms of R. Let Ry be 
one of them. R» has a finite number of bounding spherical surfaces in o, each 
orthogonal to 3o. At least one point P’ on X, exists interior to Rn. Hence 
. Ta (P’) = P,, where P: i is interior to R and lies on Xo. f 

- Thus for a group improperly discontinuous on X no point of the surface 
of Zo belongs to the interior of R. Hence Æ is divided into two regions, one 
inside, the other outside $o, having at most common boundary points on Xo. 


The boundary of R. A point P of the boundary of R is either a limit 
point or an ordinary point. An ordinary boundary point lies on a finite 
number of isometric spheres and is inside none. 
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We consider below the properties of ordinary caus ae of R; those 
of the limit points have been discussed above. 


An ordinary boundary point P belongs.to one of the Dion classes : 


(«) P on just one. isometric sphere. l 
(8) P on two or more isometric spheres having a circle. in common. 
(y) P on a finite number of -isometric spheres not having a circle in 
common. l o. eg | 
(ô) P a point of tangency. of two or more isometric spheres and on no 

l isometric spheres not tangent at P. 


If P is a fixed point of S = S8* and on.no see isometric sphere than 
Ss, it shall be regarded as belonging to class (8). 


Points of Class (a). Let P lie on the isometric sphere eg of 8. Then 
= (P) lies on 3’g and is distinct from P. 

If P’ is inside an isometric sphere Sy of U, then US increases lengths 
near P’, for S does not alter lengths near P and U increases lengths near P”. 
Hence P lies inside X vs, which is ou to hypothesis. P 1s therefore 
a boundary point of R. 

P belongs to class («) also. For, if P’ were on $y, U 7& 8+, then Us 
would leave lengths near P unchanged since 9 does not alter ee near P; 
nor U those near F”. Thus P would be on & U8 also, which is contrary to the 
fact. 

Points on Xs in the neighborhood of P are ora boundary points. 
Part of the boundary of R is therefore a portion of the surface of Sg and a 
congruent portion of %’g.: The two congruent parts are equal in area sizice 
lengths, and consequently areas, on %g are unchanged by 5. This part of 3s 
limited by boundary points of other classes is called a aad 

These results with Theorem 8 give _ 


THEOREM 20. The boundary points of E of class (a) form sets of 
spherical faces which are congruent in pairs. The congruent faces are equal 
in area and congruent points on the faces. are equidistant from the center of Xo. 


Points of Class (8): Let P lie on C,, the circle common to the two or 
more isometric spheres. Let Æ, be the arc (or arcs) of C, which consists 
entirely of ordinary boundary points of R. ` We call F, an edge of R. 

Let Ti, Ta’ © +, Tm be the transformation whose isometric spheres pass 
through E. Then Ey = T(E), k=2,; > +m, ig an edge congruent to E, 
on the boundary of R, and there are no. other congruent edges. “That Es is on 
the boundary of -R follows as in class. (a). From the way lengths on. Eg are 
affected we see that 7,7, TiTs4,: + +, TraTx', Peale, ° ” -TmT have 
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isometric spheres passing through. Ex, and that Ey is external to al other 
isometric spheres. 
- Since Tx carries F, into Ex with no oe in length we have. 


THEOREM 21. The boundary points of class (B) form. sets of congruent 
circular arcs, or edges. All congruent edges are equal in length. 


Points of Class (y). P of class (y) is called a verter. Let P, be on the 
isometric sphere žr, which forms a face Ff; of R. Let 7,(Pi) = Ps. Since 
T (F) = F of the same area and shape, that is, a spherical polygon on &’r,, 
at least two other isometric spheres must pass through Pe, each forming a face 
of k. Hence Pz is also a vertex. = | 

Let Ti, T2,: © +, Tm be the transformations whose isometric spheres form 
_ the faces at Pı. Then Px = T(P) is a vertex. Conversely, to each vertex 
congruent to P, by U say, there corresponds an isometric sphere Zy through 
P,. For, Pı on the boundary of È cannot lie inside Sv; if it hes outside žy — 
then P’ == U(P,) lies inside. =’yand not on the boundary of R. The number 
of vertices congruent to P, is therefore finite. 

Applying also Theorem 8 we have 


THEOREM 22. The boundary pownts of class (y) form finite sets of con- 
gruent vertices. All vertices of a set are equidistant from the center of Xo. 

Points of Class (8). A point of tangency of two isometric spheres lies 
necessarily on Xo. One or two of the tangent spheres form faces of R accord- 
ing as the spheres lie on the same or opposite sides of the tangent plane. 
Boundary points of this anag do not occur for a group DERE E dis- 
continuous on Yo. 


Angles at sets of congruent edges and vertices. 


THEOREM 23. The sum of the dihedral angles at the edges of a set of 
congruent edges t 18 Xr or a sub-multtple of 2r. 


Let F,,Hy,-+-,Hm be the set of edges congruent TETT by 
Ti, Tat + +,P-m, with Tm(Em) = Hy. Let the faces at F, be Fo, Fa. 
The transformation U, = TmTm' + TaT. has F as fixed edge. Let 
Um = Tm; Um- pe ThT m- i3 tt; Us — Tml m1 ° ' “La, 
and REA Ur = TmT ma: e e TaT. l | 
Of oe Un carries Hm into E, the dihedral angle in È at Em into an equal 
angle at #,, and the region E into Rm joining onto R along the face Fo. 
Um- carries Hm, into F., the dihedral angle about Em-ı into an equal one at 
E., and R into Rms, fitting onto Rm along the open face of Em through E. 


| 
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Finally, TA carries a Be into o B i dihedral angle at #, into an sequal one at 
E, and E into Æ, fitting onto Rz along its open face through Eis — 

If R, coincides with R, then Ü, is the identical aa and the ~ 
sum of the. dihedral angles. at the edges i ig Rr 0 i 

If U51, we make Ux U;?, Goes ' Each of these has an isometric 
sphere through E1, so the number of possible repetitions of U, is finite. Then 
-with some U,* the dihedral angle about E, is completely filled. The angles 
of the cycle have been used k wa 1 times; hence. their sum is 8r/ (k +1)... l 


THEOREM 24. The sum of the solid angles at the vertices of a set of 
congruent vertices ts 4n/m, m a postive integer. 


It is a property of conformal space transformations that solid angles are 
preserved. 

Make the inverses of all the transformations with isometric spheres 
through P;. Æ and the transforms of points of # near the vertices of a cycle 
fill out the solid angle about Py. Each solid ne at a vertex has the same 
number of transforms at Thus if Ta,’ © +, Tm carry Py to P, and if S. 
carries P; to Px, then TS, ° -, T m8 and no others y Pı to P;. Then wg 
sum of the solid angles of the a is r/m, 


Generating transformations of the group. A sot of transformations 
Tı, Ta, © is said to generate a | group G. if EVERY transformation of’ g js a 
combination: of the set. E 

The following theorem can be radiy proved : 


. THEOREM 25. The set of transformations which connect the faces of EB 
“form. a set of generating t 'ansformations of the group. 


Applications to properly discontinuous groups in the. plane. Let M 
be a properly discontinuous group of linear transformations. A sufficient 
condition for finding.a generating set for M is that it be possible to join every 
ordinary point to a point of Æ by’ a curve not passiiig through a limit point. 
In such a case, the transformations connecting me aes of R pe a generating 
set for M. 

If this condition is not satisfied, we are able to find a A get for 
M as follows. Project the plane stereographically on. %> and form- the corre- 
sponding space group ‘G.’ The region R^ for G is found by constructing the 
isometric spheres. R’ must contain in its interior a point of- Xo, for otherwise 
G, and hence M, would be improperly discontinuous. A generating set of 
transformations for G is the ret connecting the faces of R’. . By projecting $ 
back on the plane those parts ‘of % belonging to R’ form a region Æ for M 
(possibly disconnected). The set of linear ‘transformations cart PONIRE to 
the generating’ set-for G forms a generating set for M. 


ON SUMMABILITY OF DOUBLE SEQUENCES.* 
“By Ratpa Parmer Aanew.} 


1. In rolio aoe i lmi J and || bn; ||-be two triangular. E of 
real or. complex constants satisfying the conditions 
(1, 9 a each'i, lim am =0; -foreach j; be Ons =; 


m7900 


(1.2) for each m, $ [an| <E; for each n, Z lb] < K, 
K being a constant independent of m and n, and 


(1.3) 7 . lim Cmm = 1: where Cm = $ È amibas. 


Myth OO 


With each convergent or divergent double sequence sij, we associate a trans- 
form Smn defined ' by 


Para 2h | San = > > AmniOns8ij- 
3 + A a 4-0 “| ae S 
A sequence si; is said to be “summable F” to 8 if its transform Smn 


converges to 3, to be “bounded F” if Smm is uniformly bounded for all 
m and n, and to be “ ultimately bounded P” if lim sup | Smn, | < œ. 


‘Phro 

Results of. G. M. Robison t show hat adh bounded convergent sequence 
must be summable F to the value to which it converges; but results of. T. 
Kojima § show that conditions much more severe than (1.1), (1.2) and 
(1.3) are necessary to ensure that each convergent sequence shall be sum- 
mable F. Hence F may be non-regular, for the simple reason that there may“ 
be unbounded convergent sequences which it fails to evaluate. ~ 

The transforination F:is of the type called factorable by C: R.’ Adams, 
_ and has been investigated by C. R. Adams { and F. Lösch.| An important 
special’ case as Peen pone cae by -8. Bochner. PE - l 


oe Preil to the Aeda Mathematical Society, March 25, 1932.. 

+ National Research Fellow. 

{G M. Robison, Transactions of the American ria it Rociety, Vol. 28 
(1926), pp. 50-73. © °° > 

§ T. Kojima, Tohoku Mathematical Journal, Vol. 21 (1922), pp. 3-14. 

TC. R. Adams, I, Bulletin of the American Mathematical Society, Vol. 37 (1931), 
pp. 741-748; TI, Transaotions of the American Mathematical Society, Vol. 34 (1932), 
pp. 215-230, l 

| F. Lösch, Mathematische Zeitachrift, Vol. 34 ie pp.’ 281-290. Lösch postu- 


lates, instead of (L 3), the two conditions lim Şa ns = l, i Sa a s =l]; this 
‘moo i0 ` n> j=0 ; 
difference. is, however, as Adams. ja nne out, quite trivial.- 


** S. Bochner, Mathematisohe Zettsohrift, Vol..35 (1932), pp. 122-126. 
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‘Lésch (ioe. cit., p. ; 282) ‘has ‘shown. that: tf Sij convérges to's and Sn 
is bounded, then si; ts summable F to's; ‘and (p. 287) that tf sij cònverges 
to s and ts summable F to Ñ, then g= s. These results are of great interest 
since on one hand they show an exten to which-unbounded convergent se- 
quences are summable F, and. on the other hand that F is consistent with 
convergence. The latter result has important applications in the theory of 
. series of functions; for example, if a double trigonometric series is summable 
F to a function f(z, y), then the series must converge ta f (z;y) for all values 
of x and y for which it converges. 

It is the object of the present Beit to prove and discuss the following 
and a related theorem. 


THEOREM 1. If sij converges to a and- if there exist an indez Q and 
two sequences Am and Bn of constants such that 
(1.5) for each n> Q, © | Sma|< Bm m >Q, 
then 34; ts summable F to 8. | 

This theorem may be stated as follows. If a double sequence conves ges 


and if each sufficiently advanced row and column of its F-transform ts 
bounded, then the sequence is summable F to the value to which it converges. 


2.’ Consequences of Theorem 1. Before passing to a proof of ean ‘1, 
we give two of its corollaries in ‘Theorems 2 and 3. 


THEOREM 2. If Sig conver ges to s and 18 ultimately bounded F, then 
Siz 8 summable F to 8.* 


THEOREM 3. If sı; converges to s and is summiable F to 8, then S == 8. 


` ‘Theorem 2 contains the first result of Lösch mentioned in $1; Theorem 
3 is, except for the fact that our transformations are slightly more general 
than those of Lösch, precisely the second result of Lösch. 


Theorem 1 also contains the following theorem, of Adams I, p. 743; 
if say converges to s, and: if there exist sequences Ap,.-A:, Aes Fei ad 
Bo, By, Ba” © of constants such that for each j= 0 and each ‘= 0 and 
for all m and n, l 


om l | , 2 l 
E S [Sena <45 E l$ tusi <B 


* It. follows at once Bom (1. 2) that each pawidi sequence is. bounded. F; ia 
Theorem 2 includes the result of Robison ‘that each bounded ae uae senmonos is 
summable F to the value to which it eagen ; 
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then Sma converges to 8. For, suppose the l i of Adams’. theorem 
hold; then for each fixed | m = 2 0 we. have 


š =< TE LD n e: . M i o oap 8 
(2.2) © | Som | SE | am | | E bnssis | SE | ami | Be. 


An analogous set of inequalities holds. for each fixed ‘n =0.- Thus We. see 
‘that the hypotheses of Theorem 1 hold with g =— 1# 


3. A Lemma. The PONOTIDE lna: will be used in proofs al our 
theorems. . , . 


` Lexma 1. Let È be a non-negative TE let gmi ana Gin be H 
sequences of real or complex constants, and let 


(3. 1) ` ; Tim get = 0, ie 4 a (4-0, 1,25 +). 

If there ts an ‘index N and a , sequence En of constants such that whenever 
n> N we have ý - oe 
(3. 2) | | Imoo +- Jmn + aa ae GmrG rn | < Hm, m = N, 
then . . i | 
(3. 3) ee = (gmoGon oP JmiGin + j a ey Jmn) == 0, 


We prove this lemma by induction. tt is easy to show, by considering 
separately the cage where gmo == 0 for.all m > N and the case where guo 360 
for some fixed p> N, that. the lemma holds when R = 0. 


Assuming that the lemma holds when R = 0,1,2, © 0, p— 1, we prove 
that it- holds for R = p.by considering the infinite matrix’ 
(3. 4) l Imi I. (m= N +1, n+3: be 0,1, 2) 49): 


If this matrix has rank less than (p om 1), then the columns are linearly 


* We give a few remarks cere ‘on the relations between our Theorem 1 and 
Theorem 2 of Adams II. A transformation T is said to be regular for a class of 
of sequences if each convergent sequence belonging to § is summable T to the value 
- to which it converges. With this terminology, Adams shows that F is regular for 
the class 9 of all sequences which are bounded FP. Now our- Theorem 1:.shows that 
F is regular. for the class p of all sequences having F-transforms of which each 
sufficiently advanced row and column is bounded. i a 

It is clear that ọọ contains all sequences which are summable F; hence & 
is, apart from divergent sequences, the largest class of sequences for which F is 

regular. It is also clear that in case F- has an inverse, and in many other cases 
as well, a convergent sequence may belong to g and fail to belong to B. Hence 
Theorem.2-of Adams II, and the later Theorems of Adams II which depend upon it, 
‘can be made stronger as well’ as easter to apply by Ti the class £ instead of 
the class 7. 
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dependent, i. e. there exists a system he Ai’! t, Àp of constants ae all ae 
such that 
Aogmo + Agm He ere ies = Í, l o m > N. 


S an index a such that As £ 0, we obtain — 


= (AoGmo + i. © +- Aa-19m,a-1 -+ Aarif, arı + eet + ARGaR) /Aa- l 
.When we substitute for gwa in the relations obtained by setting R =p in 
(3.2) and (3.3), we find that we have reduced our problem to the case 
R < p- 
If on the other hand the matrix (3. 4) P rank (p -+ 1), let 


(8.5) det (Jmai) E g (a = 0, 1,- j “sP> t= 0, ls i p) 
be a non-vanishing (p + 1)-rowed determinant selected from its elements. 
Let us now consider only values of n which exceed N. Since Mo, M1," * °, Mp 


-all exceed N, we-have by (3. 2) 
(3. 6) | Gao Fon + marfim °° F Imap pn | < Hug, (2 == 0, 1,: > +, 7). 
Let us set 
(3.61) Jmaofon + YmaiGin F` * ` + Ymap pn = H man (a = 01-37): 
Then by (8.6) we have for all ae of n under consideration 
(3.7) | Hin | < Boa (a0, 45: + +, p): 
Since (3.5) does not vanish, we can solve the equations (38.61) -for Gin 
obtaining E l 
(3.8) Gin = AicHma + AtiHmm H H AipHmpn, (t= 0,1,- p). 
“where the Ay are constants depending only on the elements of the determinant 
(3.5).. It follows from (3.7) and (3.8) that each of the sequences ` 
(8.9) Gon, hin + * Opn > 
is bounded for all n> N; hence we may use (3.1) to obtain (3.3) for 
R == p, and the proof by induction is complete. 


4. Proof of Theorem 1. Let sij be any given sequence converging to 8 
and having an /’-transform satisfying the hypotheses of Theorem 1. Given 
e > 0; choose an index R which i is greater than Q and also so great that 


(4.1) - | San — 8 | < 2K”, . m,n > R, 
K being the constant in (1.2). When m, n> R, we have’ 


Sm —e—-(F S45 SF SS amibas (8u — 8) + 8(Onn—1) 


i=0 j=0 d=0 J=0 450 -f=0 i=R+l j=R+1 
= Sma? + Ian D — Bm O H Sn? of Cage 1): 
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Using (4.1) and (1.2), we see that | Sma‘ | < €/2. “Also (1.1) and (1.3) 
imply that we can choose r > R so great that | — Sm ® eae =a) | 
<«/2 when m,n >r. Then on one hand 


(4.2) | Sans | < | Sm [+ | Sm 3h 6 mt >t 
and on the other hand 
(4. 3) | Sinn? -+ Bm”? | < | San | + [81+ 6 m, i>r., 
We proceed to show that . 
(4. 4) lim Sm ™ sme O, 
; Mm a> 


Using (1.1) , we see that for each fixed m, lim Smn® — 0; hence there 
Are 


is a sequence H’,, of constants such that for each m, 


(4. 5) | Sion | < my a n>r. 
Combining (1. 4), (4.3), and (4.5) we obtain for each m >r o o, i 
(4.6) - Bun? |< Hm | — 
-where ae 

(4.7) ` Hm= Hm + 8m +| s| fe. 

Introducing the notation 

(4. 8) i Ain = È bas (sy -= 8), 


vin (4.6), we obtain for each fixed m >r -E 
(4.9) | San? | =— | Gmodon + dmidin +` `- F Omednn| < Hm, n >r. 


An application of Lemma 1 yields (4.4). An analogous argument shows ~ 
that lim Sma®—=0. It therefore follows from (4.2) that lim Smm = 8 


Mm nw 18, ROO 
and Theorem 1 is proved. 


5. A variation of Theorem 1. Lösch, loc. ct., pp. 285-287, imposes 
upon the elements of || am: || and || ba; || the following condition. Corre- 
sponding to each pair q and @ of indices, there exist two systems mo < m, 
| <` ‘ "<< Mg and Lmh L: : ' < fq of indices such that mo > Q, Ny > Q, 
and each of the determinants | ee a 
(5.1) det (am); det (bm) (t= 0,1,---,9¢; j= 0,1, 3q) 
“does not vanish. Lösch shows that when this condition, which we shall 
designate by (5.1), as well as (1.1), (1.2), and (1.3) hold, then each 


convergent sequence summable F must be also bounded F. We now give a- 
theorem which includes this result. 


- 
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Turorem 4. Let F satisfy (5.1) as well as (1.1), (1.2), and (1.8): 
If Sı; converges and has a transform satisfying the hypotheses of Theorem 1, 
then there esist an indez r and two. sequences «m and B'n of constants such . .- 
that | i A | : - 


(5. 2) for each m, | Sm | < Ol any E n>r, 
and . - eg , 
(5.3); for each n, | Sin | < Bas 3 m™>r. 


This theorem may be stated as follows. Det F satisfy (5. 1) as well as 
(1.1), (1.2), and (1.3). If si converges and if each suficienily advanced 
row and column of its F-transform is bounded, then each row and column 
of its F-transform is bounded, It follows that, when F satisfies these con- 
ditions, each convergent sequence which is ultimately bounded F is also 
bounded F. 

To prove Theorem 4, we proceed eaa in the proof of Theorem 1 
_to obtain (4.9). The hypothesis (5.1) ensures the existence of a system 
R< mo <m,<-+ + < mn of indices such that the determinant 
(5. 4) _ det (ami) l l (i = 0, 1,- -+,&; 7=0,1,:--+, 2) 
does not vanish. Using the fact that (4.9) holds when m — mo m™a,* °°, Mn, ` 
we see as in the latter part of the proof of Lemma 1 that each of the sequences 
(5. 5) i Aon, Aims trta ARn 


is bounded for all n >r. Since this is a finite set of sequences they are 
uniformly bounded forall n > r, i.e. there is a constant Ar such that when- 
ever 1S R, we have l 


(5.6). (Ael <Ar mr. 


Hence when m = R we have 


= 


(5.7) | 8mm |= È | am| | Ain | < KAr | n> ft. 


| But & was chosen greater than Q, and r ee than R; hence it- results 
from (1.4) that when m > R, : 

(5.8) | Sma ain? s >? 
Letting a'm == KAp when m S R-and dm= am when m >R, we see that 
(5.2) follows from (5. 7) and (5. 8). An analogous argument y yields (5. 3) 
and Theorem 4 is proved. 


6. Applications. Let V and W represent any methods which anoeie 
with each double sequence a transformed double sequence, and suppose 


(6.1) 7 V=F(a,d)W - 


654 BALPH PALMER AGNEW. 


where F is defined as.in §1 and FW represents the transformation which - 
associates with a sequence the F-transform of its W-transform. An applica- 
- tion.of Theorem 1 gives the following result. If V == FW, and if sj 18 | 
summable W tos and each sufficiently advanced row and column of its 
V-transform is bounded, then Sı; is summable V to s. A corollary of this ` 
‘result gives an-application of Theorem 2, namely, tf V == FW and tf si; is 
summable W to s and ultimately bounded V, then Si; is summable V to s. | 
_A further corollary gives an application of Theorem 3, namely, tf V= FW, 
and sy is summable W to s and summable V to B, then S <=8,; in other words 
V and W are consistent. 

There is an pepe class of ST VY and W for which (6.1) 
holds. Let 


n , # 
AM: Áp uc 2 Qar 8 B.: B,@ — 2 bnr Sk (a a 1, 2) 


be four simple-sequence transformations about which nothing is assumed other 
than that A == CYBVY and AP = C%B™ where C and.C® are regular 
transformations with triangular matrices || cnc“ || and || cax® |. It is easy 
to show that l | 

(6.2) AD OA® z (CM O 09) (BO O BO) 


‘where A OAD is the double-sequence transformation defined by * 


m n 
Amn oa >> > Ami? Any Siy 
4=0- 4=0 


“and BY O B® and OV OCOY are similarly defined. The transformations 
AM OA® and BYOB need not have the form F since the conditions 
_ analogous to (1.1), (1.2) and (1.3) may fail to hold. However regularity 
of CO and C® ensures that CY © C® is of the form F; hence (6.2) is 
_ of the form (6.1) and our’ results may be applied. We state, for reference, 
the following theorems. | 

THEOREM 5. Let AVY = COBO and AP == CB where C™ and 
C® are regular: If si; ts summable BY O B® to s, and tf each sufficiently 
advanced row and column of the AW O A™ transform of sı; is bounded, then, 
Sı s summable AW PANS to 8. 


‘Treorem 6. If ‘A. = CYB and A? = OB where ow and 
C® are regular, then AP OA® and BX OB® are consistent. — 


7. The unsymmetric case. Let I represent the identity transformation. 
Theorem 3 shows that if A and B-are regular, then AOB and JOI are 


* This is the notation of Adams I and. II. 
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consistent. We now propose to prove and give consequences of the following 
theorem. 


THEOREM 7. If A and B are regular, then A © I and I © B are consistent. 


The proof of Theorem 7 follows at once from Theorem 5 and the fol- 
lowing lemma. 


Lemma 2. Let A and B be transformations satisfying (1.2). If each 
sufficiently advanced row of the AOI transform of sı; is bounded and each 
sufficiently advanced column of the IOB transform of sı ts bounded, then 
each sufficiently advanced row and column of the AOB transform of sij ts 
bounded. 


To prove this lemma, let sı; be a sequence satisfying its hypotheses, and 
choose sequences am and Ba of constants and an index Q such that for each 
m>Q 


(7. 1) | p> bmiSin | < Om n > Q 
i=0 

and for each n > Q 

(7. R) | 2 DnjSmj | < Bu m > Q. 


Letting Sinn represent the 4©B transform of si; we may write for each 
fixed n > Q 

Q u m h 

Ima =È D ambnisis + È ami Ds OnsSey. 

i=0 j=0 =Q+1 j0 

Using (1.2) and (7.2), we obtain 
Sm EK? max  |sy| + KBn m >Q. 
0sisQ; OSJ<n 
The right member of this inequality depends only on n; hence each column 
of Sma with a fixed index n > Q is bounded. An analogous argument shows 
that each row of Smn with a fixed index m > Q is bounded and the lemma 
is proved. 
A transformation A is said to include a transformation B (written 


A D B) if each sequence summable B is also summable A to the same value. 
From Theorem 7, we obtain the following more inclusive result. 


THEOREM 8. If AY 0 B™ and B® DA®, and BY and A® have 
inverses, then AP OA® and BY OB™ are consistent. 


Since AP[BO]+ and B®[A@]= are regular it follows from Theorem 
y that AV[BV] =O] and IO BWA] are consistent; hence 
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l AVOAD w {4AV[BV] OT} {BH OAM) 
and e k i 
BD O PD men [IO B@LA@)]-} {B® OAD} 


are consistent and Theorem 8 is proved. 


8. Conclusion. Combining Theorems 6 and 8 we obtain 


Tuxorem 9. If A™ includes or is included by BY, if A® includes 
or ts included by B®, and if A®, BY, A®, and B® all have inverses, then 
AV OAV and BYOB” are consistent. 


Theorems 5, 6, 8, and 9 have many immediate applications. We mention 
only a few of the applications of Theorem 9 to Cesàro and Holder a aiia 
of summability. 

Let C(r) and H (7) denote eee the simple-sequence Ceséro and — 
Holder transformations of order r; then the double-sequence Cesaro and 
Holder transformations C (rı, T2) and H (rı, T2) are defined to be C(1,)9 C(r 2) 
and H (r1) © H (r2) respectively. Applying Theorem 9, we see that tf 11, Ta Ts; 
and r, are all real and greater than —1, then any two of the transformations 
C (fi T2), Cts, 7s), H(t, 72), and H(1s, 1%) are consistent.* To this set 
of consistent methods can be added methods of the form C (r1) © H(r.) and 
H(t) O C (T2) . 


BROWN UNIVERSITY, 
CORNELL UNIVERSITY. 


* This application of Theorem 9 depends upon the fact that when r and r are 
real and greater than —-1, we have at least one of the relations O(r) _)-C(r’) and 
O(+”) > O(r), and the fact that C(r) and H(r) are equivalent when r>—1,. For 
references to literature, see E. Kogbetliantz, Sommation des. séries et intégrales diver- 
gentes par les moyennes arithmétiques et typiques, Paris (1931), pp. 17-19. It should 
be noted that we cannot establish a part of our consistency theorem by showing 
that O(1',p’) > C{(r,p) when 7 >r >—1l and p’ >p>—1; that the latter result . 
does not hold follows from the fact that O(1,1) and O(0,0) are overlapping methods ’ 
of summability in the sense that each evaluates certain sequences which the other 
fails to evaluate. It should be noted also that the equivalence theorem for simple- 
sequence Cestro and Holder methods cannot be extended to double-sequence trans- 
` formations. In fact we can show that 0(2,2) and H(2,2) are overlapping methods 
of summability by using the two identities 


O(2, 2) = {0 (2) [H (2)]-1O0(2) [H (2) ]-1} H (2, 2) 
aud 
Af (2, 2} eo (Ie) tO te) -10 H(2)[0(2 )1-*} O (2, 2). 


and the Kojima (loo: ott.) conditions for regularity of double sequence transformations. 


ON THE EXISTENCE OF CRITICAL POINTS OF. GREEN’S 
" FUNCTIONS FOR THREE-DIMENSIONAL REGIONS. 


By Tsat-Han KIANG. 


1. Introduction. The regions we shall consider here are the connected, 
closed, and bounded three-dimensional regions, for which the Dirichlet prob- 
lem is possible and which are 3-complexes* in the sense of analysis situs. 
For simplicity let us call such a region an admissible region. Of an admissible 
region the connectivity numbers Ro and R, are obviously 1 and 0 respectively. 
We shall investigate the critical points + of Green’s functions first for general _ 
admissible regions with R, and Ra not both zero (Theorem 1), then for ad- 
missible regions with R, and A, both zero but not homeomorphic with a | 
spherical region (Theorem 2), and finally for admissible regions not only 
ywith R, and Rez both zero but also TOS with a spherical region 
, (Theorem 4).$ 


2. Critical points of Green’s functions for general admissible regions. 
For- our present purpose we shall state a special case of a theorem in a 
previous paper by the author § as the following theorem: 


THEOREM A. Suppose a non-degenerate | function f(x,y,z) and its 
reyion R of definition, a finite closed admissible region, fulfill the pany 
conditions: 


(1) The function f ts harmonte || in a region containing R in its interior, 


* The terminology of analysis situs will be used in the sense as defined by J. W. 
Alexander in his paper “ Combinatorial Analysis Situs,” Transaotions of the American 
Mathematical Society, Vol. 28 (1926), pp. 301-329. But the term “cycle” will be 
used in place of his term “closed chain” and the symbol “ R,” in place of his symbol . 
“Pt” for the i-th connectivity number. 

tA point (#,¥,2) is called a eritical point of a function f(o, y, g) if all the three 
partial derivatives of first order of f vanish at the point. 

t See J. J. Gergen, “ Mapping of a General Type- of Three-Dimensional Region on 
a Sphere,” American Journal of Mathematics, Vol. 62 (1930), pp. 197-198. He has 
proved from different considerations a particular case of our Theorem 1 and a part 
of our Theorem 4a for a different region. | í 

` $ Tsai-Han Kiang, “On the Critical Points of Non-degenerate Newtonian Poten- 
tials,” Theorem A, American Journal of Mathematics, Vol. 54 (1932); pp. 92-109. 

FA critical point of f is said to be degenerate or non-degenerate according- as 
the hessian of f vanishes at the point or not. The function f is said to be a degenerate | 
ur non-degenerate function in a region Woron as it has or has no degenerate critical 
point in the region. | 

| A function f is said to ‘be hanom ata point if ite ‘partial derivatives of second 
order are continuous and satisfy Laplace’s differential equation throughout some neigh- 
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(2) The boundary B of R consists of two sets B’ and B” of -closed non- 
singular analytic ee surfaces * of f, such that the value c of f on 
BP is greater than the value c” of f on B’.+ 

Let My (k= 1,2) be the number of critical points of the k-th type t 
of fin R. Let Ry and R; (t=0,1,2) be the i-th connectivity numbers of 
the complexes Rand B” respectiwely. Then there exist non-negative integers 
Mi* and My such that 

My = Mi + Mix, i (k = 1,2); 
Ro— Ro =— Mr, Rı— R, =Mt— Mr, Rı— R: = Mr. 


We need also the following two lemmas proved by Kellogg.§ 

Lemma A. Suppose g(z,y,z) is the Green’s function for a three-dimen- 
sional region D with the pole at an interior point of D. Let č be a non- 

critical value | of g in D. Then the points of D satisfying g= d constitute 
one or more closed non-singular analytic surfaces in D, bounding a non- 

singular analytic region || of points of D satisfying gZ e. 

borhood of that point. It is said to be harmonio in a region if it is continuous in the - 

region and harmonic at all interior points of the region. l 

* A regular surface element and a regular surface will be used as defined by 
Kellogg in his book, Foundations of Potential Theory, Berlin (1929). <A regular 
surface element will be said to be analytic, if it admits for some orientation of coördi- 
nate axes a representation g == F (w, y) where F is analytic. <A closed regular surface 
will be said to be non-singular (non-singular analytic), if every point of the surface 
is an interior point of a regular (regular analytic) surface element. 

+ This condition implies that the normal derivative of f never vanishes on B, 
and as a consequence of harmonicity of f that the constant o’ is greater but the con- 
stant o” is less than the value of f at any interior point of R. 

ł Suppose (°, y°,g°) be a non-degenerate critical point of f. Let Poe Pay ete. 
be the partial derivatives of second order of f evaluated at the critical point. By a 
real non-singular transformation linear in œ, y, #, the non-singular quadratic form 

Poo (@—a@°)2 + f (y—y)? + 7%, (3—w#°)* + 2/0, (@— a) (y—y°) - 
+ 2f? a (Y — Y°) (8 — 8°) + 2f%,, (3 — 2°) (@ — 2°) 


’ ean be reduced to one of the forms: 


: a mP a + ya +- Z3, f 
If the number of negative signs of the reduced form is i, the critical point is said. 
to be of i-th type. 

_ The critical points of 0-th type and third type are critical points at which f has 
minimum and maximum values respectively. Since f is harmonic in and since its 
normal derivative never vanishes on B, M, = HM, = 0. 

`` § Kellogg, loc. oit., pp. 238-239 and p. 276. For Lemma B note also the proposition 
(c) on the next page. 

{ The value of g at a point of D will be called a critical value or a non-crttioal 
value of g according as the point is or is not a critical point of g: 

|| A non-singular analytic region is a finite region in three-dimensional space 
bounded by one or more closed non- a analytic surfaces. 
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Lemma B. In a closed region entirely in the interior of D the Green’s 
function has only a finite number of critical values. 


Now let D be an admissible region with the connectivity numbers R, = 1, 
fy, Re, Re =.0, and g(2,y,2) the Green’s function for D with the pole at 
an interior point P of D. From the very definition of Rı and Rz there exist 
in D a set of A, 1-cycles linearly independent with respect to bounding and- 
a set of Ra 2-cycles linearly independent with respect to bounding. We may 
assume that these R, and R cycles are in the interior of D and do not con- 
tain the pole P of the Green’s function g. Because g is positive in the 
interior of D, the values of g on these cycles have a positive lower bound, 
d say. From Lemma B there is a non-critical value č of g such that 
d/2 >c > d/3. Let the region of points of D satisfying g = c’ be denoted 
by V. From Lemma A the region N is a non-singular analytic region 
hounded by one or more closed non-singular analytic equipotential surfaces 
B” represented by g = c, lies in the interior of D, and contains the cycles 
in its interior. Moreover, the region N is a 3-complex.* From the definition 
of connectivity numbers again, the connectivity numbers of N are 1, Rı + ay, 
Ry + a2, 0, where a; and az are non-negative integers. 

As in the proof of Lemma 4 in the previous paper by the author, loc. ctt., 
the following facts can be established: (a) For a sufficiently large positive 
constant c”, the points of N satisfying g = c” constitute a single non-singular 
analytic equipotential surface B” enclosing the pole P of g. (b) The bounded 
closed region bounded by B” is homeomorphic to a closed 3-cell. (c) In this 
region g has no critical point. 

From (b) above, B” is homeomorphic with a 2-sphere and hence its 
connectivity numbers are 1, 0,1, 0. Let R denote the region obtained from - 
N with the interior of B” removed. From the connectivity numbers of N, 
the connectivity numbers of R are evidently 1, A, S tı, Re + a2 + 1, 0, where 
aı and a, are non-negative integers. 

In case g is degenerate in D, by definition g has at least one critical 
point in D. Suppose now g is non-degenerate in the interior of the region D 
and hence in R. Theorem A can be most conveniently applied to the func- 
tion — g in R. The conclusion of Theorem A states that, when the numbers 
of critical points of — g of k-th (k = 1,2) types in R are Mx, there exist 
non-negative integers My* and My such that 


My = Myt + Me, —M, =), Mt — My =f, +4, Mt = Ra + a. 


*S. S. Cairns, “The Celluar Structure and Approximations of Regylar Spreads,” 
Proceedings of the National Academy of Sotenoes, U. 8. A., Vol. 16 (1930), pp. 488-491. 
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‘Hence for — g we have 

M, = Ri + a + My, M: =— By + dz + Mr. 
Now it is obvious from the definition of the types of critical points, that a 
critical point of type 1 or 2 of — g is a critical point of type 2 or 1 of +9. 
Hence in & the function g has at least R, critical points of type 1 and R, 


critical points of ‘type 2. The results will be’ summarized in the following 
theorem. - 


THEOREM 1. Suppose the connectivity numbers Rı and R, of an ae 
missible region are not both zero. Then-the Green's function for the region 
wtth the pole at an interior point has at least one critical point in the intertor 
of the region. - ; 

If, moreover, the Green’s function is non-degenerate in the interior of 
the region, it has at least R, critical points of type 1 and R, critical points 
of type 2 in the interior of the region. 

3. Critical points of Green's functions for admisstble regions with the 
same connectunty numbers as a spherical region but not homeomorphtc with it. 
Let us consider in the space the simple closed curve Qo with continuously - 
turning tangent: 

. yeeat(l1—2?), OSs,  z=0; 


. and the point (r,0,0) where + is a sufficiently small positive number, less 
than 14 say. By revolving about the y-axis through two straight angles the 
point (r,0,0) generates a circle C and the curve Yo a locus B’, of revolution. 
The origin lies on B's and will. be called a singular point of B'o. The finite 
closed region 7%) bounded by B's will be called a singular region. In the 
interior of T”, is the circle C. 

We can decompose T”, into a 3-complex with C as a 1-subcycle. Through 
any point of B’, there is a sphere tangent to B'o and containing no point of 
T'o —.B’,. From Poincare’s criterion for the Dirichlet problem * there exists 
a Green’s function for the region with the pole at any interior point. Hence 
Tə is an admissible region. Obviously the 3-complex T”, has the same con- 
nectivity numbers as an ordinary spherical region but is not homeomorphic 
with it, and the circle C does not bound any sa entirely in the in-: 
terior of T”. 

Given any positive integer R, we can construct in the following manner 
an admissible region Te with the boundary Bo, which has the same connectivity 
numbers as an gees spherical region but is | not ec a with it, | 


* Kellogg, loo. oit., A 329. 
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and which has R, circles in Te — By and linearly independent, with respect . 
to bounding in T,— By. Let us start with the singular region T'o The < 
curve Qo has two horizontal tangents at the two points whose z-codrdinates 
are equal to (3%4)%. ‘Let us subject the whole space to a reflection in the plane 
t=<=(24)%. The singular region obtained from 7”, and its image, each point 
being counted only once, has a boundary with two singular points, the origin._ 
and its image. If we subject the space to another reflection in the plane 
through one of the two singular points and perpendicular to the z-axis, we 
shall get a singular region whose boundary has three singular points. After 
suitable numbers of reflections of these two kinds we shall get a closed singular 
region Te whose boundary Bo has i singular points. By the same reflections, 
from C we get R, circles Ci, C2,- © ©, Cr, in To — Bo and linearly independent 
yrth respect to bounding in Tem Mi; The region To di therefore the de- 
„aired properties. 
The region To is an example of the kind of region D in the e tollovi 
theorem. l l 


| THEOREM 2. Suppose D ts an admissible region with the same con- 
nectivity numbers as an ordinary spherical region but not homeomorphic with 
it. Suppose there are R 1- cycles of D, which are in the interior (in the 
sense. of point sets) of D and are linearly a with respect to bound- 
ing tn the interior of D. 
_ If By, 540, then the conclusions of Theorem 1 (put Ra — 0) hold for 
the Green’s function for. D with the pole at an interior. point P of D. 


Proof. From our hypothesis there exist E, 1-cycles in the interior of D. 
` We may assume that these cycles do not contain the pole P. Let d be a 
positive lower bound of the values of the Green’s function g on these cycles. 
There is a non-critical value ¢ of g suck that d/2 > ¢ > d/3 (Lemma B). 
The connected non-singular analytic region N of points satisfying g Z 
contains the pole P and the cycles Ci, C2 © +, Cr, in its interior (Lemma A). 
Since N isa sub-region of the interior of D and since the EH, cycles are linearly 
independent with respect to bounding.in the interior of D, the R, cycles are 
linearly independent with respect to bounding in W. Hence the first con- 
nectivity number of the 3-complex N is at least R,. On applying Theorem 1 
to the Green’s function g — ¢’ for N with the pole P, we obtain our theorem. 
The following corollary i is then obvious. 


. COROLLARY.: The Green’s function for the regton To with the pole at an 
mtertor point has at least one critical point in the interior of To. 

If, moreover, the Green's function is non-degenerate in the interior of To, 
it has at least R, critical points of type 2 in the interior of To. 
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_ 4, The region T, as the limit of a sequence {T;} of non-singular regions 
homeomorphic with a spherical region. Let us return to the curve Qo of § 3. 
Suppose {a} (i= 1,2,3,-- +) is a monotonically decreasing sequence of 
positive numbers, whose limit is zero and whose first number a, is sufficiently 
small, leas than 1% say. Let us form by means of this sequence of numbers 
the following sequence of functions of class C”: 

_ f Ra+au)(e—a)*, OSec5 4, 
oe { 0, a So; 
_ and replace the upper branch . 
| y= f(z) =2(1—s*)%, 0Sz,. 


z = Î, : 
of the curve &o by the curve with continuously turning tangent: _ E K 
y=f@)+R(z), 0Sz, ü 
z= Û. - 


The curve Q’; thus obtained from the whole of Qe is a simple open curve with 
continuously turning tangent, whose two endpoints are at (0,0,0) and 
(0, a4°,0) and which has distinct horizontal tangents at the endpoints. The 
locus B’; of revolution generated by revolving Q’; about the y-axis through 
two straight angles is thus a non-singular surface. Let T”; denote the ‘finite 
closed non-singular region bounded by B's. 

Let us subject the whole space to the reflections of §3. Then as we 
obtained the region T, and its boundary Bo from To and B’o respectively, 
we shall obtain from the region T”; and its boundary B’; a finite region 7's 
and its boundary B;. The regions 7’; are obviously admissible regions homeo- 
morphic with an pian) spherical region. 

For i, m = 1, 2,3,° + -, we have 


. f(z) < f(z) EE Bum (2), 0 S T < lim, 
f(a) + Fum(a) < f(2) Pile), 0Se<a. 


Hence Tı contains 7; as a sub-region and T; contains Te as a sub-region. 
As + increases the surface B, shrinks down to Bo. Any point not belonging 
to To is not a point of T, either for all values of ¢ or for sufficiently large 
values of 1. It is in this sense that T, and B; will be said to converge from 
the extertor to To and Bo respectively. | 

Let us.observe the following two important properties of the convergent 
sequence {T;} and the limit region Ty: 


(1) Any point of Bo is a point of B, either for all values of i or for 
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sufficiently large values of +. In particular, the singular points of By are 
points of B; for all values of +. l 


(2) Through any point of By there is a sphere which is tangent to B; 
and which contains no point of Tı — B, either for all values of + or for 
sufficiently large values of i. In particular, through any singular point of Bo 
there is a sphere, which is tangent to B; and contains no point of T; — B; for 
all values of +. . 


5. A sequence of harmonic functions {hi} in To. The region Te is a 
sub-region of every region T, (1 == 1,2,3,---) and an interior point P of 
Ta ig an interior point of T;. Since the Dirichlet problem is possible for Tx 
(k = 0,1,2, > +), there exists a unique Green’s function gz for Tẹ with the 
pole at P. The function gw is of the form 

e gu (T, Y, z) == 1/r + hy (2; Y z), 

where r is the distance from P to the variable point (x,y,z) of Tr, hx is 
harmonic in Tw, and hAx(z,y,z) == — 1/r for any point (v,y,z) on the 
boundary By of Tx. As a well-known property of harmonic functions, hr 
attains its maximum and minimum values only on the boundary By. Hence 
all the functions hy are bounded in To, namely, by the absolute maximum 
and minimum values of the function — 1/r in the finite closed region bounded 
by By and By. 

Let us denote any points of Te and By by Po and dy respectively. Since 
a Green’s function is positive in the interior of its region, we have 


gobo) = Jis (Bo) = gi(bo), l (t= I; k, 3,’ ` Ji 
and consequently 
ho (bo) S hin (bo) S hi (bo), (i= 1,2,3,-°°). 


From the property of harmonic functions stated above, we infer from these 
inequalities the following : 


(1) ho (Po) = his (Po) = ha(Po), (4 aoa a 2, 3, ie +): 


Now let us consider the sequence {Ai} of harmonic functions defined in Te 
From the relations (1), the sequence converges at any point Po of Te. The 
limit of the sequence is thus a function H(2,y,z) in To By Harnack’s 
second convergence theorem,* the sequence converges uniformly in any closed 
region in the interior of Te and the limit function H is harmonic in the 
interior of Te. Moreover, from the property (1) in §4 the value of H at 
any point of By is equal to the value of — 1/r at that point. 


* Kellogg, loc. cit., p. 263. 
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Identification of H with ho. To prove that the function H is identically — 
equal to the function ho,-it is only necessary to prove that H takes on the 
continuous boundary values — 1/r on By. For, if H takes on these continuous 
boundary values, H is the solution of the Dirichlet problem for the region To 
and for this boundary condition, and by the murgnenees theorem of the prob- 
lem H is identically equal to họ. 

From the property (2) in $4, through any point bọ of Bo there is a 
sphere which is tangent to Bo and B; and which contains no point of Ts — Bo 
and 7',;— B; either for. all values of « or for sufficiently large values of ï. 
Let U(A,bo) be the function harmonie in the exterior of the sphere and 
taking on the continuous boundary values —1/r on. the sphere, where A 
denotes a variable point notin the interior of the sphere and r the distance 
. from P tọ A. As we obtained (1), so for any point Po of To we obtain the 
following inequalities, 


f ho (Po) S ha(Po) S U (Po bo); 


4 


either for all values of i or for sufficiently large values of + On taking the 
limit as 4 increases 1 RESEN we find 


ho(Po) S < H(P) = U (Po, bo). 
since | 
U (bab 0) == ħa (bo) = — 1/Pbo, 


Pbs being the distance. between P and bo, and since both ho(P.) and U (Ps, bo) 
are continuous at P, == by, the function H (Pe) in Te is continuous at Po == do. 
Now bo is any point of By. Hence the function H is continuous in ae Hence 
the two functions H and ho are identically the same. — | 
Expressing this result in ‘terms of the Green’s functions, we have the 
following theorem : 


~ 


THEOREM 3. Suppose gx (k == 0,1, 2, - +) 4s the Green's function for- 
the region Te (88 38-4) with the- pole at the same intertor point P of To. 
Then the sequence {g:} (i == 1, 2,- +) of functions in To— P converges 
to . go in T,—P, and the convergence is uniform in any closed region in 
T,— By — P. 


6. Critical points of Green’s functions for admissible regions homeo- 
morphic with a spherical region. In § 38 we have defined an admissible region 
To, which has the same connectivity numbers as an ordinary spherical region 
but is not homeomorphic with it, and which has A, circles C1, Cee - -, Cm in’ 
its interior linearly independent with respect to bounding in its interior. In 
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§ 4 we have constructed aine regions Ti (i= 1,2,3, + -).homeomorphic 
with an ordinary spherical region, which form a. sequence converging to To. 
We shall prove the following theorem. 


THEOREM 4a. There is a “positive integer K such that, A 1= K, the 
Green’s function gi for the region T, with the pole at an interior point of To 
has at least one critical point in the intertor of To. 

If, moreover, gi ts non-degenerate in the interior of To, it has at least Ra 
critical points of type 2 in the interior of To: a 


Proof. Let us denote by Uy & positive lower bound of the values of go 
on the R, circles Cı, C2,-- +, Cr, in the interior of Te From Lemma B 
there exist two non-critical values u’ and u” of go such that 
to hn >>> | 
Let the two closed non-singular analytic regions in To bounded by the sur- 
faces go =w and go == w” be denoted by K'o and Eo” respectively (Lemma A). 
The circles are in the interior of H’», the region Hy is in the interior of Eo”, 
and the region Hy’ is in the interior of Te (Lemma A). : 
Let us confine our attention to the region Ey”. Let O denote the interior 
of a sufficiently small sphere about P. The closed region Eo” — O is a sub- 
region of T, — Ba— P. In Ey’ — O the functions gx (k = 0,1, 2,- - +) are 
harmonic. Let A be any point of E” — 0. Just as we obtained (1) so 
we have now l : 
(3) gi(A) —go(A) > 0, i = 1, 2, 3, « 2) 
Since the sequence {g;} converges uniformly to gp in Eo” — O (Theorem 3), 


for a small positive constant e there exists a positive integer K a that, 
for 1 2 K, = 


(4) | E N 
Let us assume that the positive constant e. is so small that 
w > u” +e. 


From, Lemma B there exists a non-critical PAR ui. of Ç (12K) in T; 
such that 
(5) a > yp > uh + @.. . 
Let the non-singular analytic region of points of T; satisfying gi Z us be 
denoted by E, We shall prove the following two statements: (a) Æo is in 
the interior of Ei; and (b) Æ; is in the interior of By”. 

` -Let A’, Ay, A” dendte any points of the surfaces go == W, gi = Ui, Jo = u” 
respectively. Since A’ is a point of E” — O, from (3) we have in particular 

gi(A’) > gA) =w, | ABE). 


- 
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Dut from the first inequality of (5), we have 


u > TA = g; (Ay): 
These two relations give 


(A) > gidi). 


From PEREA A applied to gi, this inequality shows that any oint at of 
Jo =W is in the interior of E,. The statement (a)- is thus proved. 

Since A” is a point of E” — O, from (4) we have in particular ` 

| g(A”) — 9o(A”) <e, -— 
‘Or : l gi(A") <u” +e. | 
From the second inequality of (5). we have: l 
l u” -++ e < t = gi (43). 
These. two relations give — 

gi(4”) < gi (4). 


From Lemma A applied to gi, this inequality shows that any point A” of 
go = u” ig not in the interior of Ei: The statement (b) is thus proved. 

Now, since the circles C1, C2,- © -,Cr, are in the interior of B'a, they 
are in the interior of E; from the statement (a). Since the circles are linearly 
independent with respect to bounding in Hy” and since Æ, is a sub-region of 
E,” from the statement (b), the circles are linearly independent with respect 
to bounding in #;. Hence the first connectivity number of E; is at least Ra. 
Our theorem then follows at once from Theorem 1. 


COROLLARY. There exists'a closed, finite, non-singular region, homeo- 
- morphic with an ordinary spherical region, for which the Green’s function 
with the pole at an interior point ae the region has at least one critical point 
wn the interior of the region. 


. Let us note that Theorem ia has been deduced from Theorem 1 on the 
bases of the Corollary to Theorem 2 and of the two properties of the sequence 
` {7} stated at the end of $4. By the same method of proof the following 
general ‘theorem can be easily established. 


THEOREM. 4.. Suppose D ts the region in Theorem .2. Suppose {D3} 
; (i= 1,2,3, + -) is a sequence of admissible regions homeomorphic with an 
ordinary. spherical region, which converges to D from the exterior and has 
the two properties stated at the end of $4. 

If R,=~0, then Theorem 4a holds oe T; and T, there are replaced 
by D; and Dy respectwely. : 
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ON OPERATIONS PERMUTABLE WITH THE LAPLACIAN. 
ye rom PORITSKY. ł | 


1. _Introduction.t Gauss’ theorem stating that the arithmetic mean 
fudS/fdS of a function u which is harmonic on and within a spherical 
surface S, is equal to its value at the center of S, bécause of its geometrical 
appeal and elegant simplicity, must be considered among the most attractive . 
theorems in analysis. Koebe, Bécher,. and others have proved converse forms 
of Gauss’ theorem by showing that this property of harmonic functions com- 
pletely characterized :them. Yet comparatively few results in mathematics 
seem to have had their starting point in that theorem, even when one con- 
“spiders the field of harmonic functions and functions related to them. This 
.. paper is the first one of several papers which grew out of an attempt to extend: 
Gauss’ mean value theorem. 

In trying to organize the results ieks were first obtained it was found that 
they could be coördinated and the proofs simplified by. the introduction of a 
certain linear functional operator A’, presently to be defined, which is permut- 
able with Y?. The proof of this permutability property, given in § 2, Theorem 
I, is not unlike some of the proofs that have been- given for Gauss’ theorem,’ 
but-the more abstract result obtained can ‘be utilized not merely to prove many 
laws of the spherical mean which generalize Gauss’ mean value theorem, but 
also to derive many apparently disconnected results in the theory of parang 

_ and related functions, such as Bessel functions. 

To describe the operator A, consider in Euclidean 3-space a concentric 
family of spherical surfaces imbedded in-the region of definition of a given 
function u(x, 4, z), where z, Y, Z are rectangular Cartesian coördinates for the 
region. Let ü(z,y,z) be a new function which is constant along each of the - 


concentric spherical surfaces and is equal to the arithmetic mean of u over ° 


that spherical ‘surface. The operation A(u) is the operation which replaces 


u by ŭ: 
A(u) =a f uas f as. 


We shall ete to this eres as “averaging” u over concentric spheres, 


Bi t National aard Fellow in ‘Mathematica, 1927-1929. | 
t The results of § 2 first appeared in the author’s Ph. D. thesis Topics is in Potential 
phere Corneli 1927, and are published here for the first time. ` 
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and to A as the “ averaging ” operator. The permutability property of A and 
V? is expressed by the equation fies E 


V? [4(u)] = 4(V°u). 


This eee is proved in Theorem I of the following section. The 
proof coyers the n- -dimensional < case for which '4 is defined in quite a similar 
manner. 

As the range of application of this result soon jiane quite extensive, it 
became of interest to look for other linear functional operators which are also 
permutable with the Laplacian. Such operators generalizing the operator A 
in various directions were soon found ; they are dealt with in §§ 3-9; we 
proceed to describe them. 

In 88 3, 4 are considered operators of the form ` ~ 


Lalu) = halo) f uio) hodo: 


here the integration (as in case of the operator A) is carried out over any 
one of the spherical surfaces of a concentric family imbedded in the domain of 
definition of u; ris the radius of the spheres, w a symbolic variable for polar 
coérdinates specifying orientation of rays through the common center, dw the 
element of solid angle subtended at the center by the surface element d&: 
do — d8/r*?; finally, hy(w), A’e(w) are two surface spherical harmonics of 
degree k, that is, functions of » such that hyr*,.A’x1* are harmonic polynomials 
of degree k. It will be noticed that for k = 0 hx, h's reduce to constants, and 
L, becomes proportional to A. The nature of the operators In(u) is ren- 
dered clear if we consider the case of two dimensions. Introducing polar 
coördinates, r, @ with pole at the common- center and choosing hy = e*4, 
hy = e*4 /27 we find that 


aoe l 
Ly(u) == t f u(r, 0) e de /2ar, 
0 


The operation Lz is thus of the nature of an operation which replaces u by 

one of the terms in the 6-Fourier expansion of u for each r. Likewise, for any 

number of dimensions the operators Læ are seen to replace u by the same type 

of functions as the terms in the (formal) expansion of u over each member 

of a family of concentric spherical surfacés in terms of a complete set of 

surface spherical harmonics of various degrees. . Two proofs of the permuta- 

bility of L and V? are given — one involving Euclidean operations only, the. 
other making use of the second. differential operator of Beltrami for thè 

‘ spherical surfaces. . 

The operators Ly find themselves in a sense generalized in the operators 
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Irm of 85. The relation of Lem to La is sufficiently well illustrated by a 
particular case (m == 1) if in three dimensions instead of considering a family 

of concentric spheres we start with a family of co-axial circles and “ average” ` 
u over each circle, that is, replace u over each circle by its arithmetic mean 
over that circle, or, again, replace u by a term of the type occurring in the 
Fourier expansion of u over each circle in terms of 6, where 6 is the central 
angle along each circle measured from a common half plane through the axis. 

In § 6 we consider operators of the form 


+00 
ZOR MEER 2m) f a hi (2's, Lot Em) 
i sae 
xX ult, Ta . + ns Yims” +5 By) dC" ` * Aa’ m: 


Here the integration is carried out over parallel m-flats immersed in a Hucli- 
dean n-space, En; R(T, * ` Em), K (T1,* * +m) are solutions of the equation 





(Bt o ta) Oe) =o 


an, OL 
where & is a constant. These operators are suggested by letting the loci of 
the common centers of the precéding operators I,m move off to infinity. 
Thus for n = 3, m=—=1 the integrations would extend over -parallel lines or 
planes instead of co-axial circles or concentric Spiere 
Returning to the operators 


Raka f kalun do! 


one might attempt to generalize them by letting hi(w), Krlo) be non integer 
harmonics, that is, functions of w such that for a non integer k r'he, 1*h’x are 
harmonic. Such harmonics, however, prove to be no longer single valued 
functions of w, but may be single valued over proper Riemann spaces spread 
over the unit sphere. These generalizations of Læ are considered in § 7. In 
§ 8 we discuss the analogues of the above results for non-Euclidean spaces. 
Finally, several further extensions of the results of the preceding sections are 
considered in § 9. 

As regards the proofs it may be sistas that they are similar and 
essentially consist. in an application of Green’s theorem and in changing the 
order of differentiations and integration. A considerable part of their com- 
plexity is due to the singularity of the coordinate system at the common center 
of the concentric spheres. 

In this paper we confine EE entirely to the consideration of the 
permutability of the operators mentioned with the Laplacian (or its proper 
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generalization for non-Kuclidean space). The application: of these ‘results we 
reserve for future papers. We shall, however, illustrate the manner in which 
these results are applied by considering a harmonic function u; if O is any 
linear functional operator permutable with V2, then 


0(V*u) = 0 = V? [0 (u)]: 


thus O(w) is also harmonic. Thus one may build new harmonic functions 
from a given one by applying to it any moras functional’ operator which is 
permutable with VY’. 


2. Permutability of the Laplacian operator VY? with the ens 
operator A. We shall consider functions of n real variables, Tı, 22,° © `, En 
where a; are orthogonal codrdinates of a point in n-dimensional Euclidean 
space En. The locus of points of Es which are a constant distance r away from 
' a fixed point we shall call a “sphere” or “ spherical surface” (common terms, 

are “(n — 1)-sphere,” “ hypersphere”’) and shall denote it by 8S. The (n—1 
dimensional element of “area” of S we denote by 48 and its projection rod 
the center onto a concentric unit sphere by dw; unless otherwise stated th4 
integrals (fd3, ffdo will extend over the whole of .S. The value of fdu, 
the area of a unit sphere, we denote by Kn. Finally, we write dv for the 
n-dimensional element of volume of Ex. . a 

As explained in § 1 (for the case n == 3), by the “arithmetic mean” or 
“average ” of u(Tiı, Z2,' * `, £n) over a spherical surface 9 will be understood 
the quotient fudS/fdS, while the operation.which consists in replacing u 
over each of a concentric family of spherical surfaces (lying in the domain 
of definition of u) by the average of u over that surface will be denoted by A. 
The resulting function, A(u), depends on r only. In thig manner '4 (u) has 
been defined for r > 0; we extend its definition to r= 0 by defining A(u) 
for r = 0, that is, for the center of the family, as the value of u itself at that 
‘point. 

We shall now prove 

THEOREM I. The operation A of averaging over concentric spherical 
surfaces is permutable with the Laplacian operation V*, that ts, 


| V* [4(u)] =ALV*u] 

‘provided u ts of class C” (that ts, is continuous and possesses continuous deri- 
valves of first and second order) in the closed region bounded by concentric 
spheres of radii a,b, 0 <a Œr S b, or by the single sphere of radius b, r&b, 
where r is the distance from the common center. These closed regions we 
denote by fa», Rv, respectively. ' 


Fa 
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‘To prove this we shall first tee that the derivatives 0°A(w) /éx,* exist 
(this is mapas in the statement of the theorem) and are continuous. Let 
61, 0237 © `, Onas r be a system of Polar codrdinates, where 6; are constant along 
» rays through the center; we may choose ;, for example, as the angles 
defined by 
T, = f COS ba, 
Ta = f BIN G, cos 03, 
(1) eo CA ee eS ee te ye 
Tn-1 = T BING, BIN ĝa- * © BIN Ong COB Oni; : 
Tn = T BIN 6, sin ĝo ' ° + 8in Ôn-a BÌD Oy_1, 
where the origin has been put at-the center. Using œ as symbolic for the 
-<N— 1 variables 6;, we write 


genah EP da, faif dy = 9 Ky, 


We may write A (u), r = 0 not excepted, in the form 


Alu) = | u(r,0)do/Ks, 


_and we notice that both dw and the limits of integration are independent of r, 
while éu/8r, u/dr? exist and are continuous in all the variables r, 6;. Hence 
dA/dr, d?A/dr* exist, are continuous in r in the closed interval in question, 
and may be obtained by differentiating under the integral sign. Moreover, the 
values of the former derivative for r= 0 is 0, since by differentiating under 
the integral sign we see that the directional derivatives in two opposite direc- 
tions cancel each- other. From this the existence and continuity of 
8A (uw) /bx;, FA (u) /dx,? except at the origin follow at once, and we may write 
for r s4 0 


(2) OA(u) dA(u) a GA(w)  PA(u) ai? 4 dA (u) fi — 27? 
0a, ` d r? Oe? d? r? dr Po 

To prove the existence’ and continuity of the derivatives of A(u) at the 
origin requires somewhat longer considerations. As regards the existence of 
the derivatives at the origin,.let U be any space function depending on.r only 
and of class ©” in r for OS rb. int w-axis, since r=='| 2; | there, 
we have 0U /dz, == + dU /dr according ag z; Z0, while #U/d2,)? — PU/dr? 
there for 2;540.. Therefore at the origin 9U/2, will exist or not according 
as dU /dr | r- vanishes or not. In the former case, moreover, PU /dz;? is seen 
to exist along the z-axis even for 2; ==.0 and-to be equal-to d?U/dr* | rap there. 
Applying this'to A (u): we see that 0A. (u) / 9x45. PA (u)/ĝr; exist at the oem 
and 











4 
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GA(u)| o Alu) 
Oli Leo i r’? 


= RA (u) 
r=0 . dr? 


Now as regards the continuity of the derivatives of A (u) at the origin, 
if in equations (2) we let r approach zero, since | z;/r | 1, we get Ss 


0A (u) 











r=0 





lim === 0, 
r~>0 
GA (12) _ tim, PACU) z? | dd(u) oe ae 
roo Îr? ro d PU dr P 
Putting the last term in the form | | 
| dA(u) _ (dA(u) ) 
dr — dr rz0 fo? 
r rê 


we find 
0A (u) = aA (u) 
ro | Oa? dr? a 





Thus A (u) is of class C’” at the origin, too. 

Incidentally, it follows from the above considerations that if U is a space 
function which depends on r only and is of class ©” in r for 0 CaSrSs, . 
then U is of class ©” in z; in the region Ra», while if U is of class C” in r 
for 0=r=b, then U need not be even of class Q in Ry, unless 
dU /dr | r- == 0, in which case U will be’of class ©” in Re. The Laplacian of 
- such a function will be given by l 











(3) . yU ay = 1 wD n~1 d A (m aL) for r>0, 
eu 
/ 2 PEE 
(3°) i =n a for r==0. 


We now proceed with the proof by applying Gauss? Theorem to the 
spherical shell bounded by two spheres Sı, S of radii TuTo <La Srn < 


fat db: 
S veuan | Ge as, | B02) as, 
ĝu 3) . ĝu 3 l 
=m rn] f Cs ) do— rr f m du. 


Dividing by ra — 11, letting one of the radii approach the other, replacing the 
latter by r, and denoting the corresponding spherical surface by S we get 
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: l d (p fo ) 
(4) f Vulne) — (1 ane! do). 
From this follows upon are by fas = Kyr 
d-n — = ^ du(r, o) a) dw 
P R s [r a ae 


But if we interchange the order of integration and one differentiation and 
take account of (3), we find that the right hand member above reduces to 
V7A(u). The theorem is thus proved except for r—=0. In this case it 
follows from the continuity of both functions A[V*u], V LA (u) ]. 


3. Permutability of the operators Is, with the Laplacian. We shall now 
extend the results of $ 2 by showing that the property there proved for the 
\weraging operator (namely, its permutability with the Laplacian) is also pos- 
faced by the operators Ly defined as. follows: . 

Let Hy ( t4, a` © +, tn), Hx’ (21, Te © >, an) be two homogeneous har- 
monic polynomials of degree k, or in familiar teminology, two (solid) spheri- 
cal harmonics of degree k, and let he == Hy/r*, hy’ == H3//r* be the correspond- 
ing “surface” spherical harmonics. The latter are independent of r, being, 
in fact, polynomials in cos 4;, sin Ôn,’ > +, sin Oaie Using the notation of the 
preceding sections we shall write a ea x’ == hy’(w). Corresponding 
to two such spherical harmonics of degree k we define Ly(u) : 


(6) = © Iau) =h(o) f ew!) u(r, Ydo. 


The result of applying Le to a function u is thus a new function which is a 
product of the surface spherical harmonic ha by a function of r; for brevity 
we shall denote the latter by I(t): 


I(r) -f helo ju(r, 0 ) de 


At the origin we define L(u) for k 40 as equal i zero. For k= Q hr, hi’ 
are to be replaced by.constants and Lo is seen to be proportional to A (u); 
this we assume to hold at the origin, too (that is, with the same constant o! 
proportionality). 

As pointed out in § 1, the functions In(u) are of the same type as the 
functions occurring in the formal expansion of u along each member of the 
spheres r == const. in terms of a complete set of surface spherical harmonics 
independent of r. In this -connection the function I(r) appears to be a- 
“ Fourier constant” for each spherical surface and the function Lo(u) corre- 
sponds to the constant term of the above expansion. 
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For these Le we now state 

TuxoreM II. The operators Lj ii permutable with V*, that ts, 
(6) VW? [Lx(u)] = Lr [V°u] 
under the same conditions oni u as in Theorem I. . 


Since Theorem I is contained in Theorem II as a special c case and the 
proof which follows could be rendered independent of the preceding section, 
the latter could have been omitted. A separate proof of Theorem I seemed, 
however, desirable in view of its simplicity and its importance for applications, 
as well as in order to break up the not inconsiderable complexity of the subject 
matter. | | 

We begin with the consideration of ôI /0a,, @I/dx;2. Their existence and 
continuity for r > 0 follows from considerations similar to those of the pre4 
ceding section. Hence Le(u) is of class C” except possibly at the origin. 

We proceed to compute V? In (1) : 

Y? [In (t4)] = V(x I) 

== V? (Hy Ir*) 

= VH (Ir *) + 2V Hr: V (Ir*) + HV? (Ir*), 
where the second term is twice the scalar product of the gradients V Hw, 
V (Ir-*); this term may be replaced by 2 {@H;/ér) [d(Ir*)/dr]} since the 
gradient of Ir* points in a radial direction. On equating V*H to zero, replac- 
ing Hx by hy, and V? in the last term by (3), and ede out the dif- 
ferentiations we get 


, PI n—1dl E 
MO Vha de Oe Or o 


Next consider 


Tn(Y2u) = a(o) f Wela’) V2u(, o") do’. 


By applying Green’s Theorem to the volume between two concentric spherical 
surfaces which are allowed to approach each other we obtain a result generaliz- 


ing PINAR (4): Da 
f (vV7u— uV*v) dS =m ae frat | f (v ie sie u dv/dr) dw); i 


here v as well as u is of class ©”. If in this Poia we put n in Place of v, 
we get | 


F Hyu dS = (d/dr) [r"> af (H’iiu/6r— — bH) A 
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and, replacing A, by A/zr* and- as by 7” da, 
pema f Warde — (d/ar) {or f Me (Our) da — (k/r) i h'suda]}; 


finally, da the order of differentiation and integration in fAs(ĝu/ĝr) dw, 
solving for fh; V7udo, and simplifying, we obtain for this integral the 
bracket -of the right-hand member of (7). The proof of Theorem II, except | 
‘ie r === O, is thus complete. 
For r==0 we may verify the theorem apes for the cases i u isa 
solynomial of the second degree in 21,‘ °° Za; it remains to prove it for 
functions u of class ©” and such that for small r | 


w=0(1*), ĝu/ðzı =o(r), Pu/ðr = o(1). 
~ we point out that since hẹ = O (1), 
\ r= f Rela’ u(r, 0!) dal — o(}, 


dips f h’y(o’) [ðu(r, o) /8r] du! o, @I/de? = 0(1); 


hence 
ol al zı PI ` dl rrt—a, PI ti 
m dre TOO maS e a TO) 


Again, hy(w)/ĝzr: = O (r>), Pha (w) 3z += 0 (2), hence Ig(tu) = hal 
= o(r*) and Læ(u) is continuous-at the origin ; its ee derivatives with 
respect to z; vanish there, for 


OL (u) /O2, 0 + = lim O(1*)/ti= lim O(n) — 0. 
Near the origin 
OLy(u) /bx, = (h/z) n _ hað /bey = O(r)o(r) 4 ua = o(r); 


'3In(u)/ĝx; are thus continuous at r= 0. Likewise by using the above order 
relations for the derivatives of I and of hx, one proves that 6? Ly (u) /Oz*, are 
continuous at r—0 and vanish there. The last statement also applies, how- 
ever, to In( V7) since . 


7 (vy) is f K E A i E 


We have thus shown that both members of (6) are continuous at the origin 
and are equal to each orner there, Gii The proof of ae H i is thus 
complete. ° ` 
The cross i Ia (u) /ôz: Ge; may pe shown to be continuous inclu- 


` 
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sive of the origin in the same manner as Was done for 0*Lz (u) /§27. Hence 
Lelu) is of class 0”. 


t 


4, Another proof of Theorem II; the second diferential operator of 
Beltrami. The proof of Theorem II admits (for r > 0) of another form 
which is illuminating, and reveals the ratson d’étre of the theorem. 

Recall expression (3) for V*. Replacing the r- differentiations ` in it b 
partial differentiations, we shall denote the result by Dz: À 





fu  n—i 2 (ros 2 | 
(9) Dalu) = ga Te Bp Be A Oe D> A 
and write | 3 : 
(10) V7u == Dou +- Agu. : 


The operator Az is obviously independent of axes and codrdinates; the fol.” 
lowing properties of this operator will be utilized: ) 


1. A, is a’sum of homogeneous differential operators of first and seconu ~- 
orders; if polar coördinates r, 0; are used, A, involves 6,—differ- 
entiations only. 


2. For any two fuuctions u(w), v(w) which are sani valued over a sphere - 
and of class C” the equation holds 





(11) f [VAU — UAgv | do m 0. 
3. A surface spherical harmonic of degree k, hr satisfies the saison 
(12) Ag (hx) = —k(k + n— 2) hyr. 


Granting these properties, we shall now prove that V7? and Lx are per- 
mutable by showlng that Lx is permutable with each of the operators D, Ag 
whose sum is La to V*. Indeed, 


Da {Zn (1) ] — Za (Dau) = 1 (8/0 (08/0 [ha (o) if W'a(w) u(r, 0) da} 
— helo) f hrl jrr (0/0r {re [Bu(r, a) /br]} da” 


and this vanishes since the r-differentiations and the w-integrations are o per- 
mutable. Again, 


ts [Za (u)] — Zn (att) — As [a(o fi Wael) u(t!) da" 
— hafo) S halo") As [u(r 0”)] de’ 


Lao 
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- The right hand member may now be transformed by noticing that in the 
first term the integral is a function of r only (denoted by I(r) in the pre- 


ceding section), while A, involves differentiations along the surface of the 


sphere only, and utilizing (11) ;! we get - 
As [Ia(u)] — Dr(a) = [Ashe (o)] | Kaloulr, 0”) do 
halo) f u(t, o) Aa [We(w’)] do 


It only remains to make use of (12) to reduce AE aa to: 
ZeTO. : : 7 


We now turn to the proof of the properties of A; which have been util- 
ized above. The first one may be proved in a straightforward manner by 
expressing VY? in terms of r- and @-differentiations by means of the familiar 
expression of V? in curvilinear coérdinates. Equation (12) now follows from 


0 = V? (Hr) = V? (hart) 


by aing V? by the right hand member of (10), noting that D: operates 
only on 7* and A, only on hx, and carrying out the r-differentiations involved. 
Finally, as regards equation (11), it is essentially equivalent to equation (8) 
of the preceding section. This may be seen by replacing dS in, the left hand 
member of that equation by r*~dw, dividing both sides by r**, and interchang- 
ing the order of the integration and the PUER operations on the right; 
we get 


f (vY 2u — u Y0) do = f ri-n (8/8r) [re (vbu/ðr — ubu /ðr)] do | 
=f [ (n —.1)/r] (v8u/ðr — uv /6r) du + MEF ôu _ ĉu bo ) do 
T f (vôu ybr? — - uvda) dw 
= f (Dau — uDsv) do. 


Transposing and replacing V*—- D: by Az we obtain the formula in question. 

_ Another method of deducing the properties of the operator Ag is also of 
interest. This operator constitutes for the sphere ‘what is known as the “ sec- 
ond differential invariant operator”, due to Beltrami. For any Riemannian 
space with a metric 


dst = >, Gaede eds oo a (EJ =i ++, n), 
the latter operator might be defined by a 
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(18) Ay(u) = g} S (6/06) [PA Eg 0u] IL yn); 


here g is the absolute value of the determinant: | gi; |(g df > > - déw is thus 
the element of volume dr of Ry), while g*/ is the matrix which is “ reciprocal ” 
to the matrix gij. i particular, if & are orthogonal coordinates; so that 


l ds? = 3 h dé: (t=1,--+,0); 
(13) becomes 


oe hy: tos ns ‘hy bu 
lá l A oo 
(13°) ; 2 i y d(H shuh 


hi E BE; 
This operator may be ite to possess a “ aie ” theorem similar to that 
possessed by the Laplacian V? (to which it reduces if A, is reduced to En) : 


(14) f (vAu — uAw) dr — f [v(du/an) = u(dv/an)] aS, 


where the left hand integral extends over a region r of Rp and the right hand~~ 
integral over its boundary >. 

Now equation (11) constitutes a special instance of this general integra. 
tion theorem: if for Ra we choose a sphere S in En and apply (14) to the 
complete sphere, the right hand member reduces to zero since there is no 


boundary, and we nape 
f (vAu — Ai dS == 0; 


from this (11) follows by dividing by r** provided that the identity of the 
present operator A; with the operator As as defined by (10)-is granted. 

The identity of these two operators may be established without resorting 
to detailed computations. If in (14) we put v == 1, it reduces to, 


(14) 0 f hae f (ou/omy aS 


+ From this one deduces the well known definition of A, as the limit of the ratio 


f (ĝu/ĝn) dr/r as r shrinks to a pomi the invariant neces of A, as ‘regards 


 codrdinates is thus manifest. 
It will be recalled that the first invariant differential parameter A,, due to Lamé, 
is the maximum of the various directional derivatives of.u at a point. A further 


intrinsic definition of A, is through the variation of. the integral f” 1t dt, thus: 


a f Alude = Jae 


for variations u of u, which vanish on the boundary of T. See, ‘for instance, Courant 
‘Hilbert, Methoden der Mathematischen Physik, Vol. 1, P 194; also W. Blaschke, ` 
Vorlesungen über Differentialgeometrie, Val. 1; §8§ 66-68. A m 
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Next apply Gauss’.theorem f Viu dv = f (8u/8n) dS to the volume bounded by 
two concentric spherical surfaces r == 11, r= fa, and a solid cone obtained by 
letting w range over a proper region or of the unit sphere. If we divide by 
(rı— tı) and let fi, 13 approach r, the left-hand member approaches 
fsp V’”ud8, where Sr is the portion of S for which œ lies in œg; the con- 
tribution to the surface integral from the two concentric surfaces, upon 
dividing by rz — rı, is geen to approach 


È (gus fidelen) gy) =f. te aaa 
a aad a eens “in 2) ig — -f (at at 5t ) as: 


finally, the contribution to the surface integral from the boundary of the solid 
angle gives rise to a similar [ (nm — 2)-dimensional] integral over the boundary 
of Sr, involving derivatives of u in directions normal to this.boundary and 
tangent to S; by means of (14°) this integral may be Di to fs,Asu d5. 
Hence we get 


i Vu dS = Se (uyo + Hon — 19/7) (our) a8 + J, Agu d8, 


~ and on amane the integrands obtain equation (10). We have thus estab- 
lished the identity of the two ways of introducing Az. 


` 5. Extension of the property of permutability with the Laplacian to the 
operators Lm. We now consider a Euclidean space Enim of n +- m dimen- 
= sions with the rectangular codrdinates zı, ',2nj Uni,’ `°, Tnm, and a - 
function u(21,° ` `, Tn; Unui,° ° `, Zum) of class C”. Lf we equate Tans’ ', 
Znam to the constants Cn © +, Caim, We find ourselves in a Euclidean space 
EH, of n dimensions. To the resulting function u(t © ',2n; Omo’ s 
Cnm) we may apply the operators I of the last section, obtaining thereby a ` 
new function over En. If we now vary the constants Cnr, ` +, Crim while we 
keep fixed the harmonics Hy, H’s in terms of which Lz is defined + and trans- 
form u into (u) over each of the En thus obtained, there results a new 
function over Exim; this function we denote by Lr, (u). We shall now show 
that these operators Lr,» are permutable with | 


t These harmonies involve 2,,- : -,@, only. 
VE = P/r + P/a +--+ an 
Indeed, by Theorem II Lz,» is permutable with 6?/02,2 + - --+ 62/82,2; 
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~ 


it remains to show that it is also permutable with 0/627 +° + + + #/0a"nim. 
Now for r > 0 I» is given by : 


(5) In(t) = In a) Wale! )1(45 a tansy a tam) da’ 


where r? == T1? +--+ +--+ 2,7 and w stands for 0i,’ > `, $n. defined—say—by 
equations (1). Thus both he(w), h’(w’) as well as the limits of integration 
are independent of tui,‘ °°, Znaim; because of this and since ĝu/Îtn, 1s con- 
tinuous in all the variables T, ba,’ -ty Onaj Tm’ °°, 2nim, it follows that . 
OLr m/n exists and may be obtained by differentiating under the integral 
sign; there, of course, the differentiation is applied to u only; we have thus | 
shown that for r > 0 In, is permutable with @/ét_,.; likewise it is proved to 
be permutable with 8/02n.2.,° + +, O/T nn, O/a °°, and hence wi. 
87/8 ayy tb T) im. k 


Now consider the locus r == 0. Denote the operator #/d2%n1 + °° + 
87/827 nim DY V?. The function V2u is continuous inclusive of r == 0. Hence 
we infer from Theorem II that In( V2) is continuous in zı,’ * `, Zs at each 
` point of r=0. Along the latter locus, however, Le( Y°u) reduces by defini- 
tion either to zero (k > 0) or to a constant multiple of Vu (k == 0), and is 
thus continuous within r—0. Lz(V*%u) is therefore continuous ‘at r = 0. 
Likewise Le(u) reduces for r = 0 either to zero or to the same constant multi- 
ple of u. Therefore V2Lx(u), already proved existent and equal to Iz(V 2) 
for r > 0, is seen to exist at r == 0 and is equal to In(V%u) there, too. 
In this. way is proved the permutability of Ix. with V? for regions 
given by . | : 
. ABni * . "y Bnn) SS T SS b (Tma ° *, nam) > 


wh 


where a, b are. continuous functions of Zmay’ © *, Zume For more general 
regions of Emm, obtained by letting r, tni1,° © `, nım range over an (m + 1)- 
dimensional region, the proof may be carried out by approximating to the 
boundary by means of a finite number of regions whose boundaries are of the. 
above type. For brevity we shall refer to such regions (and to regions obtained 
from them by a rigid movement of space) as “regions over which Inn ts 
applicable.” | ! . j 

- If we now revert to employing n for the total number of. dimensions of 
the Euclidean space under consideration and replace the above n by m (=n), 
we may summarize the above result in a theorem which forms an extension 
of Theorem II: , : 


` 
j 
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‘Trrorem III. The operators lose are pormutable with the Laplactan, 
that 13, 

| V’ [Lam (t) — Ir,m( V?) 

yondi u is of class O” ina region over which Lrx,m ts applicable.. 


6. Permuitability of the Laplacian with the operators L* i,m. We shall 
now consider the operators L*x,m defined by 


(15) D*ym(tt) = Ie(tyty °° sEm) f A: E E AERE E 


XUT T'a i Tm; Tm’ * y En) da'y,° " `, drm, 
where he(@1,° * *, Em), hk (T1, * +, 2m) are solutions of 

(8/02 4- © + -+ 8m) h — kh 
for a constant k for — œ < T° y Tm <L + œ. 

“It is of interest to point out (though unnecessary for the proof which 
follows) that these operators may be considered as the limits approached by 
the operators Lw, [n,m of the preceding sections when the centers of the spheres 
or subspheres recede to infinity and the degree of the surface harmonics ha, 
hr is properly increased. Thus, if for definiteness, we consider in Es a con- 
centric ramy of spheres with an associated operator 


(5) Lalu) —in(w) | w Aai w) dw’ 


and let the center recede to infinity, say, in the direction of the-x,-axis, the 
spheres r == constant flatten out into the planes Za == constant. Now it was 
shown in § 4 that along a sphere of radius r surface harmonics hx(w) of aa 
‘ke satisfy the equation, 

(12) A; hy = — k(k + n—2)r hy 


(with n==3). - Therefore, if at the same time that the center. recedes to 
infinity we let k become infinite so that —k(k + a pene a 
finite limit k’, we are led to consider the equation ` 
a ee (P/hry? + #/dx*)h + kh = 0 
as the limit.of (12), and the operator L*, as the limit of Lx. 
A familiar instance of the above limiting process is the passage from the 
Legendre polynomials to Bessel’s function : 


lim P,(cos 6/n) = Jo(6).+ 


+ See, for instance, G. N. Watson, Bessel Funotions, p. 155. 
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Returning to the general opema L*x,m defined by (15), we now state: 


THEOREM IV. The onavita L* m are permitable with Y? provided that | 


1. uis of class O” in any region R which is the product complex of any 
finite region Rm in the (21, Ta °°, tm)— space by a finite region Ram m ` 
the (Emi e Ty Tya )— space; ` ' l 


2. The integrals 
+00 
l= f C È Walen, Emul 5x) dtn, dtm 
-& ` 
P = f Pas f hy (21, °° * 5m) (2/827 mer + Mee + 6? /Batn®)u(4y,°°*, tn) da, +++ day 
-00 


+00 l a 
Tym S E G Walen sEm) (08/08 pe O/B yt) yo dee 
OO- 
converge. | 


3. The order of the differentiations and integrations occurring in the 
integral I, may be inverted, that ts, | 


(16) (8/9 mir ++ IEn") J z AG "ty Tm) U (Ti * y En) da, +++ dtm 
=f age `, Tn) (P/b mas eo + 08/0aq?) Ul oy, °° tq) day damt 
4. The ere 
Í, (u Oh’s,/On — h’y 04/8) dI m-i 
Smi 


extended over the boundary Sm, of the region Em, where 8/ôn denotes the 
derivative in the direction of the outer normal, approaches zero as Rm expands 
to infinity, that ts, as it expands so as to enclose any point of the 8u: ` `, 2m- 


- Space. : 


To prove this break up the operator V? into two parts: 
= (0/0 F/B?) + (G/B + 00t) mY? YY.” 
We shall show that each part is permutable with Tie. 
First consider the operator “V2. ene for its pormutability with a 


+ A sufficient condition for this is that the right È hand member of (16) converge 
uniformly with respect to œ -+,@,. See de la Vallée Poussin, Cours d'Analyse, 
Vol. 2, $ 23. i ` 


m+?” 
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_ 


L*i,m ate essentially. contained in condition 3 above. Thus, equation (16) 
implies that “V? may be applied to the ares 
wal. S hC -A “eau : ams mets", Dn) da’ +++ dam; ; 
hence it may also be applied to hala, +1, Tm) Ls yielding | 
l "X73 (hy Ia) — ha” Y? Ia. 


Multiplying both members of (16) by Ax and transforming the resulting left 
hand member by means of the last equation, we obtain ` ; 


“yp Lim (u) = Len (/V? u). 
Next consider the operator ’V?.. 


Lem (OV 72) Tin tay 5m) f ee f Walon 2m) are 
A : +00 r l 2 
X (8/0 foo A P/L nu as, ++, ems Ems y tm) day ++ dam 
hy lim È h'p’V2u dum, | 
, Rm. Rm l 
where the notation is obvious; the integral involved is precisely fs; it- may 
be transformed by means of Green’s theorem thus: 


Sui 


| f h's’ Yêu dim { ¢ Vil dim t+ ( (h 0u/ûn — u O’s/0n) Ima: 
Now on account of condition 4, the last paneer: approaches zero as Em 

a to infinity. Hence, f i 
L*ym(’V 72) = he, lim a (CV hr) u dum 

= ihe lim hx u dum 

moo Rm . 

= khz L. 
On the other hand, ' 

1T Lra (t) 02 (We Ls) = (CI I= Wy 
| since I, is independent of Ta,” ‘*;2m. Hence L*im is permutable with the - 


‘operator ’V? as well. The proof of Theorem IV is thus complete. ` 


Y. Generalization to mulitple-valued harmonics. ‘Returning, say, to the 
operators Ly of $$ 3, 4, one may note on examining the proof of Theorem I] 
4 5 . 
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that’ while use is made of the fact that ha(w)r*, kW'r(o)r™ are harmoniċ, no 
explicit use is made of the facts that ¥ is an integer, and that these functions 


are polynomials in Zı,'' ',Z„.. The proof, it appears, would go thru just: — 


as well if for a non-integer constant k the functions hy(o)r*, h’,(w)r* were 
harmonic, or, what amounts to the same thing, if for such a constant k oe 
functions hy(w), hx’ (w) satisfied the equation (12) 


Agh, = —k(k -~ n—2) he * 


along the unit sphere. However, such an extension of Theorem II, while 
‘ possible, is really vacuous due to the circumstance that the only values of the . 
parameter x for which there exists a non-zero solution of 


Ask eena kh 


` along a unit sphere (in En) are precisely the values x = he (le + n— 2), 


where x is an integer, and that for any such characteristic parameter value___ 


the function A1* is a harmonic polynomial of degree k. For this reason the 
direct extension of Theorem II to non-integer k is impossible. 

To get an idea of how the above results may be extended to more general 
_ surface harmonics, that is, to general solutions of (12) for which r* hx are 
not polynomials, consider the case n == 2. In this case equation (12) reduces 
. along the unit circle to d*h/d6? =» — Ih; the solutions of the latter equations 
are linear combinations of etf, e-*” and are thus single-valued over the unit 
circle if and only if k is an integer. For other values’ of k these solutions may 
be considered to be single-valued over a proper closed or open curve Q which 
covers the unit circle a finite or infinite number of times. The operator 


hy (0) f hal ulr, 0) df 


may now be applied to any function u which is similarly multiple valued for- 
each r; that is, single-valued over the Riemann surface which is the product 
of Q by an r-interval. The proof of Theorem II may be easily adapted to me 
case of rational k. 

It will be recalled that in the proof of § 4, Y? is en up into D; aaa 
As, and each of these is shown to be permutable with Lx. The permutability 
of D; follows from a change of the order of its r-differentiations and w-integra- 
tions; that of A, from equation (11), itself a special case of the Green- 
Beltrami Theorem (14). For n == 2, we have 


Dy =— ĝ?u/3r? + (1/r) (ðu/ðr), Ag Mp 
and (11), (14) reduce to 
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fi (v u/r0e — u 0/1906" ean 


T (v 6/1008 ee upiya) do — v bu/r06 — u oroo 


respectively. 

l It will be seen that for PEN k, k = h/l, where h and } are relatively 
prime integers, the proof applies provided that the limits 0 and 2r are placed 
by 0 and 27l. However, for irrational k, the operator in question becomes 


he (8) f “We u(r, P), | 


and proper additional conditions have to be introduced due to the infinite 
' limits; this may be done in a fashion quite analogous to that of the preced- 

ing section: in connection with Iz for which the zango of integration was 
~ infinite. 


In quite a a manner one could treat for any n the operator 


bx (u) =h (0) f raul 0°) do’, 
where Ar, Ay’ are any two solutions of the equation (12) 
| Ash = kh 


over the unit sphere, and 9, Q’ are the Riemann surfaces spread over the unit 
sphere over which hx, hx’ are respectively single-valued; the function u is 
single-valued over the product complex of 0’ by an r-interval,O Carb. 
For n = 2, Q, Q’ necessarily possess the same structure; such need not be the 
~~ case, however, for n > 2. The Riemann surfaces Q, Q’ are not to be confused 
with the spaces of Riemann differential geometry but are to be thought of as 
consisting of a finite or infinite number of possibly incomplete copies of the 
unit sphere, properly cut and cross-connected. Points of 2’ at which h's is 
non-analytic along the unite sphere will be considered as belonging to the 
boundary of 0’; this boundary will include points in whose neighborhood R’ 
fails to be a a alone the unit sphere. Points not on the boundary of 
Q will be called “ inner” points. 
The conditions fer the permutability of Ax and V’, Donii below in 
‘ Theorem V, are quite analogous to those of Theorem IV of the preceding 
section. The analogue of the finite region Re is taken by a part 0’; of Y, 
which consists of a finite number of possibly incomplete copies of the unit 
sphere, and contains no boundary point of @ either within it or on its 
boundary; we shall a Q; a “finite part” of Y. 


P oe 
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To avoid unnecessary repetitions Theorem yi js fea for me operators 
Arm defined by 


Agm(t) —he(Q) | Ul Y; tm ” . 2a) dO" 


and which reduce to the operators just described, but.for an m-dimensional 
case, by putting imi,’ ` `, Zs equal to constants. ©, Q” are Riemann surfaces 
spread over the “ sub-spheres” 2,7 + 27 +--+ > + 2m? = 17, These operators 
extend the operators Lz.m of § 5 in the same way that Ay extend the operators 
Lr, and reduce to Az for m = n. 


we 


THEOREM V. The operators S are P with kg except where | 
hy(Q) is not of class 0”, provided that 


1..u ts of class C” in the product complex of 2 7 an: r-interval ` 
0 a< r&b by a region in the (Timers wg tn) -8pace. . = 


2. The integrals | . 
Im f, h’y (Ou (7, Y; Em’ + +, Ea) dO’, 
Is =f, hy! (0) {68/00 +- [ (m —1)/r] (8/0r) + /80% mar +++ + 8/0? judi 
I, "= f h’,(9’) Audi, 
tf improper, convergé. 
3. The order of integrations and aija in Ia may be inverted. ` 
4. The integral | 
fa (u 0h’,/in — Ws du/on) dy 7 


extended õver the boundary $, of a finite part QO’; of 2” approaches zero as Oy 
espande $0 as to enclose any inner point of 0’. . 


The proof of Theorem V parallels closely the proof of Theorem IV and 
will be omitted. 

- It is of interest to point out that Theorem V remains valid if the Q 
integrations are carried out not over all of Q’, but only over part of it, pro- 
vided that along the additional boundary the integral 


ft oh! Hon — h's iu/in) aS 


. vanishes. 
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Theorem IV, too, admits of similar extensions to multiple-valued func- 
tions hx, hx’ or to integrations extending over part of the flat or the Riemann 
surface over which hx’ is single-valued. . 


8. Non-Euclidean Spaces. We shall denote the non-Euclidean space by 
Nn and consider the analogues of the operators Lr, Lr,m, L*z,m. Naturally, the 
Laplacian V? of En is to be replaced, by the second ‘differential invariant | 
~ operator of Beltrami A? for Nn. . 

We recall first that the geometry of directions thru a point is the same 
for N, as for En; therefore we may use 6;, o to specify directions thru a point, 
as in the Euclidean case, without leading to any confusion. The element of 
length in spherical codrdinates r, w is - 


ds? = dr? + (sin cr/c)?(dsu)*, 


where c is the reciprocal of the space constant and ds, is the element of length 
along a unit sphere in £,; c? is positive for Riemann spaces, negative for 
Lobachevsky spaces, while the Euclidean case is obtained by letting c? approach 
zero. In terms of these spherical coordinates the operators Dx are defined as 
in the Euclidean case by means of 


Llu) =ħ(o) f Kaloula; 


here hr, hy’ are the same surface spherical harmonics as in the Euclidean case. 
Likewise the operators Lx,m are obtained by applying the m-dimensional case 
of Ly to m-flats which are totally perpendicular to a fixed (n — m)-flat, Nam: 


Lx m(t) = hy (w) f krl u(r, o, Č T Tg Eaa) dw ; 


here £:,° © +, &x-m are coordinates along Nam, specifying the center of the sub- 
spheres of integration, r is the radius of the subspheres, and specifies the 
direction of the radii; directions thru two centers 01, O}, corresponding to the 
same w are directions perpendicular to the line._0,0. and lying in a half plane 
bounded by it. i 

To prove the permutability of Lr,m with A, (the operators Ly result from 
I,m if m = n), we observe that in terms of the coordinates r,w;€1,° © +, n-m 
the element of length for N, is given by l 


ds? == dr? -+ cos? or (dsp)? + (sin? cr/c?) (dsy)? 


where (ds;)* is the quadratic differential in dé,,- - -, d&s.m which is equal to 
the square of element of length along Nam, and (ds.)*, similarly, is equal to 
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the square of element of length along a Euclidean unit sphere in Em. Choos- 
ing for £ as well as for w orthogonal coordinates, it is readily verified that 
me comeeety 
cos"™"™ or sin"? or Ôr 


Ao sAm, 
$50 Aat + ag 


where A2, wâg are the same differential operators as the Beltrami operators for 
"Nam, and for a Euclidean sphere in Em, respectively. 

We may now show that each of the three parts of Ay is permutable with 
Lr,m. Indeed, the permutability of the first two parts follows by changing 
the order of the -integrations and the 7- or &-differentiations. The permu- 
tability of the third part follows by applying adaptations of equations (11) 
and (12) in the form, si 


Actt = | cos cr sin- cr ba l 





J (ods) — (oar) do = 0, | 
ce alii (hx, h'e). 


The proof may be extended 7 r = 0 by means of considerations similar to 
those used in $§ 3, 5 for the Euclidean cases.t 

It will be recalled that in the Euclidean case the operators es are sug- 
gested by letting the locus of centers recede to infinity: While no such limit- 
ing process may be carried out in the Riemann geometry, for the Lobachevsky 
geometry the locus of centers Nam could be placed either at infinity or in the 
transfinite region. The operators L*.m which result involve integrations not 
along spheres, but along horospheres and equidistant surfaces, respectively. 
For the transfinite case analogue of L*s,m; it is of interest to note, that the 
same coordinate system is involved as for Lx,n-m. The operator in question is 


aa (u)= halfo bn) f Wala Emul; by + fn) Se 


here the integrations are carried out (not over the loci r = const., éi == const. 


+ For Lẹ an alternative opel is to map the neighborhood of r==0 on a 
concentric family of spheres in H,, radii going into radii of the same length . and 
angles between radii being preserved. The operation L, (u) for W, goes into an 
operation Ly for H, As D,(#) is of class O” at r=0 T the Euclidean case, it will 
also be of clase o” for the non-Euclidean case, so that A L (u) will exist and be 
continuous at r== 0, Likewise ‘ 24, continuous at *—0 for N,,, will be continuous 
for r= 0 in Hy; hence Z,(A,u) will be continuous at r=0 in H, and therefore 
also in No ^ l 


JA ‘similar procedure could also be -followed for yy 
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as for Len-m but) over r= const., oœ == const., that is, along “ equidistant ” 
m-dimensional surfaces, a distance r away from a flat Nm; hr, h’x are solu- 
tions of 

Agh = kh; 


and dS; is the (m — 1)-dimensional content of the spacer == 0. This operator 
Lkm may be shown to be permutable with A, under conditions analogous to 
those of Theorem IY. 

If the space Num of Lr,m recedes to infinity in a proper manner, one is 
led to an element of are of the form 


ds? = dé =f 620 ( da? fo... -+ d?a), 


the loci == const. being equidistant horospheres, and to operators 


, co 
LF ym (u) = hy (2, Lm) f rs f HACET nana" Tm) 
-0 


MACE a Fe a Aot fs Da Aa Oe m 


where hy, A’, are solutions of 
(07/00)? +--+ ++ Etm) h = kh; 


the left hand operator is the Beltrami operator along a horosphere é= 0; 
Emi = CONSt.,* * `, En- = const. Again the conditions under which one might 
prove the permutability of L*r,m and Az are analogous to those of Theorem IV. 


9. Further extensions, iterated Laplacians. Because of the very nature 
of the above theorems the functions u have been assumed to be of class C”. 
The theory of potential indicates in what direction the above results may be 
extended to less restricted functions. Thus, for 7==3, any function u of 
class C” may be considered as the potential due to gravitating matter of 
volume density V*u/47 (plus a harmonic function). If one rephrases the 
various theorems above in terms of potentials and mass distributions one has 
a formulation which might be applied to such functions «u as the potentials 
due to point, line, and surface distributions, using f (0u/dn)d X,/4r as the 
mass inside a surface >. 

Following out these ideas, one arrives at an extension of, say, Theorem 
II, of the following form: if w is a function, in general of class C’, then the 
function 


Llu) = hy(o) f Krlo )u(r, a) da” 
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is the potential at r, w obtained by taking the masses whose potential is the 
function u and replacing each mass initially at r, w” bya surface distribution 
of mass over that sphere of density ha()h’x(o’) per total area of that sphere 
(or ha(w) b's a) /4m per unit of the solid angle œ). 

If one considers, on the other hand, more regular functions u, say, of 
class C“™ it follows by successive applications of the various theorems that 
the above operators are permutable with iterations of the Laplacian. Thus, 
for example, if u is of class-C“, then the functions u, V*u, V*u are all of 
class O”. Hence by applying Theorem II to them, we get 


Ls [(V2(Wu)] — V?[Le( V4) J, 
In (V2(V2u) ] = V [L(V u) J, 
In{Viul 0 = Vielu) | > 


' and, transforming each right hand member by means of the equation, which 
follows, arrive at | 


In( Vou) == Y° [Ln (1) ]- 


It will be noted that while the proof outlined does not prove that Lx(u) 
is of class C“®, it justifies the three fold application of Y? to this function and 
proves the final result to be a continuous function. That ca. is of class 0% - 
may be proved by the methods used in § 3. 

. Returning to the permutability of Lx and V?, it is, of course, trivial to 
remark that the sum of two operators Le with the same or different values of 
‘the degree k, result in an ‘operator ‘which is permutable with VY"; likewise, for `` 
the.sum of an infinite number of such operators, barring questions of con- — 
vergence. We shall now show that in a certain sense such a sum constitutes © 
the most general linear functional operator L, permutable with Y? and which 
replaces a function u over each of a concentric family of spheres by a function 
depending upon the value of u over that sphere only. 


` We shall suppose that the oper is of the form 


So = f G(r, iba odo! 


and that the function G may be expanded above in series of a. complete set of 
surface spherical harmonics in both w and a”. Let hes, hæs: © >, hew, be a 
complete set of orthogonalized surface harmonics of degree k, normalized over 
the unit'sphere. Expanding G, we get 


L(u) = = 2, Grir, e (7) Axi (o) ftw, t (o’)u(r,, o) de’, 


~~ 


| , 
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assuming term .by term integration T Now choose io u the har- 
monie function hy," ()r* for some fixed values of ¥,?%. All but one of the 
integrals. vanish. As pointed out at, the end of 81, ee must be harmonic if 
u is harmonic; nonce we conclude that 


2 Grir, e (Prin) 


is harmonic; therefore the functions Gh, isk’ 4! OF mist reduce to a constant- 
multiple of 7*: 


Gai, v (P) = Craw are 


It remains to show that the constants O vanish for k =£ k. 


To prove this choose u == hw, y (w)r¥-™3, This function: is harmonic for 
i 0; hence L(u) which reduces to. 


2 Opi, ae hale), 


must also be harmonic for r > 0. -This can happen only if 0 tind ‘or if 
the exponent of r reduces to —k-—-n-+2 or to k. Now the last case: can - 
only-be realized if n == 2, kW == 0. -The proposition is thus proved except for 
this special case; that this.case forms no. exception may now be shown by 
choosing u == log r and proceeding ‘as above. In this way one proves that the: 
operator L must reduce to a sum of the on Ly: 
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ON MORSE’S DUALITY RELATIONS FOR MANIFOLDS.* 
By Arruurn B. Brown.t 


1. Introduction. Morse has proved] certain duality relations of im- 
portance in the calculus of variations. They refer to manifolds with regular - 
boundaries and in one set of relations to immersed sub-complexes, with some 
analytic restrictions.§ We show that Morse’s relations can be derived from 
certain relations of Lefschetz J involving the homology characters of mani- 
folds, of their closed subsets and of the residual spaces, and from the Poincaré 
duality theorem.. Morse’s relations involving immersed sub-complexes att 
also a corollary of relations of van Kampen,|| who in addition has results 
involving intersection numbers, and treats general immersed complexes. By 
our different methods we obtain some results given EDO by Morse nor 
.van Kampen, principally Theorems 6 and 7. 

We mention the possibility of extending the results for immersion i 
the- case of an arbitrary closed sub-set of a manifold, for example by the 
method of infinite complexes, Lefschetz I, -Chap.: Vi. 

All results and proofs hold for combinatorial manifolds, and are valid 

if Betti numbers and homologies are taken either absolute or noe p), p any 
l prime greater than unity. 

For brevity, we shall generally aini “independent” to mean 

“linearly independent with respect to homologies ” 


(2. Manifolds with regular boundaries. 


* Presented to the Society, March 25, 1932. 

t Part of the work on this paper was enue while the author was a National 
Research Fellow. 

t Marston Morse, “The Analysis and Analysis Situs of Regular n-Spreads in 
(n-+1)-Space,” Proceedings of the National Academy of Sotences, Vol. 13 (1927), 
pp. 813-817. These relations were brought to my attention by Morse, who suggested 
that they might pogsibly be proved by combinatorial processes. 

§ We use the terminology of 8. Lefschetz’s “ Topology,” Colloquium Sertes, Vol. 12, 
New .York, 1980. (Lefschetz I.) 

7S. Lefschetz, “Manifolds with a ` Boundary and Their Transformations,” Trans- 
actions of the American Mathematical Sootety, Vol. 29 (1927), pp. 420-462. For 
apecifie theorems, we shall refer to Lefschetz I. 

| E. R. van Kampen, “Eine Verallgemeinorung der Alexanderschen Dualitats-, 
satzes,” Amsterdam Proceedings, Vol. 31 (1928), pp. 899-905. Here, as in Morse’s 
paper, outlines of proofs are given. 
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THEOREM 1. Given a connected combinatorial manifold My, with non- 
vacuous regular boundary My.1, let ) 


(2.1) pi = Ri (Mn) + Baia (Mn) — Ri (Maa), - <n), 
i 

(2.2) o; = 2, (— 1) px 
E-0 

Then 

(2.3) 0S pi, 0 ai, 0 = Gyi. 


Proof. We apply the definitions and formulas of Lefschetz J, §§ 38 and 
39, Chap. IIT (pp. 149-150), replacing K and L by Ma and Mn- respectively. 
First we note that tp==0 for all p < n, as follows from its definition and 
Theorem I on page 153 of Lefschetz I.* From (21) and (22) on page 150 
we then obtain 


(2. 4) Ry (Ma) — Bs (Mani) + a= ri (<n). 
Now from (21) we have 

(2.5) Spee es 

From (9), page 142 of Lefschetz I, we have 

(2. 6) Risı (Mn; Ma1) = Raa (Mn — Mar). 

By Theorem II, page 154, 

(2. 7) Bn t1 (Mn — Mn+) = Ras (Mn). 

Using (2.5), (2.6) and (2.7) we obtain 

(2. 8) 8 = Baia (Mn) — rin. 

Substituting from (2.8) in (2.4) and using (2.1), we have 

(2. 9) pi = Ry (Mn) + Rusa (Mn) — Be (Mar) = ri t+ ria. 


From the hypotheses of the theorem it is evident that fo == 7, == 0. 
Using that result together with (2.9), the relations (2.3) become obvious. 
In fact we have the following result. 


THEOREM 2. The difference in the first inequality of (2. k 1S fi ai Tir 
in the second is Tı == T4 (Mn — Mna). 


Theorems 1 and 2 hold for Betti numbers (mod. m), m any integer 
~ greater than unity, since the proofs are valid for that case. From the proofs 


* Professor Lefschetz has called to my attention that throughout § 44 ‘the words 
“regular or” should be deleted wherever they occur, as semi-regularity is required. 
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it is evident that Theorems l-and 2 are valid tf Mus ts not restricted to be a 
regular boundary, but is any sub-compler L such that M,—L ts an open 
(combinatorial) manifold, and such that tp == Ò for all p < n. 


3. Residual complezes. 


THEOREM 3: Given a connected combinatorial manifold Ma, and a sub- 
complex K such that netther K nor My — K ts vacuous, then tf we set~ 


pı — By(K) + Ras- (Mn) E a (in — K)—8,f, 
om 2 (— 1) pr, 
‘the ii relations wil hold.* | l 
(3. 1) 0S pi (3.2) 0Sa; (3. 3) 0 = Taa. 


Proof. First we take the case that K is a combinatorial n-manifold with 
regular boundary My. Then B == Mnp — -K ii Ma- is likewise an n-manifold 
with regular boundary My_1.+ 

We introduce the following R gets of t-cycles, t= 0,1, e,n: 
A; on K, independent on K (as regards homologies) of ¢-cycles on Me ; 
- B4, on B, independent on B of t-cycles.on Mn+; Ci*, on Mw, each bounding 
on K, all independent on B; C4, on Mn+, each bounding on B, all inde- 
pendent on K; 0,1, on Mwa, independent on Ma; C;4 , on Ma, independent 
on My, each bounding both on K and on B. If we denote by a4 the number . 


of teycles in 4i,’ + -, the numbers a4, bi,’ `<, are topological invariants. 
The following radia hold. 
(3.4) | Ri(K) =u + c ren) 
(3.5) 0 > Ry (B) = b; + cr + ct. 
(3.6). Ra (Maa) = P F oe F o + 048, 
(3. 7) Bia ( Ma) — ay + bi + a + Ai 
Using (20), page 149, of Lefschetz I, we have: 
(3. 8) i dwie _ = 
(3.9) "Byam bag 


* d t= l or 0 according as i = 0 orix 0. 

+ Lefschetz I, page 145, Corollary. 

tA. B. Brown, American Journal of Mathematics, Vol. 52 Gioii pp. 261-270; 
Lemmas 1,.2, 4, 6. The formulas also suggest maximal independent sets of i-cycles 
for K, B, M, and M,, which are all actually proved to be valid. While the theorems 
are stated tor the absolnte or ADDR: 2) case, all cee are valid for the (mod. p) 
case as well, 
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Again using the relation f; == fa; we rewrite (2.8) in the form 
Ry(Mn) — Ti = 5n4-1 and apply the result to the present K and M ae 
place of M, and Mn. of 8 2, thus obtaining (3.10) below; with B and My 
we obtain (3.11). We omit any proof beyond referring to (3.4), (3.5), 
(3.6) and the definitions above. 


(3. 10) f Ca? bog = pota F Cota. 
(8. 11) . c4? -H Cit a C’n-i-1 +- C n-t-1- 


In the following, (3. 12) follows from (3.6) na the Poincaré duality 
theorem for Mn; (8.13) from (3.10), (3.11) and (8.12); (8.14) from 


(3.11), (3.11) with ¢ replaced by n-——t— 1, and (3.13). 
(8.12) et 4 oy? + cg? + at m Oni + Onia H Onta + Chia. 


(3.13) 2 E Onia = Gf H ne 
(3.14) ee ee a 
By a duality E of Lefschetz we have (cf. (2. 6)) 
(3. 18) R, (K — Mp1) = Rai (K; Man). 
This gives us the relation l 
(3.16) ` t + e F 04? = ani F Coy i ae 


That the left-hand sides of (3.15) and (3.16) are equal follows from (3. 4) 
and the relation Ry(K—Mn.s) —Ri(K). (Cf (2.7)). The proof that 
the right-hand sides are equal is easily given by use of (21) on page 150 
of Lefschetz I, using the fact that tı == 0 (cf. § 2). 

The following equations are derived as explained below. 


(3,17) . Cyt -H Chia = Cna + Cont 
(3. 18) EEE A L E TA 
(3. 19) | Cot == Oai 
(8. 20) ef anes, (= 0,1,° + -,n—1). 
(3.21) ~ ee, ee Ore cee ee 9 


Here (3.17) is obtained from the Poincaré duality relation for Mn, 
with the use of (3.7), (3.8) and (3.9); (3.18) from (3.13) and (8.17) 
by subtraction; (3.19) from (3. 18) by setting «0 and observing that 
Ei = Cr = 0, as follows from the facts that there are no cycles of dimension 
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— 1, and that Mz. is of dimension only n— 1; (8.20) from (3.18) and 
. (8.19) by a succession of simple steps of algebra; (3.21) by substituting 
from (3.8) and (3.20) in (3:16), and replacing i by n—1+—1. 

We can now establish (3.1), (38.2) and (3.3). First we substitute 
from (3. 21), with i replaced by nm—%t—1, in (8.4); then from (38.20) 
with + replaced by n—-i— 1, and from (3. 8)» in (3.7), to obtain- the fol- 
‘ lowing relations. : 


l (3. 22) R(E) == 4 Cani- + of. 
(3.23) Rs (Mn) = Gn + bi + cyt + Ant 


Since B is an n-manifold with regular boundary, R,(B) = Ri OL, — E). 
'We also have the obvious relations do == aw == c, * = 0, cot= 1. By using 
these relations and (3.5), (8.22) and (3.23), we find upon substitution that 
- (8.1) would be an equality if a; + ai + cit + Ci. — ot were added to itsx 
left-hand side; that (3. 2) would be an equality if arı + Cin Were added J 
to its left-hand side; and that (3.3) is valid. As oj = 8,', Theorem 3 is 5 
`- therefore proved for the case that M» i is an n-manifold with regular boundary. 
We consider now the case that K is any sub-complex of Mx. We denote | 
‘by R’ and E” the first and second regular subdivisions, respectively, of any 
complex E. Let N’ be the M’,-neighborhood of K’, less K’. (Thus WN’ F K’.) 
_ Let C be the complex which is the point-set boundary of the D’’-neighborhood 
of K”. Then N’ + K’ is a normal neighborhood of K’, and N’ is covered by 
a field F of curves, where each curve has its end-points on the boundaries © 
on WW’ -+ K and of K respectively, and cuts O in one point.* Hence N” is 
homeomorphic to the product P of C by a 1-cell. As N’ is open on M'a and 
- M'n ig an n-manifold, W’ is an open n-manifold; hence, by the topological ~ 
invariance of the combinatorial manifold,t P is an open n-manifold: There- 
fore, if F; is an iell of P, LKp(H,) is an Hpi. (Lefschetz I, page 120, 
condition (b)). But if Wia is the (¢—1)-cell of O which generates Ei, 
then LKo(E’:1) has the same structure as LKp(E;), hence is likewise an 
(n—t—1)-sphere. Hence O, composed of simplicial cells, is an (m-—~1)- 
manifold. Consequently, if K, = K” +N” + 0 and B, = M,” — K, then 
‘Ry and B, + Ọ are n-manifolds each with regular boundary C.f 
From. the proof for the case first considered it then follows that the rela- 
` tions of Theorem 3 are valid for A; and B, in place of K and M,— KX. 


* Cf. Lefschetz T, page 91. 

7H. R. van Kampen, “ Die isasbnidteacia Topologie und die Dualititssatze,” 
Leyden thesis (1929), The Hague. Cf. Lefschetz I, page 155, § 4, Theorem. : 

t Lefschetz I, page 146, ee, ae 
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Now by use of the field F of me in N’ it is easily shown that K, and Bi . 
have the same Betti numbers as K and Ma — K, respectively.*. As a conse- 
quence, the relations of Theorem 3 are valid for the given K, and the Dee 
is complete. | | 

We now state five theorems obtained (see below) from the ee 


relations: Theorem 4 from the formulas for the differences in the sides of . 


(3.1) and (3.2), mentioned at the end of the proof above for the case that 
K is a manifold with regular boundary; Theorem 5 from the same results, 
by symmetry; Theorems 6, 7, 8 from (3.20), (3.8) and (3.21) respectively. 
We first remark that Theorem 4 and the last part of Theorem 5 are not 
equivalent, since.K is closed and M,— K is open, on My. The proofs of the 
‘theorems consist in demonstrating them, by use of the above-mentioned 
formulas, for the case that K is an n-manifold with regular boundary, and 
“hen exteriding the results to thé case of a eub-complex, by use of C, N’, 
etc., occurring at the end of the last proof: We shall omit the detailed proofs. 
For brevity in stating the theorems, we introduce the following notation, 
where RD L: for the number of i-cycles in a maximal set on L, inde- 
pendent (with regard to homologies) on E, pi(LZ,R); on L, independent 
on R, but each ~ an t-cycle on R— L, oi(L, E); on È, independent of the 
i-cycles on L and those on R— L, 7i1(R, L); on L, independent on R of the 
t-cycles on R — L, pi (L, =e voni, independent on L, each bounding on R, 
v; (L; B). 


THEOREM 4, The difference between the io. sides in (8.1) is- E 
pi(K, Mn) + pin (K, Mn) — 80t, and the difference for (8.2) is pu(K, Mn). ` 


THEOREM 5. Under the hypotheses of Theorem 3, relations (3.1), 

- (8.2),. (3.3) remain valid if every Ry(K) is replaced by Ri(Mn — K) and 

every Ri(Mn— E) by Ry(Mn). The difference between the two sides in the 

relation corresponding to (3.1) is then pi(Mn—K, Mn) + pr (Mn — K, Mn) 

—8)', and the diference for the relation corresponding to (8.2) is 
piss (Mn — K, Mya). 





THEOREM 6. If My ts a combinatorial n-manifold, and K a sub- A 
then oı(K, Mn) = tai (Man, K) 


THEOREM 7. Under the hypotheses of Theorem 6, 
m(E, M) = ini (K, Ma)-t 


* The result may also be obtained simply by use of the author's Lemma A, Ainea 
of Mathematics, Vol. 32 (1931), p. 514. 

t Theorems 6 and 7 together give van Kamper’ s relation 3°, for the present CABO 
innorat as the number of cycles in each set is involved. 
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” Tororem 8. Under the hypotheses of Theorem 6, 
| vi (E, Mn) = vaia (Mn — E, Mn).* 


4, Manifolds with the Betti numbers of an n-sphere. If My has the 
Betti numbers. of an n-sphere,t the quantities appearing in Theorems 4, 5, 7 
betome all zero, and those in Theorem 6 equal 8,4. Hence Theorems 6 and 7 
become trivial, and Theorems 3, 4, 5 and 8 reduce to the Alexander duality 
theorem for ‘sub-complexes. But Theorem 1 gives an interesting result 
(of mores) when K is immersed. in | My, as- PON OWE: 


THEOREM 9. Let K bea dombana n-manifold with non-vacuous 
regular boundary Maa, and My a combinatorial n-mamfold with the Betti 
numbers of an n-sphere. If K can be immersed in Mn, then the following 
relations are valid: ` 


(4.1) Ri (Mna) = R(E) + Rara (E). T e | ~- 


Proof. Since (4.1) for K would be a consequence of (4.1) for the 
separate connected parts of K, obtained by summing, it will be sufficient to 
prove (4.1) for the case that K is connected. Then’ the hypotheses of 
Theorem 1 are satisfied, and, according to Theorem 2, (4.1) will be proved 
_ if we show that any ¢-cycle on K is ~ on K to an ‘-cycle on Mai 

Since K is not in general a sub-complex of Mw, the result is not obvious. . 
However, by using the data on the Betti numbers of Ms, and a field of 
` curves in a normal neighborhood of Mn. on K (obtained by regular sub- 
division; cf. the last part of the proof of Theorem’3), the proof is easily 
carried through, and we shall not give the details. 


- COLUMBIA UNIVERSITY. 


* Theorem 8 corresponds to van Kampen’s 1°, for our case, without, of -course, | 
giving his results regarding looping. l 

t This does not necessarily make M, a combinatorial n- sphere, as no condition 
is imposed on the torsion coefficients of D. ' 

t “Immersed in” means j coincident, as & result of a homeomorphism; with a i 
sub-set of” ` 


~ 


INVARIANTS OF INTERSECTION OF TWO CURVES ON A 
SURFACE. 


By ErNgzst P. LANE. 


1. Introduction. Ina recent note * Bompiani has developed some stimu- 
lating ideas relative to certain-invariants of intersection of two skew curves 
in ordinary space. He shows, in the first instance, that if two curves C, Q 
pass through.a point P with distinct tangents t, ¥ at P and also with distinct 
osculating planes at P, whose line of intersection is different from t and 
from @’, then there exist, through P and in the plane determined by t, ¥, 
two lines which are principal in the sense that the two cones projecting C, C’ 
from any point on either line have contact of the second or higher order 
along their common generator through P, instead of contact of the first order 
as would ordinarily be the case if the center of projection were chosen at 
random in the plane of ¢t, ¢’. Bompiani shows that the two principal lines 
separate the tangents t, ¥ harmonically. Moreover, he shows that on each 
principal line there is a point-which is principal in the sense that if the 
projecting cones have their vertices at this point, the cones have contact 
of the third order. 

In the case that the tangents f, ¢’ are distinct but the osculating planes 
are coincident, Bompiani shows the existence of three principal lines, and 
of a principal point on each of these lines. He applies these considerations 
to the interesting case in which the two curves are asymptotic curves on a 
surface, and deduces some remarkable results which need not be reported 
in entirety here. But we shall refer to one of these results later on in 
Section 4. | 

The present note had its inception with the idea of applying the con- 
siderations summarized in the opening paragraph above to the case in which 
the two curves belong respectively to the two families of a conjugate net 
of curves on a surface. Some interesting results were found which will be 
presented forthwith. Moreover, some kindred considerations concerning cer- 
tain quadric surfaces containing the asymptotic tangents at a point of a 
surface will be adjoined. 


2. Principal Lines. We -proceed to indicate an analytic basis for the 


* Bompiani, “Invarianti d’intersezione di due curve sghembe,” Rendiconti det 
Lincei, Ser. 6, Vol. 14 (1931), pp. 456-461. 
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study of a surface referred to a conjugate net, and to determine the two 
principal lines, at a point of the surface, of the’two curves of the net that 
pass through the point. 

If the projective homogeneous codrdinates x,---,c of a sat Pa 
in ordinary space are given as analytic functions of two (and not fewer) 
, independent variables u, v by equations of the form 


(1) T = £(U, 0), 


the locus of Ps as u, v vary is a proper analytic surface 8. If the parametric 
curves on S form a conjugate net, the four codrdinates z and the four coördi- 
nates y of a point on the asis of the point Ps satisfy a completely integrable 
system of linear partial differential equations of the form * 
| Tuu == pa + atu + Ly, 
(2) . Tuv == OL + ATu + btr, 
Loy == Q£ + Sty + Ny (LN 0). 

The ray-paints, or Laplace transformed points, %1, Tı of the point Pe are 
_ given by the formulas | 

(3) C4 = Ty — br, “Ei = To — ae. 
The expansion for the u-curve at the point P» of the form used by 

- Bompiani in his note already cited may be calculated in the following way. . 
' The coördinates X of a point near Ps and on the uscurve through Pe are 


expressible by Taylor’s expansion as power series in the increment Aw corre- 
sponding to displacement from Pe to the point X along the w-curve, 


Kea ay Att -H Tuu AU?/2 + tune Au2/6 t -> 
Expressing each of Sum, Tuuu a8 a linear combination of z, 21, Zı, y we find 


X = yg F Y- + Yst + yey, 


where the local coördinates 41,‘ '* Ya of the point X are given by the 
-expansions : i 


Yı == 1 +- b Au + (p + ba) Au*/2 +: ne 
(4) EE aah a aa 
, ys = HAut/6r +. - 
y= L ut /2 + Lla +h — (og w] Au®/6 +: 


aa we have placed 


* Lane, Projective Differential Geometry of Curves and Surfaces, University of 
Chicago Press (1932), p. 138. 
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(5) r= N/L, H == bo + ab + c— ôu. 
Introducing non-homogeneous coördinates by the definitions 
(6) C= Y/Y Y= Yo/Ya5 2 = Y/Y 
we find l A 


g = Au + (a — 26) Au?/2 +. - 
(7) y = H Au®/6r-+- - 
z = L Au?/2 + Lla— 2b — (log r)a] Au®/6-+-- - 
Inverting the first of these series we obtain 
Au = z — (a — 2b) 22/2 +- 
and substituting this series for Au in the last two of the series (7) we arrive 
at the required expansions for the u-curve, namely, 
(8) y == He /6r-+:- -, z= Lr?/2 + 4002°/38 +--+, 
where we have placed l 
(9) 86 — 4b — 2a — (log r)u. 
Similar calculations lead to the following expansions for the v-curve at 
the point Pe, 
(10) z= rKy/6 +, g= Ny?/2-+ 4NBy8/3-+---, 
where we have placed | 
(11) K == a, + ab -+ ¢— &, 8B == 4a— 286 + (logr)>. 


Without further calculations we may compare the expansions (8), (10) 
with equations (1) on page 457 of Bompiani’s note. Then making use of 
equations (5) on page 458 of Bompiani’s note for the principal lines we reach 
immediately the following result: 


The equations of the principal lines of the T curves at the point 
Py of the surface S are 


- (12) z = La? — Ny? == 0, 


The associate conjugate net of the parametric net on the surface S is 
by definition the unique conjugate net whose tangents (called assoctate con- 
jugate tangents) at each point of S separate harmonically the parametric 
tangents at the point. The curvilinear differential equation of the associate 
conjugate net is 


(13) | L du? — N dv? =Q. 
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Consequently we have the theorem : 


The principal lines, at a pomt.of a A net, of the two curves of 
the net that pass through the point are the associate conjugate. tangents at | 
the point. 


38. Principal Points and Principal Jom. We next determine the two 
principal points of the two curves of the parametric conjugate net at the 
point Ps, and study the line joining them. ` 

- Making tse of equation (6) on page 458 of Bompiani’s note we find that 
the equation of the line joining the principal points is — . 


(14) 8(Cs + By) =3. 


We propose to call this line the principal join of the fundamental parametric 
curves at the point Ps. Solving equations (12) and (14) simultaneously 
one may obtain the non-homogeneous local codrdinates of the principal points. > 
Then passing from non-homogeneous local codrdinates to general homogeneous 
codrdinates one finds that the points 


(15) tg 803/3 = (a, + 882/3) /1 


are the principal points of the parametric curves at the pomt Po. 
Adding and subtracting the two formulas (15), one taken with the plus 
‘sign and one with the minus sign, we obtain the result: 


The principal join crosses the p prions tangents at the pore P, in 
the points , i 
' (16) T- + 862/3, tı + 88'2/3. 


baiia al 


`- Recalling that a net is quadratic, i. e., lies on a quadric surface, in case 
Y = Q — 0, 


and further recalling that the ray of the parametric net crosses the para- 
metric tangents ‘at Pe in the ray- -points 2-1, £1, we have the theorem: 


The principal jom coincides with the ray at each point of a conjugate 
net tf, and only if, the net is quadratic. 


We shall suppose hereinafter that the fundamental conjugate net is not 
quadratic. It is not difficult to calculate the differential equation of the. 
curves corresponding on the surface S to the developables of the congruence 
of principal joins, and to determine the focal surfaces of this congruence, 
but we shall have no immediate use for these results and so refrain from 
including them here. 


> 
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. The associate ray-points, i. e., ‘the: ray-points of ies associate conjugate 
net, at the point Pe are easily, shown to be given by the formulas 


(17) © o aH 20%x rE (a, 28'e 2) /1%, 


Consequently the associate ray, which passes through these two points, 
crosses the parametric tangents at Pe in the points 


(18) ` l C ga +202, mit 28x. 
Taking suitable linear combinations of the formulas (16), ( = we may 


‘demonstrate the following theorem: 


The ray, the associate ray, and the pial join at a poiñt k of tha 
parametric conjugate net are concurrent in the point z defined by 


(19) | i gm Wor, — Cx. 


Moreover, a brief calculation, which we shall ce suffices to demonstrate _ 
the following theorem: 


The cross ratio of the ray, the associate ray, the line T3, and. the principal 
join in the order named is 1/4. — 


4. Studies in Asymptotic E ' For many purposes, when study- 
ing conjugate nets on a surface 8, it is convenient to take the asymptotic 
curves on the surface as parametric. In this section we shall make use of 
Fubini’s canonical form of the differential equations of the surface, supposed 
not ruled and referred to its asymptotic curves, namely, - 


(20) Euu = pa + Outu + Bt, Lov == ge + yt + Ort) (8-—=log By). 
The notation in this section will be that employed in Chapter III of the ) 
author’s forthcoming book previously cited. | 

The curvilinear differential equation of any conjugate net Na on the 
surface S can now be written in the form: 


VY o o O PMP = 0, 


The equation of the associate conjugate net is obtained by changing the 
sign of AX, 7 

By a line h we mean any line through a RN point Ps of the surface 8 
and not lying in the tangent plane of S at Pe. Such a ane joins the point z 


- to the point 4 defined Ea placing 


(22) A E ee 


where a, b are functions of w, v. Dually, by a line la we mean any line’ in 
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the tangent plane of the surface 9 at the point Ps but not passing through Pa. > 
Such a line joins the points p, e defined by placing © 

(23) p = Zu — br, o — ty — aT, 

where a, b are functions of u, v. When the functions a, b are the same in 
-equations -(23) as in (22), the lines. l, ls are commonly called, reciprocal 
lsnes, because they are reciprocal polar lines with respect to the quadric of 
Lie, whose equation referred to the tetrahedron z, Zu, Zv, Twv with suitably 

- chosen unit point is 


(24) 2 (wets — wal eer) Oy) = 0. 

It is known that the ray of the net N is a line i, for which the functions 
a, b in (23) are given by 
(25) 2a == fy -+ (log A)o — 8/3, 2b = Oy — (log A) u — yA, / 
while for the associate ray it is only necessary to change the sign of, A*. 
Moreover, it is known that the flea-ray of the net Na, i.e. the line of in- 


flexions of the ray-point cubic of the pencil of conjugate nets determined ~ 
by the net Ny, is a line la for which the functions a, b are given by 


(26) 2a = by + (log AJo, © 2b = Oy — (log A)«. 
It is now easy to verify the conclusion: 


The ray, associate ray, fler-ray, and principal join at the point Pe of 
the net Ny are concurrent in the point z defined by placing ` 
(27) `z —(B/X*) {2u — [04 —(log A) «].2/2}— YA {To — [0e + (log A) y]2/2}: — 
In order to calculate the functions a, b for the principal join we make 
use of the concluding theorem of Section 3, and thus find | 
(28) 246» -+ (log r)» + 58/33, 2b = by — (log A)u + öyà?/3. 


By means of this result it is easy to verify the truth of the following 
statement : m ; 


The cross ratio of the ray, associate ray, fler-ray, and principal join in 
the order named at any point Pa of a net Ny is — 1/4. 


The relation between a conjugate net and its associate conjugate net is 
obviously entirely reciprocal. So we are led to define the associate principal z; 
join at a point of a net Ny, i. e., the principal join of the associate conjugate — 
net of Ny. For the associate principal join the functions a, b are obviously 
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obtained from the formulas (28) ‘by merely changing the sign of à”. The 
associate principal join passes through the point z defined by (27). Moreover, 
it turns out that the cross ratio of the principal join, associate principal join, 
flex-ray, and line zz in the order named is —-1. Thus we prove the theorem: 


Ata point x of a conjugate net Ny, the principal join and associate prin- 

cipal join separate harmonically the flec-ray and the line xz connecting the 
: point x to the point. z of eee oF the principal join and associate 
principal join. 

' We conclùde these studies with some comments on certain non-singular | 
quadric surfaces containing the asymptotic tangents at a point P> of a 
surface 8. The equation of any such. quadric, referred to the tetrahedron 
T, Lu, To, Luo With suitably chosen unit point, can be written in the form 


(29) f Tals +- Laf kızı + kota + kata + kizi) = 0, 


where ka: ' <, ką are arbitrary. A line l, has the same polar line 22 with - 
respect to such a quadric as with respect to the quadric of Lie (24) if, and 
only if, the coefficients kı, kz, ka are connected by the relations 


(30) ge BCL +h),  kam=a(l + k). 


Moreover, any quadric that has second-order contact with the surface 8 at 
the point Pəs has an equation of the form (29) with ki-=-—1. Finally, - 
the quadrics (29) for which kı ——1 and k: = ks = 0 are commonly called 

* the quadrics of Darboux. Inspection of the relations (80) makes evident 
the following proposition: 


If a quadric has contact of the second order at a point Pe of a surface S ` 
and tf the polar relation of any two lines h, la with respect.to this quadric 
is equivalent to the polar relation of the lines with respect to the quadric 
of Ine at Pa, then the quadric is a quadric of Darbour of S at Pa. 


It is further known that the quadrics (29) for which k, =— 3 are the 
‘quadrics having contact of the third order with the asymptotic curves at the 
point Ps. Moreover, if also 


(81) heg sy, 
where | T ag 
(82) $ = (log By), y = (log py)», 


- it is known that a .quadric (29) has contact of the fourth order with the 
~ asymptotic curves at Py. Thus we see that any quadric of the pencil 


(33) agg + Ta (— Bry, — ota /2 — ota /2 + kata) =0 
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has contact of the fourth order with the asymptotic curves at the point Pa.. 


of the surface S. On page 461 of Bompiani’s note previously cited he er- 
toneously concludes that the pencil of quadrics having this property is the 
pencil of quadrics of Darboux. It is now proposed to name the pencil of 
quadrics (33) at the point Pe of the surface S the principal pencil of quadrics 
of 8 at Pe; any one of these quadrics may be called a principal quadric. 
If-a unique covariant quadric of this pencil is desired, we may choose the 
one that passes through the covariant point (0,0,0,1). For this quadric 
we havek,—=0. | 

The polar line of the projective normal, joining the points (4, 0, 0, 0), 
(0,0, 0,1), with respect to any one of the To i quadrics (33) is the 
line I, for which 
(34) ; a= ¥/6, b= ġ/6. 


The reciprocal polar line 1, of this line l, with respect to-the- imik of Tie = 
is the canonical line called the -first principal line at the point Pe. Thus a 
new characterization of this line is discovered, which should be compared 
with that given * by Fubini and Oech, and which may be stated in the fol- 


lowing words: 


The first principal line l 18 the polar line with respect to any quadric 
of Darbousz of that line lz which is the polar line of the projective normal 
with respect to any principal quadric. 


Finally let us undertake to find a pair of lines h, l which are reciprocal ` 
polars with respect to the quadrie of Lie (or any quadric of Darboux) and 
are also reciprocal polars with respect to any principal quadric (33). Start- 


ing with any line J, we find its polar line with respect to any quadric of Dar- * 


wo 


boux and-also its polar line with respect to any quadric (33). Demanding ~ 


that the latter two lines shall coincide we find that they coincide in the second 
- canonical edge of Green, for which 
(35) a == W/4, pasgit 
Thus we obtain a new characterization of the canonical edges of Green whieh 
may be formulated in the following theorem: 

The canonical edges of Green are the only pair of lines l, la which are 
reciprocal polars both with respect to the quadrics of Darboux and with 
respect to the principal quadrics. 


UNIVERSITY OF CHICAGO, 
CHIOAGO, ILLINOIS. 


* Fubini and Čech, Geometria Protettioa Differensiale, Zanichelli, Vol. 1 ' (1926), 
p. 143. ; 
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SYSTEMS OF INVOLUTORIAL BIRATIONAL TRANSFORMA- 
TIONS CONTAINED MULTIPLY IN SPECIAL LINEAR 
LINE COMPLEXES. 


` By EVELYN TERESA CARROLL. 


Introduction. Birational transformations in space belonging to special | 
line complexes have been treated by Pieri * and by H. A. Davis +; incidental 
mention .of the subject las been made by various other authors. Pieri’s 
method is synthetic, and in general no details have been given, while Davis 
has considered cases not treated here. The preserlt paper contains a trans- 
formation not heretofore discussed and. involves an interesting involution 
of fundamental elements along the basis line, 


= 1. Defination of the transformation. Given a line d=2,—0, ta = 0 
and a pencil’of surfaces of order n, containing d to multiplicity n— 2. 
(1) AF a (@) — Ack’n (2) = 0, 
wherein | 
any n-2 f T 
Fala) = È ah rtp (2) 

and 

n-2 ' 

Fa a = 2 O en 

~ Un(2) and S baat EEA forms, in (a4, Ta, fs, Ta). 


D Let (z) == (0, 0, Zs,24) be a variable point on the line d, and let the 
parais of surfaces (1) be conngcten: with it by the relation - 


. (2) . | gobs (Às, A2) — Zapa (Ar, Az) = 0, 


where ġ; (i == 1,2) is a binary form of order k. 
A point (y) of space determines a surface of the pence (1); so that 
(1) may be writen 


(3) | Waly) Fala) E =O 
and Z; = b2[ Fn (y), F’s(y) | and z = dı [Fn (y); Pa(y)1. 


ge * M. Pieri, “Sulle trasformazioni biragionali dello spazio inerenti a un complesso . 

h ?lineare speciale,” Rendiconti del, Ciroolo Matematioo di Palermo, Vol. 6 (1892), pp. 
234-244. 

TH. A. Davis, “ Involutorial - i aistoruations Belonging to a Linear Line Com- 

plex,’ American Journal of Mathematics, Vol. 62 (1930), pp. 53-71. i 
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A point (z) on the line joining (y) to (z) has codrdinates of the form 


(4) p= rH, pt, == TY2, pls = TY, + oQ: ( F), ply = TY, + oQ (F). 


The residual point (y’) in which this line meets (3) again may be 
determined by applying the equations of transformation (4) to (3). The 
result in its simplified form is 


oLPa(y) E yr yein($) — Faly) & pyg) 
+ 2rLF'n(y) DE yey Pn (Y, D — Fa (y) = ye yston(y, $)]=9, 


in which wpz(¢) and vn (>) are quadratic forms in’ 
[0, 0, pa (Fa (y), F’n(y))s di (Faly), P’a(y))] 


and uu(y, p) and valy, $) are the polar forms of 


(2) = [0, 0, ġa (Fn (9), Pa(y))s (Fay), Paly))] 
in regard to up(y) and vp(y); respectively. Therefore 


; n2 n-2 | 
o == — [a (y) 2 yi YAU (Y p) — Fa(y) 2 Y Yuy, p) | 

i n-~-2 n2 
r= Pauly) E pyu) — Faly) E y yole). 


The transformation is of order 2n(k +- 1) -—1, where z and o have the 
orders: 2[n(k +1) —1] and n(k+2)—41, respectively. The line d 
appears to multiplicity (n—2)(k+2) on o=0 and to multiplicity ‘ 
2(n—2)(k-+1) on r—0 and on the surfaces which are conjugates of ~ 
planes in the transformation. 

The image of the line d is the surface r=0; o — 0 is the locus of 
invariant points. 


2. Fundamental basis curve. The surfaces Fa(2) = 0 and #’,(2) —0 
intersect in a curve of order n*, composed of d to multiplicity n--2 on 
each surface and a curve yacn-1) of order 4(n— 1). The latter is k + 1 fold 
on o==0; itis 2k-+-1 fold on r—0, and on tak surfaces conjugate to the 
planes of space. , 

If a plane is passed through d, it will kad F„(x) in a curve of 
order n, which consists of d taken (n-—~2) times and a conic. This is. 
likewise true for #’,(k) and the two conics intersect in four points. As a { 
plane intersects yaqn-1) in 4(n— 1) points, yarn-1) and d must intersect in _ 
4(n— 2) points. : 


ry 
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3. Plane transformation in planes through d. Since every plane through 
dis transformed into itself, it is expedient to discuss the plane transformation. 
The plane meets yan-1) in four points, A, B, O, and D, the basis of a pencil 
of conics. 


In the plane this pencil of conics may be represented by the equation 
(5) A203 (T) — 0a (x) = 0, 


8 : 8 
where C,(z) == >) ayjaix; and C(x) = X biziz, and the line d may be con- 
L L 


sidered to have the equation zg == 0. Let the pencil of conics and the point 
(z) = (Z1, 23,0) be connected by the relation 


(6). aniona ON) 0. 


where ¢; (t==1,2) is a binary form of order k. 
A point (y) in the plane determines a conic of the pencil; hence 


(7) Cs (y) Cx (2) — Ox (y) C2(x) = 0, 
and 
(8) z = $1 01(y), Co(y) I, Z2 = b2[Ci(y), Caly) l. 


A point (s) on the line joining (y) to (z) has coördinates of the form 
(9) Tı == TY, + ofi(C), T2 = TY + ofa (C), Ta == TY3. 


When these equations of transformation have been applied to (7) and 
the necessary expansion has been performed, ‘the resulting form of the 
equation is 


o[Cx(#)Ca(y) —On($)Os(y)] + BrLCx(4, y) Caly) — O(g 9) 0) = 9 


in which Ci(¢) (i= 1,2) are quadratic forms in (pı, ¢2,0) and Cile, y) 
are the polar forms of (¢1, ¢2,0) with respect to Ci(y). Therefore 


o = — 2[Ci (6, 9) Ca(y) — Cal, y) Cr(y) ] 
r = C1(p)Caly) — Calg) Cily). 


The order of this transformation is 44 + 3, while o and + have orders 
2k +3 and 2(2k -+ 1), respectively. The points A, B, C, and D oceur to 
multiplicity 2k -+ 1 on the curve r = 0 and on the general curves, conjugates 
of the straight lines of the plane; and to multiplicity k + 1 on the curve 
c = 0, which is the locus of invariant points. 

The class of the involution is k, as.any line contains k pairs of conjugates ; 
a straight line is transformed into a curve of order. 4k + 3, which meets the 
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given line in 4k + 3 points, 2k +83 of which are fixed, the remaining 2h 
points being arranged in k pairs of conjugates. 

t = 0 is composite, being composed of 24 + 1 conics of the pencil. Every 
point in which any one of these 24 + 1 conics meets o == 0 is a fundamental 
point. The number of such intersections is 44-+ 6, 4(4 + 1) of which fall 


at the base points; this leaves two points of each conic on o==0 and they 


may be distinct, consecutive, or coincident. No additional fundamental points 
exist as can be seen from the equations of the involution. 


Since the involution is a Cremona transformation, the two dnai. 


equations X q; i == 3 (n -—1) and X a; © == n? — 1 must be satisfied. Here 
n==4k4-3 and amu == 4; either a, = 4k 12 or a —=2h-+1 and all 
other «,’s equal. to zero satisfy the first ee the second alternative 
satisfies the second equation. 
Hence * : 
Carag |: 42 (2h + 1)?. 


There are 24 -+ 1 fundamental conics belonging. to the given pencil and 
' each passing through one of the double points, and four curves of order 
2k +- 1, images of A, B, C, and D, respectively; these latter curves have 
one, of the base points to multiplicity k -+ 1 and each of the others to multi- 
plicity k, while they pass simply through the 2k + 1 fundamental double 
points on d. 

The image of any point on t = 0 is a definite aao on the line £, = 0. 

There are 24 + 1 conics of the system that pass through their associatėd 


points (z) on Zs == 0; these are fundamental and the point (z) is transformed . 


into itself, corresponding to the tangent to the associated conic passing 
through it. Hence the curve o == 0 passes through each of these points. There 
are also two conics of the pencil which are tangent to 0; their points 
of contact belong to o= 0. These two categories account for all’ the inter- 
sections of o = -and zs = 0.. 

The line zs == 0 is transformed into itself but not point for pomt. 

The curve g == 0 touches each conic of r == O at one of the Intersections 
of o==0 and Tz =m Q. 

The complete configuration of fundamental points consists of the four 
base points, each to multiplicity k -+ 1, and the 2k +- 1 double points on 

== 0. The image of each of the latter is the conic of the pencil ABCD 

a through it. 

The image of a base point, as -A, is a curve of order 2k -+ 1, seas A 


' * Ruffini, “ Sulla risoluzione delle due equazioni di condizione delle trasformazioni 
Cremoniane piane delle figure piane,” Atti dell’Accademia di Bologna, Memorie (3), 
Vol. 8 (1877), pp. 458-525. 
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to multiplicity ¥ +-1.and passing k times through the other three base points 
‘and doubly through the 24-+1 fundamental points on a—=0. As (z) 
describes Zs == 0, & conics of the pencil are uniquely determined by the 
tangent t at A; tand the associated line A(z) are in (1,%) correspondence 
and hence ine k-+-1 self-corresponding - ‘elements in two: concentric pencils. 

The table of characteristics of this plane transformation may be expressed 
in the form 


CO; ond Osi VE BH gi Die PP e.’ Pea ; 
A ~~ Gory £. A®* BE CE DE PyPa- ++ Pore ; cs 
Pym was ` ABGDP, 
Jiekra (Cika) | Coker Bexar Yorri Sani (2K + a (ma, a 
Ta(2ke1) * (2h -}- Lyra, 4. 

aa | APM BR gea pwt P,P, - Beil genus k + 1). 


4, Image of points of Vis. ‘The image of a point on Yamn) is the 
plane curve of order 2k + 1 just obtained in the (1, &) correspondence of 
the points of d and a pencil of conics. 

A. plane meets its own image: surface in a PEE A curve of. order 
2n(k +1) — 1, consisting of a curve of order n(k-+2)—1, the inter- 
section .of g = 0 and the given plane; and k curves of order n, the inter- 
sections of the plane with the & surfaces of order n belonging to the point 
(z) of interséction of the given plane and d. Each of these curves of order 
n goes into itself by central projection, center on d. 


5. Conjugate of a line. The- image of an arbitrary straight line l is a 
curve Cancre- of order 2n (k + 1) —1 which meets d in.2[n(k +1) —1] 
points, the images of the intersections of ł and Tamaa == 0. This 
Oana also meets? in n(k-+2)—ï points, the intersections of | and 
On(kiz)-1 = 0. Lf ] meets d, the image of l loses a curve of order 2(n— 2) 

X (k + 1), the image of, the point of intersection of d and l, as d is 
a (k +1) fold in the transformation. The proper conjugate ig a 
‘curve of order 4k -+ 3, lying . in the plane determined by d and l; it bas 
four (24-+1) fold points at the intersections of the plane and Yacn-1) and 
2k +1 double points on d. 


Every plane through d cuts ATE = 0 in d counted 2 (n — 2) (k+ 1) 


times and in 2k + 1 conics, the images of the 2k T 1 fundamental points 
on d in that plane. 


6. Image of yam). The image of a seats of order n of the pencil 
is of order n[2n(k + 1) —-1] and is composed of the given surface, of 


= 


Tapn(k+1)-1] tO multiplicity (n— 2), and of a surface’ Tatsi- of order 
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4[n(k + 1) — 1], the image of yem- Famas- contains yam- to multi- 
plicity 4k + 1 and d itself to multiplicity 4(n — 2) (k +1). This can be 
seen from the fact that a plane through d cuts Temcesa)-11 IN @ curve of order 
4[n(k +1) =i]; d intersects yemi) in 4(n— 2) points; each point of 
Yern-1) goes into a plane curve of order 2k -+ 1; therefore d appears on 
Timan- to multiplicity 4(n —2) (k -+ 1). [4(nk + n—1)—4(2k +1) 
= 4 (n — 2) (k + 1)]. 


7. Points on d. The line d is 2(n-——-2)(%-+1) fold in the trans- 
formation, hence any point on d has an image curve of order 2 (n — 2) (k + 1). 
But any point of d has an image conic in each of the k(n-—2) tangent 
planes of the k surfaces belonging to that point, that is, a curve of order 
2k(n—2) is accounted for; the residual is d itself taken 2(n— 2) times. 
Hence d is a fundamental line of the first kind and also of the second for 
n> 2. The equations of transformation show that any point on d goes into 
the whole line d. . | 

When n= 2, the line d is not a fundamental line. The resulting trans- 
formation in this case is described by Montesano.* In this case consider 
the base curve y, of a pencil of quadrics and g a bisecant of ya A point (y) 
on g determines the quadric Hp of the pencil containing g, and also deter- 
mines the associated point (z) on d. The plane determined by (z) and 
g meets H; = 0 in a residual line g’ through the two residual points of ys 
in the plane. Thus, each quadric of the pencil is transformed into itself, 


~ r 


and the two systems of reguli are interchanged. The 2k 4+- 1 pairs of para- | 


sitic lines meet at Pi,- > -Perm on d, hence these lines of each pair are also 
of different reguli. : | 


8. r and o tangent. The surfaces ratnce)-1) = 0 and ong@ia)1 == 0 may 
be shown to be tangent along d, so that d counts for 2k units: more in the 
common intersection. A plane passed through d intersects ongiz)-1 = 0 in 
a curve Cacisa)-1 of order n(k -+ 2) —1, in which d is counted (n—2) (k +2) 
times, leaving a curve Cres of order 2k + 3. In the plane Cys has k + 1- 
fold points at each of A, B, C, and D, the intersections of the two’ conics 
cut from the base surfaces by the plane; and simple points in Pi, P2,---, 
Prev, the 2k + 1 fundamental points on d in that plane. The plane inter- 
sects Tamin- == 0 in 2k 4-1 conics of the same pencil A BOD, which 
pass through Pi, Pa © ` Pes, respectively. Hach of these conics meets Cars 
in 2(2k + 3) points, consisting of (k -+- 1) each at A, B, O, and D and two 


* Montesano, “Su una classe di trasformazioni razionali ed involutorie dello 
spazio di genere arbitrario n e di grado 2n-+ 1,” Giornale M atematiohs di Battaglini, 
Vol. 31 (1893), pp. 36-50. 
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at a fundamental point F. Every point of the conic goes into P, and no 
point of the conic lies on Core except the fundamental points; hence the 
section of onct+g)-1 =e 0 must touch ‘that conic at Py; the surfaces rapa 1-1] 
= 0 and on ais). 0 are tangent along d. In fact, d counts for 2k unite 
more in the common intersection.| 

At any point (z) on d 2k(n— 2) tangent oe to a re of the 
pencil coincide in pairs and with the &k(n—2) tangent planes to the k > 
surfaces of order n which are associated with that point. These k(n— 2) 
planes are also tangent to Tetndeu1)-1] = 0 and to on@iay-1 == 0, each simply. 
The fundamental conics in these planes lie on all the surfaces of the web 
| Sencesty-1 |, Conjugate to the field of planes of space. 

The other planes associated with the same point and tangent to Sonce1)-1 
form a group of an involution of order 2(n— 2) 


43(2(n—2) order in tı, za] + 2 [2(n— 2) order in 21, t| == 0; ; 
when (z) describes d, the group of planes describe the involution. 


9. Analytic method. The details of this analysis will be given for n = 3, 
k = 1, since this case can be seen more readily than the general case, 
The tangent plane to the cubic surface 


Za (zit + 220) — Za Oe + at) =0, 


in which u; v, w, and ¢ are quadratic forms in (T1, Za, Ta, £4), at the point 
(0, 0, Zs, Za) ig l 


e[zu(2) + ew (2)] —z[nw(e) + aat(z)] = 0: 


"A plane (av) =0~r(az) + ofa, (tu + tav) + (mw + tat) ] == 0. Call 

this image surface Sı. The configuration of the tangent planes to os = 0, 
To = 0, and 8,,==0 is found from those terms in their equations which 
contain the highest powers of Zs, T.. ‘These appear to degrees five, six, and- 
seven, respectively, in og, Tio, and Sı. When z and % are substituted for, 
Ts and 2, respectively, in these terms of ob, T10, and Su, the results denoted 
by oo, To, and So, respectively, haye the forms l 


oo = — 2[%4( au (2) + zav (z)) — z (zw (2) + z:¢(2))] 
X [Az + Bases + 0z] = 0, 
To = a + zav (z) ) — za(zw (2) + at(z)) J 
X [242 (zu (2) + zav (2) ‘+ Bfa(aru(s) + 220(2) . 
J a(t. (a) + tat (2))} + 202 (zw (2) + zat(2))] =0, 
So = [z4 (110 (2) + zav (z) ) — ze (z1w (2) + zat (2)) ]? 
X [a.(2Azs + Bz) — as (Bza + 2024) ] = 0, 
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= = (TWs¢ n Tatsa) (Tuss + T2Vgs ) m EN e P (aii + Tatas) 
= (T1W44 + Tolsa) (Tuss + Logs ) = (Dythes + Te44) (21Wes -+ Tatag) 
= (T1W44 -+ Tolga) (Trusa + TVga) — (Lausa + Laaa) (L1Ws4 + Latsa). 


Hence from the above forms it is seen that of the four tangent planes 
to Si; = 0 at any point (0, O, Zs, z4) on d, two coincide with each other and 
'with the tangent plane to the cubic surface z,(zıu + T0) — Zs (zıw + Tet) 
"== 0 associated with that point. This Plane’is also tangent to Tro. = 0 and 
os = 0, each simply. The fundamental conic in this ‘plane lies on all the 
| Iıı | of the co? system, conjugate to the bundle of planes passing through 
the associated point on d. 

The equations of the other two planes socaid with the same point 
and tangent to Sıı = 0 contain the coördinates of (2) simply; as (Bzs + 2Cz,4) 
— a4(2Az, + Bz) = 0; hence when (z) describes d, the pair of planes- 

describes an involution of order two. 
Thus in the general case, the image of any point of di is a curve of order 
2(n—2)(k + 1), consisting = k(n— 2) conics and of the line d taken 
2 (n — 2) times.” 

Any twoSanci1)-1 of the web | Smar- ļi aer in d to multiplicity 
4(n—2)*[(k+1)?+ 1]. Every surface of the system has (n—2) con- 
secutive double lines d; the k(n— 2) tangent planes each counted twice 
being those of the associated surface of order n and being such.double tan- 
gent planes for every Sen +1)-1 of the system. 


10. Parasitic: lines. There are [(6n— 8)(k+1) "o parasitic lines 
or fundamental straight lines of the second kind occurring simply on Snaix+2)-1 
— 0, Topmce+1)-1] = 9, and hence on every San@u1)-1 of the web; they appear l 
a on- Fainc- == 9. The proof for determining. the ua of these 
parasitic lines may ‘be given as follows: 

The equation of the n— 2 tangent planes to a surface 


da 5 T” Pp Pt (2) — M 2 T evur) = =a 0 
u0 
of the pencil (1) at the point (0,.0, 2s, a = (0, 0, ġa (À), nO is 


H-2 
(10) Ag oy" Hn (p) — M 2 v0 ES, — 0. 
u=0 
Let one of these planes be expressed in the form z, — rza. When this sub- 


* Montesano, “ Sulla teoria generale delle corrispondenze birazionali dello spazio,” 
Rendiconti della R. Acoademia dei Linosi, Vol. 5 (1918), pp. 396-400, 438-441. 
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stitution is made’in the ‘equation of the surface (1), and the. necessary 
reduction is performed, the result is 


-2 


(11) he 2 Muy (2) — À > rey, (2) =Q, 


Let (11) be represented by (= > as: It is seen that dy, is a 
ukl 


coefficient of order n in r and one in A; @is and ad, of order n— 1 in r and 
one in À; and ass, dus, Od dg, Of order n—2 in r and one in À. The dis- 
criminant has highest powers of r, A, thus: 


qr À pee. À ro, X 
i Ki -2 .n-2 
N : AS pr À qg” À T” 5A > 
l eE À qt x r À 
h 


hence it contains r to power 3n — 4 and A to power three. 
= The tangent planes (10) contain r to power n—-2 and A to power 

2k + 1, since (A) is of order 2% in A. 

When A is eliminated between the equation of the taoge TS (10) 

n-2 

Àz 2 reu (db) — à = rly. (d) "Ay AML + A+ + ob Ase == 0 
and | 
l A = BX + BX + Ba + Bs = 0, 


the resultant is of the form = A,°-B,;**", where A, is of order n— 2 in 
r and B; is of order 3n — 4 in r. Therefore there are 


` B(n—2) + (2k + 1) (8n—4) = [(6n— 8) (k + 1) —2] 


parasitic lines. 

The plane of any one of these lines g and @ is tangent to its associated 
surface P(x) = 0 at (g, d) == (z). The residual conic cut from the surface — 
by this plane is composite, one component g passing through (z). Any point. 
of g goes into the whole line g; the other component is the image of the 
point (z). 


11. Table of characteristics. The general table of characteristics has 
the form 
8. ~ Sanana 1 EOP HDG (n — 2) ya [(6n—8) (k-+1) —2]g, 


Vacn-1) 
d ~ Toin) J? (m-2) (+2) Jp (n E Pee [ (6n — 8) (k + 1)—2]g, 
Tn (42)-1 On gagy- © OOH h (n — 2 Vay rise i [ (6n — 8) (k+ 1) — 2]g, 
yanm ~ Tangon- | P ED h (n — diy a a 8) (k + i =R 
do : Tina- T oink- ' 
6 
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12. Intersections of principal surfaces. A detailed account of the inter- 
sections of the various principal elements with each other: in the transforma- 
tion may now be explained. — 

Two Sang+t)-1 of the web intersect in a curve of order 2n(k +1) —1, 
the image of a straight line which is the intersection of the two planes, the 
conjugates of the two given surfaces; d to multiplicity [2(n— 2) (k-+1),]*; 
yam-1) to multiplicity (2k +- 1)’; the (6n —8)(k + 1) —2 parasitic lines; 
and a consecutive double line in each of the & sheets of the two surfaces. 

An m&n- of the web and Teima- Intersect in d to multiplicity 
4(m—2)?(kK-+1)*3 yım- to multiplicity (24-+1)?; the (6n— 8) 
X (k+1)—2 parasitic lines; and k(n—2) conics and d counted. 
2k(n—2) times, the images of a point on d which is the intersection of a 
plane and d, the conjugates of the given surfaces and repmqe+1)-13, respectively. 

/ An Sane- of the web and on@ia)-1 intersect ind to multiplici 
R(n — 2)? (k+ 1)(k +2); yer) to multiplicity . (2k+1)(k+1); 
(6n — 8) (k + 1) —2 parasitic lines; a curve of order n(k + 2) — 1, the 
intersection of a plane and oniay-1, the conjugates of the given surfaces; 






. -and d which is double on the & sheets of Sanct+1)~1- 


An Senar- of the web and Tita- intersect in d to multiplicity 
4(n— 2) (k +1)? yam to multiplicity (2k -+ 1) (4k + 1) ; the (6n — 8) 
X (k+ 1)— 2 parasitic lines twice; 4(n—-1) curves of order 2k + 1, 
the images of the points of intersection of a plane and yacn-1), which are 

. conjugates of the given surfaces; and d takon 8k(n—2) times, as d is a 
- consecutive double line on Bene , and a consecutive four-fold line on 
Taint- 

` Tata) 80d Cnc- intersect in d to multiplicity 2(n — 2)? (k 4 1) 

X (k+2)3 Yamo to multiplicity (2k + 1)(k +1); the [(6n— 8) 
° (k +1)—2] parasitic lines; and d taken 2k(n— 2) times, since d 
counts for 2k units more in the common intersection. 

O Tim) and Femten- Intersect. in.d to multiplicity 8(7— 2) 
X (k +1); yam- to multiplicity (2k -+ 1) (4k +1); the (6n— 8) 
X (k +1) —2 parasitic lines twice; 4k(n— 2) conics in the four tangent 
planes of the k surfaces associated with the points in which ysm@-1) meets d; 
and d taken 4k(n—-2) times, since d is four-fold on k sheets of Dipa 
X (k +1); Yamn to multiplicity (k + 1) (4k + 1) ; (6m—8) (k +1) —2 

Onik+2)-1 RDA Tatna- Intersect in d » multiplicity oe a (k-+2) 
and single On Tepme+1)-11: 
parasitic lines twice; d taken 4k(n— 2) times, since d aa as four-fold 
on k sheets of Timwa-113 aNd Yarmi) taken k -t 1 times, accounting for the 
intersection of ite and omdss)-1, the conjugates of Daing- ANd ondusy-1y 
respectively. ae 


SYSTEMS OF INVOLUTORIAL BIRATIONAL TRANSFORMATIONS. 717 


13. Transforms of principal elements. ‘The transforms of the principal 
elements may be accounted for analytically. Since: the transformation is 
involutorial, an Ssa@s1)-1 of the web must go into a, plane; d into repney-115 
Yana) into Tetmaia)-1)3. and since /d is a consecutive double line on the given 
_ surface, the image of d, which is tapeas1)-11, appears twice. 


Sameera è POD HDI (n — 2) By [ (6n — 8) (k + 1) —2]g. 


The image of onca+2)-1 under I is itself; the a of Tain- is d; 


- and the image Of Tama- 18 Yemi 
Thus, the intersections of the principal surfaces and the transforms of 
_ the principal elements confirm all the details of the Table of Characteristics. 


CORNELL CANET 


MINIMAL SURFACES OF UNIPLANAR DERIVATION. 


By E. F. BEOKENBACH.* 


If the coördinates of a surface 


(1) | zy = tj (u, v), N (j= 1, ®, 3), 
defined in the circle | 
(2) R = [(u— w)? + (v—v)’]* < p, 
are expressed in terms of isothermic parameters, that is, if 
(3) E=G, F—0, 
then a necessary y and sufficient condition that the surface be minimal is that’ 
the functions (1) be harmonic. | 
This being so, these functions are the real parts of analytic functions, 
(4) -æ = Rf; (2), (z =u + tv). 
Now (3) becomes 
& 
(5) af? = 0. 
j=l 


If the surface lies on the plane 
Tg = 0, 


equation (5) becomes equivalent to the Cauchy-Riemann differential equations _ 
involving s, and z. ` Consequently, a map of (2) given by an analytic func- ~ 
tion of a complex variable is a special case of an isothermic map of (2) on a 
minimal surface. Since, further, minimal surfaces possess many of the 
properties of maps given by analytic functions, minimal surfaces well might 
be said to constitute the space analogue of maps given by analytic functions. 

The purpose of this paper is to define, and to point out some of the - 
properties of; a class of minimal surfaces which seenis to correspond. closely 
to that class of maps of (2), given by analytic functions of the complex. 
variable z, which lie on a single-aheeted plane, or, as we shall say, on 
uniplanar ¢ regions. An equivalent characterization of these functions is that 
they take on no value more than once in (2). For a discussion of such 
functions, see, among others, L. Bieberbach, Lehrbuch der Funkivonentheore, 


* National Research Fellow. - + German schlicht. 
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Vol. Il, pp. 82. 94 (1927), or L. R. Ford, Automorphic Functions, pp. 169-177 
(1929). 

If and only if tt is posi to choose the coordinate azes that the 
functions . 


(6) NG) fits Nehi 


both map (2) on uniplanar regions, we say that the functions (1) map (2) 
on a mimmat surface of untplanar derwatton. 

' This is a large but by no means exhaustive class of minimal surfaces. 
For example, the functions 


| ied a[e+ae], 


E | outlier, 
| Ts = R É a+], 


map the unit circle | z|<.1 on a minimal surface of uniplanar derivation, 
so that, as we shall show, this surface possesses many of the properties a 
uniplanar analytic maps; but the surface does not lie on a plane. 

If the functions (6) give uniplanar maps with one choice of coérdinates, 
it does not follow that necessarily they give uniplanar maps with all choices. 
Thus, for the functions — l 

fx == 2, fz == 0, fa — — {Z 
we have ; p 
M(z) =z and N(z) =z 
both mapping (2) on uniplanar regions; but 
fi —tfs = 0. - 


We shall assume in the future that unless otherwise stated the codrdinates 
of a minimal surface of uniplanar derivation have been so chosen that M (z) 
and N(z) both give uniplanar maps of the region of definition. 

The following theorem will help justify our definition. 


A umplanar analytic map of (2) is a minimal surface of untplanar 
| derivation. Conversely, if a minimal surface of uniplanar derivation lies on 
a Riemann surface, it lies on a uniplanar region. - 

Suppose first that we have a ‘uniplanar analytic map of (2). As we have 
pointed out, this is a special case of a minimal surface. If we choose 
coordinates so that the map lies in the (zı, 23)-plane, then 
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f me Dy -F 123, 
fa — 0, i 


fo Ta — 12, = — tf, 


and the functions (6) both give the uniplanar map in question. Conse- - 


quently, the map is a minimal surface of uniplanar derivation. 


Suppose secondly that we have (2) mapped conformally on & minimal ` 


surface lying on a Riemann surface but not on a single-sheeted plane. We 
shall show that the ‘surface is not of uniplanar derivation. With the same 
axes as in the preceding case, the map is given by the analytic function 


fı == Ty F 123. 
We must show that for any transformation ‘of the rectangular axes, 


= X ajaa (j = 1, 2, 3), 


at least one of the new functions (6)-does not give a uniplanar map. 
The ‘surface now is given by 


Š= 04,10 (U, v) T hj, Ta (U, v), = RF; (2) ° 
Here | l 
Fi = djafi + jsf = (44,1 — iaj, s) fis 
so that san ; 
F, + iP: m (a1 — 181,35 + te, + Gen) fr, 
l FP, — iF; == (44,1 — ia, — 42,1 — Gea) fi. 


Neither of these functions gives a uniplanar map, since f, does not give such ~ 


a map. The surface, therefore, is not of uniplanar derivation. - 
It is an interesting but obvious obseryation that. 


a) Every member of the family of real minimal surfaces associate to a 
minimal surface of untplanar derwation is of uniplanar derivation. 

b) Every reat surface homothetic to a minimal surface of uniplanar 
derivation is a minimal surface of i aa derivation. 


- If the original surface is given by (4), the the nae il minimal 
surfaces are given by 


y; = Retifi(a); 


where the parameter t is real. This family T to within their saon w 
Yy 


in space, of all the real minimal surfaces applicable to thẹ frst surface. 
The homothetic real surfaces are given, to within their positions. in 
space, by 
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Yj = Ref; (z), 


where the parameter c is real and not zero. 
Combining the two families,:we have that 


(7) yy om Reef (z) = Rufi (2), 


where w is a non-vanishing complex parameter, define the two parameter 
family of minimal surfaces of uniplanar derivation applicable, or applicable 
after a magnification, to the minimal surface of uniplanar derivation de- 
fined by (4). l 

Obviously these surfaces (7) are minimal, for the y; are the real parts 
of analytic functions and so are harmonic and, by (5), 


8 
w? arr =a (), 


Finally, the condition that they oe of uniplanar derivation is that the 
functions 


w(frt ifs), (fr — ifa) 
give uniplanar maps, a condition that is satisfied since both of (6) give uni- 
planar maps, and since w >< 0. 
Every simply connected subregion of a minimal surface of untplanar 
derivation ts of untplanar derwatton. 
Let the isothermic harmonic functions (1) map the circle (2) on the 


minimal surface of uniplanar derivation S, and consider any simply connected 


subregion S: of 8. In this mapping, a subregion S, of (2) is mapped on Si. 
Let the function 


z= 2(Z), Z = U 417, 
map the circle 


CO [(U — U)? + (V—Vo)*J4 <p 


on Sa. Since the functions (6) give uniplanar maps of (2), they give 


uniplanar maps of any part of (2), in particular of 8’; Consequently, the 
functions | 


z — Rfi (2) = R; [2(Z)] = RP (Z), 
which map (2’) on 8a, are such that 
Fi + if: and F — l, 


give uniplanar maps of (X). 
_If an analytic function, not identically constant, has a zero derivative 
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~ at any point, this point is a branch point of the function and the map is not 
uniplanar. Only at such points does the conformal character of the mapping 
break down. Similarly, 


If the ssothermic harmonic functions (1) map the circle (2) on a mini- 
mal surface of umplanar derwation, the mapping 1s conformal throughout. 
The mapping is conformal except where 
E =m 0, 
that is, where simultaneously 
fi 0, P20, Fs = 0, 
since l 
8 
E =48|f;]> 
ja Se 
The points of (2) where this condition is satisfied necessarily are isolated 
for any minimal surface. But if there are such points, the functions (6) 
do not give uniplanar maps and consequently the surface is not of uniplanar 
derivation. 
The existence of such a singular point is a sufficient, but not a necessary, 


condition that a map be not uniplanar or of uniplanar derivation. 
The equations of Weierstrass for a general minimal surface, 


=R | ile) —W(2)] d, 
t= 8 f [g (2) +} (2)] d, 


A =R f Zig (2) h(2) dz, 
are obtained from (5) by means of the equations of definition 


Fa + tfs = 2g? (2), 
P a a 


ag, for. minimal surfaces of uniplanar derivation, 
b(2) = f g(2)da— (1/2) M (2), 
(8) 
pa) = f W(2)de = (—1/21) N(R), 


both give uniplanar maps. 
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“A direct computation gives 
E = [g (2)ġ (2) + h(2)h (2) F’, 


where 6 denotes the conjugate imaginary of 6. 
The length of a curve on the minimal surface is given by 


Lom fma] fig! alt SC |b|? | del. 


The lengths of curves on the maps 
Ww, == ġ (2) and W= e 


-are given by 
#1 #3 ` 
L= f lg |? [dz] and. L= f hl? | ds 


Jespecii al Consequently, if the paths in (2) are the same in the three 
cases, 
L =m La -+ Lg. 


. The following theorem is analogous to Bieberbach’s famous theorem on 
uniplanar maps.* 

If the tsothermic harmonic functions (1) map the circle (2) on a fimiie 
surface of umplanar derwation, then the minimum distance on the surface 
from the image:of (tio, vo) to the boundary is greater than or at least equal 
to Hy%p/4, where E, designates the value of E at (uo, vo). No closer in- 
equality holds for all surfaces of thts type. ' 

The above distance is given by the minimum, for all paths of integration, 
of the integral 


JiS ne eee eee 


Since the functions (2) and ¥ (2) give finite uniplanar maps of (2), 
we can apply Bieberbach’s theorem, to these. functions, getting, for any path 
of integration, 


A ' 
E 
(9) | , 
p 
fe HL? | de |= [ho | 0/4, 
R= , 
. Where go and ho are the values of g and h at (tto, Vo). 


* Bieberbach, loc. cit, p. 86; Ford, loc. obt., p. 169. 


724 T E. F. BECKENBAOH., 


Adding the two inequalities (9) and applying 
Eá = | go|* + | ho |3, 
we obtain the desired inequality 


(10) J | dz | = E,” p/4. 


Since, by Bieberbach’s theorem, the inequalities (9) are ‘the closest 
possible for all finite uniplanar analytic maps, and since uniplanar maps 
are a special case of maps of uniplanar derivation, it follows that (10) is 
the closest inequality possible for all finite minimal surfaces of uniplanar 
derivation. | 


The equality in the preceding theorem, 
pa r 
(11) l minimum f EA | dg-| == Ey p/4, 
; R= 


can hold only tf the map of untplanar derivation is actually uniplanar. . 


For (11) to hold, each equality in (9) must hold for a certain path 
of integration; furthermore, this path must be the same in both cases. 
Consequently, (2) and (z) are derived from Koebe’s function 


W—=Z/(1+eZ)2, z= zo + eZ, 


by means of 


W — [ġ (20 + p2) — (20) ]1/P90°, 


and, 
W = [Y (z0 pZ) — 4 (zo) ]/pho?, 


respectively, where the real parameter a has the same value in both cases 
and where _ . : 


; Zo "= Uo F Wo. 
It is no restriction on the generality to take 
p(z) =0, ` p(z) =0, 
so that : 
(12) (2) = (hè/gò) (2). 
From (6), (8), and (12), 
fi + tf = Rig, 


fı — ife = — A (ho?/ gè) $, 
so that, by (5), _ 
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l . D oe fri (1 — h?/gò°)ẹ, 
(13) fe = (1 + h/g) , 
fam E Ri (ho/ go) $. 
Setting 
bm A (u, v) + iB (u, 0) Ten 
ead aD, 
and using (4), we find from (13) that 
- 2abA — (1 — a? + b) B, 
w= (1 at — b7) A — 2abB, 
= x 264 = 2aB.. 


The transformation of the Aee coördinates defined by 


b G Ae 

a Fa T FE 
_ —a(1—a* — b?) e "  b(1—a?— b?) 

(a? + 6*)4(1 +a? +52) 2 TET +a +4)” 
2(a? + 5?) 

| *@+RaI+e+R)™ 
2a | 2b a? +b? — 1 

ETET ET E aE ap 

preserves orthogonality of axes and eee 


Xs 


X, (u, v) = (aA — bB) itet 


CET 
; 1 ae ae 
Xa (u, 0) — (bA + aB) on ; 
Ga i > a 
whence, 
i af b 
C Seeeae ee “isi (a+) [A (1,9. + iB a 
om E% gt (ts) pW, 
where 


gore gola ho — e° | ħa |. 


The function (14) gives a a i map of (2), since W gives 
such -a map. 


We now establish sig following Timu theorem. 
` If the isothermic harmonic functions (1), map.the circle (2) on a finite 
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surface of uniplanar derivation, then at any point within the circle the 
following inequalities hold, 


t 


: 1—r E(u, v)7 A Lpr. 
a arr e |S Gane 
where : ‘ 
(16) (th tte) * + (00) 28 = rp. 


Further, no closer inequalities hold for all surfaces of this type. ` 
We know that * | 
ber „kwota | ae | 


Gy = Tol? Gary 


1—r _1—r <lh) Pe Lor. 
Gr 7 [ho f? T ar) 


It is a simple algebraic fact that 


eee 
| go 2- | ho |? i 


19 1*/ | g|? and Pee eee 


(17) 


lies between 


whence (15). 

- The equalities in (17) and (15) hold only for those functions for which 
the equalities hold in the preceding theorem. The conclusions follow as before 
that no closer inequalities hold for all surfaces of this type and that if the 
equalities hold the map is uniplanar, given by (14). 

_ Tf (uv) and (uz 02) lie at the same distance rp from (t,o), we 
obtain from (15) the inequality 


| (32) » E(u, 01) 74 <(! aay 

<o AT+r E (tz, V2) 1— rj’ 
If the isothermic harmonic functions (1) map the circle (2) on a finite 
surface of uniplanar derwation, then the minimum distance m(u,v) on the 


surface from the image of (tlo, va) to the me CON OPRAN to (u, v) 
satisfies the inequalities 


(18) [r/(i Ej r)”] pE Smu) S < Pele) ) pE% , 


where r is gwen by (16). No closer capes hold i all surfaces of 
this type. 





* Bieberbach, loc. oit., p. 88; Ford, loo. oit., pp. 172-173. 
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The second inequality of (15) gives, for any path of integration, 


J7 e= fJ E% [G +r)/(—r)’°] | de}. 


The first of these integrals, taken along a radius, is at least as great as 
m(u,v). Hence, | 


(19) meno) Sf [b+ 1) /(L—1)*] pE dr = [1/1 —1)*] pot. 


If the curve C minimizes the distance, then 


m(u, v) = f” | dz |. 
This integral is not increased if we. substitute for 
|| de | = [pd + pte] 
the not larger quantity p | đr | : 
m(u, v) > eB | dr |. 


The first inequality of (15) gives, then, 
(20) m(u,v) =f (1 —r)/(1 + r)°] pE | dr | 


= J, LA —r)/ Q +r)’ ] pho? dr 
wm [r/(1 + 1)?] pEo*. 


From (19) and (20) we get (18). The equalities hold only as in the 
preceding two theorems. l 

These last two theorems yield the following pair of theorems. The 
proofs, depending on a division of the (u, v) region into squares of sufficiently 
small size, are exactly the same as those of the corresponding theorems con- 
cerning uniplanar maps, and therefore are not given here.* 

Let ¥ be a uniplanar finite region and let X be a closed point set con- 
sisting only of interior points of 3. Let the tsothermic harmonic functions 
(1) map ¥ on a finite surface of untplanar derwatton. Then there eatsts, 
a constant K, dependent on X and X but independent of the mappng func- 
tions, such that tf (ui, v1) and (uz, va) are any two points of %, then 


* Bieberbach, loc. cit., p.89; Ford, lec. cit., pp. 176-177. 


728 E. F. BEOKENBAOH. 


I E(u v3) 
coe aa Dea sa AF K. 
E S Elus v) ~ 


Finally, 
In the mapping of the preceding theorem there exists a constant L, 
independent of the mapping functions, such that if 
(uav), (Ua, M2), and (us va) 
are any three points of 3, then 
m | (ur V), (Ua, U2) | < L [E (us, va) 1%, 


where 
m [ (tr, V1), (Uz, V2) | 


denotes the minimum distance on the surface between the points (u,v) i 


and (uz, V). 


THE Rice INSTITUTE, 
PRINOETON UNIVERSITY. 


CONCERNING REGULAR PSEUDO D.CYCLIC SETS. 
‘By. Laowdnp M. BLUMENTHAL. 
| 
| 


1. I ntroduction. A get of yont is called pseudo d-cyclic provided that 
each three of the points is congruent with three points of a circle of metric 
_ diameter d, while the whole set is not congruent to.a subset of the circle.* In 
a recent paper t the writer has completely characterized those pseudo d-cyclic 
sets that (1) contain no convex tripod, and (2) contain no pseudo d-cyclic 
quadruples that are pseudo-linear.t Such pseudo d-cyclic sets were called 
proper. The purpose of this paper is to characterize pseudo d-cyclic sets that 
contain no convex tripods, the assumption that the set contains no pseudo- 
linear quadruples that are pseudo’ d-cyclic not being made. We call such sets 
regular. The principal theorem of this paper proves that these sets are equi- 
lateral provided that they contain more than four points. : 

It has been shown in the paper referred to above that pseudo d-cyclic 
quadruples are of three kinds; namely, (1) pseudo d-cyclic quadruples that 
contain no linear triples, (2) pseudo d-cyclic.quadruples that contain exactly 
three linear triples, and (3) pseudo d-cyclic quadruples that have all four of 
the triples they contain linear. The second case can occur only when the 
quadruple forms a convex tripod, and hence this case is excluded from this 
discussion. The third case occurs when the quadruple is pseudo-linear, and 
no two of its points are diametral. We shall refer to pseudo .d-cyclic quad- 
ruples as being of the first, second, oy third kinds, depending’ upon whether 
they are in the first, second, or third of the above classifications, respectively. 
Further, if pi, Pa, Ps, Pa is a pseudo d-cyclic quadruple of either ie first or 
third kind, then Dips = PsPa, Pips = = PaP, Paps = Pips 


* Throughout this paper the word “ circle” refers to the circumference. Distance 
between two points of a circle is defined to be ne length of the shorter arc of the 
circle joining them. 

+“ A Complete Characterization of Proper Pseudo D-Cyclic Seta of Points,” 
Amerioan Journal of Mathematios, Vol. 54: (1932), pp. 387-396. 

t Four points form a convex tripod provided that one of the points les between 
each of the three pairs of points contained in the remaining three points. (A point q 
is said to lie between two points p, r provided that pg + gr==pr. The triple p, q,r 
is said to be Unear. We shall denote the above relation by the notation pgr.) Four 
points form a pseudo-linear get provided that cach three of the points is congruent 
- to three points of’ a ee while the four pointa are not congruent to four points 
of a line. 
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2. In this section, we establish two lemmas and a theorem concerning 
pseudo d-cyclic quadruples and quintuples. 


Lemma 1. A eae d-cyclic quadruple does not ‘contain two diametral 
points. 


To prove this, we suppose that two points, say pı, ps, of the pseudo Tadi 
quadruple pı, Pz, Ps, pa are diametral; that is, the distance ip, equals d. 
Then evidently the two triples pı, Pa, ps and Pı, Pa, ps containing these two 
points are linear, and we have pips + paps = Pipa; Pipa + PaPa = Pips. Now 
the quadruple is either of the second or the third kind (since it contains limear 
triples). The supposition that the quadruple is of the third kind’leads imme- 
diately to a contradiction, for a quadruple with four linear triples (which are 
d-cyclic) and two points with a distance equal to d may be imbedded in a 
circle of metric diameter d, and hence is d-cyclic. Suppose, then, that the 
quadruple is of the second kind. Then the four pomts must form a convex 
tripod; +. e„ exactly three of the triples contained in the four points are 
linear, and one of. the points lies between three pairs of points. But from the 
~ above two relations, pa lies between p: and ps, while p, lies between pı and ps. 
Hence, the four points do not form a convex tripod, and this cago is also 
impossible. Hence, the lemma is proved. 


Lemma 2. Ifa pseudo d-cyclte quintuple contains two diametral points, 
and a pseudo-linear quadruple which is pseudo -d-cyclic, then the panig 
contains a convex tripod. 


Let Pı, Pa, Pas Pa Ps be a quintuple satisfying the conditions of the EN 
We may choose the labeling so that po, Ps, Pa Pe is the pseudo-linear quadruple 
which is pseudo d-cyclic. Then the par of diametral points that, by hypothe- 
sis, the quintuple contains, is not contained in this quadruple, since, by Lemma 
1, a pseudo d-cyclic quadruple does not contain a pair of diametral points. 
We may letter the points so that pı, ps are diametral. , 

‘Since the quadruple pe, fs, Pa Ps is pseudo-linear, we have pops = p4ps 
me PaPa = Pads == b; Popa == Paps = C}; and all four of the triples con- 
tained in the quadruple are linear. Then, 


(a +b— c) (a—b + c) (—a +b + c) = 0. 


Now, pips == d, and hence we have pips + Paps =d; Pipa + Paps = d; Pips 
+ PPs = d. Combining these relations with the ones above, we obtain pips 
== db; Pps = d— cC; ppm d—a. 

oide now the peep 11, P2; Ps, Pae We have three cases to con- 
sider. 
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Case A. a+ b==c¢c. The point p, of the quadruple pi, Pe, -ps, ps is 
- to he between the pairs pi, Po; Pu Pa; Po Pas while the triple pı, Pz, p4 1 
linear. Thus, the quadruple forms a convex tripod. 


Case B. a+tce=b. The point pz lies between each of the three 
of points pi, Ps; Pı, Pa; Pay Pas and the ene Dis Pa Ps, Ps 18 again se 
form a convex tripod. 


Case C. 6-+-c=ma. Here, the point p, les frei three pairs of p 
and the quadruple is a'convex tripod. 


Thus, in any one of the three cases; the quintuple contains a cc 
tripod, and.the lemma is proved. | 

These two lemmas enable us to prove the following theorem, of ¥ 
much use is to be made: 


THEOREM I. ` If a pseudo d-cyclic quintuple contains a paw of diam 
points, then the quintuple contains a convex tripod. 


Assume the labeling so that, as before, the points pi, ps are diam 
We have, then, ppe + Paps = d; Pipe + Paps = d; Pips + paps =d. — 
since the- circle has the congruence order four, at least one of the quadr 
contained in the five points is pseudo d-cyclic. By Lemma 1, this quad 
does not contain the points pı, ps. We may choose the labeling so tha 
quadruple Pz, Pa, Pa, Po is pseudo d-cyclic. If this quadruple is pseudo-li 
the theorem is proved by an application of Lemma 2. Suppose, then, tha: 
quadruple is not pseudo-linear. If it is a quadruple of the second kind 
‘theorem is proved. We suppose, finally, that the quadruple is of the 
‘kind. Then we have the relations pops == Paps =Q; PsP, Pops = b ; 
= PPs = C; anda-+-b+c—2d. Consider the quadruple pı, Pa, ps, P. 
is seen at once that the point p, lies between each of the three pairs of p 
Ps, Ps3 Pas P4; Ps, Ps, and the quadruple forms a convex tripod. Hence 
theorem is proved. 

We give an example of a pseudo d-cyclic quintuple containing a psi 
linear quadruple that is pseudo d-cyclic, a pair of diametral points, a 
convex tripod. The ten distances determined by the five pomi are give 
means of the table: 

Pr Ps Ps Ps Ps 
Pı 0 d/3 d/2 4/6 d 
B p: | 4/8 0 d/6 d/2 24/3. 
Pa | d/2 d6 0 d/3 a/2 
p, | d/6 d/2 d/ 0 64/6 
Ps | d 24/38 d/2 5d/6 0o 
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This quintuple contains three d-cyclic quadruples. The pseudo-linear quad-" 
ruple that is also pseudo d-cyclic is Pı, P2, Ps, Pa, and the convex tripod is « 


formed by the four points pe, Ps, Pa, Ps- 


3. We now establish certain lemmas concerning regular pseudo d-cyclic 


quintuples (that is, pseudo d-cyclic quintuples no four points of which form 


aa? 


a convex tripod). that will enable us to prove the principal theorem of this . 


paper characterizing regular pseudo d-cyclic sets containing more than four 
points. 

Lemma L A’ regular pseudo d-cyclic en does not contain ici 
one d-cyclic quadruple. 


We suppose that the regular pseudo d-cyclic quintuple Pi, Da, Pss Day Ps 


contains just a single d-cyclic quadruple. We may choose the labeling so that 


this quadruple is Pu Pz, Pa, pa Then the remaining four quadruples are `~- 


. pseudo d-cyclic of the first or third kinds (since the quintuple is regular). 
In either case, if we let pi, Pj, Pr, Pw Tepresent any one of these quadruples, we 
have Pipi ==PkPn; Pips == PiPn; PjPe = PiPn. Writing these relations out 
for each of the four quadruples, it is seen that‘all of the ten distances deter- 


mined by the five points are equal. Then, in particular, the quadruple Pı, ps, 


Ps, Ps is equilateral, and hence is not d-cyclic, contrary to the E 
Thus, the lemma is proved. 


LEMMA 2. A regular pseudo d-cychic quintuple does not contain exactly 
two d-cychie quadruples. 


We suppose that the regular pseudo d-cyclic quintuple Pı, 2, Ps, Psy Pe 


contains two (exactly) d-cyclic quadruples, and we select the labeling of the 


. points so that these two d-cyclic quadruples are Pu Pa, Ps, Ps aNd ps, Ps, Pay Ps- 
Then the remaining three quadruples are pseudo’ d-cyclic of the first or third 
kinds, and, in either case, we have the following relations : 


(A) Pipe == Pı Ps = Dips = Paps = PoPo = Paps; Paps = Pape = PaPa = Pips- 


Since the quadruple 71, Pz, Pa Pa is d-cyclic, it contains at least two linear 
triples. Now the triple P2, Ps, ps is equilateral, and hence, it is not linear. Then 
two of the remaining three triples, 1, P2, Pa; Pis P2 Pa; Pi, Ps, Pa are linear. 


We have, thus, three cases to consider. All three cases are treated similarly to . 


" the one discussed here. . 

Case A. The triples 1, Pe, Ps; Pu Pa, Pa are linear. Then relations (A). 
yield that pepip, and ppıpı exist. But then, we have pspip,, and the four 
points form a convex tripod, and hence are not d-eyclic, contrary to the 
hypothesis. 
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Thus, the lemma is proved. ! 
Lemma 3. A regular pseudo d-cyelic quintuple does not contain exactly 
three d-cyclic quadruples.: l | 


“We suppose the onary and select the labeling 80 that-pi, P2, Ds, ive 
Prs Ps, Pay Ps are the two pseudo d-cyclic quadruples. Then we have the rela- 
HONS Ppa == PaPe — Paps; PiPs = Papa = PsPs; Paps = Pips = Paps We dis- 
_ tinguish two cases: 


Case'A. The pseudo d-cyclic quadruples pı, Pz, Ps, Pa; Pz; Psy Pa Ps ATC 
both of the first kind’ The three quadruples pı, Pa, Ps, Ps; Po Pa, Pay Ds; 
Pis Ps, Ps, Ps are, by hypothesis, d-cyclic, and hence each contains at least two 
linear triples. Since the two quadruples pı, po, ps, Pa; Pe, Ps, Pas Po are sup- 
posed pseudo d-cyclic of the first-kind, none of the seven distinct triples that 
they contain are linear. Thus, of the ten triples contained in the five ‘points, 
only three of them are linear. These triples are Pı, Pe, P53 Pi, Ps, Ps} Pr; D4; 
ps- Each of the three d-cyclic quadruples must contain two of these triples. 
' From the above relations, we obtain that pipeps; PipsPs; PipsPo exist; i. @ 
Pips = 2( Pipa) = 2 (pips) = 2 (pips). Then pips pops = pips, and! since 
the triple pı, ps, Ps is d-cyclic, each of these distances equals 24/3. But then 
Pips = 4d/3, which is impossible, for since any triple containing pı! ps is ` 
d-cyclic, the distance PPs cannot exceed d. Hence this case is not possible. 








Case B. One of the quadruples pı, pz, Ps, Pa; Pry Da, Pay Ps iB OF the third 


kind. Then both of the quadruples are of the third kind; for, since the. — 


quintuple is regular, pseudo d-cyclic quadruples are either of the first or third 
kinds. The triple pa, ps, pae is common to both of the quadruples, and the 
supposition that one quadruple is of the third kind means that this triple is 
linear. ‘Then the other quadruple contains a linear triple, and herice it is of 
the third kind. Then the seven distinct triples contained in these two quad- 
ruples are linear, and in addition, we have, as before, the relations Pips 
= Pg Pa = Papo; Pips — Papi = PsPs ; Paps == Pips = P4Ps- Now, we mey label 
the three points common to the two quadruples so that papap, exists. Apply- 
ing the above relations, we have Pifrps; PapaPı;. PaPıPz; PePaPs; P4PsPz; 
PsPaps holding. Consider the d-cyclic quadruple fi, P2, Pa, ps. Two of its 
triples are linear in the order P:PaPs and Psp:ps: Three sub-cases present 
, themselves. | | 


Sub-case 1. The remaining a ks contained in pı, Pa, Ps, Ps are not 
linear. Since thesé two triples are d-cyclic we have pips + PsPo + Popi = 2d, 
| Pape + Paps + Pepi = 2d. Subtracting’ the second relation from the first, 


Arr eee a ernst “~~. 
—— aT 
` 
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and making use of the fact that pspap, exists, we obtain pips == pipe— Paps, ` 
which is impossible, since pipes exists. Hence, this sub-case cannot occur. ` 


Sub-case 2. Only one of the two triples Pı, ps, Ps; Pu Pe, ps is linear. 
Suppose that Pı, Ps, ps is linear. Then p.psps exists, and since Di» Pr, Pi i8 
not linear, we have pip: + pops + psp: = 2d. From’ these relations, it is 
easily seen that pips = d -+ paps, which is ‘impossible. Hence this cannot 
occur. 


_ Suppose that pı, ps, ps is selected as the only one of the two triples to be 
linear... Then we obtain pipes, and the point pe is seen to lie between pips; 
PiPs; PsPo; t. 6., the points Pı, Pz, Ps, ps form a convex tripod and hence are 
not d-cyclic, as supposed. . 


. Sub-case 3. Both of the triples pi, po, Ps; Pı Pe, Ps are linear. Then 
PipeDs 3 PsPePs; PiPsPs; PiPePs exist. From these relations, it is immediate 
_ that pips == pips, which is impossible, for pıpıps exists. A contradiction in 
the form pips == pi~s + pape may also be found. 

Hence, none of the three sub-cases under Case B can occur, and.the 
theorem is proved. ' 


LEMMA 4. Á regular pseudo gue quintuple does not contain exactly 
one pseudo d-cyclic quadruple. 


The proof of this final lemma is divided into two parts. 


Part 1. We suppose that the regular pseudo d-cyclic quintuple, Pu pa, 
Ps, Pa ps contains exactly one pseudo d-cyclic quadruple, and we assume that 
this quadruple is of the first kind. We select the labeling so that this quad- 
- ruple is Pı, Ps, Pa, Pio Then none of-the four triples contained in this quad- 
ruple is linear. The quadruples Pı, Pe, Ps, Ps) Po Pay Po Pos Piu Ps, Pa Ps; 
Pa, Ps, Pa Ps are each d-cyclié and hence each contains at least two linear 
triples. Since each of these quadruples contains a non-linear. triple from the 
quadruple pi, Pe, ps, Pa, they can contain at most three linear triples. But-if a 
d-cyclic quadruple contains three linear triples, while the fourth triple is not 
linear, the quadruple must contain two diametral points.* But then, according 
to the theorem of section 2, the quintuple would contain a convex tripod, which 
is impossible, since the quintuple is, by hypothesis, regular. Hence, each of. 
the four d-cyclic quadruples contains exactly two linear triples. We may 
select the triples #1, Ps) Ps; Pa Ps, Ps in the quadruple pi, ps, ps, ps to be 
linear. Then, in order that one of‘the remaining three quadruples may not 


*L. M. Blumenthal, “A Complete Characterization of Proper Pseudo D-Cyclic 
Sets of Points,” American Journal of Mathematics, Vol. 54 (1932), p. 393. 
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have three linear e we must ht th, Pa Ps; Pz; Pa, Ps a8 linear. Then - 
each of the four d-cyclic quadruples contains exactly two linear triples. ‘The 
triples Pa, P2, Ps; Ps; Pas Ps are not linear, but since they are d-cyclic, we have 
the relations pips + paps + pspi =' 2d; Papa + pes +. pops = 2d. Also, from 
the fact that the quadruple pı, ps, ps, pa is pseudo d-cyclic, we have pipe 
= PaPa; PaPa = Paps; Pips = Paps. From the linearity of the four triples, we 
have the relations : ; “3 i 


© (PaPa + PaPs — PoP) (pips — PsPs + Popi) (— Pips + pops + pop:) — 0 
(A) (Pops -H PPs — Psp2) (paps — PPs + PsP2) ( = Pods + PsPs + DsPe) — () 
(Papa F Paps — PoPr) (Pips — Pas F Pops) ( — Pipa H Paps + Psp) — 0 
(PaPa + Paps — Popi) (PaPa — Pas + Popa) ( — pape + Paps + psp) = 0 


An examination of the first two'ʻof the relations (A) together with the 
relations that immediately precede them, leads to the result that either pipsps 
‘and pPsPsPo OT PiPsPs aNd pops, exist. A similar examination of the last two 
of the relations (A) yields the fact that either pipsps and papspa OF Pıpspa and 
Popsp, exist. But it is easily shown that no one of the four cases obtained by 
grouping these two pairs of relations is possible. “Hence the case considered by 
Part 1 of the theorem cannot occur.* l 


Part 2. In this part we assume that ie regular pseudo d-cyclic quin- 
tuple pı, Po, Pa, Pa, Ps contains exactly one pseudo d-cyclic quadruple, and 
this quadruple is pseudo-linear. We may label the points so that the quad- 
ruple Pis Pay Pas Pa is Caen and so that PiPaPs; PPs Pas PaPsPss Papapa 
exist. 

Consider, now, any one of the four PEETA E SAY Pı, Pos Pa, Ds 


_ * To see, for example, that'of the nine contun that may be stained from 
the first two of the relations (A) only the two combinations given above are con- 
sistent with the relations preceding (A), it is sufficient to examine. each of these nine 
combinations. To indicate the method es to reject combinations, we consider 
the case Of PPPs P2PsP55 i. e., 


(1) PP, + PaPa = P Ps 
(2) PP, + PoPs = PoP 5: 
From these two relations we obtain 
(3) ; P,P, — PaPa = PaPa T PPa 
Now the triples P, Pa Pa; Pi» Pa P, are deyclie, not linear. Whence, we have 
(4) à P Pa + PaP, + Pp = 2d, 
(5) P,P, + PP, + Dp, == 2d," 


From (3) and (4) we obtain, 2(p,p,) == 2d — P Pa — PoP, + P,P, and using (5), 
“we get 2(p,P,) = 2 (P P,). But this, together with '(1) implies that PaPs == 0, which 
is impossible, since the pointe p, and p, are distinct. © ` 
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contained in the quintuple. This quadruple being d-cyclic, and not contain- 
ing two diametral points (by reason of Lemma 2, section 2), must contain 
either exactly two or exactly four linear triples. Two cases present themselves. 


Case A. The quadruple pi, Pz, Pa, Ps contains four linear triples. Con- 
sider the d-cyclic quadruple Pe, ps, Pa, Ps. This quadruple contains the two 
linear triples pe, Ps, pa and Pz, Po Ps. But, since pops, exists, the linearity 
of Ps, Ps, Ps in any order is possible only if all four of the triples contained in ` 
this quadruple are linear. Then evidently all ten of the triples contained in 
the quintuple are linear. In a similar manner, this result is seen to follow 
if any of the four d-cyclic quadruples is assumed to have four linear triples. 


Case B. Each of the four d-cyclhtc quadruples has exactly two linear 
triples. The quadruples Pı, Pz, Pa, Ps} Pu Pa, Pa, Pos Pis Pas Ps, Ps; Pes Pay 
Pa Ps contain the linear triples pı, Pze, Pa; Pu Ps, Pas Po Pz; Pa; Pa, Pa, Pa 
respectively, and each contains exactly one other linear triple. It is found 
that this is possible only if one of the oe following combinations are selected 
as linear: 


(1) Pu Pe, Ps; Pa, Pu Ps (2) Po Ps, Ps3 Poes Pas Ps (3) Pay Pay Ps; Pis Pas Ps- 


We examine the first combination. The quadruple pi, pe, ps, ps contains 
only the two linear triples Pry D2; Ps and Ti Pz, Ps. Since pPipeps exists, the 
second triple is linear in the order pepips. Consider, now, the quadruple 
Pis Pos Pa, Po» It contains the two linear triples: pı, ps, Pa} Pa Pos Po, and since 
PoP, ANd PoPips exist, all of the triples contained in this quadruple are 
linear, contrary to the hypothesis for Case B. Hence combination (1) can- 
not occur. 

Tọ show the impossibility of combination (2), consider the avadwaple 
Pi, Pay Ps, Ds. Since pPipeps, exists, the linearity of pi, ps, ps in any order 
demands the linearity of all four of its triples. 

Finally, we consider the combination (3). From the quadruple pi, ps, 
Pao Ps We obtain pspsp, and P4Pıps- Then the quadruple pi, pa, Pa, ps is seen ` 
to have all of its triples linear, since papip, and Pepips exist. , Thus, the 
assumption that each of the quadruples contained in the quintuple has exactly 
two linear triples leads to a contradiction. Hence, Case A alone is possible, 
and all ten triples contained in the five points are linear. . 

But the straight line is known to have the quasi-congruence order 3 *; 
i. e., any set of points containing more than four points sich that each triple 
is congruent to three points of a line, is congruent to a sub-set of the line. 


* Karl Menger, “New Foundation of Euclidean Geometry,” American “ ournal 
of Mathematics, Vol. 53 (iian p. 727. 
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The five points Pı, Pz, Ps; Pa, Ds have been shown to have all of their triples 
linear, and hence they are congruent with five points of a line. This, how- 
ever, is impossible, for the five points contain the quadruple pı, Pz, ps, Po 
which, by hypothesis is pseudo-linear. Hence the five points cannot be cow- - 
gruent with five points of a line. 

Thus, Case A having been shown to be impossible, the theorem is proved. 

Since the circle has the congruence order 4, all of the quadruples con- 
tained in a pseudo d-cyclic quintuple cannot be d-cyclic. This fact, together 
with the four lemmas proved above, establishes the following theorem: 


THEOREM II. A regular pseudo d-cyclic quintuple does not contain any 
d-cyclic quadruples. 


Hence, if a set of five points is such that (1) all ten of its triples are 
d-cyclic, (2) the set does not contain a convex tripod, (3) one of its quad- 
ruples is d-cyclic, then the set 1s congruent with five points of a circle of metric 
diameter d. 

We have immediately the theorem characterizing regular pseudo d-cyclic 
quintuples. 


THEOREM III. A regular pseudo d-cyclic quintuple is equilateral. 


Since the quintuple does not contain any d-cyclic quadruples, all of its 
quadruples are pseudo d-cyclic of either the first or third kinds. In either 
case, the quadruple has its “ opposite” distances equal. Writing these rela- 
tions for each of the five quadruples, we have immediately that all ten of the 
distances determined by the five points are equal. Hence the quintuple is 
equilateral. Since each triple is d-cyclic, we note that each of the ten dis- 
tances equals 2d/3. 


COROLLARY 1. All quadruples of a regular pseudo d-cyclic quintuple are 
pseudo d-cyclic of the first kind. 


COROLLARY 2. A regular pseudo d-cyclic quiniuple does not contain any 
linear triples. 


4. We consider now regular pseudo d-cyclic sets containing more than 
four points. For these sets we prove the following theorem.. 


THEOREM IV. A regular pseudo d-cyclic set containing more than four 
points is equilateral. 


We have seen that this theorem is true if the set consists of exactly five 
points. To prove the theorem, we shall assume it true for a set consisting of 
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k points (k > 4), and cag that i follows that it is truè for sets containing 
k + 1 points. 
= Let pi, pat + +, Pr tis be a regular pseudo d-cyclic set containing ~ 
exactly k + 1 points. This set contains at least one regular pseudo d-cyclic ` 
get of k points; for, otherwise, every set of k points contained in the k +1 
points would be d-cyclic, and since k > 4, every. quadruple contained in the 
k +1 points would be d-cyclic, a fortiori. But, since the circle has the con- 
gruence order 4, the k + 1 points would be d-cyclic, instead óf pseudo d-cyclic, 
as supposed. . l 
We may assume the labeling so that pı, Pa’ * °, pa is pseudo d-cyclic. 
We now show that at least one other set of & points contained in the k + 1 
= points is pseudo d-eyclic. Suppose that each of the other & sets of k points 
contained in the k + 1 points is d-cyclic. Then all of the quadruples: con- 
tained in these & sets are d-cyclic. But all of the quadruples to be found in 
the pseudo d-cyclic set of k points, pı, p2,°- °, pe, are contained in the 
remaining k sets, and since these quadruples are all d-cyclic, the k points pı, 
Po,* * *, pr have all their quadruples d-cyclic and hence are themselves d-cyclic, 
which contradicts the previous assumption. Hence the k -+ 1 points contain 
another pseudo d-cyclic set of k points. We may select the laheling so that 
this set is’ ps, ps,° °°, Di, Px- The two pseudo dcyclic sets of k points 
shown to be contained in the k + 1 points are regular, and since the theorem 
~ is assumed true for regular pseudo d-cyclic sets of k points, we have that each 
"of these two sets is equilateral, with all of their distances equal to 24/3. Thus, 
of the (1/2)k(k + 1) distances determined by the k+ 1 points, all are seen 
to be equal except the distance pipe, which does not enter into the above two 
sets: To determine this distance, consider any triple, say i, Pz, Pest, COD- - 
taining this pair of points. This triple is not linear, for if it were, then 


(Pipa + PaPe — PPer) (Pips — PPr + Pipen) (— Papa + Papen + pipen) = 0 


and since Dips == PoPpr = 2d/3, we have Pipe = 4d/3, which is impossible. 
Hence the triple pi, P2, Pra 18 not linear, and since it is d-cyclic, we have 
Pipa + Papka + Piper = 2d, from which pipe, = 24/3. Thus, the set of 
k + 1 points is equilateral, and the theorem is proved. | 

Two corollaries similar to those following the theorem characterizing 
regular pseudo d-cyclic quintuples may be stated. 
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ON ARRAYS OF NUMBERS.* 
By LEONARD CARLITZ. t 


1. Introduction. This paper is concerned with the a i of arrays 
of numbers, @y,2, defined by a relation of the type 


(1) f On+t,8 =} Bils ey ee ) 


—where N is independent. of both s and n,—plus a set of “initial” condi- 
‘tions such as : 
Aim; G@y¢—=0 for s=-1.] 


Thus, for example, for N = 1, 8) = Bı == 1, we have the: Pascal Triangle— 
that is, the array of combinatorial coefficients; for. N = 1, Bo=1, Bı =8, 
the array of Stirling numbers. 

The numbers @a,. are best studied by means of the operator of order N, 


(2) BoEN + BIEN 4+» +4 By, 
where / is the well known symbol defined e 


Ef(8) = f(s —1); ; 


we suppose in the following that E operates only on s. We shall be interested 
in determining “explicit” expressions for the elements of the array (1). 
..As will appear in §6 fairly simple expressions may be obtained when’ the ~ 
operator (2) satisfies certain conditions. Before deriving actual expressions — 
for the constituents of an arbitrary array, we first set up certain arrays that — 
seem to possess some interest in themselves ($§ 2, 3; 4).§ 

In § 7 some of the results deduced in the earlier parts of the paper are 
applied to the evaluation of certain finite sums. The consideration of one 
of these sums indicates a connection between particular arrays and Bernoulli 
polynomials in several variables. 


2. Expansion of- (u pu)n, It is evident that we may put (» integer 
=. 0) | 


* Presented to the American Mathematical Society, N ovember 29, 1930. 

* National Research Fellow. 

ł Precisely these conditions hold in all cases studied in the present paper. 

§ A number of special cases are treated by the writer in the American Mathe- 
matical Monthly, Vol. 37 (1930), pp. 472-479, Sn 
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( 3) (aE DA) n as PR i (goelen Jat ) ; 
s=1 ; 


where of course D == d/ds. In order to determine the an. we apply. 
(a#D*) to both sides of (3). Then 


( gate De) AEL pomes 5 fs ( gh Dr) ( chee pers) 


ie , 
== >) D a (4) (s+p—i+na)!s got 2u-§- 14 (nt) A Dar2e-j-1 
8 4=0 
where 


G a AT pl! = p(u— 1): (a—ji +1), pl Ome 1. 
Writing pior s+ e— j, E | 
s unt u 
(ata De) a a T ` On, t-j (£) (t + j— 1 + nÀ) | Í (gti lt(ntD AT ttee1) , 

t=1 j=0 NJ 
Comparison with (3) shows that 
A . 
(4) dose = È (#) (8 j — 1 H MA) 1 amapas 
= 2 (4) (s Hj — 1-H nA) li E > ays. 


Evidently the dn, satisfy the initial conditions of § 1 and hence define an 
array of numbers of the type to be considered. The associated operator is 


F (4) (e+ j—1 + md) BH; 
it is easily verified that this can be written 
(5) —=(BE+s+m)(E+s+14m)- (E +s +a—1 +n), 
and that the operators in (5) are all commutative. 


3. Expansion of (a*D*#)", We suppose now that A and u are both 
non-negative integers. By the results of the preceding section the expansion 
of the operator (z*D#)* would appear to require an array of order (i.e. 
the order of the associated operator) A+ a; however it is not difficult to 
show that an array of order » will suffice. Accordingly we put | 


(6) (ze De)» a OS. hed (sted Devi-1énh) ; 
g=1 
As above apply z4D# to both sides of (6) : 
(cD) mI mms 5 Dies s ( pa ) (s  p-— 1) 11 (a8t2a-d-1 Perda-fts nD) 
J=0 N \ 


595 (“4 )(@+j—1)! Í bn, top (HEID HLA) | 
t j 


T2 
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Comparing with (6), 
A+ 
; = A+ i ens 
(7) Oni, à ( 2) (8 +7 1) | J Dr, epg 
=D (E (s H1 — 1)! Er bna. 


However this is not of the form (1); and indeed it involves an operator of 
order A+ In order to attain the desired result we notice first that the 
operator in (7) 

= (E +8) (E +8 +1): (EHe +t e—1yEn, 


where as in (5) the factors are commutative. Then 


Dns = (E +8): > (E +8 HA + p—l)E Mae > 
+i- Atul . 
— JI @+s+h)- E> JI (BHs +E) Enns 
R=0 k= 
< JJ (E +8 +R) Tl (2+s+aA+k)- Eons 
(8) =l H (E 4 s- h + kà) Eb a. 
Now pan: 
nr ` 7 aA - 
Tl (E +s +i 1) E= (*®)(s4+j—- Uw; 
o įj=0 ) 
and putting 
il Eeten kA) — 3 Aad 
(8) becomes 
a S (A+ I 1) H bran 
k=0 7=0 


But bi,s+4-a vanishes except when SẸ 3 — h mm I, pan then (s + 7—h—1) 13 
vanishes unless 7 == 0. Therefore 


ee mig ea ee 
k=O =i 
and finally 
(9) bmia,e = TI (E8 HA — 1+ na): Pn 


which defines an array of order. B3 ed it is daca with that defined 


by (4) of §2. 
4. Arrays associated with 


m1 8(m—A)l MB. - » (m—[n—1] dA) | Ave, 
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We begin with the proof of the identity 


ae) ee) [Ate 


= Sask, (mb I—D Mm — [1 Ape EDT 
where 
Ay (k) = A (k, n) 
= (ME) (kb df pI) Ded [m+ 1] A+ pI). ed 
for all integral k = 1 — A — p 5 a 
Evidently (10) holds for k = 1—AàA— p; assuming then that it holds 


for all larger values up to and including k, we show without i that 
it holds for k +- 1. Since 


(m+ k) (m— [n41] Ä— ak 1) 
= (m + k + j) (m— [n + 1JA—p—k—j—1) 
Paaa, 


the e gide of (10) 
= 5 DOT EAEE l(m— [n 1] A—p—k) 
+ ACL + IJAH aH Oh + 71) (m + e+ jm 1) (m inp ]uk) | 


= $ (ACE) (7 1) (Em + IJA H p H 2E E j) Asa (E) } 
a (m -+k + j) ¥(m— [n+ 1] A pk) N. 
But the quantity within the { } z 


= 9) HA 1) Dik A [nH IJA 1) Ps 
HOFI) atit et kta) OM) FAH pee 1) aa 
X (k -+ [n+ i] A+p—1) ei | 
= ete”) Pemdl(h 4 [n H 1] A H 1) Peed 
: [Ei (RAG + na) + A +e i) (ntate tki] 
== ae) a [n H 1] A+ e) AeA 


bas] 


completing the induction. 
4.1. We now consider the expansion 


(11)... m1 +8 (m —d) PMB + (m —2(m—1)A) ae ` 
„m p enel K RS 1) | (AnD ATAR 


8=1 
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that such an expansion exists mek be shown by ee application, of the 
obvious identity 


m(m—B) = (m+) (mh —k) + (b+ bb. 


To determine the Cn, s, put m—A ih place of m in T Ua ; and then mp 
the left side of (11) by F 


(12) - oo m1 8(m — 2nd) [am | 
and the a side by the — obtained by applying (10) to (12): 
m Me. . (m — 2nd) MP mie > Cn,e( a, te DRE 
i È sea) (m +8 —A +j —1)!!(m— 2nà— p—s + 1) 14 
== 2 > Aj (8 — À, 2N) Cn (M as 8—À aa j— 1)! a 


anti Ata 


= > = Ay (i Wit j, IN) Cn, t-a (m + "E 1). | ‘(aneL MRED 


t=1 


Comparison with (11) shows. that 


(13) Casts = D Ay (8 — f, 2) onadan 
Ata , : 
== 2 Az (8 — f, In) BP: Cne.. 


We now proceed’ exactly as at the corresponding poiut in 183; we may 
prove by an easy induction 


| Saeima mEt etine +intiate— i) | , 
the factors on the right being permutable.*. (13) then becomes | 
haa -H [r+ eti Det t atai) |B a ona 
-Ü [r+ @+i—D + entat) | 
e+ (PAPI D (sH AM + ADT BA onns 


* It will be noticed that in the following factorization òf the same operator the 
factors are not permutable: 
(E+ (8+ 20h) (E (e+ 1) (e+ 2m +1) 
(B+ (8 +at+Hu—i) (a+ [2n + 11A + a—1)). 


144 iho Rae | 
ko = Jf T [8 HeH ai 1) (s Hah HIJA H j) |B ora 
But | 7 | 7 tn 
fi [e+ etie ntate 

=Ï (P)e+j— 1 Mt met atatji—D E, 
ae 
IT I [e+ + mt ilo + fae Hia tai) -Sam 
(14) becomes | 
DA (P) (6h + J—1) (6+ [we A+ a+ J—h—1) EH one 5 


so that all terms vanish except those for which s—h+j—=1; and the 
- presence of (s — h + 1} — 1) 14 meee ee jum Q, sa dinette. (14) 
may be rewritten as 


(15). cme = HI Ñ| +(s +A +i—1)(s + [2n-—h + 1] = 


while this does not reduce to (1), yet as will appear from the results of the 
next section, from this form an explicit expression for the Cn, is easily ob- 
tained (see (36)). 


4.2. If we assume p to be even, it is possible to replace (11) by an expression 


holding when the number of factorials ın the left member of (11) is either 
odd or even. This expansion is (writing 2v for p) 


(n-1) +i i 
(16) m [à+2». .. (m — [n — 1] À) | A+ mi S da s (mM + gan 1) | 2latr-i)tnà 
. si 


For n odd this reduces to (11); assume then n== 2p. We proceed 
exactly as above. In (16) put m — Aà in place of m, multiply the two sides 
of the resulting equality by the corresponding members of (applying (10)) 


ia lla dame [ap + 1] à) | A+2P 
= by “Ay (I, op +1) (mk + j—1) mlp +2] A— 27 — EAU 


Then aiui difficulty it is seen that 
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A+2y , 
daaa == X (52) (8 j1) (s+ i—i H [BP UA)! dapa 
j=0 . 
AF2P i , f 
= T [E+ @+i—1) (t ep H 2A H 2w j) |E dans 
A+2p 
= I [2+6 ti— 1D (s+ pHa») | 
x[ E+ (Hati (+ [Pp H1]A +w j) | Eddas 


A+2¥ i , 
an = TT I| B+ (e+ m+ j—1) - 
X (s+ [ph +2], +%—)) |E a, 
As for daa, starting with the identity like (10), 


(m— A) 17 = (7) (A+ By) (a v) 1m Fa) lim 2a — By) I, 
i20 
we see that 
m1 3 (m — A) 127 me B (7) (A By) LECA F v) C -p i) laea, 
é=0 `t , 


whence 


da= (JAHD) IAH); 
or what amounts to the same thing, | 


dae — II LEN TEES 1) ESEE 


Substituting this into (17), 


A+2P 


dza = HO | B+ (s+ha+j—1) (s+ phat | 
j=1 A=0 


(18) - I B+ (s+ [p+ 1]a-+i—4) (s +p IA + 29—4) | Bd 


Noting that the brackets in the right of (18) are permutable, we may evi- 
dently apply the method of reduction already used several times. In this 
way we get ‘ 


(19) dye = TI I| E+ etai [2p—h] A+ ))] 


TL B+ (e+ pvA+j—1) Hpt) | de 


Now split the double product into two parts, 
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oy pi 
s H U= tI U -Ü H= = [l > IM 


say; in the double product JÍ: replace 7 by ey —j j+1, k by op —h. ' Then 
ey 2p-I . | : 7 
M= |E atii) (sH phate) |, 
OO kp o, ; 
and finally (19) becomes 


- (20) dma = UT [I | E +e HM +j) (Hp — AA H 29) | daw 


If ñ in (16) = 2p — 1, ee with (11) shows that dep, s == Cp, sy 
which by (15) 


-Ü fi[ e+ etatine prater) ] o 


and this, exactly as (19) was transformed into (20), becomes 


(21) dese = IL TE [E eha +i 1) (s Hep — bea 

Finally (20) and (21) may be written 

(22) das =T fT E aea a a eaa i dii; 
EA is the formula sought. 


5. Haplictt expressions. If O(n) denote the operator 


Ao(s, n) EN > > -+ Ax (8, n), 
then.evidently, from 
Ans me O(N) Ona, 
we get i 
(23) ; daa = (0) O(n — 1) -- O(1)ar,85 
hence if the product of operators on the might be expanded into a polynomial 
in Æ, the coefficients thus obtained will furnish the value of dn+ı,s. We shall 
limit ourselves in the following to the case in which Q(n) can be split into 
_a product of permutable linear factors. It will be noticed that all the special 
cases treated above actually lead to operators Q(n) of this type. 
We first investigate the conditions under which an. operator. 


O= Be. . --t+- Az(s) ` 
may have this property. If we define By(s) by the equation 
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(24) wE —'Ar(s— 1) dsa (8) Boia) “ (v = 1,: ? eN 
(where Ao(s) == 1) then we shall prove that a necessary and suficient con- 
dition that Q be a product of permutable linear operators 1S ‘furnished by 

(25) By-v(8) wm By (8) + Bei(s—1J) +: . -+ Bei (s—v+ 1) 
7 : . ` Pue) D ~. ‘ tite (v= 2,3,- <, k). 


To prove the necessity, we remark first that two permutable linear opera- 
tors must þe of the form 


E+ io: ee a(s) + By 
where » is free of s. If then 


o — TI (E + a(e) + w), 
it is clear that O o 
(E + a(5))@ =Q (E + a(s)), 
and therefore 
7 OF — EQ = a(s)Q — Qa(s). 
But | 
(26) OF — BO = $, (Arv (8) — Arv (s — 1)) E”, 
and 
-a(3)Q— na(s) == $, Áx (3) [a (8): — ace F”. 


Comparing coefficients we find that 
Arva (8) — Aiva (5—1) — Aes) [a G) — a(s —»)]; 


| therefore, by (24), 
l B, (8) ane) —a(s—b-+y), 


and (25) follows immediately. 
To prove the sufficiency, write 


Als) * _ 2 Baal) 
so that, using (25), . 
Bpv(8) =p) Ble» (vie yk), 
But writing equation (26) in the f form 
OB — E9 — F Aro (è) Beo (8) E”; 
it is immediately apparent that - 
(27) oo + B(s))0 R + TO 
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In order to complete the. proof, we have tħen to prove the 
: Lemma. If an operator Q satisfy equation (27), then ti ka be written 
as a product-of permutable linear factors. | 
` If we put pats ie. a. 9 
i E Q = 2— (E + B(s))*, 
it is evident that 
(E + £(s))0, = 9,(# + B(s)), 
so that the coefficient of E*-1 in Q, is free of s; call it fe We next put 
a Qs = 0, — p (E + B(s))*, 
and it appears in exactly the same way that. ps, the coefficient of E*? in Qs, 
is free of 8. Continuing in. this way we ‘seo that we may write . 
(28) Om (E + B(s))*-+ p(E + B(s))t + T Pry 
where the py are all free of s. Therefore, ‘finally if p1,- + *, px are the roots 
of the equation l 
p¥ + ppt: + of pre 0, 
we have . 
a= (E + B(s) +p) > «(B+ Bs) +08), 
completing the proof. 


Returning’ to equation (23), we consider the expansion into a poly- 
nomial of TES 


(29) o=- Ü (E + avis, a) ) = Š A (s, n) BY, 
= where E | . E 
(30) ay (s,m) = a(s) + p(n). 
We take first the case in which | 
pv(m) == 0 o ETER A 


-It is then fairly clear that 4;® may be written 
(31). Ag (sn) —AM(s) = X By(s)ak(s— j) 
To solve for Bij, note that se =o . 
o: Aël, Am0 for kei 

Then by Cramer's Rule, (31) yields - 

ent a 
iT [a(s —p) — a(s — j) ] I rod Case ae} 
after some easy SA N 


(32) Bay(s) = 


> 
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To treat the general case of -Ai™(s,n) in ere (29), we- note that, 
exactly as in (28), for the Q now ‘under discussion, ` 


Des (E+ B(s) + palm) + B(s) H + | ve Sl Pet); 


where p(n) is the v-th elementary symmetric function of the quantities 
pi(t),* © *,pe(m). Therefore, by (29) and (81), we find finally that 


(38) Ay® (5, n) — BBus(s) a (8— j n) »- a(s — jn). 


Equation (33), together with (32), furnishes the desired baa expression. 
for the coefficients in (29). 
Hence, for the array 


angie = [E F a(s) + 8(n)] - ane, 
from | 
Aiea) +A] “+ [E F a(s) + B(1)] ons 


we derive ERR 
E- -ŠT [a(s — h) =a] it besp —a(s—t)] 


Bas 


For the array | 


E [EE a(s) + Bi(n)] LEA PaA + Bu(n)] * ane 


_we consider the operator 


mii I e+ a(s) +A: (j). 


1: 


Accordingly in (30) take l 
k—np; p(n) = fi(1),* ~~, (n) = Bu(n), 


Then 
OE (=) TT fe) Hat] 
mi ¥50 II [a(s—h) —a(s—y)] II [e(s—7) —a(s—?)] | 


, (ae TL TT aG) + a(t) 
(34) —2 <1 t=] . 
i IL [a(4) —a(i)] i ee | 
which furnishes the desired explicit expression. 


6. Explicit expressions for the arrays of $81, 1,8. By means of (32) or 


i 
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(34) we can immediately write down simple. expressions for the elements 
of the arrays defined in §§ 1,3. For (5), (9), 


Marie =] EREET EE EE ee 


take ro & l , 
a(s) =8, Balt) = ià +h— 1; 
then | 
1 
el me ET) 


X BCH (PG tate ye Gm tee 


the right side may be transformed into a sum depending on A and Ps but 
‘it is unnecessary to consider that here. - 
Turning now to (15), we take in (30), (32), (33) 


a(s) = S + ([2n—1] A+ p—1)s; 
pa-pa (th) = (A+h-}) ([2n— j — 1] E 
(=l ane kea) 
then by (34) after some easy reduction, 


1 egal ob Paes 1 he 
E A ne( pa 


+ (2j [21 ]àHu—1) (j+ [n1 ]a—) TY (jha) 


(36) Cn, s == 


To determine the dz,» of (16) we make use of (22), and take 
a(s) = 3? 4 (nà + %—1)8; 
pd-iyva (n) = (JA + A — 1) ([n— 7] A+ 2 — h) 
(j= 1, Ta ee h == 1, - + yy). 
Then apy as in deriving (32), >~ | 


an ioc en a . 


-aparar a 
f+ m+ By Gta Å (j+ AA + 2» —1) 12”, 


Y. Some applications. If we operate on 2” with both members of (6) 
we find that 
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f , 


mlae.. eE E Ea > inam | SLE, 


Employing the identity | | 
m | Gi p 1) [tt | 
sim! oo T 


m=1 
we get the summation 
(38) Eme... (m— in—1] A) paa t S (ida si sear 
m=1 a=1 - stupna ” 
the right member may be written as an explicit function of m, n, A, m by 
substituting from (35). 
Better summations for the left member of (38) are obtained when either 


p is even or nis odd. Thus by means of (11), 


. | 
(39) P s 2 - (m— 2(n—1)a) 1# 

= a(n-1)41 (m -H 8) | [2m8-1]A+2a+#-1 

— 2 OS! Ton DA ee 1 
while from (16), _ 


(40) ` Y m | Atay. ; - (m — [n — 1 Jà) 12” 
ies vised (m -4 8) f mA+2 9+ 2e-1 
A m mtt S 


. the right members contain approximately but half the number of terms in the 
right member of (88). Of course (38), (39), (40) can only be spoken of 
„as summations—in a practical sense—when m is large as compared with 
np (or ny). á 

There is a curious connection T (38) and certain Bernoulli poly- 
nomials in several variables that I shall consider in detail elsewhere. Limiting’ 
ourselves here to the case A= 0, and modeling after the well known expression 
of the Bernoulli numbers in terme of the aaa numbers,* we define 
(ni = 0) 


B, (£) — Ba... ony (été p= Š- O *) (a+ &)m-e: (a + Ey) mH, 
Note that the outer sum is actually finite and that the inner sum is a gen- 
eralization of (35) (A==0). Then 


* J. Worpitzky, “ Studien fiber die pernpulieenen und Eulerschen oe Journal 
für Mathematik, Vol. 94 (1883), bs 216. 
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E ba (6) Ser 2 1 = 8 | ics 
-5 (1 — e^t.. -+wp ) E pmt... thuew 
a 1 l 
_ (a+ +--+ ay) a. 
gt». HDG mane | 


and this last furnishes a convenient definition for ite B, (ê). . Now on the 


other hand let 
s) =s (2. r) I (m + 6)" (m + Ex). 
Evidently then 
< n\ U1" TuE OS ae +(mtEu) ap 
BO) at ad 2e l 
gmat... tap) 7 (a, + oily `- Tp) giit  - . they 
Tı F’ >: +ay emt +e. J 


7 Je z \r-im' Tı E CT 
fis r! 2 Da (£) m! nyl * 
Equating coefficients, e . 
miit. ott atl 


sG) = > G > GOROH one 
Again if we put ; 
P(g) = 2 (28. | Pt) Saye mt ey + (mt ga), 


and define the Euler ar En(£) by 


Qeiait:.. thoy Ta Ti 
bane te = È En ($) oi > 
er wt. 71 Pu nı! Ny | 


it is easily seen that 


(2) 48 Q—- GF =" Btn +8) 
($) a p TA ° 
- CALIFORNIA INSTITUTE OF Teounorads. 
PASADENA, CALIFORNIA. 
* For the fasion 

m-1 

# (2) = D, (d/dt) (t+ )m.-. . (b+ Ep) ne 
t=0 


there is the much simpler formula 


sC) = =B, (E+ m) —B, (é). 


A CLASS OF DYNAMICAL SYSTEMS ON SURFACES OF 
REVOLUTION. | 


By G: BALEY PRICB. 


\ 


Introduction. A heavy particle on a-surface of revolution furnishes the 
simplest example of a general class of dynamical systems on surfaces of revolu- 
tion in which the force function depends only on the latitude and not on the 
longitude. The problem of the heavy particle and other special cases obtained 
by restricting both the force function and the surface have been treated by 
Jacobi ł and other writers.[ But even these treatments of special cases of the 
problem are not in the spirit of modern dynamics and do not use modern 
methods. The present paper treats the most general case of the problem; the 
' methods used are those of surfaces of section and surface transformations 
which have been developed by Poincaré and Birkhoff. The problem furnishes | 
a simple example of an integrable dynamical system with two degrees of 
freedom. 

In this exposition only surfaces of genus one are considered, but it is 
clear that the same methods apply with essentially the same results in the 
case of surfaces of genus zero. Also, the present problem includes as a special 
case the determination of the geodesics.on the surface. § ` 


1. The surface and the force Poors In a space with rectangular 
coordinates (&,,~£) we shall consider a surface of revolution S which has the 
f-axis as axis of revolution. The surface is generated by rotating about the 
f-axis a simple closed curve whose parametric equations in the (r,f) plane 
of rectangular codrdinates are ; 


(i. tert), t=Ł(2), 
where r(x), €(#) are functions satisfying the following hypotheses: 


(2) r(¢ +o) E are) ne 


tao, Journal für Mathematik, Vol. 24 f 1842), pp. 5- 27. 

t Gustaf Kobb, “Sur le mouvement d’un point matériel sur une’ surface de révolu- 
tion,” Acta Mathematica. Vol, 10 (1887), pp. 89-108; Otto Staude, “ Über die Bewegung 
eines schweren Punktes auf einer -Rotationsflache,” Acta Mathematica, Vol. 11 (1888), 2 
pp. 303-332. 

$ B. F. Kimball, “Geodesics on a Toroid,” American Jounal of Mathematics, 
Vol. 62 (1930), pp. 29-52; G. A. Bliss, “The. Geodesic Lines on the Anchor Ring,” 
Annals of ERES 2nd ser., Vol. 4 ate pp. 1-21. 
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(3) | |. r(x), (£) are analytic, OSeSa,.. 
(4) r(x) 2k> 0, k a constant. 

We assume also that v is the are length on the curve (1), ie, 
(5) Ta’ + ĉo = 1. 


A ee v here denotes, as throughout the paper, a eee with 
respect to z. | 

If y is the angle ‘which the plane through the ¢-axis and the point (£, m, 2) 
forms with the (é, £) plane, then the parametric equations of S are 


(6) ¿=r(z) cosy, gar(a) sing, ¢—=(2). 


The curves s = constant and y — constant on S will be called parallels 
and meridians respectively. It ia clear that S is a surface of genus one. ` 

On ŞS we shall consider the motion of a particle of mass m under the 
action of forces derived from the force function pane), where ue) 
gatisfies the following hypotheses’: 
(7%) u(@ +o) =u(z), 
(8) : B u(x) is analytic, Ero. l 

2. The equations of motion. Because of (5) we find that the kinetic 
energy T is given by T = (m/2) (z? + ry?) Here, as throughout the paper, 
primes denote derivatives with respect to the time t. The two equations of 
motion in the Lagrangian form give . 


(9) rêy == c, [the integral of areas] 
where ¢ is a constant of ‘aie and 


(10) ; a Tray” pe Us. 
The integral of energy is | 
(11) | a? p ry? mee 3 (u +h). 

We may write (9) and (10) in the form of a first order system of 
differential equations. Im this form all of the usual existence theorems can 
be applied [R 1, PP. l- A me refer in this fashion to the references. at 


the end). 
We may use (9) to eliminate y from . (10) and (11). We ree 


(12) a am (Cfo + ru) /r*, 
(13) | = ee TASET, 


For later use we write these ee im the Ainge notation. “Define iio 
functions v and w as follows: 
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(14) -v 28 (4 +h), 


(15) LTT W= tafi te O n 
Then equations (12) and (13) become __ a 
(16) | a! = te(c?—w)/r, re 

(17) 2’? == (v — cP) /r2, 


There are two further formulas which we shall need.later. Let (aa) 
and y(2x°r) designate the time required for the ‘particle to pass from z = g? 
to z = r7 along a trajectory and the angle y through which it moves respec- ” 
tively., Then from (9) and (17 ) we obtain the ewes formulas: 


RRS -efi : e o 


(z) = * Serena 


5, A first ae of section. | 


A. The manifold of states of nota “a the ae of setuid: The 
manifold of states of motion [see R2, Part III for the methods of this sec- 
tion] is the three dimensional manifold in four space obtained by specifying 
the value of the energy.constant A in the integral of energy (11). . The in- 
tegral of areas gives a second integral. Since two integrals exist, the system 
is said to be integrable. .The trajectories lie on certain invariant. sub-mani-— 
folds of (11) which are obtained by specifying the value of c in (9). 

: According to- Birkhoff -a.surface of section is defined,as an analytic 
surface in the manifold of states of motion, “ regularly bounded” by a finite 
number of closed stream lines, cut throughout in the same sense by the stream 
lines and at least once. by every, stream line in a fixed interval of time. In 
this section we propose to obtain a.surface of section and show how it can 
be used to study the trajectories of the system. . 

In the present section we shall suppose that h bas a sala such that 
‘motion takes place over only a part of 8; in section 4 we shall treat the case 
in which motion takes place over the entite surface. We now make the as- 
sumption about the region of motion’ more precise as follows. Since v is 
not a constant, we find that it.is possible to choose A sò that there are regions 
of motion in which vs vanishes on only a single parallel. There may be more 
than one such region for a given value of A, but we consider just one of them. 
Thus we assume that h is fixed ‘and ‘so chosén that vs vanishes on only a 
single parallel, z = <*, in the region of motion: under consideration. Then 
v has a maximum at z = «*, at which we shall assume tee <0. The motion 


(18) 
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on S takes place in the region v = 0; this- region is bounded by the two 
parallels on which v == Q. Then it is easily found that the parallel v == z* 
is a closed periodic trajectory. 

We proceed to give a Te raonta ton of the manifold of states of motion 
in 3-space. Set 


(19) ; -tany =ry/r, —r S yýSr 


and let ¥ vary continuously over the indicated interval as the velocity vector 
. (x,y) turns about (x,y); furthermore, a’ > 0, y = 0 shall correspond to 
‘y = 0, and the sign of y shall be the same as that of y. Since S is a surface 
of revolution, y is an angle which the trajectory makes at each point with the 
meridian. To each point (z, y,2’,y’) in the manifold of states of motion, 
there corresponds a point (2, y, ¥) in the representation in 3-space; the points 
(£, Y, r) and (z, Y, —'r) are to be considered identical since they correspond 
to the same point in the original manifold. This representation is valid 
except at points where a’ == y = 0, i.e., except at points on an oval of zero 
velocity. The representation is certainly valid in the neighborhood of z == z*, 

We shall now show that the ring surface l 


po, —r/2 Sy Sr, OS y < 


forms a surface of section. In the first place, this -surface has two boundaries 
which correspond to a periodie trajectory traced in the two possible directions. 
In the second place, we find from the equations of motion that the trajectories 
oscillate between two parallels on 8. Every trajectory therefore cuts through 
the surface in one and the same sense, and (18) shows that the length of 
time between any two successive crossings is finite except possibly in the 
neighborhood of the boundaries of the surface. To determine what happens 
near the boundaries, we have recourse to the equation of normal displacement 
for z = g*. If r= z" -+ ež, y = y* + ef is a nearby ereetOy: a een 
anon that in the limit 7 satisfies the equation 


(20) E r = (4) 
Hence, since vsa < 0 by hypothesis, the iata length of.time between suc- 
cessive crossings as the point of crossing approaches the boundaries of the 
surface is 2xr(2)%/(—vs2)*. In the third place, no trajectory is tangent 
to the surface, for a trajectory pierces the surface with the direction com- 
ponents (2’,y’,y/), and 2 vanishes only on the boundaries y = + 7/2. Ib 
can be proved easily that the angle at which a trajectory pierces the surface 
is of the first order in'the distance to the boundary. We are thus justified in 


- 





DYNAMICAL SYSTEMS! ON SURFACES OF REVOLUTION. 757 


calling z= 2%, r2 7/2. a surface of section, becauss it satisfies 
the three requirements of the definition. 


B. The transformation T.. The transformation T is defined as follows: 


a trajectory which pierces the surface of section at P bas its ee succeeding 


intersection at P’. Then P= T(P). 

Now from (19) and (11) we find ty = piss 4- nJ“ siny. Then from 
(9) we have v% sin ý ==¢. But c is. constant along a given trajectory; hence, 
T has the invariant function v% siny., Since æ is constant on the surface of 
section, it follows that the circles y == constant are path curves of T. Fur 
thermore, it is clear from (18) that uae): ig independent of y; hence, T 
has the form 


yy, aeia 
where æ depends on y but not on y. Thus T transforms the ring-shaped sur- 
face of section into itself by rotating each circle y == constant into itself. 
The amount of rotation a on each circle is called the rotation number [R 3, 
pp. 87-88] of T on that circle. The trajectories oscillate between two parallels 


on S, and'a is the increase in y in one complete oscillation. From (18) 
we find 


ae af 


where z, and zs are the minimum and maximum values of z respectively on 
the trajectories for the given value of.c. The rotation on the boundaries is 
found from (20) and (9) to be @re(2)*/r(—vee)*. Thus a >0 when 
c> 0, i.e. , when ¥ > 0, anda < 0 when y < 0. On y == 0 we have «= 0. 
Also, « is a continuous function: of c. 

If a = 2qr/p, where p and q are integers without common factors, on 
a circle y == constant, this circle is rotated into its original position by 7°. 
Then the circle represents a family of closed, periodic trajectories which we 
designate as of type (p,q). Here p > 0 represents the number of complete 
oscillations between two parallels which the trajectory makes before closing, | 
and g, positive or negative, is the number o: multiples of 2r by which y 
increases. 

_ Let ax be T maximum rotation number on the entire surface of sec- 
ion and ags the rotation number on y= 7/2. Then since @. varies continu- 
ously on the circles y == constant, we see at once that the following theorem 
is true. — B 


THEOREM. Ifas < aa, there are at least two families'of closed, periodic 
trajectories of each type (p,q), where ag < | 2qx/p| < ax; in any -case, 
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there +s at least one family of.closed, pertodtc trajectories of each type (p; q) 
where 0S | 2gx/p| < ap. ? 


We state without going into details at this point that the circles on which 
q is an irrational multiple of 27 represent families of recurrent trajectories. 

It is possible to show that there is an invariant volume integral in the ` 
manifold of states of motion, and that 7° has an invariant area integral on 
the surface of section.’ The surface transformation here considered. is then 
a degenerate case of Poincaré’s Last Geometric Theorem [R-4; R2, p. 294]. 
It, illustrates also one of the three general types of fixed points in surface 
transformations [R 3, p. 4, type III]. The surface of section and trans- 
formation could be extended to some extent to other cases of the problem, 
but we prefer to consider now a second type of surface of section, which is 
more interesting in the general case. 


4. A second surface of section. | o 

A. The manifold of: states of motion. .On the surface S consider. a 
general dynamical system.in which the force function is U= mu(z, y), 
where u(s, y) is an arbitrary analytic function -which is periodic with periods 
w and 2% in z and y respectively. Then the equations of motion are 


(21) T m bo E TTY”, y” — (ty — 2rTaT y )/1°, 
and the integral óf energy is, 
(22). | Pf yt =2(u +h) 


‘According to the definition given in section 3, the equation of the-mani-' 
fold of states of motion is (22). We can give a representation of this mani- 
’ fold in 3-space as follows. Set . 


(23) tan @ = = afry, es 


and let @ vary continuously over the interval indicated as the vector (2, y’ ) 
turns about (2,y). Also, let ¢—0 when vz’ —0, y > 0, and let ¢ have 
the same sign as g’. Since S is a surface of revolution, ¢ is an angle which 
the trajectory makes with the parallel.at each point. Corresponding to each 
state of motion (z, y, x;y) there is a point (s, y, $) in the representation : 
the points (2, 4,7) and (%,y,—-7) are to be considered ‘identical. The 
totality of points (z,¥,¢) form a ‘manifold M in 3-space. ‘This representa- 
tion is valid except at points where 2’ == 4 == 0. A 

Now the totality of states of motion along a trajectory corresponds to 
a curve, a stream line, in M. The differential equations of these stream lines 
can be found as follows. From (23), 7 = p 8n œ, ry = pcos o. Substitute 
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in (22) 7 determine p: A -straightforward calculation gives ¢’. The 
results are 


“| $ ; 
of = X(0;y, 6) = [2(u-+ h) J sin ġ 


vai y =Y (2,9, $) = (1/r) [2(u +b) J* cos $ 

p = O(a, y; p) = moe att ee Tae a 
Now the time ¢ can be eliminated completely from i + we obtain 
(25) | | dx /X — dy/Y = = dġ/®. 


The trajectories thus appear in M as ‘the stream lines of the steady fuid 
motion defined by ( 25). 

A. fundamental property o of this ao flow in M is stated in the fol- 
lowing lemma. | 


Lemma 1. The volume ape 


(26) e se iL ele 
is invariant in the steady flow 4 in M defined by (25). 


A- necessary and sufficient condition that (26) be invariant is: that = 5, 
pp. 285-286; R6, vol. III, pp. 1-6] 


O(rX) | (rF) O(rd) 
E “ie Ty Fag 
and we find.by substituting from (24) that this condition is satisfied. 


We may think of r(x) as the density function in Mf. Then (26) repre- 
sents the mass. 


ò 


I f 





B. The surface of section. We return now to a consideration of. the 
special systems treated in this paper, i.e.,. systems in which u—=u(a)... We 
shall assume that his so chosen that v >.0 for all values of x -Then ‘the 
meridian y= (0 is a ‘closed periodic trajectory, and we shall show how a 
surface of section of a certain type can be constructed from it. In the mani- 
fold M, a ring-shaped surface È is defined by y= 0, y 20. 

Now in the first place, the boundaries of R are y = 0, y’ = 0 with either 
z’>0.or 2 <0. They are’ therefore two: closed stream lines which corre- 
spond to a closed trajectory traced in the two possible directions. In the 
second place, no stream line is tangent to R, and the angle at which a stream 
line cuts R is of ‘the first order in the distance to the boundary, for if 6 is 
the angle, — l 

- aaya Pepp)” 
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Now the distance to the boundaries is | + m/2— ẹ |. ` Then 


. sin Ê 

Fis + 1/2— o | T psa [E2] 
Substitute now for sin ô, and then substitute from the equations corresponding 
to (24). We find that the limit is 1/r s40, from which the stated results 
follow. | | 
In the third place, we must consider the intersections of the trajectories 
with Æ. Now we may consider y = 0 on every trajectory, because negative 
values of y merely give the same trajectories traced in the opposite direction. 
The trajectory y == 0, y’ —0 forms the boundaries of R, but no other tra- 
jectory with y’ = 0 has any point in common with Æ. Therefore R does not 
satisfy the requirement for a surface of section that all trajectories intersect 
it. Now (9) shows that all trajectories which are not meridians have y > 0 
always; hence, sooner or later they cross R. However, as ¢ approaches zero, 
the maximum value of y approaches zero; hence, the interval of time between 
successive crossings of Æ becomes infinite. The intersections with Æ approach 
the boundaries as c approaches zero. In any closed region my = œ > 0 
inside the ring R the interval of time between successive crossings is uni- 
formly bounded: We see therefore that R fails to eae a second ea 
ment for a surface of section. 


Lamma 2. In the sense explained, the surface R:y=0, y = 0 forms 
a surface of section. 


C. The transformation T. The transformation T on R is defined in 
the usual way: a stream lino which crosses R at P has its first succeeding 
crossing at P’. Then P’=T(P). This transformation carries R into itself 
in a one-to-one and. continuous manner and is analytic in the interior of the 
ring. Results to be established presently make it clear that T cannot be 
analytic along the boundaries of R. 3 

A fundamental property of T is established in the following lemma. 


LEMA 3. The transformation T on R has the positive invariant area 
integral B | 
(27) | f f [2 (u -+ h)]* cos ¢ dz dé, ° 
and tts value over the entire ring ts finite. 

Consider a region o on R and the region o” into which it is ‘transformed 
by T. By lemma 1, the mass of the tube of stream lines bounded by o and o 


is invariant as it moves along. The rate of decrease of mass at the base o is 
[R 5, pp. 286-287] 
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ff ry das, 
and the rate of increase at the base o” is given- by the same integral extended 


over the region o’. .It follows that these two integrals are equal; hence, , 
substituting for y from. (24) we find that (27) is an invariant integral. The 


value of the integral extended : over the entire me ‘is 2 X La(u + h) ]* dz, 


and this is positive and finite. 

If we ‘consider [2 (u + h)J* cos} the density of R, then (23) is the 
maas. 

The’ following lemma gives a sécond important property ù T. 


LEMMA. 4. The function F =v cog? p -is invariant under T. 


From (9) and the equations corresponding to (24) we find that F == ç, 
But since ¢ is constant along a given trajectory, the lemma follows. ` 

The existence of F is a direct consequence. of the fact that the system 
is integrable, i. eè., that two integrals (9) and'(11) are known. Now F is 
positive over the interior of R and vanishes on the boundaries. Furthermore, 
it ig symmetric in ¢ == 0, and' for a fixed value of 2 decreases monotonically 
as || approaches 7/2. It follows that the critical points of F, i. e., points 
. («,) at which the two first partial derivatives of F vanish [Morse’s defini- 
tion], which are interior points of E lié on ae line ġ = 0. The level curves 
of F are path curves of T.’ | 


D. The path curves of T. As we have just seen, the value of, c deter- 
mines the nature of the path curve F = œ which corresponds to the trajec- 
tories for the given value of c. First we shall determine the types of path. 
curves, and then study the nature of the corresponding trajectories. 

We shall suppose that Æ is taken as a ring bounded by two concentric 
_ circles. The coordinates on #& are (z, $), where v varies from 0 to w around 
the ring in the counter clockwise direction, and ¢ varies from —-/2 on the 
inner boundary to 1/2 on the outer boundary. The path curves F == ¢? are 
symmetric in the circle ¢ == 0.. 

Now plot z = F over the ring R, and plot also Zz = E a plane parallel 
to the ring. The projections on & of the curves of intersection of z= F 
and the plane are the path curves. By letting c° vary from 0 to the maximum 
value of v, we obtain the totality of path curves. 

In the first place, z == F has a certain number of waar points, which 
are of special importance. For convenience we agree that critical points of F 
shall include only pointe on ¢ = at ‘Then the critical points of F are those 
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points and only those points on ¢ = 0 for which va —0. Now a calculation | 
shows that ve is given by | 


(28) yg =e 2[2rra(u + h) + ue], 
(29) a Va = 27,(0v—w)/r, Te FO. 


We now find from the equations of motion (12), (13) and (16), (17) that 
a necessary and sufficient condition that the parallel s == 2* be a trajectdéry 
_ is that ve vanish for z == g*, Furthermore, there are. two. types of vanishing 
of ve. From (28) the first occurs when fe = te == 0, and, from (29) the 
second when v—w=0, res 0. We may thus distinguish two types of 
-eritical points of z = F. The first ‘of these two does not vary with h, but 
since w is independent of h and v depends on h, the second type of critical 
point does vary with'h. Finally, since critical points of z == correspond 
to trajectories which. are parallels, we see that critical sad of F are in- 
variant points of T. 

_ Now for certain values of c*, the sais i passes thioush critical 
points of z == F..which are not maxima (critical. points which correspond to 
minima or points of inflection. of the. function z == v). Let these values of 
c°, in the.order of increasing magnitude, be designated by Cof, C35," °°, Cx’. 
= Then each of the path curves F = c;?, (t—0,1,---,), passes.through an 
invariant point ot T. If z= v has a minimum at the critical point, the path 
curve has two branches which pass through the invariant point. If z==v 
has'a point of inflection, the path curve has a cusp at the critical point., We 
designate by P a critical point of z == F, and by Cı a path curve, exclusive 
of ‘the critical point or points, of the set F = c? ; @=0,1,---,k). 

For c? == 0, the trajectories are meridians. The PE curves 
` P= 0 on R.are the two ‘boundaries. Now F == g gives two path curves, 
designated by C2, when 0 < c? X cè, one of which lies in the region between 
F — ¢? and the. outer boundary of R, and the other of which lies between 
the same curve and the inner boundary. They are simple closed curves ‘which 
can be deformed through points of R into the two boundaries of B. 

Finally, F = ç? ene: one or more simple closed curves when o? > co’, 
co", (t= 0,1,° "> k). We designate these curves by Cs; they fill out 
the regions betweén the curves O1. ` 

We have thus found that the system has five types of trajectories: paral- 
lel trajectories corresponding to critical pointe P; meridian trajectories corre- 
sponding to the boundaries of R; and ‘three other types corresponding to 
the path curves C1, Cs, Oa 


E. Further properties. of P, Ti the regions Ge R eee by ‘the path 
curves Ca and Ọs, it is possible to use z and c as coordinates instead of x 
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and ¢. The transformation to ths jew Goana ig accomplished by means 
of the relation c==v%cos¢. We, thus find that the invariant area ee 
(27) expressed in terms of: the new codrdinates (4, ¢)-is | 


c dă de 
fae l i SS ee r(iv—e)4* 
Since (30) is invariant, it follows that the integral 


D eS eae | 
is invariant under T on the. path curves F= c¢? [R8, pp. 93-94]. This 
integral diverges of course if integrated along a path curve Cı up to a critical 
point of F. 

Consider the path curves Cz. First we replace v by. a new acetals T 
as follows. Set : 


l cdr p = cde 
(32) , ao n , =| n 
Then as z varies from 0 to w, r varies from 0 to 2r. We may obviously 
think of (c,7) as polar codrdinates. = a: og 

Lemma 5. In the COON (c,r); T ts the rotation co’ = c, 1! mer 4-a -` 
on the path curves Cs. _ 


Let zı : 7, and zz: T2 be two -points ona curve C2 which are trans- 
formed by T into 2; : 7’; and 72,1 72 Then we find 


nan f ii -{" ¢ dz 

7 Or o T(v—c?)*% a, 7(v— e)? 

and a similar equation’ in which 24, Ze, Ta, Ta ate. primed. But since (31) 
is invariant under T, we have ta— rti =T: Te Set rı— tıme and 
drop the subscript 2. Then 7 =r + a and the lemma is proved. 


The number @-is the rotation number of F on the given path curve.. 
We compute a as follows. 


eS eae cms 


2r 
= eee 


the ets or minus en being used according | as the. path’ curve lies in the 
region ¢ > 0 or ¢ S 0. Pape ANAE from the second equation in the first, | 
we find | , 


(38) am E ty f 


Now from (18) 


cde ` 
To ea" 
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From this equation we see that on the path curves Ca in the region. 
d>0fd<0]0<a<c+twl—a<«¢< 0]; as c decreases from c to 0, 
a increases [decreases] monotonically and continuously from 0 to -+ œ 
[0 to — œ]. This statement proves the following lemma. 


‘Lumaca 6. On the path curves C2, « takes on every value except a == 0 
once and only once. 


Now consider the path.curves Cs. We introduce a parameter 7 on these 
curves as follows. Let s, and z, be the minimum and maximum values 
respectively of z on a given curve Ca. Set 


T ga 
e a sion on 


The integral on the right is to be integrated around the path curve in the’ 
counter clockwise direction, the plus sign being taken when ¢ > 0 and the 
minus sign when ¢ < 0. Then às the point with abscissa s traces the curve, 
z increases from 0 to:2r. We may think of (c,r) as polar codrdinates on 
the curves Cs. | 

The proof of the following lemma is similar to that of lemma 5. 


Lemma 7. In me codrdinates (c,r), T is the rotation =c, T =t 44 
on the curves Cy. 


From (18) we find that on the curves 7 a is given by 
(34) : am 2y f ae 


The rotation number on every path curve Cs ts therefore postiwe; «a ts a 
continuous function of c, and «œ approaches zero as c approaches c, 
(t= 0,1, +, k). 


The path curves Cs fill out regions of two kinds: (a) ring shaped 
regions bounded on the inside and outside by a path curve C1; (b) circular 
regions about an invariant point P, bounded on the outside by a curve (4. 
. Let a denote the maximum rotation number in these regions, and ap the 
rotation number at a point P. 


Lemma 8. On the curves Cs in a ring region, a takes on each value on 
the interval 0 < a < ay at least twice; on the curves Cs in a circular region, 
a takes on each value 0 < a < ap at least once, and if ax > ap, tt takes on 
each value on the interval ap <a < Gar at least twice. 


Now the curves O, are composed of arcs terminated by critical points 
of F. On each of these arcs introduce a new parameter r as follows. Choose 
an interior point x° of the arc and set - 
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4 


roel, ome 
where the plus (minus) sign is used when ¢>0(¢<0). Then 7 ‘increases 
from — œ to + œ% as z increases (decreasés) from one end of the are to 
the other in.¢ > 0 ($ <0). Let the points v : r and ° : 0 be carried ‘into 
g: and a*:h by T. Then; since (31) is invariant under T, we find 
t= —h or r =z -4 h. From (18) we find 


g* C dæ l 2 j l | 7 l 
, fon “7 
and hence T is the translation T om T + Rr. o 


Lexma 9. In terms of the parameter F T on each arc of a curve Cı 
ts the translation rt =ar a 2; with reference to R, the motion is counter 
clockwise or clockwise according as p > 0 or ¢'< 0. 


We have thus determined completely the nature’ of the transformation’ 
on R. We see that the transformation T on the ring R ts such that points 
are advanced in the region p >O and regressed in the region p< 0. In 
paragraph D it was shown by using the equations of motion directly that 
the critical points of F are invariant points of T; this fact follows also from 
the properties of T which have been established in the present paragraph. 
We now see that 7’ satisfies all the hypotheses of Poincaré’s Last Geometric 
Theorem [R-4], for it is one-to-one and continuous in #; it has an invariant 
area ‘integral; and it advances points in the neighborhood of the boundary 
$ = «7/2 and regresses points i in the neighborhood of the boundary ¢ —— /' 2. 
It follows that T has at least two invariant points. - 

In the present problem it has been shown already that the invariant 
points: of T are the critical points of F. At this point it is impossible to 
avoid the notion of multiple invariant points [R2, p. 286]. It has been 
seen that each zero of ve gives an invariant point; also there is one type of 
zero Of Vg which varies with the energy constant h. Then when two zeros of 
v» combine to form a multiple zero, two invariant points unite to form what ` 
it is natural to call a multiple invariant point. — In general we may agree 
that an invariant point is multiple in the same sense in which the zeros of’ 
ve are multiple. It can be shown that an invariant point which is.multiple — 
in the present sense is also multiple according to the definition of Birkhoff. 

Let z = 2* be a parallel trajectory. and c* the corresponding value of c. 
We can expand F — c*? in a Taylor’s series about (z*,0) and obtain 


(85) v cos? p —- C*? me $ [vee(c*) (x — z*)* — w(s*)p°] T ms 


Now suppose that v has a minimum at ¢—=<* with vse(z*) > 0. Then 
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(35) shows that the path curve F — c*? = 0 has two branches through (z*, 0) 
with distinct tangents there. From lemma 9 we see that 7’ moves points 
toward the invariant point on one of the branches, and away- from the in- 
variant point on the other. ‘Thus an tnwariant poini with vee(z*) > 0.43 | 
unstable and of hyperbolic type, and from lemma 9 we see at once that it is 
directly unstable [R 2, pp. 286-287; also R38]... 

Now suppose that v has a maximum at ¢==-7* with vge(z*) <0. Then 
(35) shows that the corresponding invariant point is surrounded by path 
curves of type Cs. Then the invariant point is stable and of elliptic type. 

Finally, the invariant potnts at which vse =O are multiple. If v has a 
minimum at z—=2*, there are two branches of a path curve C, through the 
invariant point (s*, 0), but the two branches now. have a common tangent. 
The invariant point is unstable. If v has a maximum at g == g*, the in- 
variant point is surrounded by path curves Cs and is stable. If v has a 
point of inflection with a horizontal tangent, the path curve through the 
corresponding invariant . point has a cusp - there ; the invariant point 18 
unstable. 

These results on stability may be aa with those yielded by 
equation (20). 


F. O TA periodic, and recurrent trajectories. We shall now u 
use of the properties of T to determine the nature of the trajectories of the 
' system. In the first place, the curves C, are made up of -arcs terminated by 
invariant points. On each arc T is a translation toward one of the invariant 
points in one sense of the time and toward the other (which may be identical 
with the first) in the opposite sense. The invariant points represent parallel 
trajectories: ‘The other points of the arc represent trajectories. which are 
asymptotic to these. parallels in the two senses of the time. . 

Ffom lemma 5 we see that the path curves C; correspond to trajectories 
on which neither 2’ nor y ever changes sign, i. e., the trajectories wind con- 
stantly about S in one direction. On the oie hand, the path curves Cs 
correspond to trajectories which oscillate between two parallels on S as we 
see from lemma 7. The two parallels correspond, to the maximum and mini- 
mum values of z on the path curve. In this connection it is to be remem- 
bered that each path curve is merely a section of a cylindrical manifold in 
the manifold of states of motion on which the stream lines Le. 

We shall now consider the periodic trajectories other than the parallel 
trajectories. On the path curves Ca and Os the transformation T is a rotation 
t =r- a. Now if a has the form 2px/q, where p,q are integers without 
common: factors, then 7% rotates the curve through p complete revolutions, 


DYNAMIOAL SYSTEMS ON SURFACES OF REVOLUTION. YOY 


and every point is transformed into itself. The points on such curves then 
represent closed, periodic trajectories. These trajectories will be said to be 
of type k: (p,q) where k = 2 or 3 is the subscript of the corresponding path 
curve. The numbers have the following geometric significance. The number 
q > 0 is the number of multiples of 2r by which y increases along the tra- 
jectory before it closes. For a trajectory of type 2: (p,q), p>0 (p< 0) 
is the number of multiples of w by which g increases (decreases) along the 
trajectory; for a trajectory of type 3: (p,q), p > 0 is the number of com- 
plete oscillations between two parallels. Furthermore, it is a natural extension ° 
to consider the meridians as trajectories of type 2: (p,0) for p any positive 
or negative integer not zero. 


THEOREM 1. Through each point of S there passes one and only one 
closed periodic trajectory of type 2: (p,q) where p40, q ÈQ. 


If the theorem is true for the points of § on y =Q, it is true for all 
the points of S. The trajectories of type 2: (p,q) through points on y == 0 
are represented on Æ by the points of the path curves C. Now by lemma 6 
there is one and only one curve Cz on which « takes on any given value, not 
zero; the existence of one and only one trajectory of type 2: (p,q) with 
q > 0 is thus established. Rut the meridian y = 0 corresponds to the tra- 
jectories with g==0. The theorem is proved. In this connection compare 
Birkhoff’s existence theorem for ‘closed trajectories of minimum = [R 2, 
p. 219]. 

The trajectories which correspond to the points on a path curve Ci, Cs, 
or Cs will be called a family of trajectories. From lemma 8 we obtain at 
once the following theorem. | 


THEOREM 2. Represented among the path curves Cs which form a ring 
region there are at least two families of closed periodic trojectories of each 
type 3: (p,q) where 0 < 2pr/q < ay. Represented among the path curves 
Ca which form a circular region there is at least one family of closed periodic 
trajectories of each type 3: (p,q) where 0 < 2pr/q < ap, and if a > ap, 
at least two of each type 3: (p,q) where ap'< 2pr/q < a. 


There remain to be considered only the trajectories represented by path 
curves Ca and C, on which « is an irrational multiple of 27. We shall now 
show that these trajectories are of the type known as recurrent. Instead 
of going into the details of defining recurrent trajectories, we state the fol- 
lowing theorem which gives their characteristic property [R 7, p. 812]: The 
necessary and sufficient condition that a stable trajectory be recurrent ts that 
given any «> 0 tt is possible to find a t* such that in any time interval of 
length t* the trajectory comes within a distance e of every point of the entire 
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trajectory. In this theorem, as well as in the following one, ‘the rere 
is considered as a stream line in (z, yy) space.’ Every trajectory of our 
system is stable in the sense in which the term is used in the theorem. ` 


 Truorem 3. The path curves Cz and Cs on which a is an irrational 
multiple of 21 represent recurrent trajectories. 


Consider two trajectories with their initial states of motions represented 
by two points 7, and r: on a curve Cs or C's, on C™, say. Now sinice the tra- 
jectories vary analytically with the initial cdnditions, it is possible to find 
an y such’that when |ra— m: | <y, the distance between the points of the 
trajectories for corresponding values of ¢ is less than «e, at least until the 
next succeeding intersection of the trajectories with the surface of section. 
Let +> be any- point of C*, and Ti, Ta ' - © its transforms under T, 7?,- 
Because of the nature of a, it is possible to find an W such that | r — 7; : <i 
where + is any point of C*, and ry is some point of To, Ta’ + *,7¥. Now it 
is possible to find a ¢* such that any trajectory represented by a point of C*, 
crosses the surface of section N times in any time interval of length t". 
It follows that any trajectory represented by a point of C*, comes within a 
distance e of every point of all trajectories represented by points on C*, ‘in | 
any interval of time of length ¢*. Hence, the trajectory is recurrent, and 
the proof is complete. 

As remarked by Birkhoff, the recurrent motions of an integrable dy- 
namical system are of the type known as continuous. Morse -has treated 
discontinuous recurrent trajectories [R 8 and 9]. 
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A BOUNDARY VALUE PROBLEM ASSOCIATED WITH THE 
CALCULUS OF Mee nee 


By Witriasm T. Rew. 


1. Introduction. Let y denote a set of variables (m1, 72,° © <m) each 
of which is a function of the real variable « and denote the end values of 
these functions at zı and 22 by 7(x,) and y(a2). Let w(2, 7,7’) be for each z 
on the interval 2,2, a homogeneous quadratic form in the variables m, 4's, 
and denote by H[n (z1), n(z2)] and G[y(21), (22) ] two homogeneous quad- 
ratic forms in the variables (21), 14 (£2). Now consider the problem of 


_ minimizing the expression 
(1.1) I[q] = 2H [a (21), n(21)] + L 2o(T, m) de 


in the class of arcs 
(1. 2) ne =n (T) t E T E T (i==1,2; = n) 


` which satisfy a set of ordinary linear diferential equations of the first order 


(1.3) | Balz, mT) == 0 (a = 1,2, c m <L n), 
which satisfy end-conditions 
(1.4) tyfn (21), 9(22)] =0 (y =1,2,: <, p & 2n), 


where the functions ¥y are homogeneous of the first degree in their arguments, 
and which give a fixed value to the expression 


(1.5) 2G En(za)sn(aa)]-+ fm 2) Ku (ons a) da 


This problem of the calculus of variations may be reduced to a problem of 
Mayer of the type considered by Bliss.t The boundary value problem con- 
sisting of the Euler-Lagrange equations and the transversality conditions for 
this problem of the calculus of variations will be treated in the present paper. 

In §2 will be stated the hypotheses upon which the analysis is based, 
and in §§ 3 and 4 sorne properties of the boundary value problem are dis- 





t The present paper is the revised’ form of a paper written while the author was 
a National Research Fellow, and which was presented to the American Mathematical 
Society, September 9, 1931. 
tG. A. Bliss, Transactions of the American Mathematical Sooiety, Vol. 19 (1918), 
pp. 305-314. 
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cussed. In $5 there are defined the successive classes 8; (t==1, —1, 2, 
—2,°* +) of arcs n(x) in which: we- shall consider the problem of mini- 
mizing I[y]. It is proven that if the class 8; is not ‘empty then the greatest 
lower bound of J[] in this class is the absolute value of a characteristic 
number for the boundary value problem. In §6 there are stated sufficient 
conditions for the boundary value problem to have infinitely many char- 
acteristic numbers. Finally, §7 is devoted to some expansion theorems in 
terms of the characteristic solutions of our boundary value problem for the 
special case when the coefficients of G [n (z1), (22) ] are zero. 

The problem defined above includes as spécial-cages many boundary value 
problems which have previously been considered. If || Ka (z) || is the unit 
matrix and the coefficients of H [n(21), 9 (22) | and a(z, 4,7) are zero, while 
the end-conditions (1.4) reduce to 


qi (21) a= () =m 94 (To) (4= 1, 2, ' ° ey Mt); 


the boundary value problem is of the type considered by Hickson.t The proof 
of the existence of successive characteristic numbers for our boundary value 
problem in §5 is by the direct methods of the calculus of variations and 
closely parallels the method used by Mason f in treating second, order dif- 
ferential equations. The method, therefore, is quite different from that used 
by Hickson in treating the special problem stated above. It should be men- 
tioned, however, that if the differential system satisfies certain normality 
conditions which are more stringent than those imposed here, then the proof 
of the existence of successive characteristic numbers may be made in a manner 
entirely analogous to that used by Hickson. 

For the general problem of Bolza with variable eee the second 
variation ig expressible in the form (1.1), where the variables y are the 
` variations of a one-parameter family of admissible arcs, together with the 
variations of the end-points of such a family. Morse { has obtained suff- 
cient conditions for the problem of Bolza when the non-tangency condition 
is satisfied, in which case the variations of the end-points of the family may 
be expressed in terms of the variations of the functions of the family. He 
has defined for this problem of Bolza the accessory boundary value problem 


+A. O. Hickson, Transactions of the American Mathematical Society, Vol. 31 
(1929), pp. 563-579. 

$M. Mason, The New Haven Colloquium of the American Mathematical Sootety, 
pp. 173-222; in particular, pp. 207-222. 

$ T. F. Cope, Dissertation, University of Chicago, 1927. ` 

TM. Morse, American Journal of Mathematics, Vol. 53 (1931), pp. 517- 546. This 
paper wil be referred to as M. 
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as the above defined problem with || Æ: || the identity matrix and the coeffi- 
cients of G[y(x1),9(2¢)]:all zero. The condition- that the smallest char- 
acteristic number of this boundary value problem be positive: plays in the 
sufficiency theorem for the problem of Bolza considered by Morse the same 
rôle that the requirement that the Jacobi condition be satisfied in the strong 
sense plays in sufficiency theorems for the simpler problems of the calculus 
of variations.+| Morse has shown that there exist infinitely many character- 
istic numbers for this accessory boundary value problem. The proof of this 
existence theorem is quite different from the proof.of.the existence theorem 
for the general boundary value problem ‘here discussed, and depends upon 
the results obtained by Morse on the calculus of variations in the large.] 


2. Notation and preliminary remarks. In the later discussion the 
following subscripts will have the ee indicated : ki J, k = 1,2, n 
a =m Í, 2, em; mK T= l, 2, omn; y= l2 oop; 0ml, R2: 


2n -—-p. The repetition of a aii in a single term of an expression ail 
denote summation with respect to that ‘subscript over the range on which’ 
it is defined: Partial derivatives of w and ®4 with respect to.the variables 
‘ym, and y'i will be denoted by writing the variable as a subscript; correspond- 
ingly, the derivatives of the functions Wy, H and @ with respect to :(z,) and 
7i(%z) will be denoted by the subscripts mi. and yiz respectively. 

An arc j= [y (ż)] will-be called differentially admissible if the func- 
tions (2) are of class D’ $ on sız, and satisfy (1.3) on this interval. An 
arc which satisfies the ‘end-conditions (1:4) will be. said to be terminally 
admissible. Finally, an arc which is both differentially and terminal ad- 
missible will be called admissible . 

The analysis is based upon. the following hypotheses: 


(H1).All the coefficients in (1-1), (1.8); (1.4) and (1. 5) are. at 
and the functions o'a 45 oe ap E are of- class C’, while the . functions 


+ Recently Bliss has given sufficient sanois for the- PRA of Bolza for the 
more- general case in which the non-tangency condition is not assumed to be satisfied. . 
See G. A. Bliss, Annale of Mathematica, Vol. 33 (1932), pp. 261-274. Instead of 
stating the analogue of the Jacobi condition in terma’of the smallest characteristic 
number of a boundary value problem involving differential equations and end-condi- 
tions, Bliss has replaced this boundary value problem by & 4 correaporiding algehivate 
problem. ` 

tM. Morse, Transactions of the American Mathematical ieee Vol. 31 (1929), 
pp. 379-404, 

8 We shall use the terminology for classes of functions introduced, by Bolza. See 
. O. Bolza, Leotures on the Oaloulus of. Variations,. 1904,.p. 7.. SEE 
{This terminology is due to Morse.. Bee. M, p. .518. 
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inj, Pag, and Kiz are continuous on 21%. The matrices Iopa ||, || ons, | 
and | Ky; || are symmetric and | Say, ||-is of rank.m at each point on TiTe; 
while the constant matrix- | Fewn; Eype || has rank Pos 


(H2) The symmetric matrix 


(2. 1) Oyy Pay’, | 


Pay’; N 








is non-singular OD Tilo 
If » is a normal minimizing arc for the problem of the calculus of 
variations defined in § 1, it follows that there exists a constant A and func- 
tions pa(z) such that if we define 


(2. 2) | Q(z, 7, 7 > p») = o (T, KÈ 7) + pa (2) Pa (£, KE 7 ). 
and | 
(2. 3) | daly, e) = dOy,/dt — Ox», 


then on every sub-are between corners of y the diferential equations 
(2.4) Jilm e) + AKu = 0,  Ga(2,9,7/) = Bayı (2) 4 t+ Pan (7) 4 = 0 
are satisfied ; furthermore, there ` exist constants dy such that 


Ls Gs, W d, a) 
an = Hyn [n] T dy Vorys a AGH [n] Jii Oy, (z, 2 ve ; it) [eres == == 0, 
(2. 5) Liza (, p, d, À) | 
. | = Hal] + TE T Fiyi (z, 77's e) = 0, 
Wy [4 (21); 9 (22) | = Eyyami (21) F Eymi(22) = 0. 


The boundary value problem (2.4), (2.5) is the one considered in this 
paper. A constant A will be said’ to be'a characteristic number if for this. 
value there exist functions q(x) of class O” with multipliers pa(x) of class 
C’ such that the set 7:, #a does not vanish identically on 2122, the set satisfies 
(2.4) on this interval, and is such thet there exist constants dy with which | 
the end-values of the set satisfy (2. 5). 


(H8) The only ouo Nt Ka Of the system (2.4), (2. 5) for which 
. =Q on 2,22 is the identically vanishing solution p = 0 == pa on Tife. 
This hypothesis is a condition of normality on the interval 2,22, with respect 
to the differential equations (1.3) and the conditions (2.5), EE aS of 
the quantities || Ka || and G[(21), (22) ].+ | 


t For a discussion of normality conditions for the problem of Lagrange, gee G. A. 
Bliss, American Journal of Mathematios, Vol. 52 (1930), pp- 673-744; in eee 
pp. 687-695. This paper will be referred to as B.I. . 
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(H4) Ify] > 0 for every admissible are y which is 3 not andi ZETO 
On 22>. 

With respect to the ree value problem (2.4), (2.5), condition 
(H4) is not as restrictive as it may first seem to be. If there is a constant ào 
such that the expression l a 


Ia] + Ao(2@[n(2s),0(a)] S o dr} 


is positive for all non-identically vanishing admissible arcs, then I[y] may 
be replaced by this expression. The modified boundary value problem is 
equivalent to (2.4), (2.5), and may be ee to it by a linear change 

of parameter. | 


3. Properties of the boundary value problem (2.4), (2.5). In this 
section will be given some fundamental properties of the differential system 
(2.4), (2.5). For brevity H[y] will be written for H[n(21), n(22)] and 
H[u; v] will be used to denote An[w]u(c.) + Hyielulvi (zz); corre- 
sponding notations will be introduced for G@[n(21);n(£:)]. We have the 
fundamental identities | 


Alu; esau, Alu; Jenu 


(3.1) Glu; v]==G[v; ul, Glu; u] = 2G[u]. 


Similarly, for the quadratic form Q(z, y, 7, p) we have: 
(8.2) 20.(2, 9, 1, A) == 4y + Ry + Balya 
(8. 3) Ww er Willo, + palog = v Qu, T Vu F Taflpas 
where the derivatives of Q have the aA (ng p), (u, u, p) or To v,a) 
as indicated by their subscripts. 

It is also to be noted that if ws, pa is an arbitrary set of functions and 
dy and A are arbitrary constants, then for every terminally admissible are v 
we have ' 
(3. 4) U4 (24) Lay (u, Ps d, r) ai Vi (T2) Lia (u, P> d, À) 

= Hu; v] —AG[u; 0] + v(2)Qw, (2, t w, p) |2 

In particular, if wi, pa is a set which: satisfies (2.5) with constants dy and A, 
then for every terminally admissible arc v we have 
(3.4) . 0 = H[u; v] —AG[u; v] + v4 (2) Qu, (2, u, w, p) |? 


If u and v are both differentially admissible arcs of class O” | and pa 18 
an arbitrary set of functions of class C’, it follows en an eran by 
parts that 
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£s ; 4 ' E cn b | 
(3. 5) f vid (ti, p) de = Vw, (T, t, w, p) fi -i [0a a Vu, | da. 
It follows by the use of (3.2), (3.4) and (8.5) that 


LEOTA 3. 1. If Ty fea 18 solution of the boundary value problem (2. 4), 
(2.5) corresponding to a value d, then the expression 


(3. 6). Tn laJ =a] — M20] +S mE io} 
has the value zero. | 

COROLLARY. ‘The value A= 0 is not a characteristic number of (2. 4), 
(2. 5). 


LEMMA 3.2.. If Ui, pa and Via are solutions of (2. 4), (2. 5) cor- 
responding to distinct characteristic numbers à and A*, then 


Glu; v] + f wks; dz == 0, 
© 
' This lemma follows directly from the relation 


AA") f “wKuvde— f “[usda(v, 0) — vi (u, p) Ide 
and the relations (3.3), (3.4) and (3. 5). 


Lumma 3.3. The boundary value problem (2. 4), (2. 5) has only siäl 
characteristic numbers. 


For suppose that 74, 4a is a solution of (2.4), (2.5) corresponding to 
a complex value A. Then 74, Ha, the conjugate imaginaries | of the set 4, pay 


furnish a solution of this system corresponding to A, the conjugate imaginary 
of A. By Lemma 3. 2, 


| m | 
(3.7) l Gim; n] + f HEK de = Q. 
: a 
Furthermore, 
Ta 
0= f UIC a) AEs] de 


(3.8) = BE i] f ay F] de, 


in view of (3.4), (3.5) and (3.7). If u and v are'the real and pure 
imaginary parts of 7, it is readily shown that the right member of (3.8) 
reduces to —-I[u]—-I[v], and therefore by (H4) we have that u = 0 ==», 
and hence 7==0 on 242%,. But from (H3) it would then follow that the 
multipliers pa are all zero on 2,22, and therefore this value of A is not a 
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_ characteristic number: Hence (2,4), (2:5) has only real- characteristic 
numbers and the corresponding characteristic solutions may be chosen real. 


4, The canonical form. of the differential system (2. 4); (2. 5). In | 
the-equations (2.4) one. may introduce the canonical variables 


(4.1) ` oi = Oy, (s,m fs p) ; eooo (tame l2, n). 


‘Since the matrix (2.1) is non-singular « on Taza, the system | (1. 3), a 1) 
oim + n equations has solutions ` 


A 


ve i = xe (2,9 ME); © Ha — ia > ¢) 
which are linear in yi;¢i. Then the equations (2.4) are equivalent to 


(2. 4°) 9s = xi (2n, 0, Ui = 0,,[2, 1, x(,2, C, M(E, m t) ] — Karn. 
Ef lgi» bos (6 ==1,2,- + +, 2n—p) are linearly ‘independent solutions of 

n a 2 sans 
then (2.5) is equivalent to the 2n linearly’ indepéndent ‘relations 


(2. 5’) tgi {Hya —AG ges — 4 (21) } Hbg {Hya ~AG + % (2) } 0 
| ¥y[n (21), 9(22)] = 0 


in the end-values of the variables ys, ĉi. The boundary value problem (2. 4), 
(2.5) is then equivalent to the boundary value problem (2. 4’), (2. 6’) in the 
2n variables ni, ĉi. - 2 : 

There will now be given some properties of the differential maem (2. 4’), 
(2. 5’) which will be used in the later sections. - One might proceed at once 
to these sections and then; whenever the results of this section are used, 
refer back to the present discussion. 

To obtain compactness of: notation we note’ that system (2.4), (2. 5") 
is of the form 


(4: 2) y's (Asi + ABer) Yr, Sx (A; PETENTE ae Nes() y (2) — 0, 
(m, r= 1,2,° °°, 2n), 


where Yi = Mi, Yn = Ži (t= 1,2,7). The Fanongo Aw, and Brr are 
continuous on 2%, while Mr, and Nw, are linear in A and the matrix 
| Mer(A), Near (A) || has tank 2n for each value of 'A. The general system 
(4.2) is of the type discussed by Bliss.t Let Y (2, à) == | Fær(z, à) || be 


- 4G, A. Bliss, Transactions of the American Mathematical Society, Vol. 28 (1926), 
pp. 561-684. This paper will be referred to as B.II, In the system treated by Bliss 
M,, and Ng, are supposed’ to be independent of A, but the properties of the above 
system (4.2) that we state here may be proven by the same methods that Bliss uses. 
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a matrix whose columns are 2n linearly independent solutions of (4.2) and 
which reduces to the unit matrix for s==2,. System (4.2) has exactly r 
linearly independent solutions for a given value A if and only if the matrix 
| se[A: F, (x, A)] | has rank 2n—r. Now |se[A: F, (z,4)]| is a perma- 
nently convergent power series in A and its zeros are the characteristic numbers 
of (4.2). For the particular system (2. 4’), (2. 5’) we have that A—0 is 
not a characteristic number and therefore the corresponding determinant. 
| se[A: F} (z, )] | is not identically zero. Hence for this system we have. 


Lama 4.1. The totality of characteristic numbers of (2. 4’), (2. 5’) 
is denumerable and has no finite accumulation point. 


The system adjoint to (4.2) is | 
(4.3) Ze = — (Arr + ABre) Zr, te (A: 2) = Pre (A) zr (21) + Ora (A) Zr (22) — 0, 


where Pre and Qrr are such that the matrix of coefficients in the boundary 
conditions of (4 3) is óf rank 2n and Max (A) Por (A) — Nac (A) Qar(A) = 0 | 


(x,t = 1,2,* --,2n).. For a given value of A the number of linearly inde- 
pendent solutions is the same for (4. a and i 8). 
If we define . 


a a pee =o + N* wr (A) yr (a2) 
Oa (X: 2) = P* 4 (A) Zr (2) + O* 4 (À) Zr (T2), 


where M*sr, Ne sr, P*s7, and OF rr are such that for each value of A the 
Ms, Ns | — P¥ ep — Per 


matrices 
| M*,, Ne | : Q'ar Qe, 
are reciprocals, then, as shown by Bliss, we have the identity 
se(A:y)t%e(A:2) + 8*e(Azy)te(A: 2) = Ya (T)2r (2) |e. 


Af | sla: Y+ (x, d)] | #0 for a given A, then for this. value of A the 
non-homogeneous system 


(4. 4) Yr = (Axr + ABrr) Yr + gr, 8r(à: y) he (w= 1,2,-- +, en), 

















where the functions gr(z) are’ continuous and the Ar are constants, has a 
unique solution of class C’. If the functions g(x) are merely of ‘class D, 
then (4.4) has a unique solution which is continuous and whose derivatives 
are continuous except possibly at the discontinuities of the functions gs(z). 
If || se[A: Y, (T, A)] | bas rank on —r for a given A, then” corresponding to 
this value of A the system (4.4) has a sohition if and only if the relation 
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(4.5) : f Ze(2) gx (a) de <'het*s (A12) 


is satisfied by every solution z of the adjoint hss (4.8) for this value of A.f 
The most general solution of (4.4) is then yr = y*s T CY ri +++ + Yar, 
where (y*s) is a particular solution and (Y ni)" :+,(¥ar) are r linearly 
independent solutions of (4:2). . 

Bliss- has called a system (4. 2) self-adjoint if the differential equations 
and the boundary conditions of its adjoint are equivalent to its own for all 
values of A by means of a transformation ze = Tsr(z)yr, Where the matrix 
| Tzr || is non-singular and its elements are of class C” on 2122. The system 
(2.4), (2. 5") may be shown to be self- adjoint, and the matrix of trans- 
formation’ || Ter ] is the constant matrix į 


(4.6) 7 |: a s | 


Suppose that corresponding to a given A there are exactly r linearly 
independent solutions (Yxi),--, (Yer) of (4.2). Then solutions (Fern), 

*, (Yeon) may be chosen such that Y (z, à) =]-Yx-(z,A) | is non- 
singular on Tite Let Z(2,A) = || Zx,(#,A) | be: the. reciprocal of Y (z, A) 
on 2,22; then each row of Z(a,A) is a solution of (4.3). Now in- 
tegers hya * * »tenr exist such that the matrix | sig[A: Yreg(2,A)J | 
(8,é=—1, 2,° oe has a unique reciprocal, which we will denote by 
[| sae (A) |l o 2, , 2n—r). Now define the matrix D(A) 
= || Ds,(A) | as follows: Dns ig (A) == 8p ™ (A), Der(A) ==) if r&r or 
Tit (8, = 1, 25° -23n —r). Let , 





(4.7) Ger(z, t, à) = = 4n (2, À) les) bv er or A), 


where Y rr(£, A), Zwr(Z,A) and Der(X) are defined as above and Arr(À) 
= Marx (A) Yer (21, A) — Nae(A) Ver (22,4). The subscripts v. and v which 
occur in (4.7) are supposed to have also the range 1,2,---+,2n. If gx(a) 
and fiz are such that the system (4.4) has a solution for a given value, of À, 
then a particular solution of that system is given by 


(4.8) ylz, A) = fo Gera t, A) gr (t) dt + Yex(a, Der(A) Ar 3 


ł For the case h =0 (w==J],2,..-,2n) this result is proven by Bliss. See 
B. TI, p. 567. The same method of set aria to the more general case to por ‘the 
stated result. l 

t See Cope, loo. oit. 

§ If r = 0, then | Ge, (0,4, A) || is the ordinary Grean’s matrix and the result is - 


i 
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The matrix | Gar (2, t, A) |. for (2. 4”), (2. 5°) we will denote by 


G45 (a, t, A) ‘G4; (2, t dr) |, 


(4. 9) Pulz A) Ou (a,t,d) 








where | G4, I, | Gy Mo Gy | and I. Ga | are Jaoved square matrices, 
If we apply the above result to the non-homogeneous system 


l 41 = xi (2, mn )» Ei = 0,,[2, 2, x (2, a £)> M (2, n, €) | — E4573 + hay. 
(4. 10) ag {Hru — Alga — tatz) ic bor Aa — Algis + ĉi (22) }- JE he, 
_ Falola), alza) ] —=% 


corresponding to the nenau system (2. 4’), (2. 5’), we have that if 
this system has a solution for a given value of A, then a particular solution 
is given by - 


qi (T, à) ya Í. Gu (x, t, A) ky (t) at | Vix (z, d) Deg (À) ha, 
(4. 11) 
(aa) — fo G45 (a, t Ay (t)dt + Praise (a, N Dr (A) 


For the differential system (2. 4"), (2. 5’) we have in view of the corol- 
lary to Lemma 3.1 that || Gx,(z;¢,0) | is an ordinary Green’s matrix. Since. 
this system is self-adjoint and the matrix. || Twr || is given by (4. 6), we have + 
(4. 12) | G4, (2, b 0) m ult, T, 0); > 4; (2, t, 0) me Pint T, 0); > 

l G'i (2, ‘ty 0) =— Halt T, Na 


From: the on (4. 11) tor a o of (4. 10) if that system is com- 
patible, we obtain at once that the. differential system (2.4), (2. Pae is 
equivalent to the following Eee of integral eguanong 


e) -a f als, t, 0) Ky (H) (H) dt + Ae (2, 0) Deg(0) hy? 
(4. 13) 
ti(2) =—d fi Gals, t, 0) Rast) (Oat + AF ial 0) Dag(0) ht 


where hg? == Ge -+ biyu (Q mmn 1,2," , n — p). 
Finally, we state a lemma which will be a use in § 7, 


proven by Bliss. See B.II. Er this case the solution is unique. If r>0, then 
| Cer (a, t A) || is a generalized Green’s matrix and this result may be -proven in the 
same manner as given in a recent paper by the author for the special case A, = 0. 
See W. T. Reid, American Journal of Matkenatios, Vol. 53 (1981), ‘PP. 443-459; 
in particular, pp. 447, 448. 
+ See Bliss, B.O, p. 580,. The relations (4.12) hold true for any value of A 
which is not a characteristic number 2 (2. 4’), Ae 5’), but we use toe relation only 
for the special case A = 0. 
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LEMMA 4.2. If the ee ‘kj (a) ‘are of’ class D on aa, and 


(4.14) : ala) = i Pulat, 0) s(t) dt, 


then q == [mi (x) ] ts an admissible arc. 
- This lemma follows immediately since: Mo Či, HARIG ni is given by G 14) 


and ĉi (z) =f" Ay (g, t 0) ks (t) dt, is a solution of (4. 10) for as 
he = 0 (0 = 1,2, > :, 2n — p). 


` 5. Existence of characteristic numbers for (2.4), (2.5). There will 
now be defined a sequence of classes of admissible arcs, in which we shall 
consider the problem of minimizing the expression J La]. The class S, is 
defined as consisting of the totality of admissible arcs y which satisfy the _ 
relation 


(5.1) . 2G f nedim 
A | 


The sequence of classes is defined by induction as follows: Suppose classes 
Sis A E (s= 2) have been defined and are not empty, and for 
Aà = àr (t= 1, 23; + +, ,s— 1), where As is the greatest lower bound of J[y] 
in the class S:, there are r: (0 < 1; 2n) : apie! pepe den solutions of 
(2.4), (2.5). Let q, paf (B =1, 2, "yr terete + rex) denote ` 
these characteristic solutions of (2.4), m 5),-and let Ag denote the value 
of A corresponding to the solution 4°, ua’. The: class S, is then defined’ as 
the totality of arcs y of class Bea which aai the relations 


(5.2) OUP v] + So eee Oe eee ee aa). 
There will bë proven in this section the. following theorcuv: 


THEOREM 5.1.° If the class Ss ts not empty and às is the greatest lower 
bound of I[ņq] in this class, then A— à, is a characteristic number of (2.4), . 
i (2. 5) and às > Ag-1- 


In particular, the proof of this theorem applies to the case s = 1, when 
ào is set equal to zero. By the corollary to. Lemma.3.1 we know that A= 0 
is not a characteristic number of (2.4), (2.5); and we therefore obtain from 
Theorem 5.1 a complete induction proof for the existence of successive char- 
acteristic numbers for our boundary value problem. = 


Theorem 6:1 will be established by showing that if we assume it is false 
we are led to a contradiction. Clearly As = As-+. If the theorem is false, 
10 : 
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then either As > As. and is ‘not a characteristic number of (2.4), (2:5), 
or Às == Às Now let l 

(5. 3) Uv == (Uy) (» = 1,-2,---) 
be a sequence of arcs of class Ss such that lim Z[ur] ay On the assump- 


FF OO 


tion that Ss is not empty such a sequence clearly exists. Thé following 
auxiliary lemma will now be proven. i 


Lexma 5.1. If Theorem 5.1 is false, then the ne E E a 
(5.4) Jilm a) + AKEim = Kiji, — Ba (2,0, 7) — 0; 


(5.5) Lu (i H d, As) + Giuli] = 0 
= Laa (my.t, dy Aa) + Gmiel] = Yain (21), (22)] 


where uy is defined as fie has a solution viv, cav such that the arc vv iis 
fies the relations (5.2), and ORERE 


(5.6) |ve(z) [Sh 2 fs Wirde + u’) + uw (2:)} P ls 
(v= 1,2, -) 
On Tı¥a, where lı and lz are constants independent of x and vy. 

By the introduction of the canonical variables (4.1) the system (5.4), 
(5.5) is reduced to the system (4.10), with A= As, kı = Kijuyy and 
he = — {Gyu [Uv ]agi + Gyialuv]dei}. If às > As. and'is not a characteristic 
number of (2.4), (2.5), then.there exists a unique solution of (5.4), (5.5); 
if Às == As1, since the arcs uy satisfy (5.2) it may be shown that the functions 
ki(z), hg defined above satisfy for the system (4.10) the condition (4. 5) 
for the value A = As, and hence the system (4.10) is still compatible. It then 
‘follows that for A= Às ki =— Kiyyuy, he == — {Ghi [ tev | ogy + Gia [w] ba} 
the system (4.10) has a particular solution 7°iv, iy given by the relations ` 
(4.11), and by the application of elementary inequalities it is seen that 
_the functions y°iv(z) satisfy an ea of the form (5. 8) Now if 
Pav == Ma (2, nv’, E°), we have - = 


ss 
(Àa — Ag) f pivK ijy’ dae 
vı 
| -Í Lawl s (f, uh) — PI (p, ox?) + mK iyuy]dz, 


and since the arc uy is of class S., it follows in view of (3.3), (8.4) and 
(3.5) that 


(5.7): eda) E S Pek irnPde + Gln; P] = 0 
(B—=1,2,°-++,m+: +++ faa). 
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Now set 
R 


| Tay = may — $ So 7 "eK imPe + dln ; hn, 
(5. 8) 
R 
tive Ov È {| ao KemiPds + O; PVG, 
B=1 wy ae 


where R==r,-+,-° » Tans tf As > As-1, in view of (5.7) we have that 
n* iv, E iv == Niv, Eir. If às = Àg then by (5. 7) the coefficients of yf (£) 
and €°(z) in (5.8) -are zero unless Ag == Às-1. In either case the set *iv, o¥4v 
is a solution of (4.10) for the values of A, ki and ho indicated above, and 
the functions y*iv satisfy (5.2) with all the functions me (B=1,2,°- 
m+: ++ rs). Since the functions 7°i,(2) satisfy an inequality of the 
form (5.6) it is readily verified that the functions * satisfy a similar 
Inequality. The functions viv —=7*iv, together with the multipliers pav and 
constants dyv corresponding to the solution n*iv, fiv of (4.10), give-a solu- 
tion of (5.4), (5.5) which satisfies the relations of Lemma 5.1. 
Now let 


(5.9) wiv(z) = u(x) - cry (x) (i == 1, 2,- +n; y= 1,2, °), 
where c is a real constant. Then wy satisfies relations (5.2), and 
Iwy | Ag] = I[uv | As] + Ifo | As] + 2c( H[w; vy] — às Guy; vv] 


®2 P , ' : 
TF Í. {wiry (T, vv, Vv; ov) + UjvQ,, (2, Vv, Uv, ov) ~— pice a E : 


When the integrals which occur in the coefficients of c d c* are integrated 
by parts in the usual manner and use is made of the fact that viv, cav is a 
solution of (5.4), (5. 5) and that the functions uy are of class Ss, one obtains 


(5.10) Iwy | As] =I [uv | às] — 2c. 
E EA a fi ukya) “Gent, 82+), 


From the above- relation we obtain the following lemma, which is of use 
in proving the general Theorem 5. 1. 


Lemma 5.2. = There exists a positive constant | such that for every 
admissible arc 7 we have 


IEH a won + s(x) (2) + m (2a) (22))- 


The proof of this lemma depends upon the above relations for the 
special case in which | Ki; || is the unit matrix and 2G[»(21), (22) ] 
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= 4 (21) (T1) + m4 (22) 44(22), while s = 1. . Let 81° denote the above de- 

fined class S, corresponding to-these particular values of || Ki; | and G[y]. 

Lemma 5.2 then states that A,° > 0, where à? is the greatest lower bound 

of I[n| in the class 8,°. Suppose that the lemma were not true. Since 

à? = 0 we would have A? == 0, and there would exist a sequence of ares uy’ 

(v= 1,2,---) of class 8,° such that lim I[u.°] 0. Since (2.4), (2.5) 
>00 


is not compatible for A = 0, we have by Lemma 5. 1 that the solution v Ois, av 
of (5.4), (5.5) for A= 0 and corresponding to uy’ for these particular mite 
of || Ki; || and G[], satisfies a relation . 


| v%(z) | Sh >» { Í. (Wo)? da + [uiv (21) ]? + [u%v(ae) 12} + lay 


= ls -f lis . ; 
where ls and l, are constants independent of ¢ and v. For w°iv(z) = u(x) | 
+ ie) (v= 1,2,-- +) we have from (5.10) that - 
I La] = I[uy®] — 2c 


— c? > ene .-}+ wiy ae + So u yu yvds } 


Now the ever of c? in this expression is in aedi value not greater 
than i l aap 


+3 (Wola) + [o(a] 
+ [vi (21) E + [0% (ae)? + fo [(wn)? + (0%) *] dz} 


and since uy’ is of class 9,° and v»? satisfies the above. inequality tre have 
that there is a positive constant Ts such that the coefficient of c? in the ex- 
pression for I fod is in absolute value less than ls. Since lim Iu] = 0, 


if we choose c such that c*l; — 20 < 0 it- then follows ‘that for v sufficiently 
‘large we have J[wv°| < 0, which is impossible in view of (H4). Hence 
M? > O and for 0 <i A? we have the inequality of Lemma 5.2 satisfied. 
‘> Let us now apply the results of these. lemmas to prove the general 
Theorem 5.1. On the assumption that the theorem is false we have corre- 
sponding to each arc t» of (5.3) a solution viv, cav of (5.4), (5.5) satis- 
fying the relations of Lemma 5.1, and finally for wy defined by (5.9) we 
have relation (5.10). Now clearly there exists a positive constant leis such that 


| G[ur; vy | +f" divKyyvyvda | S 7 > (us (21) -+ wiv (za) 
vty (a1) H bti (a0) H f [aP (2) + o%(2)} da). 
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Since lim Z[ur | às] == lim {Z[u] — às} = 0, it follows in view of 5.6 and 
POO toca: ee 


Lemma 5.2 that there exists a positive constant ly such that the coefficient 
of c in (5. 10) is in absolute value less than I,, Then, as in the proof of 
Lemma 5.2, we have that’ if c, is chosen, such that cêl, — 2c <0 then for 
sufficiently large values of v it follows that I [w» | àe] < 0, which is impossible 
since Às was chosen as the greatest lower bound of [y] in the class Ss. Hence 
A ==, Js a characteristic number of (2. 4), (2. 5) and As > As-1- 

We shall now define the class S_, as consisting of the totality of ad- 
miissible arcs 7 such that 


(5.11) 2al] + So Kanye =—1, 
and a sequence of classes Sa, Sa: : may ie defined by induction in a 
manner analogous to that used in defining the sequence S:,S2,:--. If the 


matrix || K4; || is replaced by || — Ku; || and G[y] by — @[y], then the classes 
S_,,8-2,° © + of the original problem. correspond to the classes Sj, S2,° 

for the modified problem. The following result then follows as a corollary 
to Theorem 5.1. 


THEOREM 5.2. If the class S-a 1s not empty and — àa ts the greatest 
lower bound of I[n] in this class, then A= às is a negatwe characteristic 
number of (2.4), (2.5) and A.s < Aesi). 


We have also the eae property of the characteristic solutions of 
(2.4), (2.5). 


~ ` 


Lexma 5.3. If g is an admissible are and GU; g] + f nRa = 0 


for every solution mi, pa of (2.4), (2.5), then 2G[g] + f 9Kusgsde == Ô. 


For if the lemma were not true there would exist an admissible arc g 
satisfying the condition of the lemma with every solution ni, pa of (2.4), 


(2.5) and 2G[g] Hf GK ig sdx — l; >£ 0; for.definiteness, suppose ls > 0. 


There would then exist an are 7 of class S, which satisfies the condition 
of the lemma, .and for which I[y7] = ls > 0. It readily follows that there 
would be infinitely many positive characteristic numbers of (2.4), (2.5) 
not greater than /,, which is impossible in view of Lemma 4.1. A similar 
contradiction is obtained if we suppose that the are g is such that ls < 0. 
Hence the lemma is proven. 

From the results of this'section it follows that each characteristic number 
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of the boundary value problem (2.4), (2.5) is uniquely determined as the 
minimum value of I [x] in a corresponding - class of admissible arce. 


l 6. Sufficient conditions for the existence. of infinitely many char- 
acteristic numbers for (2.4), (2.5). On the assumption.that the classes 
‘of functions 81, 92,- + `, Ss defined in $5 are not empty'it has been proven 
that corresponding characteristic numbers 0 < Ay <<: © < Aq exist for the 
boundary value problem (2.4), (2.5). If there, exists an infinite sequence 
of classes Sı, S2,* © + which are not empty there will clearly exist infinitely 
many positive characteristic numbers for (2.4), (2.5). A corresponding 
statement is true concerning the existence of infinitely many negative -char- 
acteristic numbers. In this section will be given sufficient conditions for the 
boundary value problem (2.4), (2.5) to have infinitely many characteristic 
numbers. 

Suppose that the aa | Kı || and the differential equations (1. 3) 
satisfy the additional condition: 


(H5+) There is a sub-interval TZ’ of T£ such that if ë, and Z are - 
distinct points so that 2’, SZ, < Že S 3, then there exists a differentially 


admissible arc 7 which vanishes at 2, and Z: and such.that J. i iqide > 0. 


THEOREM 6.1. If hypotheses (H1), (He), (H3), (H4) and (H5t) 
are satisfied, then the boundary value problem (2.4), (2.5) has wey 
many posite charactertstic numbers. 


It will first be shown that the class 9; is not ania If z ws 2 is a sub- > 
interval which satisfies the condition of (H5*), then there exists a differ- 
entially admissible arc u =(u;) which vanishes at 2’, and z’ and is such 


~ that J, “sK asusda > 0. If u is defined as equal to zero outside the sub- 


interval vZ, then 2G[u] + J. Kuzda > 0 and therefore Dı is not 
empty. l 

It will now be proven that if the classes S1, S2,- - +, Ss-1 are not empty . 
then the class S. is also not empty. We shall use the notation of $5. Let 
R =r 4- -e raa and divide vzs into R+1 consecutive intervals. . By 
(H5*) there exists an admissible arc tą == (wig) which vanishes outside the 


#9 
q-th interval and such that thigh ijujgde > 0. Then clearly constants 
Dig 003% "4 OA = are not all Zero may be chosen such that the admissible 
are defined as ti; == S Uigd, satisfies the A linear relations f> PR jujdr = 0 
gat i hae 


wt} 
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(8 =1,2, °, E). Now 2@[u] + Sukumar > 0, and therefore the 


class Sa is not empty. Theorem 6.1 is therefore established by induction. 
Let (Hd-) denote the hypothesis obtained by replacing in (H5+) the 


relation “ 7 niKiımide > 0” by f” niKkajynidt < 0”. This is equivalent 
to replacing || Ku || by | — Eu |. We then have 


COROLLARY. If the hypotheses (H1), (H2), (H3), (H4) and (H5-) 
are satisfied, then the boundary value problem -(2.4), (2.5) has infinitely 
many negatwe characteristic numbers. 


Let (H?) and (H38’) denote the following strengthened hypotheses : 
(H2") In addition to the matrix (2. 1) being non-singular, the quad- 
ratic form 


On’ in'y (x) wer - tı < T < Toa 
is non-negative for every set (r;) Æ (0) which satisfies the equations 
Panti = 0 (a == 1,2," k m). 


(H3) If zga is any sub-interval of 242s, then there do not exist func- 
tions pa(%) not identically zero and constants cx such that 


pa (2) Bay’ (2) = -f Halt) Pagi (EAE Ci fi, Scr, (1=1,2,; n)... 


This assumption of normality on every sub- interval with respect to the dif- 
ferential equations (1.8) clearly implies (H3). 


THEOREM 6.2. If the system (2.4), (2.5) satisfies (H1), (H2), 
(H3), while the quadratic form iK4j(2)n; is positive definite for each g 
on 2,2, and G|] is non-negative, then for this boundary value problem 
there exist infinitely many positwe characteristic numbers and only a finite 
number of negatwe characteristic numbers. 


If 2/.2’, is any gsub-interval of 2.22, it follows from (H3’) that there 
are infinitely many differentially admissible arcs which vanish at a’, and 2’; 
and are not identically zero on x'sa} Since niKi (z); is positive definite, 
condition (H5*) is clearly satisfied. If (H4) is satisfied then Theorem 6. 1 
tells us that the boundary value problem has infinitely many positive char- 
acteristic numbers, and, since in this case the class S_, is seen to be empty, 
there could be no negative characteristic numbers. If (H4) is not satisfied, 
however, in view of (H2) and the condition. that »:Kis(x)n; is positive 


. f See B. I, p. 689. 
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definite and G[y] is non-negative, it follows that there exists a eee con- 
stant A, such that the relation 


O S IEn] +20 f mKemdeS In] + {20n + fn Kernda} } 


is satisfied by every admissible are y, and the equality holds only if y == 0 
on 242;. Theorem 6.2 then, follows in view of the remark made at the 
end of § 2. a i 

The denumerable set of characteristic solutions and, characteristic num- 
bers of the boundary value problem (2.4), (2.5) may be represented by the 
symbols yis (£), Has(z), Às (S==1,2,-'- +). These solutions may also be 
chosen orthonormal in the sense that 


(6. 1) l Gins; nt] -+ fa Sa EE TA (s, t =Í, 25 i ), 
where 8s: == 0 if s34 t Bss = 1 ; Bgn Às == 1 if As > 0, sgn às == — 1 if às < 0. 


7. Expansion theorems. In this section there will be considered some 
expansion theorems in terms of the characteristic solutions of the boundary 
value problem (2.4), (2.5) for the special case in which the coeficients of 
G[n(21), (22) ] are zero. Jt will be assumed throughout this section that 
the hypotheses (H1), (H2), (H3) and (H4) are satisfied and that (2.4), 
(2.5) has infinitely many characteristic numbers. ` The denumerably infinite 
set of characteristic solutions and characteristic numbers will be represented 
by yis (T), pas (Z), As ($= 1,2,- ° -) and we shall suppose that these solutions 
are orthonormal in the sensé defined at the close of the last section; -that is, > 
such that 


` #2 : 
(7. 1) i . f eee: ae As) TE . (8S, f = 1, 2, os ei 


The canonical var anles corresponding to the solution mis, Has, and defined 
by (4.1), will be denoted by ĉis- 
We shall also make the following additional hypothesis: 


(H6) If g is an arbitrary admissible arc and — 


29 
(7.2) fk gid = 0 (s=1,2,---), 
~ then Kis (2) 93 (2) =0 on 2,2. | | 


t See M, p. 533. The proof is given for || K, ij || the identity matrix, but the 
same method applies to the case in which n; K;m; is positive definite. The method 
used by Hickson (loo. ott., p. 570) to establish the existence of such a value A, for 
the special case of our general problem which he considered, may also be extended to 
obtain the above relation. 
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If the quadratic form Kim; is positive definite on 2%2, then hypothesis 
(H6) is a consequence of the preceding hypotheses, and follows as a corollary 
to Lemma 5.3. We will give, however, another condition that will in- 
sure (H6). 


Leusa 7.1. Hypothesis (H6) ts satisfied by the characteristic solutions 
of (2.4), (2.5) whenever the- eng condition ts satisfied by the dif- 
ferential system: 


(C) If g ts an ar bitrary admissible arc and ny ka 18 the solution of the 
system 


Ji (7, p) ag K4595 ap 0, | PaT, 1); 1) = 0, 

Lian, By d, 0) = 0 = Li (7, Ho d, 0) Tae W,[ (21); q (T2) |, 

where Ly, and Lı: are defined by (2.5), then Ku (e)n (£) =Q on 2422 only 
uf ny == 0 == pua ON itg. 


(7.3) 


For if the lemma were false there would exist an admissible arc g satis- 
fying the conditions (7.2), and such that the functions Kij(x2)g;(%) are 
not all identically zero on 2,22. For such an are g the non-homogeneous 
system (7.3) would have a unique solution Ui, pa since A==0 ig not a char- 
acteristic number of (2.4), (2.5); furthermore, in view of condition (C), 
the functions Ki;(z)u;(z) are not all identically zero on 1%. For such 
a solution Us pa of (7.3) we would have in view of (3.3), (3.4) and 
(3.5) that 


(1.4) dg ix Ui Ki jnjedt — ie nisl 149 54x 
—~ fe [nied 4 (u, p) — uid i (na, ps) | dz == () (s == ], 2, Js 


and since à = Q is not a characteristic number of (2.4), (2.5) the are u 
would also satisfy (7.2). Ifin the differential equations of (7.3) the are g 
were replaced by the arc u, this system would have a unique solution vi, og and 
again, in view of (C), the functions Kı; (s)}v; (z) are not all identically zero 
On %%2; furthermore, the are v would also satisfy the relations (7.2). Now 
set wy =v; — Uu; (t= 1,2,::-,2). The arc w would satisfy (7.2), and 
it would follow from Lemma 5.3 that 


Eg . 
Q) = f [wK iw; — uK iruz — 01K i305] dz 


@s - D 
=x — 2 VK ijtjdz 
Xi 
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ae 
= Q f oi (v 0) de a ; 
=i] 


and therefore, in view of (H4), v; = 0, which is a contradiction. Hence (C) 
is a sufficient condition to insure (H6). 

Condition (C) is related to the condition that Bliss imposes in hig 
definition of a definitely self-adjoint boundary value problem.t I£ (2.4), 
(2.5) is definitely self-adjoint then condition (C) is satisfied, but the con- 
verse is readily seen to not be true. The expansion theorems that we state 
will be related to the solutions of a non-homogeneous system of the form (7. 3). 

For an arbitrary are g: define 


(7.5) E = sgn wf Gik isnpede (8 = 1,2,- °°). 
THEOREM 7:1. If g is an arbitrary admissible arc such that the series 


(7. 6). > Calg nse (2); 2 Ca Tg Ii (z) 

converge absolutely and uniformly On Ze, aNd Wi, pa 18 the solution of (7.3) 
` corresponding to this arc g, then the series 

(7.7) ot 2 Calu yea (2), $ Calu lfi (x) 


converge absolutely and untformly on Tzs to the values us(2) , Op, fa, ue), 
u(x), p() |. 
From (7. #) it follows that’ 


Asca[u] saul i © (s=1,2,; >), 
and therefore the series (7.7). converge absolutely and uniformly on 2122. 
0 
Now the set gs — 2 Ca[g]ma(z) satisfies the relations (7.2), and there- 
fore Bustos — 2 Cel gles} =0 On TiTe it then follows that the set 
uy — > cal] ne Qy, (T, U, pis s > Cel] Cis satis the system (4. 10) 
for A= “0, kı = 0, hg = 0, and is TE identically zero. It also follows 
that the series > Cs [u] is(z) and > Ce[t]uas(z) converge absolutely and 


uniformly on a, G the functions wv’; ven palz). 


+ See B.II, p. 670. 


~ 
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To prove a further ort heor ror our system we make use re 
the following lemmas: 


LEMMA 7.2. If g wan admissible arc, then 


(7.8) | > o[g] |As | SIL 91. 


This lemma follows from (H4) and: the fact that if N is any poai 
integer one may prove directly that . 


N l N | 
I{g — 2 Calg lye} —I[g] > cs? [g] | Aa |. 


Lemma 7.3. If g is an admissible arc and wu, pa is the solution of (7.3) . 
corresponding to g, then ne series (7. Y) converge absolutely and uniformly 
ON We. 


It follows from (4. e that 
(7.9) malz) =— As | Gala t) Eu (nn(t) at, 


(7. 10) rs (2) == — Às J Gala, t)Ki;(t)nje(t)dt, 


where we have written @ u (z, t) and G*u(z, t) in place of G% (x, t, 0) and 
Gt (z, t,0).. We then have in view of (4.12) that 


pala) mad f alz DEn, f he (t Ks E)n E)E] at 


= S MDKL f ralé Eat) Gu (t, 2) dt] dé 


In these expressions the subscripts l and r have also the range 1,2,: °°,” 
We likewise obtain 


Cis (2) Af ZOLO] J Pn t) Kit (t) Gta (a, t) dt] dé. 


From Lemmas 4. 2 and 7. 2 we then obtain that for each fixed value of x 
the series 


converge ; PR from the explicit form (4.7) of the Green’s matrix 
it is seen that there exists a constant lio such that the series are less than lio 
uniformly for z on- Zıt. Now since As¢s[u] == ce[g], we have for each pair 
of integers Na, N (Ni < N) the following relation 


a 
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Š colulnu(e) = È 3 a alg] 


and therefore , 
{ È olmo (bos 1 Sle pen ol } 


s{ Rie) H Zito} 
<, ho | È [rel cota] } | | 


A E inequality ‘is obtained for the second series of (7.11). It 
therefore follows in view of Lemma 7.2 that these series converge absolutely 
and uniformly and the lemma is proven. 

Since the series (7.7) converge absolutely and uniformly on 2%, the 


functions tu (z) — S Cafu lnia (2) satisfy the relations (7.2), and therefore 
s=1 
= 
Kyu; — 2 Ca[u|nye} == 0.00 2422. In particular, if | Ky | 360 on 220: 
8= i 
g co 
‘we have u; (z) = 2 Calulyalr) (i = 1,2, cn). 


From Theorem 7.1 and Lemma 7.3 we now obtain the following ex- 
pansion theorem. 


THEOREM 7.2. Let g be an arbitrary admissible arc and t, pa the solu- 
tton of (7.3) corresponding to g. If Vi, ca ts the solution of the system _ 


Ji(v,a) + Kiuj = 0, Pa(z,v, V) = 0, 
Lilo, T, d, °) == 0 == Jy, (4, a, d, 0) = W,[v(21), v(22) J, 


then the series 
(a9) ` 0o . 
D CslV]yie(Z), -E ca[v]in(e) 
: s=1 7 s=1 . . 
converge absolutely and uniformly on the interval 22% to the values vi(x), 
[6 ©) & 
Oy,[2,0(2),v(2),o(2)]. The series $ cs[v]’sa(x) and E co[0]uos(2) 
$= a= . 
also converge absolutely and uniformly to the functions v’,(Z), oals). 
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ON BOUNDARY VALUE PROBLEMS ASSOCIATED WITH DOUBLE 
INTEGRALS IN THE CALCULUS OF VARIATIONS.+ 


By Wuri T. Rew.t ` 


1. Introduction. Lichtenstein § has considered a certain double integral 
problem with fixed boundary in the calculus of variations and has shown 
that the necessary condition of Jacobi is closely related to a certain boundary 
value problem associated ‘with the Jacobi :differential equation. If .Jacobi’s 
condition is satisfied, then the smallest positive characteristic number A,* of 
the boundary value problem which he considered must satisfy the inequality 
Ai* == 1, and conversely. To establish a certain minimizing property of Ai* 
he has made use of some expansion theorems for arbitrary functions in terms 
of the characteristic solutions of the associated boundary value problem. 
It is the purpose of the present paper to establish by the use of the methods 
of the calculus of variations this minimizing property of the first character- 
istic number in a much more elementary manner than that given by Lichten- 
stein; in particular, the existence of A,* is established by the methods of ‘the 
calculus of variations. It is shown that in the associated boundary value 
problem the parameter may be allowed to enter in a simpler form than that 
used by Lichtenstein. By the use of this minimizing property of the first 
characteristic number, sufficient conditions for an extremal surface to render 
the double integral a weak relative minimum may be readily given. 


` R. A boundary value problem. Let A be a simply connected region in 
xy-space which is bounded by a closed analytic curve C. Let P, Q, E, B and 
K be functions of (z,y) which are analytic in their arguments in a region 
of xy-space which contains A +- C; it is also supposed that PR — Q? > 0, 
P>0,andBS0onA +C. In this section will be considered the boundary. 
, - value problem 


(1) IPE + Q6) a + 0(Qte + Rey) /Oy + (B+ AK\E—0, 
(2) ' ¿= 0 on 0. , i 


t Presented to the American Mathematical Society, December 31, 1930. 

t National Research Fellow in Mathematics. 

$ L. Lichtenstein, Afonatéshefte für Mathematik und Physik, Vol. 28 (1917), pp. 3-51; 
also, Mathematische Zeitschrift, Vol. 6 (1919), pp. 26-51.. These papers will be referred 
to as L. I and L. II respectively. See also, Picone, Atti della rala Accademia det 
Lincei, Rendiconti (5), Vol. 31, (1922), Pp: AESI, 
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A value A will be said to be a characteristic number of: this boundary value 
problem if corresponding to this; value there exists a.non-identically vanishing 
function (z, y) which is of class C” t on A + O, and satisfies the differential 
equation (1), together with the boundary condition (2). 

For convenience, let 


RA (T, Y, É, Es, ty) = Pla? -+ 20k, + Etr — Be. Se 
Then - | 
l l 2O (T, Y, È Ce, Èy) = shp, T Erag + Op, 
nay, + 1, +90 — bey, + y, + Ort 
and the differential equations (ay may be written 
(1’) N, /Oz + IA, /dy —9, FAKE = 0. 


If now Ig(y,¢) is defined as the double integral | 
(3) 4 I2(n, €) — f f a te i Ty } + 0p] dz dy, 
re 
it follows after the usual integration by parts that 
(4) h(n) =f ala tedy — a; dz] 
| — f f alonge + boy /ðy — 9+] dz dy. 
A- 


If» and Z are solutions of (1), (2) corresponding to distinct values À and AS, 
since I; (n, ¢) == I(l, n), we have that 


Aar S Sa dy = 0. 


Since I2,f) ==12(¢, 2) > 0 for every function £ which aiie (2) and is 
not identically zero on A, it is then readily seen that all the characteristic 


+A function of (@,y) will be said to be of class Of) (n= 1,2,..-) on A+C 
if the function and all its partial derivatives of order not greater than n are con- 
tinuous in the region A and on its boundary C. A function is said to be of elass D’ 
on A+ @ if it is continuous and furthermore A may be divided into a finite number 
of sub-regions each of which is bounded by a simple closed curve consisting of a finite 
number of analytic pieces, and in each sub-region the given function is identical with 
a function which is of class O’ in that sub-region and on its boundary. 

¢The derivatives of © are understood to have the arguments Ace Ses $y) or 
(INg 1y) as indicated by their subscripts. i 
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numbers of the boundary value ‘problem (1), (2) are real. If ¢ is a solution 
of (1), (2) corresponding to a value A, relation (4) gives 


(5) h —) S J KË de dy, 
and it is therefore seen that J J KG? dz dy has the sign of , If then 


K te y) = 0 on A+ C, the system (1), (2) can havė no positive character- 
istic numbers. We will suppose in the following that K (z, y) > 0 for some 
point of A, and it will be.shown that under this hypothesis there exists for 
(1), (2) a positive characteristic number. 

Let H denote the class of functions ¿(s,y) which are of class D’ on 
A +C and vanish on C; H* is then used to denote the class of functions ¢ 
which belong to H and satisfy also the relation 


(6) © ff rezam 


ó. 


On the TT that K is positive at some point of A, the class H* is not 
empty. Now since I:({) >.0 for all functions ¢ of class H*, there exists 
a non-negative greatest lower bound A, of the values of I2({) in the class H*. 
Then the expression 


(KAN) SLO a SS mea 
is seen to be non-negative for all functions ¢ of class H. 
In this section will be established the following theorem: 


HEOREM . 2.1. IfM is the greatest lower bound. of In(€) in the class 
H*, then A= à, is a characteristic number of the boundary ae ene 
(1), (2). 

In the proof of this Diaen the iok lemma will be = 


Leuma 2.1. There exists a positive constant a, such that if elz y) | 
is any function of class IY on A + C which vanishes on C, then 


8) SS roid =a ffe ds dy. 


- For let s be a square arhich soaa A in its interior and whose corners 
have the codrdinates (To, Yo), (To + d, Yo), (Zo + d, Yo + d), (To, yo +d), 
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shere d > 0. ` Let ae y) be defined as zero ee of al ee by Schwarz’ 
inequality, : 


ce f bola, patse fi ana 


= [z — zo] ie: s” (x, y) dx 


and therefore 
SS dady = SS ERT ems S Ca tays (#2) mSS t ždzdy. 


Inequality 6) then follows by combining this inequality. and a similar one 


for ffy de dy. _ Oo Ei 


Theorem 2.1 will now be proved. The equation (1) for A==A, is the / 
Euler-Lagrange equation for the problem of minimizing Ta (¢ | A1) in the clase . 
H. Since In(¢ | A1) 0, we have that {(2,y) ==0 is a minimizing surface 
for this integral, and therefore for it the necessary condition of Jacobi must 
be satisfied. That is, if A is a subregion of A bounded by a simply closed 
curve © which consists of a finite. number of analytic pieces and lies in 4, 
then there exists no solution of the Jacobi differential equation which vanishes 
on Ë and is not identically zero on A.t Since the integrand of Ia (¢ | A.) is 
quadratic in {, Ër and g,, we have that the Jacobi equation is identical with 
the Euler-Lagrange. equation and is given by (1) with À = À. 

Now if A= A, is not a characteristic number of-(1), (2) there exists 
a unique solution u(z;y) of (1) for A= A, such that u(x, y) set on CT = 


oo 


oo 


* 


. - = 
Ņ m 


+See Bolza, Variationsrechnung, Leipzig, 1909, p. 675. The proof of this con- | 
dition’ depends upon the existence of an elementary solution of the Jacobi equation. 
The existence of an elementary solution for the general equation of elliptic type whose 
coefficients are analytic has been proven by Hadamard. See J. Hadamard, Leotures 
on Caucohy’s Problem, London, 1923. The existence of. an elementary solution for the 
general equation of elliptic type whose coefficients satisfy much weaker conditions has 
been established by Levi: See E. E. Levi, Rendiconti del Circolo Matematico di 
Palermo, Vol. 24 (1907), pp. 275-317. 

See L. I, p. 16. Lichtenstein shows that the wag value problem 41) (2) 
may be reduced to one associated with the normal form of equation (1). The system 
(1), (2) may also be considered directly and it may be shown that if for > = à, there 

‘is no solution of the boundary value problem, then there exists a unique solution of 
(1) which coincides on the boundary C with an arbitrarily chosen analytic function. ` 
For a treatment of the corresponding problem’ for the general linear elliptic differential | 
equation. of the second order with -three independent variables, see W. Sternberg, 


` 
“> 
t 
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f 


It will now be shown that u(z,y) > 0 on A. For if at a point of A` this 
solution u(s, y) vanishes, then there are points of A‘at which ‘u(z, y) < 0.+ 
From this it follows that there is a sub-region A of A in which u(a,y) is 
not identically zero and on the boundary Č of 4 we’ have ‘u(x, y) = 0. 
Furthermore, Ë consists of a finite number of analytic pieces.[ But since 
A, is the greatest lower bound of I; (£) in the class H*, this is impossible, 
‘as shown above. . It therefore follows that u(z,y) >0 on A+ 0. 

If the transformation of Clebsch is then applied to [2(€| Ax), it is seen 
that for an arbitrary function ¢(z, y) of class H$ 


(9) AA = -J f OFLA A AQE + BG] de dy, 


where = ¢/u. Since u(z,y) >0 on A-+0, and PR— Q* > 0 on nA +0, 
there is a positive constant as such that. 


h(t | u) = az ma Sf eB dx dy, | 


and therefore, i in view of lemma B. 1, 


fis ; n = Aag aS S Ë dey 
Now | 
| 2 [max(u)]+ 2 = [max(u)]* [max(K)]" KG, 


and therefore there is a positive constant as such that 


T(t | a) = a SJ KE de dy. 


But this inequality, aa has been obtained on the assumption that A1 is 
not a characteristic number of (1), (2), is a contradiction to the hypothesis 
that A. is the greatest lower bound of Ia(¢) in the class H*. Hence AA, 


Mathematische Zeitschrift, Vol. 21 (1924), pp. 286-311. The coefficients of the equa- 
tion treated by Sternberg are supposed to satisfy a condition much weaker than being 
analytic; in fact, if they are of class O”’ then the condition imposed is satisfied. 

+ When the coefficients of (1) are analytic, as supposed above, this follows from 
results established by Picard. See-Picard, Traité d'Analyse, Paris, 1905, Vol. 2, 
pp. 28-32. The result is also true when the coefficients of the differential equation 
are not required to be analytic; -sce L. Lichtenstein, Rendiconti del Circolo Matematico 
di Palermo, Vol. 33 (1912), pp. 201-211. 

t See L. I, p. 10. The proof is there indicated for the normal form of (1), but 
the same proof may be applied directly to the differential equation (1). 

§ Bolza, loo. oit., p. 680. , 
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is a characteristic number for the boundary value problem (1), (2). Fur- 
thermore, since (5) holds for every solution of (1) corresponding to a value À, 
we have that 4, > 0 and that A= A, is the smallest positive characteristic 
number of (1), (2). 


3. The calculus of variations problem. As in §2, let A be a simply 
connected region in the zy-plane whose boundary C is a simple closed analytic 
curve. Consider the problem of minimizing the integral 


(10) T= ff FEY, 2 205%) de dy 
4 A . 


in the class of surfaces . 
(11) z = z(x,y) 


which are of class D on A +C and which coincide with a given function 

p(z, y) on the boundary C. The function y(z,4) is supposed to be an` 
analytic function of the arc element on C, and any surface z of the type 
described above will be said to-be admissible. 

Suppose that Æ is an admissible surface and in a neighborhood R of the 
values (a, Y, Z, Ze, zy) on Æ the function f(z, y, z, p,q) is an analytic function 
of its five arguments. It is also supposed that Ẹ is an extremal! surface, that | 
is, it is of class C” and satisfies the Euler-Lagrange differential equation 


(12) af,/dx + Ofy/dy — fe = 0 
on Á + C; furthermore, the Legendre condition is satisfied in the strong form, 
that is, 
(13) — Fovfca — f*ra > 0, fo > 0 [ (x,y) on A + C]. 
In the partial derivatives of f which occur in (12) and (18) it is understood 
that the arguments (2, y, z(x,y), Za(T, Y), 2y(x, ¥)) are those which belong to 
E. According to Lichtenstein t the extremal surface z =— z (7, y) is then an 
analytic function of (z, y) on A + C. 

The second variation of J along E is then given by 


(14) O= f f 20(2, yt te bv) de dy, 


A 


where rw (x, Y, £5.03 by) == forka" zi 2f outoty -+ faaks X : 
| + fortat + fatt + fest? 


+L. Lichtenstein, Bulletin tnternational de Académie des Notiences de Oracovie 
(Olasse des soiences mathématiques et naturelles) 1912, pp. 915-936. ` 
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A function $ == (x,y) which is of class D’ on A + C and vanishes on C will 
be sald to be an admissible variation. If €(a, ¥) is of class O” on A+ C, 
then by an integration by parts we obtain | 


(15) LO =— | f IO dy, 
where | É 
(16) I(E) ma a i Ma 


Tt is seen that i 
J (E) = L(t) + kt, 


‘where 


(17) L(l) = ô (forte + foaby) /bx + 9 (foao + forty) /Ay, 
k(x, Y) = Of pa/Ox + Of qn/Oy — fes- . 


If the terms of 2w which contain €{. and éy are integrated by parts, one 
obtains 


a8) BO = S S ort + fotot + feats? — HEA de dy. 


Since [,(£) = 0 for every admissible variation if E is a minimizing 
surface, we have: If E ts a minimizing surface for I, then there are no 
negative characteristic numbers for the boundary value problem 


(18) | Tl) +rAl—=0, lf=—Oon. 


This follows immediately since if ¿ is a solution of (18) corresponding to 
a value A, then 


I(t) =a f f Cae dy. 
l a A | l 
The coefficients of the boundary yalue problem (18) as given above do not 
ssarily satisfy the conditions imposed on the coeflicients of (1) in § 2, but 
positive number A is chosen such that | k(z, y) | SA on A -+C and A is 
iced by p= à -+ À, then (18) becomes 


) L(t) +[(e—Aà) + alt=0, f=0ond, 

the coefficients of (18°) satisfy the conditions imposed in § 2. The boun- 
value problem (18) is seen to have only positive characteristic numbers 
nd by $2 there exists a smallest characteristic number m. Then 


zu, —A is the smallest characteristic number of (a and we have seen 
if F is a minimizing surface, then A1 = 0; 
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The following sufficiency condition will now be proved. 


TEHROREM 3.1. If z= z(x,y) is an analytic extremal meee: alton; 
which the condition of. Legendre is satisfied in the strong form and for which 
the smallest characteristic number of the boundary value problem e 18 
positive, then z renders the Ms I a weak relatwe minimum. | 


For let (x,y) be an arbitrary admissible variation such that the ee 
z(x,y) -+ (2, y) lies in the neighborhood- of the surface z. Then 


ate= È f flye+ bet te zy +h)dedy 
‘ae | 
— ff f (£, Y, 2, Ze, zy) dx dy 
A a sat 
a 4 J fz, Y, , És, ty) dx dy, 
AT | 
where 20 is a quadratic form in £, fa, €y whose coefficients are 


fe == 2 f (1—-0)fop (2, Y, 2 + OE, Ze + O80, zy + Oty) d, ete. | 


We will now say that an admissible variation ¢ belongs to the class R[8] 
if the functions | ¢|, | ĉe | and | ¢,| are less than 8, uniformly on 4A + C. 
From the form of 2w it is seen that for every positive e there exists a positive 
ôe such. that if £ belongs to Aid], then the coefficients of the quadratic form 
2a — 2w are àll in absolute value less than ¢, uniformly on A +C. Now apply 
the inequality 2ab < a? + b*-to each of the cross-product terms in the quad- 
ratic form 2a — 2w. By the use of Lemma 2.1, together with the fact that 
from (13) it follows that there is a positive constant a, such that 


fe + fF 4 Lfonba® T Foabaly + feti, 
_ it is seen that if'¿ belongs tò R{è:], then 


pe 


(22) ff | 20(2, Yy {; bx; fy) =. 20 (x, Y, G s, $y) | de dy 


T Ooo S J f Ute + Bhatt + fet 


where ts = 3a, (1 + Ua Let À be a positive í conatant such that | & (3 
= SÀ on A -+ C. It then follows from cal ). that if t ene to R[8.], 
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| ff [2w(z, Y, £, fs, fy) — 20 A Y, E Le, ts) de dy | 


= eX “SS [2o(2, Y, C, be, fy) 7 ie dy 
and therefore 


(23) Sense fj f Boe Yit tn ty) dz dy — ead T f tde dy). 


If 1 now the smallest characteristic nanan Ai of (18) is positive, one may 
choose e such that 
(1 — ¢a5)A, — aA > 0, 


and; furthermore, such that if 4 belongs to R[êe], then the surface z(z, y) 
+ £(a, y) lies in the neighborhood R of the surface z. In view of the mini- 
mizing property of Ax, it follows from (28) that if £(z,y) is an admissible 
variation which belongs to Rise], then 


(24) AISG — e)a — ean ff (de dy, 


and therefore for such variations 4 we have AI©= 0 and A= 0 ai if 
¢(2,y) = 0 on A. Theorem 3. 1 is therefore proved. 
Instead of the boundary value. problem (18) one may consider ‘the 
ponada value problem ` 


(25) L(t) +g +A — gt =o, =O o0, 


where k(z, y) is defined by (17) and g(z,y) is an arbitrary function oon 
is analytic and non-positive on A +- C; in terms of this boundary value 
problem one obtains then a sufficient condition for a weak relative minimum, 
analogous to Theorem 3. 1. ' 

7 The boundary value problem (25) is the one considered by Lichtenstein. 

“a treated the particular case where g(z, y) ==0, but he stated that results 
18C togous to those established for this special case are true for the general 
fa jem (25). Since F is supposed to be an analytic extremal surface and 
“ep! function f(x,y,z, p,q) is analytic in its arguments in a neighborhood ® 
(1 18he values corresponding to Æ; and.since g(2, y.) is supposed to be analytic 
nd. non-positive on Á -+ C, the. coefficients- of the aaa value problem 
w satisfy the conditions imposed in § 2. - . . ~ 

: : From the expression. enw ogous to (5) we. have that if ¢ is a solution of. 


i corresponding to a R À, then A and : J. (k — - 9) Eda dy have the 
he | 
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same sign; furthermore, for such a:solution €, 


SS 2u (a, y, £, Ča, by) de dy = a—n f f a- g)čda dy. 


From this relation, we have: If E isa minimizing surface for I, ther 
there exists no positive characteristic number of (25) which is less than unity. y 


Corresponding to Theorem 3. 1 we have the following sufficiency theorem. 


THEOREM 3.2. If z==z(x,y) ts an analytic extremal surface along 
which the condition of Legendre is satisfied in the strong form and for which 
the boundary value problem (25) has no positive characteristic number which 
1s not greater than unity, then the surface z renders the integral I a weak 
relative minimum. | 


For if (k— g) > 0 at a point of A,:it then follows from § 2 that there 
is a first positive characteristic number A,* of (25), and for all admissible 
variations { we have the relation 


eo f J liosta? + 2frabety + farts? — gE] de dy 


n — Ay? w ff Gpe de dy = 0. 
From (14’) and (26) it then follows that 


(27) SS ad y, $, fs, ty) dx dy 
> (11a) S S Lata + 2tratata + Faas? — gf] de dy. 


Since g(s, y) = 0, it follows from (22) that 1f ¢ belongs to R[8.], then — 
(28) AL = }(1—1/ayt—eas) 
SJ [fonka + 2fpgboly + facbs? — gh] de dy. 


If A+ > 1; then ¢ may be chosen so small that 1 — 1/A,*— eas > 0 and also 
such that if Elz, y) belongs to R[8e] then the surface z(z,y) + ¢(2, y) lies 
in the neighborhood R of the surface z(x,y). It then follows that if t(s, y) 
is an admissible varidtion which belongs to R[s.| then AI. =0 and the 
equality sign holds only if ¿(z,y)=0 on A. Theorem 3.2 is therefore 
proved in case (k —g) > 0 at some point of A. If (k—g) <0. on A, then 


